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Characterization of Pseudo-Boolean Models
by Boolean Models and Its Applications
to Intermediate Logics

By
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For the study of intermediate logics, pseudo-Boolean algebras play a
very important role as their models. So an investigation into the algebraic
structure of pseudo-Boolean models seems essential. For dealing with
these models, we already know two operations on models, i.e., Cartesian
product and the pile operation. But these operations are incomplete in the
sense that there exist finite models which can not be obtained from the
two element model S; by these operations alone. There has been a pro-
blem of finding a complete set of operations in this sense. (See Hosoi [4],
and Hosoi and Ono [87].)

Our main result (Theorem 3.7) solves this problem. More precisely,
in §2, we shall introduce the notion of the paich operation on models, and
in §3, we shall show that Cartesian product and the patch operation are
complete in the sense that any finite model can be obtained from S; by
these operations.

Further, we shall study intermediate logics through pseudo-Boolean
models. The notion of slice defined axiomatically by Hosoi will be char-
acterized algebraically in §4. To do this, we shall define the notion of
the height of pseudo-Boolean models. We shall prove that this height
corresponds to the index of slice to which belongs the logic characterized
by the model.

In §5, we shall apply the main result to obtain an easy method for
counting the height of models, and a theorem on the immediate predeces-
sors of certain logics.
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Throughout this paper, we expect some familiarity with [5] and [107],
since some notations and definitions are borrowed from them without spe-
cial mentioning.

The author wishes to express his hearty thanks to Profs. T. Hosoi and
H. Ono for their helpful suggestions and kind discussions with the author.

§1. Preliminaries

Propositional variables are expressed by the letters ag, a;,.... By a
logic we mean an intermediate propositional logic. By a model we always
mean a pseudo-Boolean algebra (PBA) with at least two elements. (See
e.g. [17, [127]). We write 1 (0) for the maximum (minimum, respectively)
element of a model, where 1 is the designated. We use four logical con-
nectives A, V, —, and ~ . Same symbols are used for the corresponding
operations in models. It should be noticed that any model M determines
a logic L(M), that is, the set of formulas valid in it, and for any logic
L there exist a model M such that L=L(M).

Any model M is a partially ordered set by definition. For any ele-
ments p, g (p<gq) in a model M, we write [ p, g] for the set {x|p=<x
=g}, and call it an interval in M. It is important to remark that [ p, ¢’
is also a PBA by the natural ordering in it (see [2]).

If the ordering in M is linear, we say M is a linear model. We
write L, for the linear model with n+1 elements. Since any infinite
linear model is characteristic for one and the same logic, we write L, for
such a model. We put S,=L(L,) (1=n=w).

The following lemma is well-known.

Lemma 1.1. $;252-25,2-2S,.

Clearly, the set {S,|1=<n=<w} covers all logics which have a linear
model.

The following theorem is due to Dummett [3]. We remark here that
this theorem can be proved easily by the decomposition theorem of McKay
[9] and by Lemma 1.9 in Hosoi and Ono [77].

Theorem 1.2. A logic L has a linear model iff Z€ L, where Z={(a,
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—a)V(a, —ap).
The definition of slice by Hosoi is as follows:
Definition 1.3. &#,={L|L+Z=3S,}.
Now we define the pile operation (see also [5]).

Definition 1.4. Let M, N be two models. We define K=M 1 N to
be the model such that theve is some deK satisfying the conditions (i)
K=M'UN’', where M'={peK|p=d} and N ={peK|p=d}, (i) M
is isomorphic with M', and (iii) N is isomorphic with N'. By these iso-
morphisms we identify M with M’ and N with N’. Hence d=0y=1y.

§2. Patch Operation

In this section, we first define the patch operation on partially ordered
sets. This operation defines an ordered set R from a triple (P, Q, f),
where P, are partially ordered sets and f is an isomorphism from a
subset of P to a subset of Q. Afterwards, we consider the case that P
and Q are PBAs.

Now let 4 and B be two disjoint sets and f: A’—B’ be a bijection,
where A’ (or B’) is a subset of 4 (or B). Define an equivalence relation
= on AUB by that x=y iff x=7y or x=f(y) or y=f(x). We write
AOB for AUB/=, and call it the patching of 4 and B by f- By
identifying those elements in 4 U B that are equivalent w.r.t. =, we shall
consider that AOB=AUB and A'=B"=4nNB.

Now suppose that 4 and B are partially ordered sets and f: A'—B’
is an order isomorphism. Then we can define an order < on A{,B as
follows:

As mentioned above, we consider that AQB=A4AUB. We denote the
ordering of A4 (or B) by <, (or <p). Define a relation < on AUB by
that x< y iff (%, y€4 and x=<,y) or (x, y€B and x<py) or (xB,
y€A and for some z€ANB, x<pz and z<,y) or (x4, yeB and
for some z€ANB, x<,4z and 2=<py). Then it is easy to see that <

is the weakest order on 4 U B which preserves both <, and <g.
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Example 2.1. We show an example by Hasse diagrams, where f is
an isomorphism which maps a, b, ¢, and d in 4 to a, b, ¢, and d in B.

Fig. 1

As seen in the above example, even if 4 and B are PBAs the patch-
ed partially ordered set A{>;B is not necessarily a PBA. So, to make
AO:B a PBA we must put some restrictions on f. The following theo-
rem gives a sufficient condition for 4B to be a PBA.

Theorem 2.2. If A and B are PBAs and f is an isomorphism from
an ideal A’ of A to a filter B’ of B, then A{;B is also a PBA.

Proof. First remark that 4N B=[0y4 15], by the identification stated
above. For any a€ 4 we define a—€ AN B by putting a~=aA4lp, and
for any be B, bt AN B is defined by b"=b6V 50,. It is clear that a"<a
and b<b*. Further, a—a~ (bi—b") is a homomorphism from A4 (B, resp.)
to AN B.

(I) Existence of inf{a, b}.

Since other cases are trivial, we only consider the case that a€ 4A— B
and be B. We prove that inf{a, b}=a"Agb. Clearly, a - Agh<b, and
a"Agb<a <a. Hence aAgb is a lower bound of {a, b}. On the other
hand, let ¢ be any element such that ¢<a and ¢<b. By the definition
of the ordering on A{>(B, c<a implies the existence of some x€A4NB
such that ¢c<x=<a. Hence x=x"=<a". So c¢=<a~. Thus c¢=<a Apgb.
Therefore we see that a~ A gb=inf{a, b}.

(Il) Existence of sup{a, b}.

This can be proved as the dual case of (I).

Thus we see that A B is a lattice. We denote the lattice opera-
tions on A ;B by A and V.
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(III) Existence of max{x|aA x=<b}.

We consider four cases so that they cover all possible cases. In any
of these cases we prove that max{x|aAx=<b}=c for a certain ¢. We
do this in two steps. In (Step 1) we prove that if aAx<b then x=c.
In (Step 2) we prove that e Ac<b. From these two steps we have that
max{x|aAx<b}=c. In the following x will denote an arbitrary element
such that e A x <b.

(i) The case that a€ 4 and be 4.

We shall prove that max{x|aAx=<b}=a— 4b.

(Step 1) If x4 then by the definition of a—4b, x<a— 4b. Sup-
pose that x€B—A4. Then there is some ye AN B such that aAx=< y=<
b. Hence a"Apx=a"Ax=aAx=7y. So x=a —py. Then since a~—p
yeANB, aN(a —py)=a A(a —py)<y. Hence a —py=<a—,y<a—
4b. Thus x=<a—4b.

(Step 2) Obvious.

(ii) The case that a€ A—B and be B— A.

We shall prove that max{x|aAx<b}=a"—pzb.

(Step 1) Suppose that x € A4, then aAx=A. Then we have be 4,
since aAx=<be 4. This contradicts to b B— 4. So we see that x < B.
Now, since a " <a, we have that a " Agx=a " AxZaAx=<b. Hence x=
a~—gb.

(Step2) By definition, a= A(@a"—5b)<b. Clearly, a —zbsB. Then
by (I), aA(a —gb)=a" A(a —pgb)<b.

(iii) The case that aes B— A4 and be 4—B.

We shall prove that max{x|eAx=<b}=a"—4b.

(Step 1) Since aAxeB— A4, there is some yeANB such that aA
x<y=<b. Suppose x€B. Since a*A(a—py)=(@A(@—py)'S y =y,
we have a—py=<ae*—,y. Then, x=Za—pgy<a*—py=at—,y=<a*—4b.
Next, suppose x€A—B. Then, aAx =aAx=<b. Hence (aAx")V0,=Zb.
Since @, x~, and 0, are in B, we can use the distributive law. Hence,
(@VOIA(x~V0,)=<b. So a*Ax~=<b. Since a*€B and x€4—B, a*A
x=a*Ax~=<b. Thus we have x <a*— b, since a*, x, and b are in A4.

(Step 2) aA(a*—b)<a"A(a*—4b)<b.

(iv) The case that a€ B and be B.

We shall prove that
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1B—>A(a—»3b) (if a->BbEA)

max{x |[aAx<b}=

a—gb (otherwise).

First we consider the case that a—gzbe 4. Put c=15— (a—pgb).

(Step 1) If x=B then x<a—gb=<c. Suppose x€4—B. Then aA
x=aAN(lgAx)<b. Since lzgAx€B, 1zAx=<a— gb.
a—gb are in A4, we have x<c.

(Step 2) By the definition of ¢, aAc=aA(lgAc)<aA(a—gb)<b.

Next, suppose c=a—gbe B— A.

(Step 1) If x= B, then by the definition of ¢, x<c. If x€4—B,
then aAx~ <b, where x~€B. Hence x <cg A. Therefore x~ & A.

Since 1lg, x, and

This is a contradiction.

(Step 2) Obvious. Q.E.D.

From the above proof we have the following table for the calucula-

tion of the logical operators.

XAy yeAd—B yeANB yeB—A4
x€d—-B XAy XN\py X" NApYy
x€ANB XAQY XAy XNA\py
xeB—-A4 XAgy~ XAy X N\BYy
xVy yed—B yedAnB yeB—-4
xeA—B XV 4y XV Yy XV ay*
x€ANB xVay xVay xNVpy
xeB—A4 2V 0y xVpy xVpy
Xy yeA—-B yEANB yeEB—A
xeA—B x>y X4y X Yy
xeANB X4y X—=ay XY
xeB—A xto,uy lg—u(x—pYy) {13——>A(x—>3y) (if x—pyed)
x>py (if x—pye )




CHARACTERIZATION OF Pseupno-BooLEaN MobpeLs By BooLEaN MODELs 147

xe€A—B T gx~
x€ANB | ~gx

xeB—A4 1B—>A(——‘Bx) (lf —_leEA)

—_|

Remark. If f is a mapping which identifies 0, and 1p, then A /B
=A 1 B. Hence the patch operation is a generalization of the pile opera
tion.

§3. Completeness of the Patch Operation

Definition 3.1. A partially ordered set C is called an n-cube if it
is isomorphic with the n-dimensional Boolean algebra.

The following theorem clarifies the local structure of a PBA. This
theorem will be used in the last section.

Theorem 3.2. Let be that P is a PBA and p,, p,,..., p, are distinct
maximal elements in P—{1}. Then [ p;\---A p,, 1] is an n-cube.

Proof. As an inductive hypothesis, we assume that the theorem holds
for m<n. Consider an n-dimensional Boolean algebra B=%({1, 2,..., n}).
We define a: B—[ p,A---A p,, 1] by putting a(K)— /\ \ Pi for any Kc
{1, 2,..., n}. (We consider a(¢$)=1) Then, clearly, a(KUL) a(K)A
a(L).

We first show that « is injective. To derive a contradiction, let us
assume that K+L and a(K)=a(L). Then a(KUL)=wa(K). Hence,
without any loss of generality, we have only to consider the case that
K={1,2,..,i} and L={1, 2,...,i, i+1}. That is,

a(K)=piA-Api=p,
a(L)=pA pis1=p.

Hence p;.1ZpiA---Ap;. Now by the inductive hypothesis, [ p; A--- A p;,
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1] is an i-cube. So, p;,; must coincide with one of p,,..., p;, since p;.;
is maximal in [ p; A---A p;, 1]—{1}. This is a contradiction.

Next, we prove that a is surjective. Take any rzp, A---Ap,. We
put p=p;A-“Ap, and ¢;=p;A-*Ap;1Apis1A---Ap,. Then,

rhg;zp  (1<iZn).

First suppose that r A ¢q;> p for some i. If r=g; we can prove that there
is some KC{pi,..., pi-1» Pi+1s---» P} sSuch that r=a(K) by the inductive
hypothesis. Hence we may assume rz¢q;. Then we have ¢;>rAgq;> p.
Since p;V¢;=1, p;Aq;=p, and P is a modular lattice we get 1>(rAgq;)
V p;> p;- This contradicts that p; is maximal in P—{1}. Thus, there
only remains the case that rAg;=p for any i. Then p=‘£}1 (rAg)=rA

I <s

g;=rAl=r. Hence r=a({1, 2,..., n}).

i=1

Thus we have seen that a: B—[p, 1] is a bijection. Further, if
KcL, then a(L)=a(K UL)=a(K)Aa(L). Hence a(K)=za(L). This
means that « is an anti-isomorphism. Since B is self-dual, we see that
[p, 1] is an n-cube. Q.E.D.

Dually we have the following

Corollary 3.3. Let be that P is a PBA and p,, ps,..., p, are dis-
tinct minimal elements in P —{0}. Then [0, p;V---V p,] is an n-cube.

For any p in P, since [0, p] and [ p, 1] can be regarded as PBAs,,
we can use the above results to investigate the ‘‘neighborhood” of p.

The operation of patching naturally suggests the ‘‘inverse’’ operation,
namely, the cut operation. But, instead of defining the cut operation, we

define the notion of section.

Definition 3.4. A subset S of a PBA P is called a section of P,
if it satisfies the following conditions.

(i) S=[gq, p]  for some p, q such that q< p.
(i) P=[0, pJulg, 1]

S is called proper if 0<q= p<1.
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Examples: (i) Hosoi [6] proved that the set % of all intermediate
logics is a PBA. Each slice &, (n=1, 2,..., o) is a section of Z.

(i) If two PBAs A and B are patched to make a PBA A /B then
AN B is a section of A B.

Now we want to consider the following problem presented by Hosoi
and Ono [87]:

“By what operations can all finite PBAs be obtained from 1-cube
5,7

As Hosoi [47] has remarked, Cartesian product and the pile operation
are not sufficient, since the PBA of (Fig. 2) can not be obtained from S,
by these operation.

Fig. 2

We shall show that Cartesian product and the patch operation generate
all the finite PBAs from S;. Further, we shall see that Cartesian pro-
duct is needed only to obtain n-cube S7}. To show this we prepare two
lemmas.

Lemma 3.5. If P is an n-cube, then it has no proper section.

Proof. Let p,,..., p, be the collection of the maximal elements in
P—{1}. Suppose P had a proper section [¢g, p]. Then, since 0<g=< p
<1, there exist some L, K such that ¢=LcKZ{1, 2,...,n} and p=t_é> Pis
q=ié\Kp,-. Take any j& K. Then p; is neither in [g¢, 1] nor in [0, p.
This is a contradiction.

Lemma 3.6. If a finite PBA P is not a cube, then it has a proper
section.

Proof. As an inductive hypothesis, we assume that the theorem holds
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for any PBA whose cardinality is less than the cardinality of P. Since
P is finite, there exists a maximal element p in P—{1}. Let ry,r;..., 1,

k
be the enumeration of the elements such that pVr;=1 Put r= Ar,.
i=1

Then, pVr= ij/§1rj=j/i\1( pVr;)=1. Thus r is the least element such
that pvVr=1. Put g=pAr.

We shall show that P=[0, pJU[q,1]. Suppose x&[0, p]. Then
since p is maximal in P—{1}, pVx=1. Hence x=r>gq. That is, x€
[g,1]. Now, if ¢>0, then we have a proper section [g¢, p] in P. If
g=0, then P=[p, 1]x[r,1]= 8, x[r, 1], since pVr=1 and pAr=g=
0. Since P is not a cube, [r, 1] is also not a cube. Hence it has a pro-
per section, say, [¢’, p’] by the inductive hypothesis. Then it is easy to
see that [¢’A p, p’] is a proper section of P.

From the above two lemmas we have the following

Theorem 3.7. Any finite PBA can be constructed from S; by
Cartesian product and by the patch operation, where Cartesian product is

necessary only to obtain n-cube S% from S;.

Remark. Let P be the set of all finite PBA and let C=4S,;, S%,...}.
For any subset S of P, we define § to be the smallest set of finite PBAs
such that S8 and § is closed under the patch operation. Then we can
see that S=P iff SOC.

Theorems 2.2 and 3.7 give us a very useful criterion to determine
whether a partially ordered set is a PBA or not when it is given in the

form of Hasse diagram.

§4. The Height of Models

In this section, we give a characterization of slice. First we define

the notion of normal chains.

Definition 4.1. Let M be a model. A chain in M of length n is a
Sfinite sequence (c;)o=i<n Of elements in M such that cy<c,<---<c,. A
chain (¢;)ozij=n 15 normal if c;—c;oy=c;oy (1=iZn). The length of a
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chain a=(c;)o=i<, will be denoted as l(c).

Definition 4.2. Let M be a model. The height h(M) of the model
M is sup{l(a) | is a normal chain in M}.

Definition 4.3. We define wffs P,(n=0,1, 2,...) inductively as fol-
lows:

Po =a/0,
P;=((a;—P;-1)—a;)—a; @EzD.
Now we state our main theorem in this section.

Theorem 4.4. Let M and N be two wmodels. If L(M)=L(N) then
h(M)=h(N).

To prove this we prepare some lemmas.
Lemma 4.5. S,DL(M) if h(M)=n.

Proof. Suppose S,DL(M). Let L,={cq, C15.--sC,}, Where c,<c;<
-<c,. Clearly (c¢;)gsi<, is a normal chain. Let f be an assignment
function such that f(a;)=c;. It is easy to see that f(P;)=c; (0<i<n).
Hence f(P,_y)=c,-;<c,<1. Thus P, ;& S,. This implies P, ,& L(M),
since S,DL(M). Therefore we have an assignment function g into M
such that g(P,_;)<1. Let us put d;=g(P;) (:=20). Now by Lemma
4.3 in [5], the following (a) and (b) are provable in LJ.

(@) Pi1—Pi=ay—a, @z1),
(b) P—P; =P, , @@Ez1).

By (a) we have d; ;=<d;. Suppose d; ;=d;. Then by (b), d;,_;=d;—
d;_;=1. Combining these results, since d,_;#1, we have d,<d;<---<
d,. Again by (b), (d;)o<i<, is @ normal chain of length n. Thus A(M)
=n.

Now we prove the converse. Suppose A(M)=n. Then there is a
normal chain (c;)g<;<, Of length n. It is easy to see that C={cy, cy,...,

€n-1, 1} is a subalgebra of M, i.e., closed under the four logical operations,
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It is also clear that C is isomorphic with L,. Hence S,DL(M).

If we check the proof of the sufficiency of Lemma 4.5 we have the
following

Corollary 4.6. P, ,&L(M) if h(M)=n.

Now the proof of Theorem 4.4 is immediate from Corollary 4.6. We

also obtain the following theorem which characterizes slice.
Theorem 4.7. L(M)es, if h(M)=n.

By our characterization of slice we can prove the following theorem

in [5].
Theorem 4.8. If L(M)e¥,, and L(N)EeS, then LIMI N)ESL .+,

Proof. By the hypothesis, we have two normal chains (c;)gsj<n ID
M and (d;)ozi=, in N. It is easy to see that ¢,—d,.,=d, ;. Hence
dgs dyiy...s dy_q, Cgy C1y..5 €,y IS @ normal chain of length m+n. Hence
h(M 1t N)zm+n. Now suppose A(M t N)>m+n. Then we have a
normal chain (¢;)o<j=mins: i M T N. Clearly there is some £ such that
c;-1EN—{1y} and ¢, M. Then c,, cy,..., C4—1, 1y is a normal chain of
length %, and c¢;, ¢4i15---» Cmigs1 iS @ normal chain of length m+n+1—k.
Hence k<n, and m+n+1—k<m. That is, n+1<k<n. This is a

contradiction.

Following Ono [107], a Kripke model is a partially ordered set. Let
K be a Kripke model. A subset J of K is called closed if peJ and g=
p implies geJ. It is a well-know fact that the set Px of all closed sub-
sets of K is a model, i.e., a PBA. It can be easily seen that K and Py
is characteristic for the same logic (see [17], [27]). We write L¥*(K) for
the logic characterized by K. For the definition of the height of K (de-
noted as A*(K)), we refer to [10]].

Now using Theorem 4.7, we give another proof for the following theo-
rem due to Ono,
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Theorem 4.9. If h*(K)=n then L¥(K)e¥, (1=n<o).

Proof. 1t suffices to prove the case that n is finite. Since A*(K)=n,
we have a chain in K such that

(€] c1<cy< <y

For any ceK, put T,={d|dxc}. Clearly T,€Py. We prove that if
¢<c then T',— T, =T,. Put R=T,-T,. Then

(2) T.nRcT,,

and RO T,. Suppose R2T,  and let d be any element in R—T,.
Then d=c’, since de& T,. This implies ¢’eR, since d€R and R is
closed. On the other hand, ¢’ T, since c¢<c¢’. Hence by (2), ¢’ T,.
This is a contradiction.

Therefore the following chain in Pg is a normal chain of length n:

K;C Tc;?': Tl:z% ::éTc"'

Thus,
3) h(Pg)Z=h*(K).

Now suppose m=h(Pg). Then we have the following normal chain
in Pg: Ng& N, &SN,
Let d, be any element in N,—N,_,. For any ceK, put M,={d|d=c}.
Clearly M.,ePg. We have N, ,NM;*N,_, since otherwise M, C
N,—;. Let d, be any element in (N,-,NM;)—N,_,. Then d,eN,_,;
—N,,_, and d,>d,. Continuing the same process, we have the following
chain in K: d,<d,;<---<d,. Hence,

4 h(Pg) = h*(K).

By (3) and (4), we get h(Pg)=h*(K).

§5. Applications

Let us consider a finite PBA P. Let a be any element in P and let
by, by,..., b, be the enumeration of elements such that b;,—a=a. (Since
l—a=a, kz1.) Put b=b;A---Ab;. Then b—a=(bA--Ab)—a=b—
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(by—--(by-1—(b,—a))--)=a. This means that b is the least element
such that b—a=a. Define a mapping 1: P— P by A(a)=b.

Now we define a sequence {c;};—, .. as follows:

CO=03

cir1=4(cs)  (k20).

We call this sequence the central sequence in P. We can easily see that
if n is the least integer such that ¢,=1, then ¢;=c,.;=0 and c¢;<¢; <

---<c,=1. This sequence has the following property.

Theorem 5.1. Let {c;} be the central sequence in P, and n be the

least integer such that c,=1. Then h(P)=n.

Proof. Since 0=c¢;<c¢; <--<c,=1 is a normal chain, A(P)=n.
Suppose A(P)>n. Then we have a normal chain d,<d,<---<d,<d,.;.
Clearly c¢y=<d,. Then from the next Lemma 5.2, d;—cy=c,. Hence
¢y £ d;. Continuing the same process, we see that ¢, =< d,,..., ¢, =<d,.

Thus we obtain 1=c¢,<d,<d,.;. This is a contradiction.
Lemma 5.2. If a>b=c and a—b=0b, then a—c=c.

Proof. Let d=a—c. Then aAd=aA(a—c)<c<b. On the other
hand, a—b=06. Hence d<b. Since b<a, d=aNd=aA(e—c)=c. Clear-
ly d=a—c=c. Therefore d=c.

Theorem 5.3. If h(P)=n, then [c;, c;., ] is a cube.

Proof. Since other cases can be proved similarly, we only show that

[0, c;] is a cube. Let {p;, py,..., pp} be the set of minimal elements in

P—{0}. Then it is easy to see that x —0=0 iff x=p; for 1=<j<k.

Hence c¢;= .\k/lpj. Then from Corollary 4.3 we have that [0,¢, ] is a
j=

cube.

By Theorem 5.1 and 5.3 we can easily calculate the height of a model
if its Hasse diagram is given.

A logic L is called an immediate predecessor of another logic L’ if
LS L’ and there are no logics between L and L. We write LL’ to
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denote that L is an immediate predecessor of L’.

Concerning immediate predecessors of S,, Hosoi proved that if n=3
then S,.,<S,, S,n S, 1 S{<S,, and S,n S, 1 571 5,<S,. (See Ono
[117].) Since # is a PBA, we can apply Theorem 3.2 to obtain the fol-
lowing theorem. We owe this remark to Prof. T. Hosoi.

Theorem 5.4. S,NS;1S(n S, 1571 5,<S,nS; 1S4,
S,nS; 183nS; 1853185,<S,nS; 18418,
Spi1N Sy 1 83<S,nS; 1S3 and

Sn+1nsl T S%T Sl<snnsl T S%T Sl'
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