
PubL RIMS, Kyoto Univ.
8 (1972/73), 265-293

L2-well-posedness for Hyperbolic Mixed Problems

By

Reiko SAKAMOTO*

Introduction

Strongly hyperbolic differential equations become L2-well-posed mixed

problems under suitable boundary conditions. A concept of uniform

Lopatinski's condition, given by S. Agmon Q], gives a sufficient condition

for L2-well-posedness. Moreover, it is known that some types of mixed

problems become L2-well-posed, which do not satisfy uniform Lopatinski's

condition (cf. [J2], Q3], [Jf]). On the other hand, in the case of con-

stant coefficients and half-space, a necessary and sufficient condition for

jL2-well-posedness is given by R. Agemi & T. Shirota \Jf] by the words

of uniform L2-well-posedness for boundary value problems of ordinary

differential equations with parameters. But it is not so concrete to clear

the role of uniform Lopatinski's condition. This paper is a trial of more

concrete characterizations of L2-well-posedness for strongly hyperbolic mixed

problems.

We consider the problem

Dy,Dx)u = E aivkD\Dv
yD

k
xu=f

i + \v\+k^m
in

(P)
jivk y

on t

(; = 1, 2, ...,

= on * =
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The problem (P) is said to be L2- well -posed if there exists Cj>0 for any

T>0 such that Cr-> + 0 as T-> + 0 and

( dt\ n\D\D»y
-lJQ JR+

\f(t,y,X)\2dydX.
0 JR

It is obvious that I/2-well-posedness is characterized only by the principal

parts of {A, Bj}. Therefore, hereafter, we consider the case when {A, Bj}

are homogeneous. Assumptions are as follows:

i) A is strongly hyperbolic with respect to £-axis,

ii) # = 0 is non-characteristic of A,

iii) {Ay Bj} satisfy Lopatinski's condition, that is,

for Imr<0,

where

^(r, ?; f) = c f[ (f-|t(r, ^)) ft (f-fj(r, ?))
y=i y=A*+i

(Im ff(r, Tjf) 5 0 for Im r < 0, 77 <E Rn~l),

Here we remark that iii) is a necessary condition for L2-well-posedness for

(P) under the assumptions i) and ii).

By Laplace-Fourier transform with respect to (£, y), the problem

(P) becomes to

i\ Dx)u(x)=f(x) for
(P)

1 S/r, ^; Z),)aOOI«-o = 0 (/ = !, 2, ..., ̂ ).

Let G(r, ^; A;, j) be Green's function of (P)? that is, the solution u€L2
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of (P) for f^L2 is represented by

x,

Then we have from the results of R. Agemi and T. Shirota.

Lemma. In order that (P) is L2 -well -posed, it is necessary and

sufficient that

L2) | Imr|

for rGC1 , Imr<0, 7]£Rn~l, | r | 2 + | ^ | 2 = !5 where C is independent of

0, 7).

Remark, Let

then G in Lemma may be replaced by Gc.

§1. Necessary Conditions

1.1. Preliminary. Let ((T0, ̂ 0) be a real fixed point and let {?,• =

?i(^o, yo)}i=i,...,N(N=N(o~Q, T/O)) be real distinct roots of -4(0"o, ?7o5 f) = 0

with multiplicities {mi = ini((jQ^ 77o)}*=i,...,^- Then there exists a complex

neighbourhood C/" of ((To, ^o) such that

At, ?; f)= nH*(w, f)Kr, ?; f) = fl(r, ̂ ; f)£(r, ^; f),

in £7, where a/y((To, ^o) — 0 and a/y(r, 97) are holomorphic. Moreover from

the assumption i), az-/(T, ?7)(((T? 7/)^Rni^U) are real valued and -— a/OT<(r,
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Now we denote

and we denote

if

and

where

and ^o(0^^o<7r) is an arbitrarily fixed number. Let {f?Xr?

(Im^.^O) be roots of fli(r,^;f) = 0, and {£?/(r, ^)}y=if...f«f(I

be roots of

Then we have

Lemma 1.1. There exists 5>0 such that

Corollary 1.
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Next we consider of {Im ffyCr, TJ)}. Let us denote i£l if TTI/ is

even, i G / if mi is odd, and moreover i £ /± if i€j and a/^0. Let

and let

* = (*!, *2, ..

then

Let (r, 97) 6 J* and Imr->0, we have the followings:

i) if i £E /, *i=+, then none of {^-(r, iff)} has a real limit,

ii) if J€ / , *,•=—, then only one of {? J"y(r, ??)} and only one of

{£ 7y(r, 9^)} have real limits, which we denote especially by ?f*(V, y) 3

iii) if £*€:/+, then only one of {f /y(r, 9^)} has a real limit, which we

denote by f J*(r, 77),

iv) if j'G/_, then only one of {?7/(r, 77)} has a real limit, which

we denote by ^*(r,y).

Here we denote

d iff *, = £?=*,

otherwise,

for z = l, • - - , N, y = l5 • • • , ra*3 where r= — Im r, then we have

Corollary 2.

ci(^fy±) w" SS I Im f fy( r3 ^) I ^ ^2(^f/±) OT* in J*•

/Voo/.
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Therefore we have

n

for 7" < rf. In other cases, the required results follow from

£?/(r, V) = f3=y°(r, ^) + 0(^). Q.E.D.

Let

where roots of -E±(r3 9y; f) = 0 are on the upper (resp. lower) half plane

and M is the degree of E±.

Corollary 3.

0

0 N

«=1 /=!
Cf,±(r,

0

0 I

I 1

+ E Cjy±(r,

, ?;), C§;-±(r, r;)} are bounded in Js.
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Proof. Let us denote

/(0)G»0 =/(*),

Then

V "^A*(0)\"J '/ 3 » 1 1 \ " 3 ^)) f&( 1)\"^3 Y 3 *11\ 3 V

_Q ^, 1 \( "£ fi * c 11 \^° 77) ••• ^TI +r<E" 77)

Q . TT 7-1 x ^ a\ "'i O " I 17 / £\ ^ /

- d f • • • _ _ _ . § ^ 1 Q * .^—dg

Since
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rank : : : \=V,

we have

1

6
i
0

1 0 >

=

\B,n(r ir ?+(r vy)... B(m.»(r i

where {afy(r3 if)} are bounded.

Q.E.D.

1»2. Representation of Green's function in Js. Let us denote

1 1

E_(r, 7; *)= — e - ' - ' B - C r , T,
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Let Poisson's kernels {P^(r, y; *)}*=!,...,,, be the L2-solutions of

^(r, i?; D,)P»(r, ?;*) = <) for

that is,

(PxCr, 7?; *), ..., P,(r, V; *)) = 'EH(r, T?; *){54(r, v)}'1.

Then we have

Ce(r, T?; *, j)=(Pi(r, T?; *), ..., P/r, 77; *)) U B,(T, T,; Dx)U B,(T, T,; Dx) \

\ Bf(t,'ii\D,) /

r, ??; x-y)\
J,-o'

where

/ t f iCr^Z^XGoCr ,? ;* -^

By the way, we have

- 1 ( 1 '^' )=P+(r,

where
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B±(r, 7?)=P±(r,

therefore we have

/Bfai; D,)\Go(r, T?; *-

Here we remark

/ 1

7,;
2;r £_(r, 7; f)

.a

_]_

\ -— -— 3 ——^- d£

Let us denote

then we have

Lemma 1.2.

Gc(r3 ^; *3 j) =
 ?E+(r? ^; A;)5(r3 ^)E_(r3 -q\ y)
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= ^+(r5 77; x)&(t, 77X)_(r, 77)£J_(r, 77; j) in J§.

1.3. Estimates of Greenes function in Jf. It is obvious that it

holds

in general. On the other hand, we show that it holds

\\Gc

in Js, where ci, C2 are positive constants independent of (r, 77).

Now let

1

"l

and

F±(r, 77; ̂ ) = J/V±(r5 yYlE±(t, 77; x\

then I/2-norms of F±(r, 77; A;) are bounded in Js, therefore we have

775 ^JGcv.f3 775 xy y ) f - \ ' C ) ~f]\

7-2 nix in Js,

where C is independent of (r, 77). Let

then we have
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±(r, T, x)G,(-c, TJ ; x, j)'F_(r, 77; y)dxdy

Lemma 1.3. S±(r, T?) are positive hermitian matrices in Js

ci/<5±(r, i?)<C2/ (I: identity matrix),

where ci, 02 are positive constants independent of (r, ??).

Proo/. Let

\ 2?r J- (f-ffM?(r'

2* J
^
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-i f»1 \
2ff 3

then we have

det S±(r, ?/)= n det 5/±(r, ^)-det S0±(r,

as d—>0. From Lemma 1.1, we have

( r ,v ) l=JL_ ny(T
r'™2± r'

 >c>0

in Js, where c is independent of (r, y). Obviously since

|detS0±(r, 7?)|>C>0,

we have

|det 5±(r, ??) \ >c>0 in Js.

On the other hand, we have easily that S±(r, rj} are positive, hermitian

and bounded in Js. Therefore we have S±(r, ^)>c9/. Q.E.D.

It follows from Lemma 1.3

, 7y; x, y)'F_(r, 9y; y)dxdy

c 2 + r 3 ^ r , ^ _ r 5 ? i n

On the other hand, we have
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in Jg, and moreover

in Jg. Hence we have

Lemma 1.4.

m-l
Z

k = Q

n

Let us denote

I

(
in Jf, then we have

Proposition 1.

^C2\D*(r, 7])B(t, 7]}D*(-c, 77)| in J*.

Let us denote
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then we have

Proposition 1'.

Here we have

Theorem I. Let (P) 60 L2 -well-posed. Then, at any real point

(o~o, ^oX £/20^£ exists

tw ^f, w/zgre C z's a positive constant independent of (r, 77).

Let us denote

\

then Theorem I says that a necessary condition for Z2-well-posedness is

\;=i> • • - , m ?> ^=i. • • - ,
1=1,- ..,N

;=1,

in Jf.
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Since $*j±<^d, we have

Corollary 1. If (P) is L2 -well -posed, then there exists £>0 at every

real point (ffQ, T]Q) such that

' \0ijjh(t,ri\d~^~(l~^<-~ (£=¥0 ,

(i=N=0),

Let us denote

roM.iO, t f ) • • • /

then we have from the Corollary 3 of Lemma 1.1 and the Corollary 1 of

Theorem I

Corollary 2. A necessary condition for L2-ivell-posedness is

<n^<- a=vo),

Corollary 30 L^ (P) &g L2-well-posed, and let A(ffQ, 7]Qi f) have not

real multiple roots. Let us assume that /7i^ = l(i=l, • • • , JVo), TTI^ = I(J=;
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L, ••. ,#), and

— \ d*E''' \ * d/\
TCI J -C/_t-\ iUQj ^ O j a / £7LI J -C/_|_ \^C/Q j VO J ^J2ni

rank

_\—^_— I ! d ^ - - - —\—-—4 r—

then we have

are linearly independent modulo the space spanned by

1 f 5i(<To5 yoi ?)SJ~ j£\]
7~ \ 7 \ ^S"^o,9.;f

_\ ^ ? ? d^ J

«>
I \ &t

belong the space spanned by

i(J^\-
o, ->io; fj)\] 27tl

o,'vo;^)/L.i....w0 J^(-
2m j

111) R(jO~Q, y]o) = RT\O~Q, IIQ)="- = RT J~
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§2. Sufficient Conditions

2.1. Preliminary. Let us say that a real point ((T0, ?7o) is a regular

point, when TTx^-ple real root £=d of A(ff0, ^0; ?) = 0 may be wif-ple or

simple in a neighbourhood of ((To, TJQ). Let ((To, ??o) be a regular point,

then 77iz- (J>2)-ple real roots are just all over a real analytic surface

Sii ff=<pi(y).
Now let ((To, Vo) be a regular point. Already we have had a decom-

position of ^4 in U with center ((To, yo) >

where

Let (<TO, ̂ o)^ Sir\U and let |,- be the 7?irple root of

then we have

(r, 77),

Since

1 o*^ 77"• 1' ~
(r, 77; ff-),

and |z- is a continuous function of (cfQ, ^0)5 we have a neighbourhood

I77C^ such that

E^(r, >c>0,

where C and c are independent of

Let us denote
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i8= ^S ^ 771,-= 1,

where

d = dis{(r, ??), (<TO, ?o)}.

Moreover let {if/Cr, 97)} be roots of

then we have

Lemma 2,1. Let ((T0, ̂ o) be a regular point, then there exist a

neighbourhood U of ((To, ^o) and £>0 (FSC^) such that for any point

, we have

where C is independent not only of (r, ^) Z?w^ also of (<ro3 ^o)«

Corollary I. Let ((To, ^o) fe a regular point, then for any (<TO,

and c2 are independent of (r, 97

We define dfj± in the same way as <J*y±5 only replacing d by d, and
**9 then
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Corollary 2. Let (ff0, TJQ) be a regular point, then for any (<TO,

where ci «^ c2 «r£ independent of (r, 77)

Now let us denote

r?*= \J fi*, r$=\ rn,
( f f o . v o ) i = l

then we have

rs=\jn-*

Moreover we denote for mj>2

di(r, ^) = dis((r, ^)3 5/),

( r \wi/ \ J :f £± _^±
~d^J di If ^-f'*>

d,- otherwise,

and <y*/±(r, ff) = J for /7i,-=l, then we have

Corollary I'. Le£ ((T0, ^o) te « regular point, then we have

Corollary 27. L^ (<T0, 7y0) ^ <2 regular point, then we have

_ i__ _ _i_
ci£*/±w'<; Im f*-(r, 7y) ^c2fify±

m*

f.

Corollary 3. L^ ((T0j ?/0) 6g regular, then we have
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/ o \

N m* _
y^ v rk (r- N 7 ~— Zj 2_« ^u±v^,

S Cj,.±(r,

\
-<#

#2ni
\

in Fs, where {Cfy±(r, ^), Coy±(r, 9^)} erg bounded in V§.

2.2. Estimates of Green's function in V*. Let ((To, ^o) be a

regular point, then it is shown that

ci/<5±(r3 7?)<c2/ in Fs,

in the same way as the proof of Lemma 1.3, making use of Lemma 2.1.

Hence we have

Lemma 2.2. Let (<J03 ^o) be regular,

m-lx

Let us denote

TTlf

in Ff
1

V l/

and



286 REIKO SAKAMOTO

L(r, T?) =
, -1+-L

dl »i
n

then we have

Proposition 2. L^ (tf03 ^o) be regular, then there exist positive

constants d, c\ and c^ such that

Theorem II. Let every real point be regular. In order that (P) is

L2-well-posed, it is necessary and sufficient that there exist positive constants

d and C for each real point such that it holds

in F?n ,

that is,

(i^= 0),

Since Sfj±<^ d^ we have

Corollary 1, L^ ^i;grjy real point be regular. In order that (P) is
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L2 -wet I -posed, it is necessary that

|0oy.o*(r,?)|<y

Making use of Corollary 3 of Lemma 2.1, it follows from Corollary 1

of Theorem II:

Corollary 2, Let every real point be regular. In order that (P) is

L2 -well-posed, it is necessary that

|roy.*(r,?)Ky

in

/ T \mi

On the other hand, since fl*/±^j( — 7— ) ^z-5 we have
\ fl/j /

Corollary 3- Let every real point be regular. In order that (P) is

L2-well-posed, it is sufficient that

PiJ.lh&i ^) I d~,2~ 2m* di2 2m*' < £ i

»=¥ 0),
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in V*.

2.3. Semi-uniform Lopafinski's condition. Let us denote in

r» / \ •*•

xdet

xdet

, f 5 fliCr, ,))

II (f J>(r, 7)-fWr,

x

/ 5i(r, ^; ff^r,
X detI i

\ S/r, 97; fiifo
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n n (£/~Xr> ?)—£**( r5 ^)) n

Xdet

, ?))••

xdet

then these are all bounded in Fs.

Lemma 2.3. L^ ((T0, ^o) be regular, then there exist positive con-

stants d, GI and c2 such that

mt-l nil R.. ,.(r 77
^ "''h( '
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in Vs-

From Lemma 2.3, we have

Theorem II'. Let every real point be regular. In order that (P) is

L2-well-posed, it is necessary and sufficient that

+ , ., M- ,
_ mi ~l _ _ 1 _ml ~L _ _ 1 Q

ij+ I lh- l
 r

_ i

R(r,
<±r

Remark. The conditions stated in Theorem II' are satisfied if uniform

m?-y l
Lopatinski's condition is satisfied, remarking that £s~o~-

Now we consider a sufficient condition for Z,2-well-posedness, which

is stated only by the word of Lopatinski's determinant R(?, ??). Let us

denote

@= {((?, if)E R1 xRn~l; o~2+ \7]\2 = l, A(6, fi\ O^VO for any f GR 1 } ,

We say that semi-uniform Lopatinski's condition is satisfied for (P), when

the following conditions are satisfied:

i) let (O~Q, 970) £ («2)C
3 then R(O~Q, ̂ o) rV03

ii) let ((To, ??o)£^3 then R(o"0, ^o)=¥0 or

iii) let (0°o5 ^o)^9^3 then there exists Fs such that

L- if (Re r,

*" if (Rer? ^) €
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where

Theorem III. Let every point of dQ be regular. Then semi uniform

Lopatinskfs condition is a sufficient condition for L2-well-posedness for (P).

Proof. Let ((T0, ̂ o)^9^(r¥^)3 then all the indexes {wi/C^o, Vo)} are

even, that is, 77iJ"((7o3 T?O) = m^(o°Q, ?7o)- Since

if (Rer, ̂ )e^3

I cZo^* if (Rer,?)€(fl) c ,

and

d{ if (Re r,

we have

= rf . 2+ 2m< ̂  ^ . 2+ 2m if (Re

i"
therefore we have

if

and so on. Q.E.D.
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Example. Let (P) be defined by

(a, b: real).

Then uniform Lopatinski's condition is never satisfied, but Lopatinski's

condition is satisfied if and only if

a*

2
If b2——2~=1, then (P) is not £2-well-posed. In fact, let {?f(r3 tf)} be

roots of £2+M2-a2r2 = 0, let {£f(r, ?)} be roots of f2+ |^|2-/?2r2-

0, then

1 / 5i(r, 17; fi(r, ??)) SiCr, 7y; f 2(^*3 ^)) \
-R(r, v) =^T7 x—ZXT x- det

Let 6T 0 =— --3 ^0 = 6, then R(ffQ, ^o) = -RJ(^o, ^o):=::0, and

det

therefore

/ Bi(ff
det

\ B2(G
/ B^

det

^-4- (o< r<ro)3

which contradict to the necessary condition for Z,2-well-posedness. If

a2

b2 ——o-<l, then semi-uniform Lopatinski's condition is satisfied, therefore
a2 '

(P) is L2-well-posed.
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