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Introduction and Summary

C.T.C. Wall investigated the classification problems of highly connected

manifolds in his series of papers Q18], Q19], and pi]. But since then

only a few investigations to classify the manifolds with lower connectedness

have been made. As such investigations there are Wall [J20], Tamura Q17],

and Ishimoto T6]. In this paper, we consider to classify (n — 2)-connected

2 Tz-manifolds which have torsion free homology groups (equivalently,

torsion free (n — l)-th homology groups) and are (n — l)-parallelizable.

Such a manifold can be decomposed as a connected sum of an (n — 2)-

connected 2n,-manifold which has the vanishing n,-th homology group and

is {n — l)-parallelizable and an (n — l)-connected manifold. So that, our main

problems are to classify the former 2 n,-manifolds and to investigate the

uniqueness of the decomposition. Firstly, we completely classify the

handlebodies of 3?(2ra + l, k, ra + 1) (zi^4) up to diffeomorphism, and

then, using the results we consider to classify (n — 2)-connected 2 n -manifolds

which have vanishing n-th homology groups and are (n — l)-parallelizable

up to diffeomorphism mod02w Here, 3?(m, k, s) is the collection of
k

handlebodies W=Dm \J { \J DfxDf'8} with the disjoint smooth imbeddings
{/i> «=i

/,-: dDs
{ xDf~s-»dDm, i = l, 2 , - - - , k. The uniqueness of the decomposition

is also considered up to diffeomorphism mod02w Throughout this paper,

manifolds are connected, closed, and differentiate.

I would like to express my hearty thanks to Professor N. Shimada for

his kind encouragement and advices during the preparation of this paper.

Communicated by N. Shimada, February 2, 1973.
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Let M be an (n — 2)-conne.cted 2 ft -manifold (ft ^3) with torsion free

homology groups. The type of M is defined as follows; Let 0: Hn~l(M)

xHn~l(M)—*Z2 be a symmetric bilinear form defined by 0(#, y) =

< S2
qx2 U J2» C-^l > » where x2, J2>

 and C-^TL mean that they are considered

in the ^-coefficient, and [M] denotes the fundamental class of H2n(M).

Let rankflw_1(M) = A; and we define the rank of 0 by the rank of the

corresponding matrix representation. Then, M is of type 0 if rank 0 = 0

(that is, S2
q:H»-l(M;Z2)-+Hn+1(M;Z2') is trivial), of type I if there

exists an x^Hn~l(M) such that $(x, x)=£Q and rank $ = k, and of type

II if $(x, #) = 0 for any x^Hn~l(M) and rank 0 = A. M is of £y/>0(0 + I)

if there exists an x^Hn~1(M) such that <J>(x, x)^0 and rank^<A, and

of type (Q + 11) if 0(#, ^) = 0 for any x^Hn-l(M) and 0<rank0<A. M

belongs to some type and the type is uniquely determined.

Now, we put the following hypothesis on M;

It is (ra-l)-parallelizable.

Remark. If ra = 0, 4, 6, 7 (mod 8), (H) is satisfied. If 71 = 1, 5 (mod

8) and the (n — l)/4-th Pontryagin class is zero, (H) is satisfied. For n-

manifolds and almost parallelizable manifolds, (H) is always satisfied.

Theorem 1. Let M be an (n — ̂ -connected 2n-manifold (ra^4) which

has the vanishing n-th homology group and satisfies the hypothesis (H).

Then, M has the representation mod 62n as shown in the following tables

1, 2, and 3.
Here, Aa^ Bp are the (n — l)-sphere bundles over (?i + l)-spheres with

the characteristic elements a, /?e7rw(S0w) respectively such that 7r(a) = 0,

7r(/9) = l for n: 7rw(50J->7Tw(5w~1) = Z2 (ra^4), the homomorphism in-

duced by the projection. # denotes the connected sum operation, and for

an integer m^O, mAa, mB ̂ , and m(Sn+l X Sn~l) denote the connected

sum of 77i-copies of Aa, B^9 and Sn+l x Sn~l, respectively. We put rank

Hn_l(M) = k, and put rank<p = q and p = k — q if M is of type (0 + 1). p

and £ are the homotopy invariants of M.

The homotopy groups 7TW(50W) are given as follows (Kervaire

Paechter [13]);

1 8s 85 + 1
Z,
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Table 1

Type 0

4«-l

(f;odd)

(t ; even)

(i;odd)

n = 4t + l

A^(k-lXS"+lxS"-^, a^O

t-2^>a; even ^0

J(a,0)K*-lXS''+1xS»-i), a = 0,l

Ito"!!Mtol^+-2)(5- x S.T°' *

~^^ a ff v /V X»J )j O — — U j -L

jilfg t N If ( /C - L ) ( » 3 XO )3 Cl j O —— U 5 1

(t ; even)

= 0, 1,2

Table 2

,(^4)

4^-1

(^ ; odd)

4*
(£ ; even)

4t + l

4* + 2

Type I

^ 3 <=> Nothing

t = 2^>kBc, c\ odd>0

"'•^(0, 1)

"^(0,1,0)3 ^-^(0,1,1)

(4 — 1)^(0, 1,0)S^(0, 1,1)5

(A; — 2)5 ( 0 f l f 0 )#2B ( 0 f l f l ) ,

Nothing

Nothing

Type (0 + 1)

£ ;> 3 c^> Nothing

^ = 2 i=i> p(S8 X S6)$qBc, c; odd>0

X5"«x5-i)#?5to>1)

X5-xrwg
5-l)'S(0,,)W(0,,,

Nothing

Nothing
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and

In Table 3, 2r = rank0 and p = k — 2r. They are the homotopy

invariants of M. Let w(^] be a handlebody D2n+l \J {Z>?+1xD?U
\a2/ {/i,/2>

Dl+lxD«2} such that the link /1(o>Df+1 X 0) U/2(0#!+1 xO)c&D2w+1 of the

disjoint imbeddings /,-: SD^1 xDn
i-*dD?n+l, i = l, 2, has the non-zero linking

element (Haefliger £5]) and the normal bundles of the spheres Sf+1, with

hemispheres Z>? + 1 xO and D?+l in Z)2w+1, i = l, 2, have the characteristic

elements al9 a2 &nn(SOn) respectively such that n(al) = n(a2) = §. In
fee \other words, W[ l ) is constructed as follows; let A, A' be the ra-disk
\az/

bundles over (ra + l)-spheres with characteristic elements ctl9 a2 respec-

tively. Then, plumbing A and Af along a circles S1 and then attaching

a 3-cell with thickness D2n~2 to the boundary, JP/0^ is obtained (Ishi-

moto [7]). Let F ^ 1 - F never has the homotopy type
\C^2/ \°^2/ \"2/

of the connected sum of the two (n — l)-sphere bundles over (ra + l)-spheres.

For an integer m ̂  0, m V\ 1 ] denotes the connected sum of /n-copies of
\a2/

If nn(SOn) has the several direct summands, for example, if

al i = l. 2, we denote p by

Theorem I7. L^ ^4^, 5^ ^e ^g n-disk bundles over (n + ty-spheres

associated with Aa, B0 respectively. In the above tables if we replace

Sn+i x Sn-i9 Aaj B v(°^\ and f respectively by S^ x D», Aa, Bff, w(^l\
\a2/ " \a2/

and the boundary connected sum operation Ij, then Table 1, Table 2, and

Table 3 give the complete classification of handlebodies of

Ti + 1) (n^ 4) up to dijfeomorphism.

Theorem 2. In Theorem 1, the representation of M is unique mod02«

in the following case when

( i ) M is of type 0, or

(ii) M is of type I and n^^t (t; even), or

(iii) M is of type (0 + 1) and n^=4t (t; even), or

(iv) M is of type II and n = 4t — l or 6, or

(v) M is of type (O + II) and n = 4=t-l or 6,

especially, in the above (i)-(v),
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(vi) when n = ̂ t — \ or 6.

Theorem 1 and Theorem 2 are obtained from the fact that

mod02n, W^J^(2n + l, k, ra + 1), and by classifying W up to diffeomor-

phism. In Ql7j, Tamura classified some (n — 2)-connected 2 ̂ -manifolds

using Smale's decomposition theory although the uniqueness of the repre-

sentations was not obtained except some cases. Our results of Theorem 1

and Theorem 2 include his results as manifolds of type 0 and furthermore

we have the uniqueness of the representations. Our classifications are

performed for ra^4, at stable range in a sense. For n = 3, Wall has

classified the simply connected 6-manifolds which have torsion free homology

groups and are 2-parallelizable, that is, w2 = 0

Theorem 3. Let M be an (n — 2)-connected 2n-manifold (ra^

which has torsion free homology groups and satisfies the hypothesis (H).

Then M is decomposed as M=Ml$M2, where Ml is an (n — 2)-connected

2n-manifold which has the vanishing n-th homology group and satisfies

the hypothesis (H), and M2 is an (n — I)-connected 2n-manifold. M2 is

always unique up to diffeomorphism mod^2»- If n = 4t — l (£^2) Ml is

also unique up to diffeomorphism mod62n, and the homotopy type of Ml —

(a point) is always unique.

Since there are much efforts on classifying {n — l)-connected 2n-mani-

folds (Wall CIS]), Theorem 3 is very important for our problems although

it is not obvious whether Ml is always unique up to diffeomorphism mod02«

or not.

From the above theorems we have

Theorem 4. Let n = ̂ t — \ (t^2) and let M be an (n — 2)-connected

2n-manifold which have torsion free homology groups and is (n — \)-paral-

lelizable if t is odd. Then M is decomposed as M = M1$M2 uniquely

mod^2w M1 is a 2n-manifold as shown in the above tables and is unique-

ly determined up to diffeomorphism mod.02n by S%: Hn~l(M; Z2)—*Hn^l(M;

Z2) and the Pontrjagin class Pt(M). M2 is an (n — V)-connected 2n-di-

mensional it-manifold and so, under the assumption that Arf M2 = 0 when

n = 2j-l, diffeomorphic to Sn X 5wf --%Sn x Sn mod02n.



218 HlROYASU ISHIMOTO

Theorem 4 is an extension of the result of Wall Q2(T] to greater di-

mensions.

Corollary 5. Let n = 4t — l 0^2) and let M^ i = l,2, be (n-2)-con

nected 2n-manifolds which have torsion free homology groups and are

(n — V)-parallelizable if t is odd. If they are stably tangential homotopy

equivalent, then they are dijfeomorphic mod62n under the assumption that

the Arf invariants vanish for closed connected "In-dimensional n-manifolds

when n = 23 — l.

Corollary 6. Let n = 4t — l (£^2) and let M be an (n — 2)-connected

2n-dimensional it-manifold with torsion free homology groups. Then, M

is uniquely represented mod#2w
 as

p r I

where 2r = rank0, p = rankJfiTw_1(M) —2r, 2Z = rank//w(.M), and we make a

similar assumption on the Arf invariant, (c.f. Ishimoto £6]).

Directly from Theorem 1 and Theorem 3 we have,

Theorem 7. Let M be an (n — 2)-connected 2n-manifold (ft ^4) with

torsion free homology groups of type I or of type (0 + 1). If n = 4t (t;

M is uniquely represented mod$2« as

where g = rank0, p = rankHn_l(M) — q, and M2 is an (n — l)-connected 2n-

manifold determined uniquely up to dijfeomorphism mod^2»- If n = 4t + I

or 4t + 2, t^l, such manifolds M with non-trivial ^r
w_1(M) do not exist.

Theorem 8. Let M be a ^-connected 12-manifold with torsion free

homology groups. Then M is uniquely represented as

where 2r = rank0, p = rank H$(M) — 2r, and M2 is a ^-connected 12-manifold
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completely determined by Theorem 4 of Wall £18]. (We note that 012 = 0).

Similarly we can consider to classify the simply connected (2n + l)-

manifolds (ft ^5) which have non-trivial homology groups only at dimen-

sions 0, n — 1, n + 2, and 2/1 + 1 and are (n — l)-parallelizable. If Sz
q is

replaced by Adem's secondary cohomology operation, then similar argu-

ments are applicable.

Part I. Classification of Handlebodies of # (2n + l, &, n + 1)

In Part I, we give the proof of Theorem I/; we classify the handle-

bodies of 3F (2 n + 1, k, 7i + l), 7i^4, up to diffeomorphism using Wall's

theory £19]], and clarify the figures of the representative handlebodies.

Let (H; A, a) be a triple consisting of a free abelian group H of finite

rank, a bilinear form A: Hx H-*ns(S
m~s), 277i^3s + 3, s^2, and a map

a: jfiT->7rs_1(50m_s). We call it an (//; /, a)-system or simply an alge-

braic system if the following conditions are satisfied;

(1) A(j, *) = (-!)•*(*, y),

A(x, x} = Sna(x),

(2) a(x + y) = a(x) + a(y) + dk(x, j),

where re: 7rs_1(50w_s)->7rs_1(5m~s-1) is the homomorphism induced by the

projection of SOm^s to S^"5"1, 5: us_i(Sm-8-l)-+ns(S
m-*) is the suspen-

sion homomorphism, and 9: 7rs(5m~s)^>7rs_1(50w_s) is the boundary homo-

morphism in the homotopy exact sequence of the fibering SOm-.s—*SOm-s+l

-*Sm~s.

If there is no confusion we call an (H; A, a)-system briefly a system.

The two systems (H; A, ct), (Hr \ A', af) are isomorphic if and only if there

exists an isomorphism h: H-*Hf such that A = A'°(hxh) and a = a'°h.

Wall's Theorem. If 5 ^ 2 , 2m 2^ 3s + 3, diffeomorphism classes of

handlebodies of 3f(m^ k, 5) correspond bijectively to isomorphism classes of

(H; A, a)-sy stems with rankH=k.

For a handlebody W of Jj?(m, k, 5), the corresponding algebraic sys-
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tern is defined by H = HS(W), Wall's pairing /I (Q9]), and the map a as-

signing to each x^Hs(W) = ns(W) the characteristic element a(x} of

the normal bundle of the imbedded s-sphere which represents x.

1. Types of Handlebodies of jT(2n+l, fc, re + 1)

Let H be a free abelian group of rank k, and let 0: HxH-*Z2 be a
symmetric bilinear form.

Lemma I.I. (i) If there exists x^H such that $(x9 #)=£0, then

under some basis { e l 9 - - - 9 ek} of H, $ is represented by a kxk matrix

o \

i
o ''•* /,

where q^O and p, q are independent of the choice of the base { e l 9 - - - 9 ek}.

(ii) If $(x9 #) = 0 for any x^H9 then under some basis {el9--, ek}

of H, $ is represented by a kxk matrix

o
where p, r are independent of the choice of the base {e l 5 - - - , ek}.

The above two representations are exclusive.

Proof. Let {el9--9 ek} be a base of H and let A =

be the symmetric kxk matrix with the components in Z2. Then to ex-

change the base corresponds to multiply unimodular k X k matrices P, P*

with integer components to A from the left and from the right respec-

tively. We show the lemma using a sequence of elementary row and

column operations on A, performing the same operation on row and column
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(c.f. Artin [1]).
We show (ii). If there exists a^^O (z^2) we may assume a2i=al2

= 1. Then, adding the second row to the i-th row (f^3) and subsequent-

ly the second column to the i-th column, all non-zero ail9 au (i^3) are

killed. Similarly all non-zero ai2, a2i (i^3) can be killed. Repeating this

and pushing out the zero columns to the left, we obtain the matrix of (ii).

Since 2r = rank^4, r is independent of the choice of the bases.

We show (i). We may assume au = l, and so all non-zero an, au

(i'^2) can be killed. Let the resulting matrix be Af = (af
{j). If there

exists a^-=£0 (i^2) we may assume a22 = 1 and the situation is quite simi-

lar. Repeating such operations till the diagonal elements of the rest are

all zero and applying the operations of (ii) to the rest, we have the fol-

lowing matrix;

0
1

l o
where zero columns have been pushed out to the left. Now, the following

reformations of the matrix will conclude the proof of (ii):

where (0 + 0") m^ans the operation of the indicated row and column.

Since q = rankA, q is independent of the choice of the bases. This com-

pletes the proof.

Let H be a free abelian group of rank A, and let 0: HxH->Z2 be a

symmetric bilinear form. We define the rank of <f> by the rank of the

representing matrix. We call 0 to be of typeQ if rank 0 = 0, that is,

0(#, y) = 0 for all x, y^H, of type I if there exists an x^H such that
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<j>(x, x)^Q and rank$ = k9 and of type(Q + l) if there exists an

such that <fi(x, #)=£0 and rank0<£. We also call 0 to be of type II if

<fi(x, x) = 0 for any x&H and rank ^ = A:, and of type (Q + 11) if $(#, A;)

= 0 for any x^H and 0<rank0<£. The type of 0 is uniquely deter-

mined and the corresponding matrix representation is given by (i) or (ii)

of Lemma 1.1.

We define the type of an (H; A, a)-system of our case by that of the

bilinear form ^. Isomorphic (H; A, a)-systems belong to the same type.

We define the type of a handlebody JFejP(2n + l9 k, n + l) by that of

the corresponding (H; A, a)-system. Diffeomorphic handlebodies of J^(2n

+ 1, A, Ti + 1) belong to the same type. In Part II, it will be shown that

the type of a handlebody W^J>t?(2n + l9 k, n + l) is determined by 5^:

H*~\dW\ Z2)^Hn+l(dWi Z2) and the cup product in H*(dW\ Z2).

2. Calculations of d and ?r

The homotopy groups zrw(50w) are given in the table of the introduc-

tion. Let dn: nn+l(S
n)— >7rM(50w) be the boundary homomorphism in the

homotopy exact sequence of the fibering 50W— > S0n+1 -> 5W, and let nn:

7rw(50w)-^7rw(5w~1) be the homomorphism induced by the projection of

S0n to 5*"1. By Kervaire p] and Paechter Q13], we know the following

results, where 1 denotes the generator of nn(S
n~l)

Lemma 2.1.

( i ) 04,-2(l) = 2 e Z4 for t^ 3, and 96(1) = 0.

(ii) 94^_1 = 0 for t^l.

(ni) d±t^Q for £^1, more precisely,

98f (!) = (!, 0, 0)eZ2 + Z2 + Z2 for 5^1,

98s+4(l) = (l, 0)eZ2 + Z2 for s^Q.

(iv) 94^i^0 /or £^1, more precisely,

/or 5^1, and
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Lemma 2.2.

(i) 7r4?_1 = 0 for *^3, and if t = l, 2,

n^t-i'. Z-*Z2 satisfies 7T4/_1(1) = 1.

(ii) 7T4^0 /or £^1, wor0 precisely,

7T8s(l, 0, 0) = 7T8s(0, 0, 1) = 0, 7T8s(0, 1, 0) = 1 for 5^1,

and 7T8s+4(l, 0) = 0, 7r8s.4(0, 1) = 1, for s^O.

(iii) 7T4/+1 = 0 for t^l.

(iv) 7r4,+2 = 0 /or j^l .

These results are known, except precise informations of 94/? 94t+1, and

7T4,, by Kervaire Q9] and using the homotopy exact sequence of the fiber-

ing SOn-l-+SOH-+S*-i.

Since 7T8 s^5(Fm > w_8 s_ /) = 7r8s+4(508s+/) (TTI is sufficiently large), by Pae-

chter [13] we know the precise correspondence of suspension homomor-

phisms 7r8s+4(S08s+3)->7r8s+4(S08s+4)->7r85+4(S08s+5). So that, behavior

of 085+4, 7T8s+4 is known from the homotopy exact sequences of the fiber-

ings S08s+3 -> 508s+4 -> 58s+3, 508s+4 - 508s+5 - S8s+4. Similarly, using

the splitting exact sequences (Kervaire

is sufficiently large) and

0 - n8s+2( Vm> w_8s+,) -> 7T8s+1(S08s_,) -> 7T8s+1(50J -» 0

(i^ 3, 5^1,771 is sufficiently large), by Paechter's computations Q13], we

know the precise correspondence of suspension homomorphisms n8s(SO8s-l)

-^7^8s(S08s')-^n8s(S08s+1)9 7T8s+1(S08s+1)->7T8s+1(S08s+2). So that, be-

havior of c?8s, 7T8s, and d8s+l is known from the homotopy exact sequences

of the fiberings SO^ -> 50W-^ S^1, n = 8s, 8s + l, 8s + 2.

3. Classification of Handlebodies of Type 0

Let IF be a handlebody of Jf(2ra + l, A, w + 1) and let (H; A, a) be
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the corresponding algebraic system. Since W is of typeO if and only if

\ is trivial(1), classifying the handlebodies W of type 0 up to diffeomor-

phism comes to classifying the homomorphism a: #"-»7TM(S0w) up to equi-

valence, where the homomorphisms OL{\ H—*n n(SO '„) , j = l, 2, are equivalent

if and only if there exists an isomorphism h: H^>H such that al = h°a2>

We note that since sna(x) = A(x, #) = 0, a maps H to Kern, TC: 7TM(S0W)

If JFejr(2j& + l, k, ra + 1) is a handlebody of type 0, any basis {ul9

u 2 9 ~ - 9 uk} of H = Hn+l(W) gives a representation as W=Aa$Aafi-'-hAak,

where tj means the boundary connected sum and Aa%, & — 1,2, • • - , & , are

Ti-disk bundles over (ra + l)-spheres with characteristic classes a~a(u^

such that 7r(af-) = 0 ([7]). For an integer m,^0, m(Sn+lxDn) denotes the

boundary connected sum of m copies of Sn+1xDn.

Theorem 3.1. The handlebodies W of typeO of J^(2n + l9 k, ra + 1),

^4, are uniquely represented up to diffeomorphism as follows:

(i) If n = 4t-l (^2), W=A(&(k~l}(Sn+lxDn\

where aeZ=7r4f_1(5O4?_1), a^O, especially ae2Z, a^O, if t = 2.

(ii) In the case when n =

if Ti-85 + 4 (s^O), j

wA^r^ (a, 0)^^2 + ^2^7185+4(505+4),

if 7i-8

or r=
u;A^ (a, 0, 6), (1, 0, 0), (0, 0,

(iii) /^ ^Ae c«s^ when n =

where

o r = ( l f

wA«r« (a, 6), (1, 0), (0,

(iv) In the case when n =

if t^29 JP=Aa%(k-

where a — 0, 1, 2eZ4^7r4?+2(SO4?+2), and

if t = l, r=

(1) Equivalently if and only if Sl\H*-l(dW\ Zz)^>Hn+i(dJP; Z,) is trivial (See Part
II).



ON THE CLASSIFICATION OF ( 71 — 2) -CONNECTED 2?l-MANIFOLDS 225

Proof. We consider the matrix representations of homomorphisms

a: H-^n^SOn), where H is a free abelian group of rank k. By Lemma

2.2, KerTT are given as follows:

Z if
(1)

2Z if t = I, 2.

(2)

Let {&!, - • - , i^} be a basis of £T and let af- = a(e,-)- H Ker;r = Z or
2Z, by changing the basis, that is, by performing column operations to

the Ixk matrix (al3 < 2 2 , - - - , &&), a is represented as (o, 0 , - - - , 0 ) , where

a = G.C.D(al, a29--9 ctj^X) or a = 0 and a is independent of the choice

of the base { u l 9 - - - 9 uk}. If Ker7T = Z2, similarly a is represented by

some basis as (a, 0 , - - - , 0), a = 0, leZ2. Let Ker7T = Z4. If a(£r)c{0, 2},

a has a representation as (a, O , - - - , 0), a = Q, 2eZ4. If a(7T)Ct{0, 2}, a is

represented as (1, O , - - - , 0). Let Ker7i = Z2 + Z2 and a(uj) = al(uj) + a2(iij).

We represent a by a 2xk matrix (a{(uj))m If al = Q,a2=£Q, then a is

represented as (^^o)' and if al^°'a = 0' then as (oO--'o)8 If al^°'

a2^0, then a is represented as (in in) or (oiO - 'o)' and ^ *s eas^ seen

that such unimodular matrices L that ( Q - I A n ) \ 1 0 O/"^* do no^ exs^st-
Thus, in any case of the above, the equivalence classes of the homomor-

phisms a correspond bijectively to the representations. This completes

the proof.

4. Classification of Handlebodies of Type I

In this section we classify the handlebodies of type I of 3$?(2n + l9 k,

^4, up to diffeomorphism, that is, (H; A, a)-systems of type I

with rank£T=& up to isomorphism.

Let (H; A, a) be a system of type I. A base {vl,--,vk} of H is
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called to be orthogonal if A(ei9 ej) = dij^Z2 = 7in+l(S
n). If {vl9--9 vk} is an

orthogonal base of H, we may replace v}- by vr~2lvi-\-vj (i3=j\ where I

is an integer; the new base is also orthogonal. An orthogonal base {vl9

•-9vk} of H gives a representation of the corresponding handlebody W as

W = Ba$Ba$--\Ba^ where Ba.9 i = l9 2 , - - - , &, are ra-disk bundles over

(ra + l)-spheres with the characteristic classes a^a^v^) such that n(a^)

= 1 ([T]). For an integer 77iS>0, mBa denotes the bundary connected sum

of 77i copies of Ba.

Theorem. 4.1. Let n = 4t — l 0^2). // t^39 the handlebodies of

type I of jf(2n + I9 k, n + l) do not exist. If t = 29 i.e. n = 79 the handle-

bodies W of type I of 3^(271 + I9 k9 n + l) are uniquely represented up to

diffeomorphism as W=kBc9 where c is a positive odd integer of 7C7(S07)

To prove the theorem we use the following lemma.

Lemma 4.2. Let H be a free abelian group of rank k, A: HxH—*

Z2 a symmetric bilinear form of type I, and a: H->Z a homomorphism

which takes odd integers on some(2} orthogonal base. Then there exists

such an orthogonal base {vl^v2^--')vk} of H that a(vl) = a(v2) = '--=ct(vk)

= c>0, where c is an odd integer and independent of the choice of the

bases.

Proof. Let {vi,---,vk} be an orthogonal base of H and assume that

a(vj)9 i = l,2,-~ k, are odd integers. Let a(v1) = a(v2) = --- =a(vr-1) = a

for some r^2. We show that by choosing some orthogonal base (r — 1)

can be extended to r. Then, by repeating it we have the lemma.

Note that for given integers £,7, \@\ < \r\, there exists an even in-

teger 21 such that r = 2Z/? + rx
9 I r ' l ^ l / ? ! - Let a,. = a(>,.), i = l, 2,-», k.

If |a!|<|o:r|9 let ar = 2lal + af
r, \a'r\<^\ai\, and put ^- = ̂  (i±r)9v'r =

— 2lvr-\-vr. Then, a(v£) = al9 a(v'^) = a'r, where af
r is also an odd in-

teger. If | a1 1 > | ar | , perform similarly. Apply similar way to the pair

(a( = a(y(}> ar
r}. Repeating this, we can perform Euclidean algorithm to

the pair (al9 ar) by exchanging orthogonal bases until the residues are

(2) It is easily seen that 'some' induces 'any'.
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equal up to sign.

Thus, replacing the base up to sign, there exists an orthogonal base

{ * > ! > • • • » v*} of H sucn tnat a(v'i) = b, a(v2) = ---=a(v^l) = a, and a(vf
r) =

b, where b = G.C.D(al=a, a r)>0 and is an odd integer. Applying the

similar way to the pairs (a(vfi), a(t^)), i = 2, 3 , - - - , r — 1, we have an or-

thogonal base {v",'~,v'i} of H such that a(vf{} = ---=a(v"r) = b>^. Thus

(r — 1) is extended to r, and this completes the proof.

Proof of the theorem. If (H\ A, a) is a system of type I, there exists

an orthogonal base { v l 9 - - - , vk} of H by Lemma 1.1. But, if £^3, A(i;,-, t;z-)

= Sna(v^ = I contradicts to the fact that 7r4?_1 = 0 (Lemma 2.2.). So that,

there are no (H; A, a)-systems of type I, and therefore no handlebodies of

type I, if n = 4t-l t^3. Let t = 2. Since 54^_1 = 0 for t^l and a(> + y)

= a(#) + <z(y) + 5^(#, j), a: H-*Z=n1(S01) is a homomorphism. And,

by Lemma 2.2, k(y{, v{) = Sna(vj) = l reduces cc(v^ to be odd. So that,

we can apply Lemma 4.2. Then, c is an invariant of isomorphism classes

of (H; /I, a)-systems of type I, and two (H; A, a)-systems of type I are

isomorphic if and only if they have the same value of c. Thus, c clas-

sifies (H; ^, a)-systems of type I up to isomorphism and therefore handle-

bodies of type I up to diffeomorphism. This completes the proof.

Since n^t+l = n^t^2
 = ^ ^or £^1» similarly we have

Theorem 4.3. // n = 4=tj
rl or 4£ + 2, £^1, the handlebodies of type

I of Jt?(2n + l9 k, Ti + 1) do not exist.

Let n = 4:t (z^l), and let (H; A, a) be a system of type I. Since

) = A (vi, V;) = I for any orthogonal base of H, #(i;f-), i = l, 2 , - - - , k,

are the elements of n~l(l\ If n = 8s + 4 (s^O), by Lemma 2.2, 7^+4 (1)

consists of the two elements (0, 1), (1, 1) of n8s+^(S08s+4) = Z2 + Z2, and

so <£(*;;) = (0, 1) or (1, 1) for i = l, 2 , - - - , k. If a(t;f-) = (l, 1), replace v{ by

-v{. Then, since 98,+4(l) = (l, 0), «(-*,) = a(v,) + W(t;,, -v,) = (0, 1).

Therefore, there exists always an orthogonal base {vl9---,vk} of jff such

that a(vl') = a(v2) = ---=a(vk) = (Q9 1). This shows that if 7i = 8s-f4 (5^0)

there exists only one isomorphism class of (H; A, a)-systems of type I.

Thus, we have

Theorem 4.4. // 71 = 85 + 4 (s^O), the handlebodies W of type I of
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, &, Ti + 1) are uniquely represented up to diffeomorphism as

f l ) , (0,

If 71 = 85 (5^1), by Lemma 2.2, ̂ (l) consists of the elements

(r, 1, 0) (r,d = Q or 1) of n8s(S08s) = Z2 + Z2 + Z2. Similarly to the above,

if a(t;f.) = (lf 1, 0) or (1, 1, 1), then a(-t>f.) = (0, 1, 0) or (0, 1, 1) respec-

tively. So that, if 71 = 85 (5^:1), any handlebody W of type I is represented

as r=rS C O f i f o) l l (A-r)S ( o f i f i ) , O^r^k.

Let a = (a1
9 a2, a3), ai = pi°a (i = l, 2, 3), where p{ is the projection

of K8s(S08s} = Z2
JrZ2 + Z2 to the i-th direct summand. Then, since 98s(l)

= (1,0,0), a2, a3 are homomorphisms and a1 is a quadratic form over

Z2 with the associated bilinear form 98s°/L We call a k X k matrix L

with integer components to be mod 2 orthogonal if LL* = E (mod 2).

Theorem 4.5. // 71 = 85 (5^!), the handlebodies W of type I of

3? (271 + 1, k, Ti + 1) are uniquely represented up to diffeomorphism as follows:

(i) r=A3 (0i l i0), or

(ii) r=AS (0 f l f l ) , or

(iii) r=(A-l)B (0. l f0)ljS(o.i.i) (*^2), or

(iv) r=(A-2)S ( 0 f l f 0 ) l j2B ( 0 f l f l ) (A^3),

g characteristic elements belong to 7t8s(S08s) =

Proof. The following assertions will complete the proof, where

means that they are not diffeomorphic. Denote -B( 0 > i > 0 ) by B an(i ^(0,1
by B f .

Assertion 1. &B ^ (k-r}B %rB', kBf * (k-r)B \rE' , 0< r <A,

Proof. Let (^T; ^, a) be the system of type I corresponding to k B.

If k B is diffeomorphic to (k—r)B$rBf for some r, 0< r<&, then there

exist two orthogonal bases {vl9 v 2 , - - - 9 vk} and { v { , v 2 9 - " , v f
k } of fl" such

that a(v1) = a(v2) = -"=a(v*) = (0, 1,0) and a(t;1
/) = "-=a(»i-r) = (Of 1, 0),

a(z;^_r+1) = ---=a(t;^) = (0, 1, 1). Since a3: H-*Z2 is a homomorphism,
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this is a contradiction. We note that we have also proved kB^kBf. Let

(H; A, a) be the system of type I, corresponding to kW and let kBf =

(k — r)B hrJ9', 0< r<&. Then, there exist two orthogonal bases {vi9v2,---,

vk} and {v(, t / 2 , - - - , vf
k} of H such that a(vl) = ---=a(vk) = (Q, I, I) and

a(t;i) = --=a(f;i-r) = (0 , l ,0) s a(t;;_r+1) = - = «(*'*) = (0, 1, 1). Let v't =
k

2 l{svs, i = l , 2 , - - - , A;, and L = ( l { j ) be the mod 2 orthogonal matrix. Then,

for 1 ̂  i^ k -r, 0 = a3(>9 = a3(2 lisvs) =£lis (mod 2). But this contradicts

to ZZ,,= 2ft = l(mod2).
s = l s = l

Assertion 2. (fc-r)5 hr5' = (A;-r-2)5 % (r + 2)5', 0<r<A;-2 ,

' =' means that they are diffeomorphic.

Proof. We show that Bti 3B' = B/% 3B. Let (//; /I, a), (Hr \ A', a) be

the corresponding system of type I of B % 3 B f , B'$3B respectively. Then,

there exists an orthogonal base {vl9 v2, v3, v^} of H such that a(v^ =

(0, 1, 0) and a(v2) = a(v3) = a(v±) = (Q, 1, 1). Let

0 1 1 1 i

1 0 1 - 1

1 1 0 1

\ i i i OM

Then, {t/1? v2, ^3, v'±} is a new orthogonal base of H since the 4x4

matrix is unimodular and mod 2 orthogonal. We have a2(v{) = ••• =a2(v'±)

= 1 and a3(#i) = 1, cx?(yf
2} = a3(vf

3) = a3(vf
4^ = 0. If a(vr

l) = (1, 1, 1), or

a(v/) = (l, 1, 0), 2^ t^4 , replace v( by — v[ or t;^- by — v'{. Then a( —vi)

= (0, 1, 1) and a( — vr
i) = (Q, 1, 0). Thus, there exists an orthogonal base

{v{, v'2, v'z, #4} of H such that a(vf
L) = (Q, 1, 1) and a(v2) = a(v'3) = a(v'4)

= (0,1,0). This implies that (H; A, a) is isomorphic to (H1'; /T, a7),

and therefore, 5 h 35' is diffeomorphic to E' \ 3B =3B ty Br.

Thus, if 0<r<A;-2, we have (ft-r)5 br5 / = (A-r-3)5l| (35 h50l|

Assertion 3. (A-1)5 t| 5'^=(4-2)5 tj 25;

. Let (ZT; /I, a) be the system of type I corresponding to (k — 2)
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B%2B', and suppose that (£-2)5 \ 2B' = (k-I)B tj Bf. Then, there exist

two orthogonal bases {vly v z , - - - , vk}, {v{, v2,--9 v'k} of H such that a(i>i)

= a(v2) = ---=a(»*-2) = (0, I,0),a(t74.1) = a(»*) = (0, 1, 1) and a(t;i) =
a(t/2) = ... = a(vf

k^ = (0, 1, 0), a04) = (0, 1, 1). There exists a mod2

orthogonal matrix L = (Z^-) such that (t/l5 t/2, • • -, vf
k}* = L(vl9 v29--9 vky.

Since a3: H-*Z2 is a homomorphism, the above conditions on a insist L

to be the following form:

L =
and

lk,k-i

Then, LL* = E (mod 2) implies that Ll is also a mod 2 orthogonal matrix.

Let &i = (lil9li29'~,li,k-2') and &i = (&i9 Iitk.l9 litk) the f-th row of Z.
*-2

Since 3f1 & «,• • • , <£ k-2
 are linearly independent, &k_l= 2 c^« (mod 2),

*=i
where ch i = I , 2 , - - - , k — 2, are integers. But, 0 = (j^ft_1,J^,-)

= c{ (mod 2), £ = 1 ,2 , - - . , i-2. So that, ^_x = (0, 0 , - - - , 0, Z ,_ 1 > j f e _ 1 ? Z,^^)

and (J£V15 ^jk-1) = /i-i f*-i + /i-i i* = Z j k - i .A- i + Z*-i f* = 0 (mod 2). This
contradicts to (oS?^!, J?k^1) = l (mod 2). Therefore, such a mod 2 orthogonal

matrix as above do not exist. This completes the proof of Assertion 3.

Thus we have completed the proof of the theorem.

5. Classification of Handlebodies of Type (O + I)

In this section we classify the handlebodies of type (O + I) of ^(2n

+ 1, k, ra + 1), ra ̂ 4, up to diffeomorphism, that is, (H; /I, (^)-systems of

type (O + I) with rank^T=A up to isomorphism.
Let (H; A, a) be a system of type (O + I) with rank£T=& and rank A

= q (0<gr<&). By Lemma 1.1, there exists a base {&!,-•- , up; vl9--,vq}

of H, p + q = k , such that A ( u i9 Uj) = A ( u ,-, #y) = 0 and A (t; ,-, 1;̂ -) = S^ e Z2

= TTM_. 1(5
W) for possible z", y. We call such a base to be admissible, a is

a homomorphism on the subgroup generated by { u l 5 - - - , up} and quadratic
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form like on the subgroup generated by { v l 9 - - - , vq}. If {^ 1 ? - - - , up\ v l , - - - ,

vg} is an admissible base, we may replace u{ by uf
i = ui — 2lvj-, or v{ by

v't = Vi — luj, where I is an integer; the new base is also admissible.

An admissible base {ul9---,up; v l y - - - 9 v q } of H gives a representation

of the corresponding handlebody W as Wr = AaibAa2b---bAapbB/3l%B/3l\\

'-tyB^, where Aat, Ba. are ra-disk bundles over (n+ l)-spheres with

characteristic elements a^a^u^^ @j = a(vj), respectively, such that Tr(o^)

= 0, 7r(#y) = l (PG). p and q are diffeomorphism invariants of W, more

precisely, homotopy invariants of dW (See Part II).

Firstly, since 7T4?_1 = 0 (£^3) and 7T4?+1 = n±t+2 = 0 (£^1) we have the

following, similarly to the section 4.

Theorem 5.1. // n = 4t-l (^3), or 4*4-1 (*^1), or 4* + 2

£/z0 handlebodies of type (0 + 1) 0/ ^f(27i + l, k, re + 1) <^o no^ exsist.

If 7i = 4* — 1, £ = 2, we have

Theorem 5.2. // n = 7, the handlebodies W of type (0 + 1) of

+ 1, k, Ti + 1) <z^£ uniquely represented up to diffeomorphism as follows

where c>0 is an odd integer of n7(SO7) = Z.

Proof. Let (H; A, a) be a system of type (0 + 1) with rank /;?=&.

Since 9^-! =0 (z^l), the map a: H—> Z = n7(SO7) is a homomorphism.

For an admissible base {ul9 u2,^, up; vl,v2,--,vq} (p + q = k} of H, let

c = G.C.D((x(ul),--, a(up), a^^,---, a(t;9))^0. Then c is independent of

the choice of admissible bases, that is, c is an isomorphism invariant of

(H; A, a)-systems of type (0 + 1), and therefore, a diffeomorphism invariant

of handlebodies of type (0 + 1).

Let {ul9 u 2 , - - - , Up; v1,v2,--,vq} be an admissible base of H. We

may assume that a(ul) = a^$ (even), a(u2) = --=a(up) = Q9 and a(vl) =

a(v2) = ---=a(vq) = b>Q (odd), (See Theorem 3.1. and Lemma 4.2.). If

a>6>0, let a = 2lb + al9 0^ \al\ <b, and put u( = u1-2lvl. Then

a(u'i) = a — 2lb = a1 (even). If a1<0, replace u{ by — u[. So that, we

may assume a^O. If b>al>Q, let b = llal + bl, 0<61 <a1? and put v'{ =

vi-llu
f
1,i = l92,---,q. Then a(t;{) - 6- Z^ = bl (odd), i - l , 2 , - - - , g .
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Repeating this by Euclidean algorithm till |aj =0, we arrive at c = (a, b)

>0. It is easily seen that c = G.C.D.(a(ul),---, a(up), a^),---, a(vq))

and c is odd.

So that, there exists an admissible base { u l 9 - - - 9 up; vl9--9vq} of H

such that a(ul) = -"=a(up) = 0 and a(vl) = ---a(vq) = c>Q (odd). Thus,

two (H; I, a)-systems are isomorphic if and only if they have the same

value of c. This completes the proof.

Theorem 5.3. // n = 8s + 4 (s^O), the handlebodies W of type (0 + 1)

of 3? (2 Ti + 1, k, ra + 1) are uniquely represented up to diffeomorphism as

, i ) > where p + q = k and (0, l)e7T85+4(S08s+4) =

Proof. Let (H; A, a) be a system of type (0 + 1) with rankH=k

and rank ^ = q. By Theorem 3.1 and Theorem 4.4, there exists an admis-

sible base { u l 9 - - - 9 U p i vl9--9vq} of H such that a(it1) = (a, 0)eZ2 + Z2,

a(M2) = "-=a(^) = (0,0) and a(t;i) = •••=«(»,) = (0, 1). If a(M1) = (l, 0),

let u( = ul + 2vl. Then, since 98jJ+4(l) = (l, 0) by Lemma 2.1, a(ttO =

a(M1) + a(2t;1) = a(tt1) + 2a(t;1) + ̂ (wi, t>i) = (0, 0).
So that, if n = 85 + 4 (5^0), for any (.fiT; A9 a)-system of type (0 + 1)

with rank^T^A; and rank/l = g, there exists an admissible base { u l 9 - - - 9 up\
v i 9 ' " > V q } °f H sucn tnat &(u1)= --a(up) = Q and a(t;1)= •••=a(t; t f) =
(0, 1). Therefore all such (H; A, a)-systems are isomorphic, and this com-

pletes the proof.

Theorem 5.4. If n = Ss (s^l), the handlebodies W of type (0 + 1)

of 3F (2 7& + 1, k, Ti + 1) <zr£ uniquely represented up to diffeomorphism as

follows :

(i) r = X^+lx^)M(o,i,o), or

(ii) r = XS«+1x/>»)M (0 f l i l ) , or

(iii) r = X5- + 1 xZ>»)h(?- l )S(o f i .o)hS ( o f l f l ) , ?^2, or

(iv) r-X5^ lx^)t!(9-2)S(o,i,o)h25(0>1>1), ?^3, or

(v) r = ̂ (0,0f
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ivhere always p + q = k and the characteristic elements belong to 7t8s(SO8s)

= Z2 + Z2

Proof. Let (H; A, a) be a system of type (0 + 1) with rankH=k and

rank/l=:g (®<q<k). Since 71 = 85 (s^l), by Theorem 3.1 and preliminary

notions of Theorem 4.5, there exists an admissible base { i £ l 5 - - - , up; # l 5 - - - ,

vq} of H such that a(X) = --- =a(?;r) = (0, 1, 0), a(vr+l) = --=a(vq} =

(0, 1, 1), O^r^g , and

(a) a(M1) = (o, 0, 6), a(u2) = »-=a(^) = (09 0, 0),

or (b) a(ul) = (l, 0, 0), a(u2) = (0, 0, 1), a(a3) - - - - - a(^) - (0, 0, 0).

In the case (a), replace u1 by u[=-ul-\-2vl if a = l, then a(u{) — (0, 0, 6)

since 98s — (1, 0, 0), s^l. Furthermore, if 6 — 1, replace vr+i by t;J.+f = ^j[

+ vr^,- for i = l, 2 , - - - , ^r — r, then CK(v^+/) = (0, 1, 0). Thus (a) is reduced

to the cases

(c)

a( «!) = •• •=«(»,.) = (0, 1, 0), a(i;r+1) = ---=a(t7,)=(0, 1, 1),

or (d) a(Ul) = (0,0, 1), a(u2)=--=a(u,) = (0,0,0)

a(»! ) = ••• = «(»,) = (0,1,0).

The case (b) is similarly reduced to the case (d).

By Theorem 4.5, the cases (c) and (d) are reduced to the following

five cases:

(1) 0^) = •••=«(«,) = (0,1,0),

(2) a(i;1) = - = aK) = (0, l , l ) ,

(3) a(w1) = -"=a(«,-i) = (0, 1,0), a(»,) = (0, 1, 1), ?^2,

(4) «(»!) = --=a(i;4_2) = (0,1,0), a(«4_1) = a(i;,) = (0, 1, 1),

where during (1)~(4), a(Ul)= • • •=«( it,) = (0, 0, 0),
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(5) a(ttl) = (0,0, 1), a(u2) = ".=a(i^) = (0,0,0) ,

a(t;0 = -••=«(«,) = (<), 1,0).

Now, we prove that these five cases are independent. Let { w l 3 - - - , z^;
v i > " - 9 VQ}* {u'i,--, Up", # ! , • • • , v'q} be admissible bases of H and assume that

they satisfy (i), (j) respectively. Let ( u ' l 9 - ~ 9 uf
p, t / l 5 - - - , vf

qy = L(ul9~-9 up,

vl9-,vqy9 £ = (Z|7), and let i1 = (ZlV) (IsSi^, /> + l£;^i), I2 = (Jy)
(jD + l^'5 /^A). Then, £^ = 0 (mod 2) and L^L\ = E (mod 2). If i, j =

1, 2, 3, 4, it is easily seen that there arise contradictions by quite similar

way to that of Theorem 4.5. Let / = 5 and ie{l, 2, 3, 4}. If £ = 1, then
P Q.

u{= J^ lisus+ 211{ p+tvt induces a3(u{) = 0, and this is a contradiction.
s=l f = l

If & = 2, then I = a3(u0= Z /i /-* = Z ^i ?+^> (mod 2), and this contradicts
t=i t=i

1^ = 0 (mod 2). If i = 3, then Q = a3(v't) = lp+t>k (mod2), t = l, 2 , - - - ,

g, and this contradicts L2L,2 = E (mod 2). If i = 4, then 0 = a3(f^)

= lp+t,k-i + lp+t,k (mod 2), t = l,2,...,q, which contradicts L2U2 = E

(mod 2).

Thus the (jff; /I, a)-systems corresponding to the above cases are in-

dependent up to isomorphism. This completes the proof.

68 Classification of Handlebodies of Type II

In this section, we classify the handlebodies of type II of H(2n + l, k,

n + \\ ra^45 up to diffeomorphism, that is, the (H; A, a)-systems of type

II with rank H= k up to isomorphism, where we note that k — 2r.

Let (H; A, a) be a system of type II with rankJff=2r. A base {els

/ !> • • •» e r > f r } °f H is called to be symplectic if A(ei9 ej) = A ( f i 9 f j ) = Q and

^(e,-,/y) = ̂ yeZ2 = ^»4-i(5w) for j, / = !, 2 , - - - , r. If {el9 fl9--9 er,fr} is a

symplectic base of H9 a(et), a ( f j ) , i, j = l, 2 9 . . . 9 r, belong to Ker7Tw, TTW:

7rM(50^)->7rw(Sw"1) = Z2, and a is linear on the subgroups of H generated

by {el9--9er}9ifl9-9fr} respectively. If 9,(l)eKer xH9 dn: nn^(S«)^

Z2-*nn(SOn\ then a(^)cKer7Tw.

Let {ei,/i,-"? e r > f r } be a symplectic base of AT. By the following

transformations of bases we have new symplectic bases of £T:

(to) Interchanging e{ with /,- or replacing ei (or /,-) by — e{ (or —/,-)•

(^) Replacing e, (or/,) by e{ = ef- + Z/, (or/| = /e,+/,-).



ON THE CLASSIFICATION OF (n —2) -CONNECTED 271-MANIFOLDS 235

(£2) Replacing et by ej — e; + 2Z- (the other basis element),
or replacing f{ similarly.

Here, I are integers.

(£3) Replacing e i 9 f i 9 ey, and /y, i=£j, by ef
i = ei + e j 9 f i = ei + ey+/l-,

ej=fi-fj, and /;. = ey +/,.-/,• respectively.

For an (jff; A, a)-system of type II with rank£T=2r, a symplectic
base {ei9fi,--,er,fr} of If gives a representation of the corresponding

handlebody W of type II as W= ̂ H^V -ft w(°^(
 e/T), where

\aV/J/ \a\Jr)/

denotes a handlebody of ^(2n-\-l, 2, ra-f-1) with the algebraic system (#,-;
A,-, a,-) such that Hi has a base {e,-,/,•} which is symplectic with respect

to A,- and ai(ei) = Qt(e^), &i(fi) = a ( f i ) - (C7j). 'M/yff u *s ne^ner dif-

feomorphic nor homeomorphic to the boundary connected sum of any two

7i-disk bundles over (ra-fl)-spheres. For an integer m^O, m,JF( ? J de-

notes the boundary connected sum of m copies of W( ? J.

Lemma 6,1. Let H be a free abelian group of rankk, A: HxH—*Z2

a symmetric bilinear form of type II, and a: H-^Z (or Z2) a homomor-
phism. Then, there exists a base { e i , f i , - - - , e r , f r } of H which is sym-
plectic with respect to A such that a(el) = c^O, a(e2) — ••• =<x(er) = Q and
a(fi)—'"=a(fr^ — ̂ - Here, d is independent of the choice of such sym-
plectic bases.

Proof. Let {ei,/i,---, er,/r} be a symplectic base of H with respect

to ^. <2(ef), <£(/}) = 0 may be always assumed by (^-transformations.
We can perform Euclidean algorithm to each pair {^(ef), #(/,-)} by (t^-
transformations. Thus, interchanging e\ with f\ if necessary, there exists

a symplectic base {e{,/{,-••, er
r,f'r} of JT such that a(e-)^0, a(eJ) = (^(e/)»

«(/,-)) if a(e;-)^09 i = l, 2 , - - - , r , and a(/y) = 0, ; = 1, 2 , - - - , r. Let a(e-)
^0 for I^ i^r 0 and a(e;) = 0 for r0 + l^i^r, under some exchanges of
suffixes of {eJ,/J}, i = l , 2 , - - - , r , and assume that a(e(} = - - - = a ( e ' s ^ l } = a
>0, 2^5^r0 . Then, using (^-transformations, as in the proof of Lemma
4.2 (s — 1) can be extended to 5, allowing that some of them may come
to zero. Thus, there exists such a symplectic base { e [ , f ( , - • • , e'r, f ' r } of
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H that a(eQ= ••• =a(eri)= d>Q, rl ^ r0, a(e'ri+l)= •••=a(e^ = Q9 and

«(/i)= -=«(/;) = 0, where d = C.C./?(a(c1), aC/x),-, a(O, «(/,))•
The last result is also valid if a has its values in Z2.

In the above, if a(e'i) = a(e'j)= d, a(ff
i} = a ( f ' j ) = $ for two pairs {ef

{,

/$},{*;, /,}, replace them by ei'=e{-ej, /? =eJ-e; + /J, e? = e'J + fi-f'J,

and fj=fi-fj respectively. Then, a(e?) =«(/?) = 0 and a(e'j)=d,

a ( f j ) = Q. Similar way can be taken even if a has its values in Z2.

This completes the proof.

Theorem 6.2. // n = 4t-l 0^2), *A* handlebodies W of type II

of Jf(2ra + l, A, TZ- + I) <zr# uniquely represented up to diffeomorphism as

w=

where k = 2r and JeZ^7r4f_1(5O4^_1), especially d^2Z=Kern7 if t = 2.

Proof. Since 94 f_1 = 0 for ^1 by Lemma 2.1, a: £T— >Ker ^4,-! is a

homomorphism. By Lemma 2.2, Ker n4t^l = 7T4?_1(S04/_1) = Z for ^^3

and Kern7 = 2Z if i = 2. Then applying Lemma 6.1, any (H; ^, a)-sys-

tem of type II with rankjH~=2r has a symplectic base {ei,fi,--,er,fr}

such that a(e^= d^Q, d eKer 7r4?_ l s a(e2) = - - - = ( x ( e r ) = Q, and a(fl') =

• ••=a(fr) = Q. These (H; A, a)-sy stems are determined by d up to iso-

morphism, and this completes the proof.

Let 7^ = 85 + 5 (s^O) and (H; ^, a) be a system of type II. Then

7r8s+5(508s^5) = Z2 and d8s+5 is an isomorphism sicne 98s+5(l) = l (s^O)

by Lemma 2.1. So that, a is a quadratic form over Z2 with the associ-

ated bilinear form 9 ° A , where a base of H is symplectic with respect to

9° A if and only if it is symplectic with respect to A. a is completely de-

termined by the Arf invariant c(a).

Theorem 6.3. // 71 = 85 + 6 (s^O), the handlebodies W of type II of

-\-I, k, Ti + 1) are uniquely represented up to diffeomorphism as

w=w( 2

where k = 2r and d = Q, leZ2 = 7r8s+5(S08s+5) according as the Arf invari-

ants of the corresponding algebraic systems are equal to 0 or 1,
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Proof. Applying the transformations (^), (£3), any (H; A, a)-system

of type II with rank H=2r has a symplectic base {e i,/i,..-, er>fr} such

that a(el) = a(f1')=d^Z2 = 7r8s+5(SO8s^, and a(e2) = ---=a(er) = a(f2)

= ... = a(yr) = 0, where d = Q or 1 according as e(a) = 0 or 1. Since c(a)

determines those (H; /I, a)-systems up to isomorphism, this completes the

proof.

Let 71 = 85 + 4 (s^O) and (H; A, a) be a system of type II. By Lemma

2.1 and Lemma 2.2, Ker 7T8s+4 = {(l, 0)}^Z2, 08s+4(l) = (l, 0), and so that

a(£OcKer 7T8s+4. This means that the situation is quite similar to that

when tt = 8s + 5 (s^O). Thus we have,

Theorem 6.4. If 71 = 85 + 4 (s^O), the handlebodies W of type II of

+ l, k9 7& + 1) are uniquely represented up to diffeomorphism as

where k = 2r and (d, Q}&Z2 + Z2 = n8s+4(S08s+4) according as the Arf in-

variants of the corresponding algebraic systems are equal to 0 or 1.

Let L = (lij} be a Ax A; matrix (k = 2r} with integer components and

let &{ be the I'-th row of L. L is called to be mod 2 symplectic if LJL

= J (mod2), where /=diag(£/,•••, J7), #"=(i A)- Define an inner product

(£>;, &J by (3>i9 j&>y)= 2 Z,,2 s_1-Zy ,2 s+ 2 l^s'lj.zs-i- Then i is mod2
s-l s=l

symplectic if and only if (^e2i^, ^2J^ = (^2i, ^e2J) = Q (mod 2) and

(&2i-i*&2j) = 8v (mod2) for i, ; = 1, 2 , - - - , r.
If 71 = 85 + 1 (5^1), by Lemma 2.1 and Lemma 2.2, Kern8s+1 =

7T8s+1(5O8s+1)^Z2 + Z2 and 98ff+1(l) = (l, 0). Let (#; A, a) be a system

of type II, and a = (al, a2), al = p^a (i = l, 2), where p{ is the projection

of Z2 + Z2 to the i-th direct summand. Then, a1 is a quadratic form over

Z2 with the associated bilinear form pl °d8s+l ° ̂ , where Pi°d8s^.l is an

isomorphism, a2 is a homomorphism since p2°08s+i ig the zero homomor-

phism.

Theorem 6.5. If 71 = 85 + ! (s^l), the handlebodies W of type II of

+ l9 k, Ti + 1), k = 2r, are uniquely represented up to diffeomorphism



238 HlROYASU ISHIMOTO

as follows:

(i) // «2 = 0,

where d = c(al)9 the Arf invariant of a1.

(ii) // c(al) = 0,

where d = s(a), an invariant which is shown below.

(iii) // c(

where d = £(a), an invariant which is shown below.

Here, a = (a1
9 a2) is the map of the corresponding algebraic system

(H; A, a).

Proof. Let (H; A , a) be a system of type II with rank H=2r and

{el5/l5..., er,fr} be a symplectic base of IT. By symplectic transforma-

tions, we simplify the matrix

"

We denote the simplifications by arrows and the symplectic transforma-

tions (*,.), f = 0, 1, 2, 3.

m I f a 2 -0 .4»D.».)/°-0>\ orw n a ~u' A - ^ v o - ' - o y ° \ o o o - - - o

according as c(a1) = 0s 1.

(ii) If c(a1) = 0 and (^2^0, by Lemma 6.1 and then by (t^) and

( 1 3 )-transf ormations ( I — 1 ) ,

-Q or; 1 0 0 0 0 - - - 0 / .
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But, we know the following:

oror

„„ 000
oo

/ 0 0
V i i

So that, finally we have,

Assertion 1. The two systems (H; /I, a), (H'; A', a') which belong re-
spectively to the cases £ = 0, 1 are not isomorphic.

Proof. If they are isomorphic, there exist the two symplectic bases

{ e i>/ i>"-5
 e r>/VK {ei5/i>"-5

 er»/r} °f # such that the values of a1 and
a2 vansish on those basis elements except only <%2(el) = a2(e/i) = a2(f{)
= 1. Let L = ( l i j ) be the kxk matrix (k = 2r) with integer components
and let ( e ' l 9 f { , - - , e'r,f'ry = L(el,fl,---, er,/r)

?. Then L is unimodular and
mod 2 symplectic, and satisfies the following conditions:

(1) i;^2S-i"^2S = 0 (mod 2) (f = l , 2 , » . , A ) ,

f 1 (mod 2) if i = l, 2,
(2) ln = \

( 0 (mod 2) if j'^3.

We show that there are no such mod 2 symplectic matrices L that satisfy
the conditions (1) and (2).

L has the following form:

L =

1 ^12 ^13 •" ll,2r \

(mod 2),
1 ^22 ^23 "• ^2,2r

where I L j l =£0 since i is mod 2 symplectic. Since
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(mod 2) for y = 3, 4 , - - - , 2r, (Ii3, Z^ , - - - , ^-,2r) (* = !> 2) satisfies the following

linear equations in mod 2:

So that, we have Iij = l2j (mod 2), / = 3, 4 , - - - , 2r, and therefore Ii2 = l>22

(mod 2) by (1) and (2). This contradicts \L =1, and this completes the

proof of Assertion 1.

(iii) Let c(ax) = l and a2^0. Then, similarly we have,

A / n o - - - o \ r / r f f i i o - » o \ ,y , nx
^— ̂ 100-0 ; or U o o o o - . - o J (^=0)

\ i o o o o

We also have,

/ oo i io -o \ / o o i i o . . . o \
- --o/ ° r \ n o o o - --o/

/ 1 1 0 0 N
\ i oo o o y

jiir / 0011 \
\\ i o o /

Thus, finally we have

11

Assertion 2. T^g ^o systems (H; ^, a), (jEP; A7, a7) «;A/cA belong

respectively to the cases e = 0, 1 ar# ^o^ isomorphic.

Proof. The proof is quite similar to that of Assertion 1. Only it is

required to correct the condition on a1, that is, to replace the condition

(1) by



ON THE CLASSIFICATION OF ( 71 —2) -CONNECTED 2/1 -MANIFOLDS 241

( 1 (mod 2) if £ = 3,4,
(IX Z,.3 + Z,4+ Z li,2s-l'li,2s=\s=l ( 0 (mod 2) if i=£3, 4.

This completes the proof of Assertion 2.

Thus we have proved that the (H; A, a)-systems of every case of the

above are independent up to isomorphism, and this completes the proof of

the theorem. (We note that the matrix A is transposed in the representa-

tions of W^)

Let n = Ss (s^l) and (H; /I, a) be a system of type II. By Lemma

2.1 and Lemma 2.2, Ker 7T8, = {(1, 0,0), (0,0, l)}c7T8s(S085)^Z2 + Z2 + Z2,

98s(l) = (l, 0, 0)eKer 7T8s, and therefore a(H)dKer n8s. So that, if we

identify Ker n8s with the direct sum of the first and the third direct sum-

mand of 7T8s(5O8s), then Ker7T8 s^Z2 + Z2, 98s = (l, 0), and a:

This situation is quite similar to that of the case when 71 =

So we have,

Theorem 6.6. If n = 8s (s ^ 1), the handlebodies W of type II of

t^
?(2n + l,k, n + l), k = 2r, are uniquely represented up to diffeomorphism

as follows ;

/•\ rr q n TTV(i) // a3-0, ^

where d = c(a1), the Arf invariant of a1.

(ii) // c(a1) = 0, a3^0,

(iii) //

Here, a is the map of the corresponding algebraic system (H; A, a)

and a = (al,a2,a3) takes its values in 7r

Let ra = 4£ + 2 (£^1). Then, by Lemma 2.1 and Lemma 2.2, Ker7T4 f + 2

+2) = Z, if ^2, 7T6(506)-0, and 94,+2(l)-2eZ4 if
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But, in this case, the argument is simple.

Theorem 6.7. // ra = 4z + 2 0^1), the handlebodies W of type II of

+ l, k, Ti + 1), k = 2r, are uniquely represented up to diffeomorphism

as follows:

(i) //

where d = c(a), the Arf invariant of a.

(ii) // a(tf)c£{0, 2}, t^2,

(iii) If n = 6, W

Here, a is the map of the corresponding algebraic system (H; A, a).

Proof. Let (H; A, a) be the system of type II with rank J3"=2r, and

let {e !,/!••-, er,fr} be a symplectic base of H. By (^-transformations,

we may assume that a(e,-), #(/,•) = 0» or 1, or 2.

( i ) If a(ef ), «(/,.) e {0, 2} c Z4 for all i,

then a(#)c{0, 2}^Z2 since d^t+2(l) = 2^Z4. So that the situation is

quite similar to that of the case when 71 = 85 + 4,85 + 6 (5^0).

(ii) Let <2(#)C£{0, 2}. By (£0) and (t1 )-transformations, it may be

assumed that (a(ef-), «(/,-)) = (0,0), or (1, 0), or (2, 2), for all &'„ Since

a(#)c£{0, 2}, there exists some {ey,/y} such that (a(ey), a(/y)) = (l, 0).

Using it we can kill (<^(ef-)5 ^(fi}) = (2, 2) by (^-transformations. Hence,

we may assume that (a(e{\ a(/f-)) = (0, 0) or (1, 0) for all i. If (a(ez-)»

«(/,-)) = (tf(ey), a(/y)) = (l, 0), j'^y, we can kill a pair of them by perfor-

ming a (^-transformation and then a (£x ̂ transformation and (£0)-trans-

formations. Thus, there exists a symplectic base {e{, / [ , - • - , ef
r,f

f
r} of

H such that (a(ei), a(/0,--, a(e'r), «(/;)) = (!, 0, O - - - , 0).

(iii) If n = 6, then 7T6(506) = 0. So that, the proof is clear.

This completes the proof.
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7. Classification of Handlebodies of Type (O + II)

In this section we classify the handlebodies of type (0 + 11) of

3F(27i + l, k, 7^ + 1), 72,^4, up to diffeomorphism, that is, the (H; A, a)-

systems of type (O + II) with rarikH=k up to isomorphism.

Let (H; A, a) be a system of type (O + II) with rank H—k and rank A

= 2r (Q<2r<k). By Lemma 1.1, there exists a base {u1,---, ur; el9fl9

• • - ,e r , / r } (p + 2r — k) of H such that A(ui9 Uj) = A(u,-, ey) = A(u,.,/7-) = 0,

/^(e f , e;-) = A(fi9fj) = Q9 and /i(ez-, fj} = dij^Z2 = 7Zn+l(S
n) for possible j, y.

We call such a base to be admissible, a is a homomorphism on the sub-

groups generated by {^ 1 ? - - - , i^}, {e 1 ? - - - ,e r}, and {A."-,/,-} respectively.

The following transformations of an admissible base { & 1 ? - - - , up; e l 5 / l 9 - - - ,
er->fr} °f ^ yield new admissible bases of /f:

(z^!) Replacing ef or jff by 6^ = 6^luj or fi=fi + luj respectively.

(^2) Replacing u{ by uf
i = ui-\-2lej or Uj + 2lfj.

Here, Z are integers.

Lemma 7.1. L^ (/f; /i, a) be a system of type (O + II) with rankH

= k and rank/i=2r (0<2r<4). Lg/ {ul9--9up'9 e1,fl,--,er,fr} be an

admissible base of H and let (u{9---9 u'p\ e'l9/{,•••, ef
r,f'ry= T ( u l 9 - - - 9 up;

eiifi>'"i e r ^ f r } ^ where T = (tij) is a unimodular matrix. Then, the base

{i^v", Upl e ' i , f ' i , ' - - , e f
r i f r } is also admissible if and only if T has the

form

p 2r

/ ~M T\ }p
T=( (mod 2)

\ * L ) }2r

and L is mod 2 symplectic.

Proof. The proof is straightforward. We note that if {u{9...9 u'p, e'l9f[9

' " > e r > f r } is admissible, A(uf
iy x^) = Q for any x^H and so ^(u^ ej)~

A(u'i9fj) = Q (mod 2) for all i9 j.

We call such matrices T that T-diag (0,/)• r? = diag (0,/) (mod 2)

to be admissible. T is admissible if and only if it satisfies the above

conditions.
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Let (H; A, a) be a system of type (O + II) with rankH=k and rank A

= 2r (0<2r<A;). An admissible base { w l s - - - , z^; e l 5 / l 3 - - - , er, /r} of #

gives a representation of the corresponding handlebody W of type (O + II)

of Jf (27& + 1, &, ra + 1), rc^4, such as

^C^TNu U Wsf°t( ON

(PGX where Aa^u%^ is an n,-disk bundle over the (n- + l)-sphere with the

characteristic element a(z^)e 7^(50,,) such that 7r(a(^;)) = ° and

is that defined in the section 6. p and r are diffeomorphism invariants

of JF, more precisely, homotopy invariants of dW (See Part II).

Theorem 7.2. If n = kt-l (^2), *Ae handlebodies W of type (O + II)

o/ ^(2/1 + 1, A:, Ti + 1) «r^ uniquely represented up to diffeomorphism as

follows :

( i )

where

(ii) r=X5»+1xD»)l!^r l(r-1)^ 2

In (i) <2^d (ii), especially if t = 2, then a and d are even.

Proof. Let (H; /i, a) be a system of type (O + II) with ran.kH=k

and rank/l=2r (0<2r<&). By Theorem 3.1 and Theorem 6.2 there is an

admissible base { u l y - - - 9 upi e l3/ l3 • • - , er,fr} of H, p + 2r = k, such that

(aCaxX--- .^^); aCeO, «(/!),-•-, a(cr), a(/r)) = (a, 0 , - - - , 0; c ? , 0 , - - - , 0),

where we may assume that a, d^O. If a^d, let d = la+dl9 Q^d1<a.

If a> d, let a = 2ld + al, 0^ |a]_ | ̂  J. Then, by transformations (z^) and

(1^2) we can perform the Euclidean algorithm to the pair (a, c?).

Thus we may assume that there exists an admissible base {ul,---, up;

ei>fi>'~> er,fr} of H, p + 2r = k, such that (a(Ul),---,a(up); a(e^\ a(/i),

(o,0,-,0; 0 , - - - , 0 ) or ( 0 , - - - , 0 ; rf,05---,0). So, we
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have the representations of handlebodies of type (O + II) as in the theo-

rem. We show that the two algebraic systems (H; A, a), (Hr \ A', a'} of

type (O+II) with the different representations of a and a! by such

admissible bases as above are not isomorphic. We show it when a=d>0.

In the other cases it is clear since a, ar are homomorphisms. If they

are isomorphic there exist the admissible bases {u i , - - - , up\ el,fl,---,er,

fr}9{u{,---, uf
p; e'1,f{,--9e'r,f'r} of H such that (a(Ul),---, a(up); a(e^\

a(/1)5---,a(6 r),a(/ r)) = ( a , 0 5 - - - , 0 ; 0 , - - - , 0 ) and a(i^),---, a(i^); a(e(\

a(fti,-,a(e'r\a(f'r» = (09.-,0; d,0,-,0). Let (u{9.~9 u'p-9 ei,/i,-,

e'r9f'ry=T(ui,---, up; e1,fl,---, er,/r)*, where T is a unimodular matrix.

Then, by Lemma 7.1, £a = 0 (mod2) since a(u'i) = til»a = Q (mod 2), i = l,

2,.. . , r. So that \T\=Q (mod 2), and this is a contradiction. This com-

pletes the proof.

Theorem 7.3. If n = 8s + 5 (s^O), the handlebodies W of type (O + II)

of 3? (2n, + l, &, n + l) are uniquely represented up to diffeomorphism as

follows :

(i) r=X5"+1X/)»)br h(r-l)r , ^ + 2r = A, or

(i i) JT=J1ll(jD-l)(5»+

where d, l<=n8s+5(SOSs+5) =

Proof. Let (H; /I, a) be a system of type (O + II) with

and rank/l = 2r (0<2r<A;). By Theorem 3.1 and Theorem 6.3, and apply-

ing the transformation (i^x), there exists an admissible base { w l 5 - - - , up;

el5 /!,-•-, er,fr} of H such that (a(^i), ~-, &(up); (^(ej, a(/t), • • - , a(er),

a(/r)) = (0,-" ,0; 0 , - - - , 0 ) or ( 0 , - - - , 0 ; 1 , 0 , - - - , 0 ) or ( 1 , 0 , - - - , 0 ; 0 , - - - , 0).

We show that any two algebraic systems (H; A, a), (H' ; A', ar) with dif-

ferent representations of a, a7 of the above are not isomorphic. If a has the

first or the second representation, a! has the third, and the two systems

are isomorphic, then there arise the contradictions as in the proof of

Theorem 7.2. If a has the first representation and a' has the second and

the two systems are isomorphic, by Lemma 7.1, there exists a mod 2

symplectic 2rx2r matrix L = (l^) such that
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f 1 (mod 2) if i = l, 2,
Zj li,2j-l ° li,2j = }

>=1 ( 0 (mod 2) otherwise.

But Arf invariant shows that such matrices can not exist. This completes

the proof.

Let 7i = 8s + 4 (s^O) and (H; /I, a) be a system of type (O + II). By

Lemma 2.1 and Lemma 2.2 Ker 7r8s^4 = {(0, 0), (1, 0)} c 7T8s+4(S(98s+4)

= Z2 + Z2, 98,+4(l) = (l ,0)e=Ker7T8 5 + 4 , and therefore a(F)cKer n8s^^ = Z2.

So that, the situation is quite similar to that of the case when n =

(s^O). Thus we have,

Theorem 7.4. // n = 8s + 4 (s ̂  0), the handlebodies W of type

(O + II) of 3f?(2n + l, k, Ti + 1) are uniquely represented up to dijfeomor-

phism as follows :

(ii) r=J(1.

where (d, 0), (1, 0)e7r8s+4(S08s+4)^Z2

Let n = 85 + l (5^1). For an (H; J, a)-system of type (O + II), let

a = (al, a2), a* = p^a (i = l, 2), where p{ is the projection of 7T8s+1(508s+1)

= Z2 + Z2 to the z'-th component.

Theorem 7.5. // 7z = 8s + l (5 ̂  1), the handlebodies W of type

(O + II) of 3? (2 Ti + 1, k, Ti + 1) are uniquely represented up to diffeomor-

phism as follows:

(i) W = p(Sn+lxDn)$ W^ where W± is a handlebody of type II of

+ l, 2r,

(ii) r = J ( 1 , 0 ) ^ ( j p - i ) ( 5 ^ x ^ o t ! r s ( r - i ) r , or

(in) r = J ( 0 ? 1 ^ ( p - i X 5 ^ x ^ ) b r b ( r - i ) r J 5 o r
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where d = Q,

(v) JT= ^ ( i f 0)M(o i i) l l(^-2)(5»+ 1 X/)»)brJr( J °

Proof. Let (£T; A, a) be a system of type (O + II) with

and rankA = 2r ( 0<2 r< A). By Theorem 3. 1 and Theorem 6. 5 there

exists an admissible base { u l y - - - , up\ el,fl,---9er,fr} of H which satisfies

a case A{xC7- of the following: we put A = ( 2/
 1\ ^/2/ *\) and C=\o: z / - / • -ct \U)j

• a2(e;.) a
2(/r)

0"-° ^ tr\ r
0...0 J (C0) C =

rr, r_/ i i o - . - o \
(GJ G-^ Q Q Q Q J

o - - - o

0 - - - 0 \ x ( o 0 - - - 0

0 - - - 0 \ x _/ 0 0 0 - - - 0

o-»o\ x _/ i i o 0 - - - 0

1 1 0 0 0 - - - 0
0 0 1 1 0 - - - 0

It is easily seen that the above cases A{ X Cj (i = 0, I , - - - , 4, y = 0, I , - - - ,

5) are reduced to the cases AQ X Cj (7=0, 1,..., 5), ^x X Cy (/ = 0, 2), ^42
 x Cy

(/ = 0, 1), A3xCj (y" = 0, 1), and y4 4 xC 0 , using (^^-transformations and

(JiX (^2)"
transf°rmations in the symplectic part. We show that these

caces are independent up to isomorphism, that is, there are no admissible

transformations between any two of those cases. Then the proof will be

completed.

It is judged, using Lemma 7.1, mostly by comparing the values of a1

or a2 on the corresponding admissible bases, Otherwise, it is judged by
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the Arf invariant and the e-invariant; for example, if A3 x C0 is equiva-

lent to A3xCl9 then as in the proof of Theorem 7.3, Arf invariant shows

that there arises a contradiction. If, for example, A0 X C2 is equivalent to

A0 x C3, then by Lemma 7.1 there exists a 2r x2r matrix L = (lij} consisting

of integers such that L is mod 2 symplectic, \ L =1 (mod 2), and satisfies
r r

that Z2,--i,i = / 2 , - , i=f f f - i (mod2) and 2 ^ 2 f - i f 2 y - i ' ^ 2 / - i f 2 y = L ^2/ ,2y- i^2f ,2y = °
y=i y=i

(mod 2). But £-in variant shows that such matrices can not exist. The

others are similar to these cases. This completes the proof.

If n = Ss (s^l), by Lemma 2.1 and Lemma 2.2 Ker n8s = {(1, 0, 0),

(0, 0, 1)}C7T8,(S08,)^Z2 + Z2 + Z2 and 08s(l) = (l, 0, 0)eKer 7T8s. So that

a(.ff)c:Ker 7T8s for (fl"; ^, a)-systems and the situation is reduced to that

of the above. Thus we have,

Theorem 7.6. // n = 8s (s^l), the handlebodies W of type (O + II)

of J>F(2n + l, k, n + I) are uniquely represented up to diffeomorphism as

follows :

(i) W = p(Sn+lxDn}$Wl, where W^ is a handlebody of type II

of ^(2rc + l, 2r, 7J + 1)

(ii) r = J ( 1 ) 0 , 0 ) t | ( p - i ) ( 5 ^ x ^ ) b r K r - i ) r or

(iii) r - ^ ( 0 , 0 j l ) H p - i ) ( ^ ? z + 1 x ^ ) b r & ( r - i j r , or

where d = Q,

(v) r

Let ^ = 4^ + 2 (f^l) . By Lemma 2.1 and Lemma 2.2, Ker7T4,+2 =

7T4^2(504/+2)^Z4 if ^2, 7T6(S06) = 0, and 94^2(l) = 2eZ4 if ^2. We

have the following.

Theorem 7.7. // ra = 4£ + 2 (j^l), /Ae handlebodies W of type (0 +

II) 0/ ^(2/^ + 1, A;, 7^4-1) are uniquely represented up to diffeomorphism

as follows ;
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(i) 7

where d = Q, 2eZ4 and

or

(ii) 7/a(fl)Ct{0,2}cZ4,

o r = l -

(iii) + 1 '

Here, a is the map of the corresponding algebraic system (H; A, a).

Proof. Let (#; A, a) be a system of type (O + II) with rankH=k and

= 2r (0<2r<*), and let t^2. By Theorem 3.1 and Theorem 6.7

there exists an admissible base { & l 5 - - - , up; e l 5 / l 5 - - - , er,fr} (p + 2r = k) of

H which represents a as the matrix (A, C) of a case A{ x Cy of the follow-

ing, where A = (a(ul),---, a(up*)) and C=(a(ei), a(fj,'-,a(er\ a(/r)):

(^o) ^ = (0,»-,0), (C0) C = (0,.--,0)

(^2) ^ = (2,0,-" ,0) , (C2) C = ( 2 , 2 , 0 , » - , 0 ) .

It is easily seen that the above cases A{ x Cj (i, y = 0, 1, 2) are reduced

to the cases AQ x C0, ^40 x C1? ^40 X C2, A1 x C0, and ^2
 x Q? using (w-i)-

transforrnations. We show that the representations of a in these cases are

independent up to equivalence.

If a(H)d{Q, 2}^Z2, a has the representation of AQ x C0 or AQxC2

or ^2X C0. But since 94^2(1) = 2 (^^2) independence of those representa-

tions is known similarly as in the case when n = 8s-^-B (s^O). If <x(H)
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C£{0, 2}, then equivalently a(H) = Z4, and a has the representation of

AQxC1 or A1 X C0. The independence of the two is easily seen by com-
paring the values of a on the corresponding admissible bases using Lemma
7.1. This completes the proof.

Part II. Classification of (n — 2)-coniiected 2n-manifolds

In this part, we consider to classify (n — 2)-connected 2 rz-manif olds with

torsion free homology groups up to diffeomorphism mod62n. Since the
results are listed up in the introduction, we give the proofs of the theorems.

8. Proof of Theorem I

Lemma 8.1. Let M be an (n — 2)-connected 2n-manifold (n^3)
which has the vanishing n-th homology group and satisfies the hypothesis

(H) in the introduction. Then, M=dW§2 for some handlebody

3? (27i + l, k, Ti + 1) and some homotopy 2n-sphere I, where & =

Proof. This is obtained by Theorem 6.3 of [7j, land also confer
Theorem 2 of [20].

Let W=D*n+l\j{\jDn
i
+lxDn

i} be a handlebody of

7i^4, where /,: dD?+l xD?-+dD2n+l = S2n, i = l, 2 , - - - , k, are disjoint im-

beddings. Let ^ij^Z2 = 7Tn(S
n~l) (n-^4) be the linking element (Haefliger

[5]) defined by //S?xO) in S2w-/,-(5f xO) if i=£j, and defined by S^ in
S2n~fi(S? X 0) slightly moved from /f.(Sf X 0) if i = j. Let B^H^^W'.Z^,

z' = l, 2, . . . , & , be the canonical generators which are dual to the homology

classes (*,. x Srl}^Hn^(dW\ Z2), xtGdDj+l
9 5f-1=^?, respectively.

Then we have,

Lemma 8.2. ^f.y= < 5|e,- U ey, [dW]2> for all i, j, where [QW]2

is the mod 2 fundamental class of H2n(dW; Z2).

Proof. Let Y=S2n- \J Int/f-(S?xJD?). Y is a deformation retract
1=1

of S2n-\jff(SfxQ) and dW= Y\J { \J D?+l x S?~1}. Let /{=/il s? x 7^
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k

j,-e5f"1 = 9Df. There exists a continuous map h: V S^~l — > Y which
i = l

k
induces an isomorphism h*: nn( V S1l~l)-+nn(Y). So that there are iso-

i = l
morphisms

- T,( v 57-0

Then, the element (_/}) of 7TK(F) correspond to an element (g,-) of TTB( V

Sr1), and if (g)) = (£u)+"+(£«), we have fl(gy) = ,*y by the defini-
tion of linking elements. We have the following commutative diagram-

+ ; Z 2 )

\J DJfl x j,}; Z2) -£ H»+\Y\J { vj Djf+i x j,}; Z2)
=1 {/}> f=1

F* F* I =

where h°gi=ff
i may be assumed and F is a continuous map such that

F\ V S?l'l = h and F| W Df+1 = identity. Let { d l 9 - - - , dk} be the base of
i = I i^-l

Hn+i(dW; Z2) = Hn+i(Wr; Z2) corresponding to the canonical base of

Hn+l(W\ Z2), and let { S ^ - - - , Sk} be the dual base of HnVl(W\ Z2). Let {al9

• • - , aj, { / ? i , - - - , 0k}
 be the canonical bases of JJr( V Sf"1 U { \J DJ}+1}; Z2),

r= ra — 1, n + 1, respectively. Then, since S2
qa{= J^ H(gij)^j =

the diagram shows that 5^.= 2 ^f./y. Therefore, <52 £ .U£ y , [dW~]2>

= <5^£., dj> = < 2 ^Z'A"' ^/> = ^*y> an^ tn^s completes the proof.
y=i

Remark 1. If IT is a handlebody of jr(27j, A, ra + 1) (71^6), we have

a similar result by replacing S^ by Adem's secondary cohomology opera-

tion.

Remark 2. We have shown the above lemma for n^4=. Confer Wall

[20] for 7i = 3.
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Theorem 8.3. For a handlebody W of H(2n + 1, A, n + 1), n^4,

Wall's pairing A: Hn+l(W)xHn+l(W}-^nn+l(S
n) = Z2 is isotnorphic to the

pairing 0: Hn~l(dW} X Hn~l(dW)^Z2 defined in the introduction.

Proof. Let {e\,-",ek} be the canonical base of Hn+l(W). Since

^{e{, €j} = S^^ by Wall [19], using Lemma 8.2, the following commutative

diagram completes the proof:

where 5 is the suspension isomorphism, i^ is the isomorphism induced by

the inclusion map i, and D is the isomorphism of Poincare duality.

Corollary 8.4. W\ l ) is neither diffeomorphic nor homeomorphic to
\"2/

the boundary connected sum of the two n-disk bundles over (n + I)-spheres

( cc \1 ) never has the homotopy type of the connected
Ct2/

sum of the two (n — I)-sphere bundles over (n + I)-spheres (»^4).

Now, we have proved Theorem 1; by Lemma 8.1 and Theorem 8.3,

the type of M coincides with that of the membrane W ^.3? (2n + l, k,

Ti + 1), &=rank JTW_1(M), and therefore the results of Part I serve the

representation of M mod 62n.

9. Proof of Theorem 2

Let M be an ( n — 2)-connected 27i-manifold (71^4) which has the

vanishing n-th homology group and satisfies the hypothesis (.ff) in the

introduction. Then, by Lemma 8.1 M=dW$S, where JTejf (2/^ + 1, k,

ri + 1), A=rankJ¥w_1(Af), and I is a homotopy 2ra-sphere. By Theorem

8,3 M is of type 0 if and only if W is of type 0. The uniqueness of the
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representation of M of type 0 is know by the following theorem and

Theorem 3.1.

Theorem 9.1. Let Wi,i = l,2, be the handlebodies of type 0 of

Jt?(2n + l9 k, Ti + 1), 7*^4. // dWl is diffeomorphic to dW2 mod 02n, then

Wl is diffeomorphic to W2.

Proof. Let (H{; A,-, a,-), J = l, 2, be the corresponding algebraic sys-

tems of JF,-, i = l ,2 , respectively. We show that they are isomorphic.

Since ^-, £ = 1, 2, are trivial, it is sufficient to show that there exists an

isomorphism h: Hl-^H2 such that al=a2°h. Since dWl is diffeomorphic

to dW2 mod02w, there exists a homeomorphism g: dWl-^dW2 which is an

almost diffeomorphism. Let is: dWs —>Ws, 5 = 1, 2, be inclusion maps, and

let A = (»2)1|e.^o(i1)i1, where (»,)*: Hn+l(dWs)^Hn+l(Ws\ 5 = 1, 2, g*:
Hn+l(dWri)^>Hn+l(dW2) are isomorphisms. Let &,-, &" = 1, 2 , - - - , A, be a base

of Hi = Hn+l(Wi). Then we may assume that Wr
1 = Al$A2$---%Ak9 where

J^-, i = l, 2 , - - - , A:, are Dw-bundles over (^H-l)-spheres, the zero-cross section

5f+1 of A{ represents u{, and each Ai = dAi has a cross section Sf+1

which represents (fOiK^i)- (See §3). Let /9i(S*+1), ^2(g-(Sf+1))e

nn(SOn-i) be the characteristic elements of the normal bundles of Sf+1 in

9^ and ^(Sf+1) in dW2 respectively. We know that a1(wl-) = 5/91(S?+1)

and moving (^20g r)(S?+1) slightly into the interior of W2 the normal

bundle of it has S@2(g(Sf^1^ as its characteristic element, where S:

7TM(5Ow_1)-^7rw(5Ow) is the suspension homomorphism.

Then we have a2(h(u^= 5/92(g(Sr1))= 5^1(Sr1) = ai(^ f-X i = l, 2 , - - - ,
A. Since al5 a2 are homomorphism, we have a2°h = al. This completes

the proof.

Lemma 9.2. Le/ 7i = 4^-l (t^2) and let W be a handlebody of

^(Zn + l, k, n + l) with the algebraic system (H; A, a). We have the fol-

lowing commutative diagram:
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where c is the number as

12 if t = 2,

2(2*-!)! if t is odd ^3,

(2t-l)l if t is even ^4.

Proof. For x^Hn+l(W} represent it by an imbedded (ra + l)-sphere,
and let y = (JV, p, Sn+l) be the normal bundle with the characteristic ele-

ment a(^)eZ^7r4;_1(SO4f_1). It is well known that Pt(y}=±c>Ji, where
n is the fundamental class of Hn+l(Sn+l). (See Kervaire [8] and Tamura

[16], [17]). So that, we have Pt(N) = p*(PtW)= ±ca(x)-e and therefore
<Pt(W\ x> = <Pt(N),e> = ±ca(x), where e^Hn+l(N), e^Hn+l(N}

are those corresponding to #, JL respectively.

Let M be as above and assume that M has the two representations

M=dWl$Zl=dW2%22, where fFf.e ̂ (2/1 + 1, k, n + l\ I{ are homotopy

27i-spheres, j = l, 2, and k=rankHn_l(M). There exist homeomorphisms

h{: dWi-+dWr
i%2i9 i = l,2, covered by bundle maps between the tangent

bundles (See Shiraiwa [15]). So that there exists a homeomorphism g:

dWl->dW2 such that g*(r(dW2)} = r(dWl). The following theorem will
show the uniqueness of the representation of M in any type when n =

Theorem 9.3. Let n = M-\ (t^2) and let W^ i = 1,2, be the handle-

bodies of 3?(2n + l, k, Ti + 1). // there exists a homotopy equivalence f:

such that f*(Pt(dW2)) = Pt(dWl), then Wl is diffeomorphic to

Proof. Let (#> Ai9 a^ be the corresponding algebraic system of Wi9

j = l ,2, and we show that they are isomorphic. Let (is)*: Hn+l(dWs}-^

Hn+i(Ws), s = 1, 2, be the isomorphisms induced by inclusion maps and

define an isomorphism h: H1=Hn+l(W
ri)—^H2 = ffn+i(Wr

2) by h = (i2)*°f*°

(iOi1. Let ffs = D-^(is^,s = l,2, where D: H-\dWJ^Hn^(dWt\
5 = 1,2, are Poincare duality isomorphisms. Then o~i=f*°o~2°h and

by Theorem 8.3, it is easily seen that AI(X, y) = $i(ffi(x\ o~i(y)) =

, where
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0S: Hn-l(dWs}xHn~l(dW^s)-^Z2, s = l, 2, are the bilinear forms defined in

the introduction.

On the other hand, a= — <Pt(Ws), >, 5 = 1,2, by Lemma 9.2.
c

Since Pt(dWs) = (is)*Pt(Ws),s = l, 2, and Pt(dWl) = f*Pt(dW2\ we have

<Pt(Wl), x> = <Pt(W2},h(x}> and so that al(x} = a2(h(x)}. This

completes the proof.

Corollary 9.4. Let n = 4t-l (t>2) and let Wi9i = \,2, be handle-

bodies of Jf(2rc + l, k, Ti + 1). The following four are equivalent.

( i ) dWr
l is homeomorphic to dW2.

(ii) dWi is dijfeomorphic to dW2.

(iii) Wl is homeomorphic to W2.

(iv) Wl is dijfeomorphic to W2.

Proof. We may show only that (i) induces (iv). Let h:

be the homeomorphism. Since Hn+l( W{ ; Z) -> Hn+l( W{ ; Q\ i = 1, 2, are

injective, where Q is the group of rational numbers, by topological in vari-

ance of rational Pontryagin classes (Novikov Q12]), we have

So that it follows from Theorem 9.3.

By Lemrna 8.1 we have

Corollary 9.5. Let ra = 4*-l (^2) and let Mi9 i = l,29 be (n-2)-

connected 2n-manifolds which have vanishing n-th homology groups and

are (n — I)-parallelizable if t is odd. Then, if Ml is homeomorphic to M2,

MI is dijfeomorphic to M2 mod62n.

The other results of Theorem 2 are obtained directly from Theorem 1.

10. Proof of Theorem 3

Let M be an (n — 2) -connected 2 ̂ -manifold (n-^4) which has torsion

free homology groups and satisfies the hypothesis (H). Let e ^ - - - , el be a

base of Hn(M). Since the elements of Hn(M} are spherical, each e{ can

be represented by an imbedded n-sphere Sf, and we may assume that S|f,
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i = l, 2,..., I, intersect at points. Then, shrinking the intersections by an

isotopy of M into a small neighborhood, we have a handlebody W^

J^(2n, Z, re) which represents the homology group Hn(M). Since the matrix

(ez--ey) is unimodular, dW is a homotopy (2re — l)-sphere. Let N—M—

IntJF. Then N is an (re — 2)-connected 2 re-manifold with dN=dW such that

H.-1(N^Hn-1(M),HH+1(N)=!HH^(M), and #„(#) = <). Since fl^C/V)

is free and N is (re — l)-parallelizable, we can kill Hn^{N) by surgery so

that it does not affect that Hn(N) = Q (See Ishimoto [6]). So that dN

bounds a contractible manifold and therefore it must be a standard sphere.

Thus, by closing N, W, we have Mly M2 respectively such that M=M^

M2, where M: is an (n — 2)-connected 2 re-manifold which has the vanish-

ing re-th homology group and is (n — l)-parallelizable, and M2 is an (re — 1)-

connected 2 re-manifold.

To prove the uniqueness of M2 we use the following lemma.

Lemma 10.1. In the following splitting exact sequence

0 - > Ker h - > nn(M} -*-* Hn(M) - > 0,

Ker h consists of the elements of order 2, where h is the Hurewicz homo-

morphism (re ̂ 4).

Proof. Let M* be the space obtained from M by attaching re-cells

e*, i = l, 2 , - - - , jfc, (A=rankflM_1(M)) to kill nn^(M)^Hn^(M}. Then M*

and (M*, M) are (re — l)-connected, and we have the following diagram

well known:

7rB+1(M*, M) -a->

^ Hn(M*),

where horizontal sequences are exact. So that we know that Ker re = Ker i

= lmd, where 7rn+l(M^, M) ~ ?rn+1( V e?y V Srl) = 7rn(y Sr1)

Lemma 10o2e Any imbedded n-sphere of M representing a torsion

element of nn(M) has the trivial normal bundle (re ^
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Proof. Let /?: 7rw(M)->7Tw_1(50w) be the map which associates to

each ^-sphere the characteristic element of the normal bundle. This is

well defined since ra^4. Let ju: 7TW(M) X 7rw(M)— >Z be the pairing of

intersection numbers after hxh. Then, since /?(# + y) = #(#) + /?( y) +

dju(x, y), d: ̂ (S^-^^CSOJ by Wall [19], we know that 0 is a
homomorphism on Ker A, the torsion subgroup of nn(M). So that we may

prove the lemma for the generators of Kerh = lmd. Let Sf'1 be the im-

bedded (n — l)-sphere of M which represents the basis element of Hn-i(M)

^7TII_1(M), i = l, 2,--, A. Imd is generated by the essential maps from

the ^-sphere to S?~l for some numbers of i. Since each Sf"1 has the

trivial normal bundle in M by the (n — l)-parallelizability of M, such

essential maps can be represented by the imbedded 7i-spheres Tf in

S"~lxD?+l, the product neighborhood of Sf~l. We note that any ^-sphere

Sw(tt^4) imbedded in S^1 x Dn+ldR2n has the trivial normal bundle con-

sidering it in R2n by Haefliger [4], and this completes the proof.

Let M have the two decompositions as M=Ml^M2 = M(^M2, and let
W=M2-IntD2n, JP' = M£-IntD'2n. W, W are the handlebodies of 3P(2n,

Z, n), Z^rank Hn(M), with the algebraic systems (H; A,a),(H'r; /i7, a7)

respectively. We show that W and W are diffeomorphic, that is, their

associated algebraic systems are isomorphic.

For any x^Hn(M) take an element y^nn(M) such that h(y) = x

and define $r(x) by 0(y). Then, /97: jffw(M)->7TJI_1(5O l l) is well defined

by Lemma 10.1 and Lemma 10.2. Let i, if be the inclusion maps of W,

W into M respectively. We have the following commutative diagram:

«'

where a = $f°i% and a' = @'°i^, are known from the other commutative

triangles and squares.
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Let g:H = Hn(W)-*Hf = Hn(W
f) be the isomorphism defined by g =

(i*)~loi*. Then, we have a = P/°i* = af°(i£)-l°i* = a'°g. On the other

hand, let /*': Hn(M) xHn(M)-»Z be the intersection number pairings.

Since /I, A' are the intersection number pairings, we have A=/jt'o(i^.xi*),

k' = /JLf°(i*Xi*), and so that A = A'o(gxg). Thus we have proved that

W and W are diffeomorphic, that is, M2 and M2 are diffeomorphic

mod 02n.

Now, we prove the uniqueness of M1 when 7i = 4=t — l (t^2). Let

N=M1-IntD2*, N' = M(-IntD'2»9 and M=Nu W=Nf U W. Let -q :

Hn+^M-t)-* Hn+l(M(} De the isomorphism defined by the composition of the

isomorphisms ^+1(MO^^+1(JV)^F,+1(M)^^+1(^0-^F^1(M{),

and let 7)f : H*-\M^ -+ H*-\M{) be the isomorphism defined by the

composition of the isomorphisms Hn~l(M1)-^Hn-1(N)^-^- Hn~l(M)-^

Hn-l(Nf)<-^Hn-l(M(). Then it is easily seen that 0 = 0 / oG? / xV') and

<Pt(M1), > = <P/(MQ, > °7j>, where 0, 0' are the associated bilinear forms

of M, Mf respectively. So that using Theorem 8.3. and Lemma 9.2, we

know that the membranes of Ml and M{ by Lemma 8.1. are diffeomor-

phic, where we note that Pt(M), Pt(M
f) are induced from those of the

membranes. Thus Ml and M{ must be diffeomorphic mod 62n.

The uniqueness of M1 — * up to homotopy is known by the following.

Lemma 10.3. Let M, M' be (n — 2)-connected 2n-manilolds (n^<

with the vanishing n-th homology groups, and let <j), $f be the bilinear

forms of M, M' respectively. If rank HH-l(M) = rank fir
JI_1(Af/), rank0 =

rank07, and M, Mf belong to the same type, then M—(a point) has the

homotopy type of Mf — (a point).

Proof. By Lemma 1.1, there exist the bases {a l 5---, ak}, {ai,---, af
k}

of Hn~1(M)9 Hn~l(Mf) respectively such that <fi(aiy a^ = <j)(a!i, a7-) for all

i,j, where £=rank Hn^(M). Let { /9 l 5 - - - , 0k} be the base of Hn+1(M)

such that <ai\Jf}j9£M']>=dij for all i, j, and let ai^HH-^(M)9 6,-e

Hn+l(M) be the dual elements of cti9 /?; respectively, i = l, 2 , - - - , k. Then,

using Smale decomposition, M— * has the homotopy type of V Sf"1 W

, where /,-: 9Df+1-> V Sf"1, J = l, 2 , - - - , A, are the attaching maps.
i = 1
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Similarly, let f}'i9 a\ and 6J, £ = 1, 2 , - - - , ft, be those of M'. M'-*' has the

homotopy type of V S*-1 W { W-D*"1}. where /;.:9Df+1-> V S?"1, i = l,
i = l {//} / = ! f = l

2 , - - - , ft, are the attaching maps. Then, under the isomorphisms 7tn( V Sf"1

= 7^(5^) + -" + ̂ (5^) 4^ y~i
where ( f i ) = (fu)-i K/H) an^ ( )z m^ans that they are considered

in the Z2-coefficient. Thus we have 0(a,-, <zy) = < S\(a{\ U (<2/)25

= £ i^/«)<(^)2U(ay)2f:Jtf:a>=ff(/y). Let (/DK/i*) +"•

Similarly we have ^(a^ a^ = H(ff
{J\ So that H(fij) = H(fij), for

all i, /, since <fi(ai9 aj) = (l)f(af
i, a7-), and therefore we know that /,- is

homotopic to f'i9 i = l, 2 , - - - , ft. Thus M —* has the homotopy type of

M'-*.

This completes the proof of Theorem 3.

lie Proof of Theorem 4 and Others

Let n = 4ct — l (£^2) and let M be an (n — 2)-connected 2 n -manifold

which has torsion free homology groups and is (n — l)-parallelizable if t

is odd. Let M=M1$M2 be the decomposition of M, and let M1=dWl

(mod 02|I), Wl e ^r(2ri + ls ft, n-f 1), ft=rankflll_1(Af). Then, as is seen

in the proof of the uniqueness of Ml of Theorem 3, the type of W± is

determined by S\\ Hn~\M\ Z2)-*Hn+1(M; Z2). Similarly, using the re-

sults of Part I when n = 4t — 1 (z^2), the figure of Wl is determined by

P,(Af) by Lemma 9.2. So that Ml is determined mod (92w by S2
q : H

n~l(M; Z2)

->#W+1(M; Z2) and P,(M).

If 7i = 4^ — 1, M2 is a TT-manifold since the obstructions vanish. On

the structure of (n — l)-connected 2?i-dimensional TT-manifolds, see [J5T\ for

example.

The corollaries and other results are known at once.
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