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L’-well-posedness for Hyperbolic Mixed Problems

By

Reiko Sakamorto*

Introduction

Strongly hyperbolic differential equations become LZ2-well-posed mixed
problems under suitable boundary conditions. A concept of uniform
Lopatinski’s condition, given by S. Agmon [ 1], gives a sufficient condition
for L*-well-posedness. Moreover, it is known that some types of mixed
problems become LZ2-well-posed, which do not satisfy uniform Lopatinski’s
condition (cf. {27, [3], [4]). On the other hand, in the case of con-
stant coefficients and half-space, a necessary and sufficient condition for
L*-well-posedness is given by R. Agemi & T. Shirota [5] by the words
of uniform L%well-posedness for boundary value problems of ordinary
differential equations with parameters. But it is not so concrete to clear
the role of uniform Lopatinski’s condition. This paper is a trial of more
concrete characterizations of L%-well-posedness for strongly hyperbolic mixed
problems.

We consider the problem

A<Dt: Dy: Dx)u: ) IZ-i-:kS Qivk D;D;Diuzf
i+lvl+k=m
in t>0, yER”"l, x>0,
® BADr, Dy, DoJu= i+IVIZ+:k§rj bisut D;D;D;’:UIZO
on ¢t >0, yeR" !, x=0
(]:13 2, -, 4, Oérjém'—l)a

ju=0 on t=0, yeR", x>0 (j=0,1, ..., m—1).
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The problem (P) is said to be LZ-well-posed if there exists Cr>0 for any
T>0 such that C;—+0 as T—+0 and

T
SO dtSRnlD’;D;Dﬁu(t, ¥, %)|*dydx

i+vi+k=m—1
T
gcTSO dtSRnI 12, 5, ©)|*dyda.

It is obvious that LZ-well-posedness is characterized only by the principal
parts of {4, B;}. Therefore, hereafter, we consider the case when {4, B;}
are homogeneous. Assumptions are as follows:

i) A is strongly hyperbolic with respect to t-axis,

ii) x=0 is non-characteristic of 4,

iii) {4, B;} satisfy Lopatinski’s condition, that is,

B 1 ( Bi(c,y; &)&r? .
R(z, ”)—det< 27i S NGRS de)i

for Im t<0, € R"?,

where

A, 73 = I &5 (e, ) T1 (=455, )

(Im 5}‘7‘:(1', 77) Z 0 for Imr~ < 0, 7 = Rn—l),
7
Az, 75 )= 11 ¢ =7, ).

Here we remark that iii) is a necessary condition for L%-well-posedness for
(P) under the assumptions i) and ii).

By Laplace-Fourier transform with respect to (¢, ¥), the problem
(P) becomes to
@ { A(t, 7; D)a(x)=Ff(x)  for x>0,
P)

Bj(fy v:Dx)ﬁ(x)lxﬂ):O (]=13 2, ty ﬂ)'

Let G(z, 7; x, y) be Green’s function of (P), that is, the solution ael?
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of (P) for f€L? is represented by
2= 6z, 15 %, NF(»dy.
Then we have from the results of R. Agemi and T. Shirota.

Lemma. In order that (P) is L*well-posed, it is wnecessary and
sufficient that

-1
%

0

m
k

()6 75 % 9| p0 S

ey |Imrt)

for t€C', Im7<0, 7€ R" Y, |t|*+|9|2=1, where C is independent of
(7, 7).
Remark. Let

o PCas

Cp— )= L (T e
Go(r, 75 2 — ) =5 S_w Y CETENa

G(T: N5 X, 9’)=Go(fa 75 x"}’)'—Gc(f, N5 %y y)’

then G in Lemma may be replaced by G..

§1. Necessary Conditions

1.1. Preliminary. Let (0o, 70) be a real fixed point and let {&;=
£i(00, 70)}iz1,. . N(N=N(0y, 70)) be real distinct roots of A(gy, 70, £)=0
with multiplicities {m;=m;(00, 70)}i=1,..n~» Then there exists a complex
neighbourhood U of (04, 79) such that

N
Az, 73 €)= 11 Hi(w,n; §E(c, 73 §)=H(z, 7; §E(x, 75 &),

Hr,7; §)=E—&)" +anlc, PE—&)""1+ ot aim (T, 7)

in U, where a;;(00, 70)=0 and a;;(c, 7) are holomorphic. Moreover from
the assumption i), a;j(0, 7)((0, 7) € R*"N\U) are real valued and %a;mi(r,
7)=%0,
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Now we denote

_ 6@,-,,,1

a aaimi
=
ot

o7

(609 770), Bi: (0-0) 770)5

and we denote
J dis=A{(t, DeVs; |ai(t—00)+ Bi-(n—170) |
= cos 0ol e+ Bi| D2d(e, 1) if miz2,
[ dis=Vs  if mi=1,
and
Aszfi\A,-g,
where
d=d(r, n)=dis {(z,7), (0o, 70)},
Vs={z,7); Imr<0, € R*"!, d<0},

and 0,(0=<0,<m) is an arbitrarily fixed number. Let {F(c, 7)};-1,...n*
(Im 3, 20) be roots of Hi(r,7;&)=0, and {§77(c, 7)}jo1,..mi(Im £77=0)

be roots of
(=€) +a(r—00)+Bi(n—20)=0.
Then we have

Lemma 1.1. There exists 0>0 such that

2
i‘tj(f’ ”)Zst’ijg(r> 77>+0(dm’) Zn Ais,

a %J' _ 65":]0 ~1+-1%7 .
oc (f, 77)"'7‘(?3 77)+0(d ") mn A,a.

Corollary 1.
1 1
crdm |85 (e, D—&i| Scadm  in di,

1 1
crdm <|e5(e, N —Eh(r, DI Scadm (G36E)  in dis.
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Next we consider of {Im &F;(r,7)}. Let us denote i€l if m; is

even, ;€ J if m; is odd, and moreover i€ J. if i€ J and a;=0. Let

45 =diN{ai(Re 7_60)+.8i'(77—'770)§0}3
and let

N .

k= (k1, *z, -y *¥N) (xi= +), A?ZAAT§>

then
A‘s:\jd?.
%

Let (v, 7)€ 4¥f and Imt—0, we have the followings:

i) if €I, x;=+, then none of {£F;(r, 7)} has a real limit,

ii) if i€ I, ;= —, then only one of {£};(r,%)} and only one of
{é7;(z, 1)} have real limits, which we denote especially by &F(z, 7),

iti) if i€ J,, then only one of {¢};(r,7)} has a real limit, which we
denote by £7i(z, 1),

iv) if i€J_, then only one of {£7;(r,7)} has a real limit, which
we denote by &7,(z, 7).

Here we denote

0%4(z, 1) (%> a4 =gt
ijx\Ty )=

d otherwise,
for i=1,..., N, j=1, ..., m}, where y=—Im r, then we have
Corollary 2.
10f™ < |Tm 85(c, DI S e Ofm  in 4E.
Proof.

e(r, =880, D—ir e g—ioy, ) (0<0<D)

i . 12
=§7x(0, W)-iT{gg’r—*(O'—L@)’, PD+0(d™" mi)},
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O (6—ioy, )= — =
o (c—iby, )= m;(EE(a—i0r, 7)— &)™ L
&;

- 1
mi(§72(0, 1) — &+ 0@ m))™ !

1
- mi(g%g(o',cf?i)“&)mrl -{1-{—0((%)%)}.

Therefore we have

e = |m g, ) | Ser — T

dl m dl m

in 4%

for y<d. In other cases, the required results follow from
2
5, PD=EF(z, 1)+ 0(dm). Q.E.D.
Let
E(c, 75 §)=E. (v, 7; E_(t, 1; §),

where roots of E,(tr,7;£)=0 are on the upper (resp. lower) half plane
and M is the degree of E..

Corollary 3.

( 0 ) By(z, y; £Fi(T, 7))
i 0 N mf . 14l .
k|1 =2 2 Chs(e,pd " m
0 i=1 j=1 :
0 B,(z, 7; &5,(z, 1))
1 % Bi(r, 75 €87 4.
27i

M E'l_'(f: 75 6)
+ 1 Chiale, 1) :

ds

1 % B,(z, 7; §)&7
27Ti E:t(z'> 773 6)

where {C%+(t, 7), C&;s(c, 7} are bounded in 4.
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Proof. Let us denote

f(O)(x)zf(x):

f(k_1)(x1, X2y “vy xk)—f(k—l)(xza X3y tory xk+1)
X1~ Xp+1

f(k)(xh X2yt vy xk+1)=
(kzla 2, 3a )

Then

Bioy(z, 735 &1(t, M) Biwy(z, 735 Eh(T, 1), Ef2(T, 7)) -+

\B,M(O)(fs 75 éfl(f’ 77))3;4(1)07, 75 Efl(fa 77)3 E-IFZ(T, 77))
Bl(mrl)(f’ 75 5;1(7’ 77)) L) S‘i‘-m'f(fs 77)5 Efl(f, 77): ) Sl—m;(ra 77))
Blt(ml—l)(f7 75 STI(T’ 77)9 Tty Efm{(ra 77)3 Efl(ra 77)9 Tty E;mi'<f) 77))

» &t . 1(73 75 E) .. 1 BI(T; 75 S)EM 1
Bl(o)(rj 75 521(7: 77)) 272_1 E (T, 77, E) 27:1 +(f, 77, g) }

Bn(faﬂ;f) 1 %B(f,v;é)«f“‘l
Buo(e, 15 €0, )5 P e BT Oy,

27 (S)E (c, 73 ) E (z,7;8)

1(75 75 €) ge.. %Bl(r,ﬁ;f)SM‘ldE}
“27i

1 (% ﬁ(f,w;é)d 1 [ Bz, 7; 08"

2ni YE_(¢, 3; €) 2mi E_(z, 7; &) o

( 1(50>770,51)B1§(00,770,51) (ml—l)'B B 1)(60,770,51)31(0'0,770,52)

p(0'0> 705 51)3145(00, %05 §1) - (my—1)! Bi=1(ay, 703 fl)BP(O'o, 703 €2)

: % B1(00, 705 €) ge... 1 %Bl(go’wo;$>§M—ld$\
omi E+(oo, 1058 o YT B oo, 1038) J

Since
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B1(00, 703 £1)B1£(00, 705 £1)-+-(m1—1)! Bof™~V (0, 713 €1)-+-
rank : : : =u,
B (00, 705 1) Bt (00, 705 &1)- - (m1—1)! B&=1(00, 703 €1)-+

we have

{ 0 ( BI(O)(T, 75 S;l(ra ﬂ))"'Bl(ml—l)(T; 75 Efl(fy 77)) ""Sfml'(f) 77))
O ’ . :
k|1 |=
0 . .
6 B/l«(o)(TS 75 Efl(r’ W))"'B;a(ml—-l)(f’ 75 Efl(rs 77)3"': Sl_ml"(fﬁ 77))

afl(ra 77)

a{aml—l (Ta 77) b}

where {a%;(t, 7)} are bounded.
Q.E.D.

1.2. Representation of Green’s function in 4;. Let us denote

Bt 15 =" (g
> 5—'5%—1(73 77) ’ ’ E_Elim'{(‘ra 77) ’

1 gMt )
Ei(c,7;8)° ° Es(c,7;8)/°

E.(z, 7; x)=2Lm.S_m HE.(r, 7; §)dé,

E(r, 13 W)= =i | B, ; 004,

1 B]_(‘L',.??; 5) e .
B.(x, 77)=—2?i“‘§ B,,(Z‘,:ﬂ; 5 E.(c, 7; §)d¢



Bi(t, 7; §R(z,m))- By

B/L(T’ 75 S-{:I(T, 77)) o

Let Poisson’s kernels {Py(t, 7; %)} r=1,..,n

{ Az, 73
BJ'(T9 75

that is,

(Pl(fa 75 x)’ o

Then we have

D)Py(z, 7; 2)=0
D )Py(t, 7; %)| 2=0=0s
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(& 75 s, D) g %Eig -38) 4.
Bu(es 13 e )5 Eﬁjz 78 dg-.
2mi % (Z(Z’WE)SEI;! : as
o &’B 1(91(;75)?;[ e

be the L2-solutions of

for x>0,

(]:13 Tttty /1),

o Pue, 75 x))="E,(, 7; x){B,(x, P} .

Gc(fa 75 %, y):(Pl(f9 75 x); tTty P,u(ra 75 x)){( Bl(f: 77: Dx) >

where

<<>1—$(

B,(z, 7; D)

By the way, we have

1

where

Bl(Ta 75 E)

W(T, 75 &)

B,(z, 7; D)

Go(z, 75 2 — y)}

)
x=0

e V€

Bi(z, 75 §)
oA H "

B,(z,7; €)

>=P+(f: 77)E'+(Ta 75 ‘5)+P—(f, W)E‘.—(T’ 75 S)a
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Bule, )= Pale, 1 5 B, 13 € (5, 75 A, 13 )

=Py(7, 7)-Q(z, 7),

therefore we have

<Bl(73 77> Dx) >GO(7'-, 75 x“}’)lx=o=P—(f, W)E—(fa 75 ,’}’)

B,(z,7; Dy)

=B_(z, 1)Q-(z, DE_(z, 7; ¥).

Here we remark

1
iAé(T: 75 Sl_l(r; 77))

1

Q-(v, M= idi(z, 7; §12(T, 7))

2r

LS E (e, 75 OHE 15 €) 4.

E_(t,7;¢)

2w

E (z,7;6)

2

_1_5 E.(t,7; §)H(z, q; §)EM! de

E_(z,7;§)

2r

Let us denote

B(z, 7)=(B.(t, 7)) B_(r, 1)Q-(c, 71)=&(r, 7)Q-(z, 1),

then we have

Lemma 1.2.

1 S E+(T> 75 E)H(T9 75 E)EZM_Z d

E_(z,7;6)

G (v, 75 %, y)=tE+(T, 75 x)B(Ts W)E—(Ta 75 y)

L { Eule 3 OB, 7 D e

o

|

¢)
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='E.(t, 7; )%(t, NO-(t, NE_(r,7; y)  in 4.

1.3. Estimates of Green’s function in 4¥. It is obvious that it
holds

1Gell 2(z2x22,eny S Gl 222,29 S |Gl 22w 22
in general. On the other hand, we show that it holds
[1Gell g rox 2, cty=c1l|Gell (12,22 = €2]|Gel L2 L2

in 4;, where ci1, ¢y are positive constants independent of (z, 7).
Now let

-1
IIm $1i1(fs 77)] ‘2

|Tm &%,:(x, 7)| 2
Na(z, 7)= . ..

1

and
F(t, 75 2)=Na(t, 1) Es(t, 75 %),
then L®norms of F4(t, 7; x) are bounded in 4;, therefore we have
]SE(T, 75 2)Ge(z, 75 %, Y)'F (7, 7; y)dxdy
= CllG.|l#rx 2,0 in 45,

where C is independent of (z, 7). Let

Si(ty )=\ Ful(r, 75 2)'Fulr, 7; x)dx

o0
0

5
r(S:F‘.._.(T, 75 %) Fu(r, 7; x)dx) ’

then we have
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SF:I:(T’ 75 2)Ge(z, 15 %, y)'F-(t,7; y)dzdy
='S.(z, MN.(t, NB.(r, PN_(z, Sz, 7).
Lemma 1.3. S.(t, v) are positive hermitian matrices in ds and
c1I<Si(z, 7)<cal (I: identity matrix),

where c1, ¢y are positive constants independent of (T, 7).
Proof. Let

1 (= |Imé5(, 9]
2m S—wIS*Eﬁ(f, 77)|2dS

Si:l:(r9 77):

L Im e | Imefi(e, D7
\ 27 )-e (6 —&%,5(c, 1)E—ER (T, 1)

1 1
LS‘” |Im ¢5,(z, ) |2[Im §5(c, D12 40
21 ) (§—&F1(c, MNE—ER(T, 1)

1 1
LS” |Tm £(c, )| ?[Im £5(z, D2 4
2% J-e (£ —EF1(v, MIE —EFmz(z, 1))

)

1 1
( |Im &3,(x, 1) [Im ¢%,(z, 7)|2|Im £5(c, D)|?

&h(e, 1)—E&h(z, 1) Eh(r, N —EH(t, 1)
= : :

BN 1
|Im$im$(r: 77) I 2 I Im E:itl(fa 77) l 2
S:z‘;m%(ra 77)—5%1(7:9 77)

1 1
I Im é:,'t]_(f, 77) , 2 l Im éi!:m%(z-, 77) I 2

S-;_!:l(r: 77) fgzitmf(fa 77)



HyperBorLic MIXED PROBLEMS

1 (= 1 1 (= 13
{Eg-mlmr, % ?Eg-mlEi<r,—w;s>|zd5
Sea(c, )= : :
B G
3 )T 7 B

1 o EM_l
2

then we have

N
det Su(r, 7)= I1 det Six(z, 7)- det Sox(z, 7)+0(1)

as d—>0. From Lemma 1.1, we have

1 E?j(fa 7)—&H(T, 1)

|det Sin(z, 1) | =
A 2™ i<k &5;(c, 1) —E5(c, 1)

>c>0
in 45, where ¢ is independent of (r, 7). Obviously since

|det SOi(f> 77)| >C>0,

we have

|det Si(z, )| >c>0 in 4s.

— | Es(7, 75 £)]*

277

dsw’
|

On the other hand, we have easily that S.(r, %) are positive, hermitian
and bounded in 4;. Therefore we have Si(t, 7)>c-I. Q.E.D.

It follows from Lemma 1.3
c1| Ny (z, 7)B(z, 7)N_(z, 7)]
=|[Fue, 13 6.0, 23 30 -5y 15 )y

=cz|N,(c, B(z, PN_(r, p)|  in 4,.

On the other hand, we have
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Gl 22w 2= "E (7, 7; x)B(z, DE_(, 75 Y1212

< C|N.(z, 9)B(z, p)N_(z, )|

in 4;, and moreover

()e

in 4s. Hence we have

szng Ck I N+<f, W)B(T’ W)N—(T: 77)|

Lemma 1.4.

(3) ¢

<C'|G.|| #(L2x L2,c1) in ds.

m—1

<C|N.(z, 7)B(z, n)N_(z, )|

E=0 I2xL12°

Let us denote

__1
{0%1+(z, 77)} Zm
. )
0F (T T2mp
Do, 7 Olatae, W)
1

in 4¥, then we have

Proposition 1.
c1| D¥(z, 1) B(z, N DEi(e, )| <Gl #z2,mm-1)

< cz| D¥(z, ) B(r, D:(z, m)|  in 4F.

Let us denote

my
——

{d(e, D}
(e, )
3

2_(t, )=

/__
-
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then we have

Proposition 1'.
c1l D:lf(fa n&(, M2 _(t, nD*(z, 9| = HGUH.?(L"’,H""I)

= c2| D¥(c, B (r, N2-(c, NDi(z, )| in 4.

Here we have

Theorem I. Let (P) be L*-well-posed. Then, at any real point
(00, 10), there exists 0 >0 such that

C
t-Df(T3 77)'@(7’ 77)9—(1'9 ’”)Df(fs 77)' <-7T
in A%, where C is a positive constant independent of (t, 7).

Let us denote

Bi1,11(c, 1) - Biy,1mi(c, 1)

Blmf,;l(fa 77) ﬂlm;{.lmf(f, 77)
B(c, )= 5 '

b

301,0'1(1', 7) 501,0_M(T, 7) )
Bom,01(ts 1) - Bom,om(t, 1)
then Theorem I says that a necessary condition for LZ-well-posedness is

1 3.1 _1 i=1,...,N, I=1,...,N
| Buntes ) 108w 4 05, < € < ,

j:l,..., m;.", h::]_,..., my
l=1..... N
T __1 . ’ ]
| Bojin(z, 1) | d T 6>lkn— 27m<% <]:1a ey M, )7

L i=1, ..., N,
| Bij,on(zy 7) |0F; 4 Z”‘"<% (

. +
]_1, sy My

‘Boj,ot:(f, 77)|<$ (j=13 oy M, h=1, Tty M)

: *
m 45-
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Since 0F;+=<d, we have

Corollary 1. If (P) is L*well-posed, then there exists 0>0 at every
real point (04, 70) such that

1

| Bij, (T, 1) | d’ﬁ‘“*mk% G0, I350),
| Boj. iz, )| d‘“‘fmk% (120),

__1
| Bs5.0n(z, 7) | d 7 <$ (i2:0),

| Bos,on(z, 1) | <4f;1

n Ag.

Let us denote
T11,}(T, 7) "'Tll_,p(fs 7)

Fint1(%, 1)+ Timtu(E5 1)
{B,(z, 77)}—1= :

(e 1) -

~—

rom,1(c, 1) -

then we have from the Corollary 3 of Lemma 1.1 and the Corollary 1 of

Theorem I

Corollary 2. A necessary condition for L*-well-posedness is

-1
“mﬂan2M<$ (i20),
)

l !roj,k(f, W) ] <
T
in Ag.

Corollary 3. Let (P) be L?well-posed, and let A(Co, 70; €) have not

real multiple roots. Let us assume that mi=1G=1, ..., Ny), mj=1(=
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No+1, -, N), and

- SB‘(G"’ 705 €) ge... 1 531(60, 705 &M dfj

2ni ) E, (0o, 7035 &) 27wi E. (0o, 70; &)
rank : ; —M,,
1 S B.(00, 703 €) ge... 1 S B.(Go, 703 £)EM-? dsJ
2ri ) E. (0o, 705 €) 271 ) E,(0o, 70; &)

then we have

5 { < 31(00,_770; ) > }
1 :
B.(00, 705 &)/ )i-1,...N,

are linearly independent modulo the space spanned by

1 B1(0o, 703 £)§771
2ni S E. (00, 705 §) @ w

(
\
§ :
1 B (00, 705 £)&771 J
[ 27 S E. (00, 703 £) a

{ < B1(00, 703 £) > }
ii) 2
B.(00, 705 ) ] Ji=Ny+1,0N

belong the space spanned by

j=1,..M

(1 B1(0o, 703 £)&71
( S E (00, 103 €) déj

{ <Bl<oo, 705 &) )} 2mi
and :
B,;,(JO: 705 6!) j=1,..N; 1 S B,u(o‘O, %03 E)Sj—l ds

L 27t B,,,(O'o, Yo, E) i=1,..M

iii) R(0o, 70)=R1(00, 70)="--=RM V(5y, 70)=0, RM(g,, 7,)=¢0,

where My=M—M,.



282 Reko SakamoTo

§2. Saufficient Conditions

2.1. Preliminary. Let us say that a real point (0o, 70) is a regular
point, when m;-ple real root £€=¢; of A(0y, 70; £)=0 may be m;-ple or
simple in a neighbourhood of (g, 70). Let (0o, 70) be a regular point,
then m; (=2)-ple real roots are just all over a real analytic surface
St a=9;(n).

Now let (0, 70) be a regular point. Already we have had a decom-
position of 4 in U with center (0, 70):

Az, 7; &)= i Hi(z, 7; §)E(z, 1; £),
where
Hy(z, 75 ©)=(E—§)™ +an(t, PE—E)™ "+ +ain(7, 7),
ai;(00, 70)=0.

Let (&0, 70) € S;\U and let & be the m;ple root of H;(&o, 7o; £)=0,
then we have

-H;'(f3 75 E)=($-Ei)mi+dil(r, V)(g_gi)mi_l'i'"'_*'dimi(f: 77)’
a;j(&o, 70)=0.
Since

k . -~
dimi—k(ra 7)2%‘%6]{}“(1-, 75 fi))

and &; is a continuous function of (&, 7,), we have a neighbourhood
U’ CU such that

|@im,-2(t, 1) | g207 <G,
0

dz‘mi
5. (% v)‘ﬁnw,)>c>0,

where C and ¢ are independent of (&9, 7o)-

Let us denote
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~ 6a,m

(&0, 70), Bi=

~ awim
a;= ; ‘ (&0, F0)s

(4 {(Ta W)EVSa |a(7-_0_0)+61 (77 77)'
zcosﬁo(I&f|2+Iﬁi|2)§-J} if m;=2,
,5—V5 if m,-=1,

where
d=dis{(z, ), (&0, 70)}-
Moreover let {E?}’(r, 7)} be roots of
(E—E)"+ai(c—&0)+ Bir(n—70)=0,
then we have

Lemma 2.1. Let (6, 70) be a regular point, then there exist a
neighbourhood U of (04, 70) and 0>0 (VsCU) such that for any point
(&0, T0) € SiNU, we have

|6%,(c, 1) —EF(z, 77)|<Cd"” in d;s,

0&F;
ot

”9 =142 L.
>— (T, 77) <Cd mi mn Ai&:

where C is independent not only of (v, ) but also of (&g, %o)-

Corollary 1. Let (09, 70) be a regular point, then for any (&, 7o)
eSiNU

L1 .
cidmi él (T: 77) z‘z|<02d”’i in d;s,

§|~

CIJ gl z](f 77) 5 (Z', 77)|<62dm1’ (]#k) in A~i8’
where c¢i and cy are independent of (v, ) and (&o, %o)-

We define g?ji in the same way as 07,4, only replacing d by d, and
d¥=N4d%, then
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Corollary 2. Let (0o, 70) be a regular point, then for any (&o, 7o)
esS;N\U

~, 1 ~, L
c10Fem < |Im €F,(c, 7) | = c20Fjam in dis
where c1 and cy are independent of (v, 7n) and (&, 7o).

Now let us denote

then we have

Moreover we denote for m;=>2

di(r, 77)=dIS ((T, 77), Si):

_ (L)"a it e=en
Ftyale, =] &
d

i otherwise,
and 0};.(c, 7)=7r for m;=1, then we have
Corollary 1'. Let (0o, 70) be a regular point, then we have
e1dim S |65 (e, D —Eh(n, DIScadim (j3B)
in V.
Corollary 2'. Let (0o, 70) be a regular point, then we have
C1g?j:t"l’_‘§l1m i, | = 025?;'1—"%;
in V¥

Corollary 3. Let (0o, 70) be regular, then we have
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Bi(z, 7; £F(z, 7))

i=1 i=1

0 N mt 1l
k| 1 =2 2 Chis(z,pd; — m
0

(5) ) L B,(z, 7; ;E%j(f, 7))/

( 1 % B]_(T, 75 S)Sj—l dE
2mi Ei(z,7;$)

M
+ Zl ngi(f, 7)
<

. . -1
1 % BI‘(T9 77’ S)EJ ds

2mi E.(t,7;86)
in Vs, where {C%(t,7), Ct;(t, 7)} are bounded in Vs.

2.2, Estimates of Green’s function in V¥. Let (6o, ) be a

regular point, then it is shown that
c1 I< S (z, p<es I in Vs,

in the same way as the proof of Lemma 1.3, making use of Lemma 2.1.

Hence we have

Lemma 2.2. Let (09, 70) be regular, then

m—1

2

k=0

L?x L2 <C|N,(z, 9)B(z, n)N_(c, )|

<%)k0c(f, 75 %, ¥)

=CNG.(z, 7; %, Mllewxrren in Vs.

Let us denote

D;E-(T9 77): “e, in ng

and



286 REIKO SAKAMOTO

my
/—"—“h‘-\
—1+-L

( dl m1

) 1
—14+ 1
dl m

Q_(f, 77>: in VS)

.
1)

then we have

Proposition 2. Let (0o, 70) be regular, then there exist positive

constants 0, c¢1 and cy such that
c1| D¥(x, DB (z, 1D _(r, P DX(z, P | =Gz, 75 %, Yl ewr,un—y

= cz| D¥(z, nB(c, ND_(v, P)D*(z, p)|  in VF.

Theorem II. Let every real point be regular. In order that (P) is
L2-well-posed, it is necessary and sufficient that there exist positive constants
0 and C for each real point such that it holds

_ _ _ C .
| D¥(c, 7 A (x, 71)2-(y, 7)D*(x, 77)|<7 in V%,

that is,
|Bun(es D138, m g wm < S 0, 1300),
|Busaa(e, m) | dy w5 < S 0),
| Big,on(T, 1) [5?j+_%””<$ (i=¢0),
|Bujan(z, )] <
in V¥

Since 0F;+=d;, we have

Corollary 1, Let every real point be regular. In order that (P) is
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L% well-posed, it is necessary that

-1 g4 1
| Big,un(e, ) | dy 2me o <% @@=3x0, I=50),

pe Ll
| Bojin(t, ) | d; Yo < C

ra @=c0),

N
| Bijon(T, 7) | d; 2mi <$ (i 0),

| Boj,on(z, 7) | <—$*

in Vg.

Making use of Corollary 3 of Lemma 2.1, it follows from Corollary 1
of Theorem II:

Corollary 2. Let every real point be

regular. In order that (P) is
L2-well-posed, it is necessary that

J [rie(c, m) |d;i n: <-? (i30),
\
| Iroate, | <

in Vs.

On the other hand, since 3?,-;_,2(5 ) id,-, we have
i

Corollary 3. Let every real point be regular. In order that (P) is
L2%-well-posed, it is sufficient that

111 _
| Bin(, ) | dy 27 2mi dp'2 2/ <C (0, I3£0),

_(1__1_ C
| Boj,in(z, 1) | d; G 2"”)<—T_

(1= 0),
72

\ 1__1
| Bijon(, 1) | d;2 2mi <

o

@@= 0),

L I.Boj,Oh(f, 7) | <$
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in Vs.

2.3. Semi-uniform Lopatinski’s conditien. Let us denote in Vs

1
ﬁ I1 (§F;(c, n) — €5z, 7))

i<k

R(z, p)=

[
-

1 (S)Bl(f, 7; £)EM1 de

/ . + oo
Bl(f> 77-: Sll(fa 77)) 27 E+(T, 7 S)
X det s
e 1 [ Bur, ;8"
BI‘(T’ 75 511(73 77)) i % E(z, 7; £) aé
Rioju,toho(f, 7)
_ 1
I1 I1 (68;(c, M —&h(m, ) 11 (§%,;(t, M) —E&fulT, 1))
i¥ig j<k I]g?gfa
1

X 1;[(6?-0](?'-’ 77)_$l_oho(z.) 77))

( Bi(z, ;5 &11(t, 1)) Ba(z, 73 €570-1(75 7))
X det : :
B,u(r; 75 51_1(7’ V))B,u(ra 75 E;'Foju—l(rs 77))
Bl(f) 77) S;oho(r) 77))31(2-3 77.; S-;ojo+1(fa 77)) >
BT, 13 E1n(Ts MBLT, 13 &hjua(T, 1)
(Go=%0, Ip%0),

. 1
Rowiad® D =17 LG =€ DILEE D e 1)

. fo—2
1 % Bl(fa 75 S)EJ de B1('L', 7; 5-]—0}1“(7'., 77))

x det 2mi E+(f: 75 S)

1 Bi(z, 1; £)&° de---
2ni § E.(t,7; &) (Lo 0),
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Rijo0n (c, )= L
foo Rkt lg ,H (&7i(T, M—&0(x, 77)) H (6 0 (T M —§7(T5 1)

. ho—1
l(fa 773 uuo 1(2' 77)) 2 % B]_(T, 5 S)E dé
X det . 4

E_(z,7;€)

Bl(f’ 75 E;oju"-l(r’ 77)) .
(ZO #O)a

N 1
Rojo,oho(’t's 77) H H (S (Z', 77) 5 (7.', ﬂ))

L1 %Bl(r,n;f)é‘fﬂ‘zdg 1 [ Bi(z, 7; £)§M}
« det 278 E.(t,7;8) 2mi E_(z,79;8)

1 By(z, ; 5)5 0
271 % (z' 7; &) de--

then these are all bounded in Vj.

Lemma 2.3. Let (0o, 70) be regular, then there exist positive con
stants 0, c1 and cy such that

niot ) oml | Ry, )
x| By, m) |y e ) me | SEAET)
].I ]”l( 77)] 1 = R(r, 77)

+

<CZ,BU lh(fa ﬁ)ld dl m¢ (L#Oa l:\FO),

_m R _mi

c1l Busue, D dy e < W‘_szw,m(fa Dld ™ (130,
mF-1 mf-1

1| Bijon(e, )| d; me glgé%siﬂ—),_cz|ﬁij,011(f, Pld; m (G0),

c1lBoj,on(r, 7) lé’&;{—zh(r—ﬁ)—'_cz | Boj,on(t,y 7) |
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in Vs.

From Lemma 2.3, we have

Theorem II'. Let every real point be rvegular. In order that (P) is

L2-well-posed, it is necessary and sufficient that

Rz, ) mizt o1 miml_ o _ 1 .
# d; By e BT (390, 1390),

Rojun(eyp) | , -2ty L _C
i 17 1 d mi 0¥, 2m < 13:0),
R(z, 7) ! t 1< 7 (I=0)

Rijon(e,m) |, -1 -1 ¢ .
D T Nd  me 0F, i K 2=0),
R(z, 7) e s 7 @=0)

Roj,on(z, 1)
R(z, 7)

in V¥

Remark. The conditions stated in Theorem II’ are satisfied if uniform
1

+
miy

Lopatinski’s condition is satisfied, remarking that Téf'
1

Now we consider a sufficient condition for L*-well-posedness, which
is stated only by the word of Lopatinski’s determinant R(c, 7). Let us

denote
2={(0, 7)) ER' x R**; 0%+ |9|2=1, A(d,7;&)>0 for any £§€ R'}.

We say that semi-uniform Lopatinski’s condition is satisfied for (P), when
the following conditions are satisfied:

i) let (0o, 70) €(2)°, then R(do, 70)3%0,

ii) let (¢, 70) € R, then R(0y, 70)=50 or R0, 70)%0,

iii) let (0o, 70) €082, then there exists V5 such that

IR, D |Ze—Tr  if Rec,)ENTs,
dy ™

1 = —
|R(z, 9)|=cdo™  if (Rer, n) E(D)°NTs,
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where

m=max {m(0o, 70)}, do=dis((z, 7), 092).

Theorem III. Let every point of 02 be regular. Then semiuniform

Lopatinski’s condition is a sufficient condition for LE-well-posedness for (P).

Proof. Let (0o, 70) €02(3c¢), then all the indexes {m;(0y, 70)} are
even, that is, m} (0o, 70)=m7 (00, 70). Since

{ do < d; if (Ret,7)€ L,
doZdi if (Re T W)E(‘Q)C)
and

0Fe=di(=do) if (Rec,y)E L,

) if (Ret,7)e (@),

S SR S S -1, 1 L1, 1
Jd,- S Bt I=d, PS4, i (Rer, 7)€ 8,

_ . 1 O
Ld' 'm0y e < Y <72 g if (Ret, 7)€ (2)°,
72
therefore we have
Riju(c,7) |, -1el o 1 1.1 _  _ 1
!_ﬁ d; 2 midf, mid, 2 m Y, wm
1
Cd '—1+-— C, .
<% Tt if (Rev,7)ef
R = [ Remmed,
z', 7
Cr- 1d . 0
<> %o " G if (Rer, 7)€ (2)C,
REp =7 RenDE@

and so on. Q.E.D.
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Example. Let (P) be defined by
( A=+ |7|* =)+ 7= %) (a>B>0),
By=¢"+|y|*—a’c?,
1 B,=¢&—i(ar+by) (a, b: real).

Then uniform Lopatinski’s condition is never satisfied, but Lopatinski’s

condition is satisfied if and only if

2
b2 =27 =1.

2
roots of &2+ |7|2—a’c?=0, let {&5(r, 7)} be roots of &%+ |y|%—pR%*2=
0, then

2
If % ——Z—=1, then (P) is not L%-well-posed. In fact, let {&¥(z, 7)} be

R(z, 77) =

1 <Bl(r,77;$f(f, 7)) Bi(z, y; £ (v, 77))>
< - det .
§3(c, M) —£i(e, ) By(z, 75 £1(z, 1))  Ba(r, 75 &5(c, 7))

Let 0'():—%, 770=b, then R(Uo, 770)=R;(0'0, 770)=0, and

B1(00, 103 100, 70))  B1(00, 105 £5(00, 70))
det =0
B3(00, 703 €1(00, 70))  B2(00, 705 £3(00s 70))
therefore
. < By(0o—i7, 705 £1(C0—iT, 70))  B1(0o—i7, 705 €5(00—i7, 70)) >
et

B3(00—i7, 103 €1(00—17, 70))  B2(Go—iT, 7035 §5(00— i1, 10))
< B1(0o—17, 705 £7(00—17, 70))  B1(0o—i7, 705 £3(0o— 175 70)) )
det
|

By(00—17, 7035 §1(00—17, 70))  B2(Go—i7, 705 &3 (00— T, 70))

ZT% (0<r<70),

which contradict to the necessary condition for LZ%-well-posedness. If
2
b2 — —27<1, then semi-uniform Lopatinski’s condition is satisfied, therefore

(P) is L2-well-posed.
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