Publ. RIMS, Kyoto Univ.
8 (1972/73), 211-229

Existence and Nonexistence of Global Solutions
for Nonlinear Parabolic Equations

By

Masayoshi Tsutsumr®

1. Introduction

Let £ be a bounded domain in R” with smooth boundary 02, p a
real number =2 and @ a nonnegative real number. In this paper we

consider the initial-boundary value problems of the form

Ou_ & 0 (| 0u p-2 @u) lia
(-1 0t {=1 0x; \| 0x; 0x; +u % >0, x€ 8,
(1.2) u(x, )=uo(x), %€,
(13) ll,(x, t):O’ x Eag, tzo‘

In a recent work [17], Fujita gave existence and nonexistence theo-
rems for global solutions of the equation

(1.4) %=Au—l—u1+“, t>0, x€ 8,

with conditions (1.2), (1.3).

In this paper our purpose is to obtain analogous results for the prob-
lem (1.1)-(1.3).Y Roughly speaking, our results are as follows:

1) if p>2+a, the problem (1.1)-(1.3) has global (nonnegative)
solutions whenever initial functions u¢(x) (are nonnegative and) belong

to some Sobolev space.
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1) This problem was proposed by Lions in his book [2].
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2) if p<2+a, for sufficiently small (nonnegative) initial function
uo(x), the problem (1.1)-(1.3) has a global (nonnegative) solution. If
uo(x) is nonnegative and large enough, the solution blows up in a finite

time.
We shall solve the problem (1.1)-(1.3) by considering the “truncated”

equation

-2 9y

0x;

(1.1 %—=‘_§" (, o >+(p(u), >0, x €2,

where ¢(u)={0 if u<0, u'** if u=>0}, with conditions (1.2) and (1.3),
and proving the maximum principle for the weak solution of the equation
(1.1).

Below, §2 is devoted to preliminaries. Global existence and unique-
ness theorems of the case p>2+«a and p<2-+a are stated in §3 and
§4, respectively. In §5 blowing up of solutions is discussed. In the final
section we consider the equation

-2 9y
ax,'

(1.5) Z" 0 /l )—-u1+“,t>0,x652,
=1 0x;

with conditions (1.2) and (1.3).

2. Preliminaries

We shall use the notations employed in the book of Lions [2].
The following lemmas are well known. The reader is referred to

Ladyzhenskaya, Solonnikov and Uralceva [ 37] for proofs.

Lemma 1. For any function u(x)€ W§?(82), p=1 and r=1, the

inequality

2.1 IluHLq(g)<C1

P
Y llullzzo

L2(2)

is valid, where

-2y
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and:
1) for p=n=1, r<gq
2) for n>1 and p<n, r<q<np/(n—p) if r<np/(n—p) and
np/(n—p)<q=r if r=np/(n—p);
3) for p=n>1, r<g<eco;
4) for p>n>1, r<g=<oo.

I

OO,

The constant Cy depends only on n, p, q and r.

Lemma 2. For any function u(x)€ W§?(R), we have

b >1lp
LP(2) ’

where 1<q<np/(n—p) if n>p and 1=q<oo if n=p. The constant
C, depends only on 2, n, p and q. If n<p, the functions in W§?(R2)
are continuous and

» )1/1:

LP(2)

| 0u
l 0x;

@3) lellzecer= G 2,

ou

(2.4) sup |u| < Cs 3
0x;

i=1

where C3 depends only on 2, n and p.

Next lemmas will be used in §4.

Lemma 3. Suppose that u€ Wy Q) where p<2+a if n<p and
p<e2+a=<np/(n—p) if n>p. Put

(25) Juy=--aw) =5 bW
where
_ $.0u _
aw=5 o2 " bw={ o),

in which O0(uw)=1{0 if ©<0, u?** if uw=>0}.
Then we have
(2.6) d= inf sup J(Au)>0.

weW2(2) rz0
%0
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Proof. Evidently we get

_ l,ﬂ 12-}—&
](lu)—7a(u)— T b(u).

Lemma 2 yields
|5u)| SCE*“a(u)®+ >,

Hence

sup () =7((4)™ ")

_ 2+a_P /a(u)2+a>1/(2+a—ﬁ)
~Ctap \ by

2 — 2+a)pl(2+a-p)
ra—p < L ) >0

= Q+a)y Cy

Q.E.D.
We then introduce the stable set #° (see Sattinger [4], Lions [2]):
@7 W={ulue W§r2), 0<J(Au)<d, 2€[0, 1]}.

Lemma 4. We have

W =W \U{0}

where

We={u|luc WpH(Q), a(u)—b(w)>0, J(u)<d}.

Proof. 1) Suppose that u €%, u=0. Then we have

sy Tawr=s((569) )z

and hence

CON N

which implies u € # 4.
2) Reciprocally, let u €#°x. Then we have
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sup JQAu)=J(u)<d
refo,1]

since %](lu)>0 for 0<A<1 and J(Au) L_=0.

0

Q.E.D.

Remark 1. Sattinger [4] introduced the stable set (potential well) in
order to prove the global existence of solutions for semilinear hyperbolic
equations which have not necessarily positive definite energy. We shall
show below that analogous method is also applicable for the problem (1.1)-
(1.3) when p<2+a.

Remark 2. The constant d may be infinite. Sattinger supposed and
used the finiteness of d in his proofs. However our method does not
require the finiteness of d.

The following lemma concerns the finiteness of d.

Lemma 5. Consider the following nonlinear positive eigenvalue prob-

lem:

ou
0x,-

nop
(2.8) igl o5 \

~2 du o
e )+/1<p(u)_0, >0

u|oe=0,

where p<2+a if n<p and p<2+a<np/(n—p) if n>p.
If the problem (2.8) has an eigenfunction u, for some 2>0, then the
constant d is finite and the stable set W is bounded in W y2(2).

Proof. We have

()" )z

On the other hand, from (2.8), we get
a(ux)—lb(ux)=0.

Hence
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() s

_2+a—p

= L. L 101(2+a-p)
@C+a)p a(u)-4

from which it follows that d is finite.
Let u€# and u=~<0. Then from Lemma 4, we have

a(u)—b(u)>0.

Hence
d>Jw) = a(w)———b(u)
P 24«
24a—p
=Gray
which implies
2+a)p
< TP
a(u)< 2¥a—p d

Thus the stable set #" is contained in the sphere:

{vIvE WiHQ), awg% d}.

3. Global Existence and Uniqueness When p>2+a

Theorem 1. Suppose that uo(x)€ W§H(R), p>2+a. Then there

exists a function u(x, t) such that
3.1 ve L0, T; W§(2)),
(3.2) ou/0t € L*0, T; L*(2))

and which satisfies (1.1') in a generalized sense.

If n<p, the function u(x,t) is uniquely determined by the initial
SJunction uo(x).

If uo(x)=0 a.e. in 2, the function u(x,t)=0 a.e. in £ for any
fixed t =0 and is a solution of the problem (1.1)-(1.3).
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Remark 3. After eventual modification on a set of measure zero u

is continuous from [0, 77— L%(Q).
Proof of Theorem 1. Put

& 0 (] o
AU——— i§1 ax,- \ Ox,-

T

We easily see that A is a strictly monotone hemicontinuous bounded and

coercive operator from Wi?(R)— W~ 12/-1(Q),

We shall employ the Galerkin’s method. Let {w;}i_1,,,. be a com-

plete system of functions in W§#(2). We look for an approximate solu-

tion un(x,t) in the form

(3.3) un(t)= 3, gin(Owiy gin(1) € CCO, TT)

where the unknown functions gi» are determined by the following system

of ordinary differential equations:

(3.4) (n(2), i) +a(un(e), w)=(e(un(t)), wy), L<j <m,”

with initial condition

m
(3.5) un(0) = oy Hom= 3 Cimiti—— w0 in WEH8),

strongly as m— co.

Here

ou

-2 Bu v
9% dx

ax,- 0x,- )

alu, v)= i:1 Ssz

Then we obtain the following a priori estimates:
(3.6) Hum”L”(o,T;Wé-?(sz)) =c,

3.7 umll 20, 73270 = €

2) For the sake of simplicity, by the symbol / we denote the differentiation with

respect to ¢,
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where ¢ is a constant independent of m.®
Indeed, multiplying the i-th equation in (3.4) by gj,, summing over

t from 1 to m and integrating with respect to ¢, we get

@8 {lus@lpadst 3 5| 00|~y b 0, )ax
_1 n b 1
-;zzl 0x, Bx; " LP(Q)_—Z_-I-—CZSam(uO"’(x))dx'

Using Lemma 2 and Young’s inequality, we have

4 , 2 1 & 0 b
[ lenEads+2 5 |2 ua
0 p i=ill 0x;

LP(2)

Sct+——— 2+ llum()]| 750

n 0 b (2+a)lp
cto( 5|2 un®| )
i=1|| 0x; L?(@)
1 ”
= L (Z]2ww|, Y+
P \i=1 L2(@)
from which it follows that
11
[ lur@limds =
and
Z um( ) =c
<1 LP(2)

which imply (3.6) and (3.7).

From a priori estimates (3.6), (3.7) and Aubin’s compactness theorem,?
we see that there exist a function u and a subsequence {z,} of {us} such
that

(3.9 u,— u in L=(0, T; W}?(R)) weakly star,

3) In the sequel of this note, ¢ denote various positive constants independent of m.
4) See [7].
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(3.10) u,—— u' in L%0, T; L*(2)) weakly,
(3.11) u,(T)—> u(T) in W§?(R) weakly,
(3.12) u,— u in L***(0, T; L***(R)) strongly,
and

(3.13) Au, —— 2 in L=(0, T; W~-1210-1(g))

weakly star.

Then well known arguments of the theory of monotone operators

yields

(3.14) 1= Au

which implies the function z is a desired solution of the problem (1.1")-
(1.3).

Uniqueness part of Theorem 1 is easily proved as follows:

Let u; and u; be two solutions of the problem (1.1°), (1.2), (1.3)

satisfying the same initial condition. Then the difference w=u;—u;
satisfies

(3.15) w4 Au,— Auy=o(u1)— o(uz)=gw,
1
¢=S 89 (guy+(1—0)uz)do,
0o du

w(x, 0)=0.

Taking the scalar product of (3.15) with w and using the monoto-
nicity property of 4 and Lemma 2, we have

1 d _ S
(3.16) —Iltvll%amé(w, w) =< sup || ||w||?:2(m

< constant |lw]||%2.

which implies

Il

w=0.

We now prove the last assertion of Theorem 1.
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Let V(0, T; W§?(2)) be the space of all the functions v(¢) such that
v(t)e L¥0, T; WL*(R)) with o'(¢)€ L%0, T; L3(£2)).

Multiplying (3.4) by an arbitrary C'-function f(t) and integrating

over [0, ¢t], we have
[ a0, s  alunts), fsrwdds={ @lun(s), flh)ds
Taking the limit of both sides with m=gx, j fixed, we get
[, fumds+atus), euds={ @), fuds
for Yj
which implies
@17 (), wo)ds+ aCu(s), p)ds= (@), ¥(:)ds

for Yy(s)e V(0, T; W§*(2)).

In particular, setting (s)=wv(s)—u(s) where wv(s)=sup{u(s), 0},> we

have

(3.18) S;(u’(s), v(s)—u(s))ds—i—S:a(u(s), v(s)—u(s))ds

={ 0@, o) u(s)ds.

From the definition of v(s), we immediately get

[ @, v utsnds=o,

S:a(v(s), v(s)—u(s))ds=0

and

5) Note that v(s)e¥ (0, T; Wi»(2)).
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[ (pu(s, ()= u)ds=0.
Hence, from (3.18), we obtain

@ =v), so—ulsds

- S;a(v(s), o(8)— 1(s)) ds — S:a(u(s), o(s)— u(s))ds

v

0
which implies
llo(8) — u(@)i|320) < [10(0) — w(0)||F2c0)-
Hence we have
u(x,t)=0 a.e. in £ and =0,

if uo(x)=0 a.e. in £2.

Thus we have the theorem.

Remark 4. When n<p, in addition to the hypotheses of Theorem 1,
we suppose A(uo) € L2(2). Then we have (see Lions [27])

du/dt € L=(0, T; L*(R)).

Remark 5. When p=2-+a, so long as C;<1, i.e., domain is suffi-

ciently small, we easily see that the assertions of Theorem 1 also hold.

4. Global Existence and Uniqueness When p<2+a

Theorem 2. Suppose that p<2+c if n<p and p<2+a<np/
(n—p) if n>p. For every initial function u.(x) contained in the siable
set W the initial-boundary value problem (1.1), (1.2), (1.3) has a solution

u(x, t) contained in W% such that

6) We denote by % the closure of % in W}§?(2).
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(4.1) ueL=(0, T; Wit(2))
and
(4.2) ou/0t € L*(0, T; L*(2)).

Furthermore we have t>0, hence u(x, t)
(4.3) (D) 22y = || ()] 22e) if t=s5=0.

If n<p, the solution is uniquely determined by the initial function.
If ug(x)=0 a.e. in 2, the solution u(x,t)=0 a.e. in £ for any
fixed t>0, hence u(x, t) is a solution of the problem (1.1)-(1.3).

Proof. The Galerkin’s method is again employed. Let {w;}i-1,2...
and an approximate solution u, be the same as those stated in the proof

of Theorem 1. Let {uon} be a sequence such that

m
(4.4) Uom EW 'y Uom= D, Qimw; —> Uuo in W§(2)
i=1
strongly as m —— oo,

We have local existence of u,(t) i.e. in [0, ¢m], tn>0 and in this
interval (c.f. (3.8)):

(45) [{ 12520005+ D)= T

We will show that
(4.6) un(t) EW, Vi >0.

Suppose that (4.6) does not hold and let t* be the smallest time for
which u,(¢t*)é&e#". Then in virtue of the continuity of u,(¢) we see

that u,(t*)€0# . Hence, from Lemma 4 we have

4.7) J(un(t*))=d

or

(4.8) a(un(t*)) — b(un,(t*))=0
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which contradicts the equality (4.5) and the fact that the initial function
Lom is contained in #°. Indeed, when (4.7) holds, the assertion is obvious
and when (4.8) holds, we have

J(u,,,(t*»:J((% ”(M_”um@*Dg p

which also implies the contradiction.

Then from the equality (4.5) and Lemma 4, we get

TN 1 1
@9 @l dst (5 g ) o) S Jwom =e

which implies

(4.10) lwmll =0, 73wl Pan=c
and
(4.11) llumll 220,73 2200 = -

From Aubin’s compactness theorem and well known arguments of the
theory of monotone operators, we see that there exist a function u and a
subsequence {u,} of {u.} such that (3.9)-(3.13) are fulfilled and u is a
solution of the equation (1.1”) with conditions (1.2), (1.3).

We now prove (4.3).

Since u is contained in # from Lemma 4, we see that
(4.12) a(u(t))—b(u(z)) =0.

On the other hand, setting y(s)=u(s) in (3.17) with some modifications,

we easily obtain
1 12 _ 1 5 t t
(4.13) 7|]”(¢)]IL2(9)—g”u(s)llwm—Ssa(u(f»dl"l'Ssb(u(f))df-

Hence, the inequality (4.3) immediately follows from (4.12) and (4.13).
Proofs of the last two assertions of Theorem 2 are easily obtained by

a repetition of the arguments in the proof of Theorem 1.

Remark 6. When n<p, in addition to the hypotheses of Theorem 2,
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we assume that A(u,)€ L*(2). Then we have

ou/d: € L=(0, T; L*(R)).

5. Nonexistence of Gleobal Solutions

Theorem 3. (local existence) Suppose that p<2+a<2p/n-+p and
uo(x) € W§P(R). Then there exists a positive constant Ty such that in
the interval 0t<T, the problem (1.1"), (1.2), (1.3) has a solution
u(x, t) such that

u€ L0, To; W§?(2))
du/01 € L¥(0, To; L*(2))

and satisfying

G L@+ | aw)ds— | bul)ds =1 lluslta
and
52) S <), . €00, 1]

If ug(x)=0 a.e. in 2, u(x, t)=0 a.e. in 2 for any fixed t €[ 0, Ty ]
and u(x,t) is a solution of problem (1.1)—(1.3).

Theorem 4. Suppose that all the conditions of Theorem 3 are ful-
filled. Furthemore we assume that u,(x)=0 a.e. in £,

(5:3) J(uo(x))<0
and
(5.4) lwol| 2y == (mes (2))*? @+t

allrx(z_'_a___P)l/a Tlla .

Then the local solution of the problem (1.1)—(1.3) corresponding to this
initial function is not continued globally, i.e., blows up in a finite time

<T.

Proof of Theorem 3. The Galerkin’s method is employed. Let
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{wi}ic1,2, -5 {um} and {uwom} be the same as those stated in the proof
of Theorem 1.

Multiplication of the i-th equation in (3.4) by gin and summation

over ¢ from 1 to m give

9 Lot 5| ua®| = 0z, )da

In virtue of Lemma 1 we have

0

2 ,
CON | IORE A ELA() YllunlFoc
L?(2)
where
_ an
0= 2p—2n+np <1
and

e (@+2)2p—2n-+np)—anp ~0.
2p—2n-+np

Young’s inequality gives

3|

(5.7) [S O(un(x, O))da |

C 28”7
LP(.Q)> 2 HumHﬂ(m,

L(
2
where 0”=0"/2(1—0)>1.
Hence, from (5.5) and (5.7) we get

d ”
(5.8) W”um“%’m)ﬁC]]um”zLi(m-

It follows immediately that the solution ||u|}2e) of this differential

inequality can be majorized by the solution of the initial value problem;
dy 2
(5.9) ~ar =cy®” ¥(0)= yo=|luoml|320)-

The solution y of (5.9) is finite only if

(5.10) t<t.=1/(c(®”"—1)y3"71).
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Hence, in the interval 0<¢<Ty=t../2, we have an estimate
(5.11) lun@®l|iza =c.

From (3.8), (5.7) and (5.11) we immediately get

(5.12) lwmll 2o, 7yswi 2 an = ¢
and
(5.13) [zl 20,755 2200 = ¢

from which, by a repetition of the arguments in the proof of Theorem 1,
we see that the problem (1.1)-(1.3) has a solution uz in the interval
0t < T

We now show that the solution z satisfies (5.1) and (5.2).

Setting yr(s)=u(s) in (3.17) we immediately have the equality (5.1).

From (3.8) we get

(5.14) J(un(®)) < J(wom).

Let 6 be the function which lies in C([0, T, ]) and is nonnegative.
Then from (5.14) with m=4 we get

T, T,
(5.15) [, T@0oa < T
The second member tends to
T,
[ Twoswar

as y—> oo,
The first member is lower semi-continuous with respect to the weak
topology of L2(0, T; Wi#(2)).
Hence
T
0

[ 0@ < im (T, a < T,

Since 0(¢) is arbitrary, we obtain
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Jw(@®) < J(uy), a.a. t€[0, Ty

This completes the proof of Theorem 3.

Proof of Theorem 4. Note that if uo(x)=0 a.e. in 2, the solution
u(x, t)==0 a.e. in £ for any :=>0.

Suppose that the assertion of Theorem 4 does not hold and let u(x, t)
be the global solution corresponding to the initial function u,(x) satisfying
the assumptions stated in this Theorem. Then u(x,t) satisfies (5.1) and
(5.2) for Y£>0.

Then from (5.2) and (5.3) we have

(5.16) —a(u(t))— b(u(t))<0 a.a. t=>0.

Substituting (5.16) into (5.1) we get

6517 L@l = (1= 52 )], ) ds+ Ll

P
24«
2+a—p

=232 (mes (@)% lu(o) | ds

1
+7||uo!|%2<m-
Here we have used the inequality
||uile(g)<(mes(!2))"‘ Z+0‘||u|uL2+‘*(.rz)-

From (5.17) we immediately obtain

1
5.18 v)||fxgy =
( ) ” ()||L(m—Hu0||L2(g)_Lt
where
— QC(Z—!—CZ—F) —aj2

. 1 - .
Hence ||u()||12e) diverges to 4 oo as t—»T||u0]]L£fm< T. This contra-

dicts that u is a global solution. Thus we have the theorem.
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Remark 7. When p=2, local existence theorem of the classical solu-
tions of the problem (1.1)-(1.3) is of course established without any
restrictions upon the growth order « (see Friedman [5]). Theorem 4
gives another approach to “blowing up” of the solution of the equation
(1.4) with conditions (1.2), (1.3).

Remark 8. If we add the term 4u to the second members of the
equation (1.1), for smooth initial data, the problem (1.1)-(1.3) has a
classical unique solution which may local in #, without any restrictions
upon the growth orders p and « (see Sobolevskii [6]). Then by the
analogous method to that stated in Theorem 4, we can prove the solution
blowing up in a finite time if the initial condition satisfies the assump-

tions stated in Theorem 4.

6. Final Remarks

In this section, as compared with the equation (1.1), we consider the

following equation

-2 5y
ax,-

Ou _ & 0 0u
(6.1) 0 1 0 (‘ 0x;

)-—ul*“, t>0, x€82,

with conditions (1.2) and (1.3).
Then by the analogous methods to those stated in §3, we can easily

obtain:

Theorem 5. Let 2<p<oco and a=0. Suppose that uy(x)€
Wir(@)NL**(2) and uo(x)=0 a.e. in 2. Then there exists one and

only one function u such that

(6.2) u(x, t) =0 a.e. in £ for any fixed >0,
(6.3) ue L=, T; Wit(2)NL**(2)),
(6.4) du/0t € L¥(0, T; LX(2))

and which satisfies (6.1) in a generalized sense.
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Furthermore, if A(uo) € L*(R), then the solution u satisfies

(6.5) ou/0t € L=(0, T; L*(2))

Remark 9. The assertions of Theorem 5 are also valid if we replace
the term u'*® by more general nonlinear term f(u) satisfying f(u)>0
(for ©>0) and f(0)=0.

Remark 10. When « is an odd integer, if we put off the positivity
property of ug, we must impose the condition that u, is contained in the
stable set W analogously defined to the §2 in order to obtain global

existence theorems.
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