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On the Isomorphism Problem for Endomorphisms
of Lebesgue Spaces, III

By

1. Kuso*, H. MuraTa™* and H. Tortoki

This is the sequel to the preceding Parts I and II. In Part I we have
studied the Bernoulli case, and then we have seen in Part II that some
number-theoretical transformations are not Bernoulli. We will now try to
study the isomorphism problem for Markov endomorphisms. Firstly we
will give a general isomorphism theorem for Markov endomorphisms with
countable generators in §8. We are also concerned with Markov endomor-
phisms having no uniform Markov generator. In §9 we will study the
mixing property of a kind of skew product transformation in preparation
for further investigation of isomorphism problem for Markov endomorphisms.
In §10 we will give an isomorphism theorem for a typical class of Markov
endomorphisms (which are uniform but not ‘“‘point collapsing”). In the
last section we will classify (2x2) and (3 x3)-Markov endomorphisms as
examples of applications of our theorems given in the preceding sections.

Throughout this part, 7' denotes a Markov endomorphism of Lebesgue
space (X, #, u) with a countable Markov generator P={p;; j=0,1, 2,---}.
Its transition matrix will be denoted by II=(7;;i, j=0,1,2,-). We
define a measurable function &(x) by

¢))] §(x)=E&(x; P)=], for x€ p;.

We also use the notations given in Part I.
We will appeal to the following two invariants. The first one is

Ur(x)=pu({x}| Cr-1.(x)) which was introduced in Part I, and we have

) Ur(B)=4(Pecry| T Pers) =Teray,eny A€
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for the Markov endomorphism 7. Another one is introduced as follows.
Let D(T) denote the family of all distributions p such that p=dist
(e] Cr-1,(x)) on a set of positive measure. D(T) is evidently an invariant.
If T has a Markov generator P={p;}, then

(3) D(T)=A{dist(P| T-1p)=dist(z?); i=0,1, 2,---},

where 7= (m;,, 7;1,---) denotes the i-th row vector of IT as in §4. Put
F(o)={x; dist(e| Cr-1,(x))=p} for po=D(T) and define a measurable

partition®’
@ Rr={#(0); 0= D(T)}.

Then it is easy to see that RT is independent of the choice of Markov

generators and R, < T le.

§8. Isomorphism Theorems for Markov Endomorphisms

We will firstly consider general Markov endomorphisms with countable

generators.

Theorem S. Let T and S be ergodic Markov endomorphisms with
transition matrices I =(m;;) and I =(r;;) respectively. Then T and S
are isomorphic if and only if there exists a measurable integer-valued func-

tion 7(x) such that

(1) Ty@o.mm=Tern,e) 28
(i) Q={g;=Ax;7(x)=Jj};j=0,1,2,---} is a Markov generator of T.

Proof. ““Only if”” part. If T is isomorphic to S, there obviously
exists a Markov generator Q={g;} of T such that u(q;|T 'q,)=r7;.
Hence defining 7(x)=j for x €g;, we have

Ty, 60 = U1(%) =T T2y, n(2) a.e.

““If* part. Since

U@y | T yra) = Ur() =T e 10y, ) =T p(Tr) 0y A€

1) Here T is assumed to have a countable Markov generator.
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we have u(q;|T ‘q)=r; if wu(q;nT1q;)>0. Therefore we have
u(qg;nTq)=r(q))r;; for all i and j, and so

A;xc(q,-)r,-j: ;/‘(QJ NT1tq)=un(g,

for all j, which implies {«(g;); i=0,1,---} is a stationary distribution of
I". Since S is ergodic, the stationary distribution of /" is unique, and
hence denoting the Markov generator of S with transition matrix I by
Q'={q};i=0,1,2,--} we have x(q;)=v(g))>0" and u(q;|T-'q,)=r1;=
v(qj| S~1q;) for all i and j. Then the natural mapping induced by (T, Q)
and (S, Q') is an isomorphism between 7 and S.

Let us now consider the class of Markov endomorphisms each of which
has a countable Markov generator satisfying

(D) dist(z®), i=0,1, 2,---, are all different.

1° If there exists a Markov generator satisfying the condition (D) for
an endomorphism, then it is unique.

Indeed, if T has a Markov generator P which satisfies the condition
(D), then it is easy to see F(dist(x))=T"1p;ie. p;=Tr(dist(z?)).
Hence we have P= TR;, where Ry is defined by (4).

The following is a direct conclusion of 1°.

Theorem 6. Two ergodic Markov endomorphisms with Markov gene-
rators satisfying the condition (D) are isomorphic, if and only if their
transition matrices are the same except the numbering of the cells of Markov
generators.

Let T and S be ergodic Markov endomorphisms with Markov generators
satisfying the condition (D), of which transition matrices are denoted by
II'=(m;;) and I'=(r;;) respectively. Then Theorem 6 implies that 7' and
S are isomorphic if and only if there exists a permutation (a one to one
onto mapping) ¢ such that 7;;=7,; ..

§9. Mixing Property of a Skew Product Transformation

In this section we are concerned with a special kind of skew product

1) v denotes the invariant probability measure of S.
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transformation in the sense of H. Anzai [17], and we will study its mixing
property in preparation for the following section.

Let T be a Markov endomorphism with a Markov generator P={p,,
Pi1s---» Pn-1}, of which transition matrix is 7 =(n;;; 0=i, jSN—1). Let
Ny#1 be a divisor of N and Y=Z/N,Z where Z denotes the additive
group of all integers. Define X=XxY and fi=gxy where vy is the
normalized Haar measure on Y.

Let us consider the skew product transformation T defined by

T(x, y)=(Tx, By+c6(x)), (», NEX,

where @ and t are integers such that (@8, N)=1.1 Evidently 7 is an
endomorphism of (X, 4).

Theorem 7. (i) T is a Markov endomorphism with Markov gemerator

P=Px ey and its transition matrix I is given by

T(a’,b’),(a,b) =6b’, ra+8b7%a’ ,ar

(i) T is mixing if and only if T is mixing, (v, No)=1 and there
exists an integer M satisfying that for any 0 =<q=<N,—1 there is a sequence
{a(j; 9); 0 j< M} such that a(0; g)=a(M; q)=0,

na(i+1.4).a(i,q)>0’ Ogng_L

and
M-1 )
2. BM-i~la(j, q)=q, mod NN,.
7=0

Proof. (i) Let us denote g(x, y)=(§(x), y). Then we have
A(g(TH(x, ) =(a(k), b(k)), 0Sk<n)

= BE(T %) =a(k), By+7 %, B*71a(i) =b(k), 0S k= n)

= 4E(T) =a(k), 0S kS (B y+¢ 5 B */ai) =b(n))

1) (B, N) denotes the greatest common measure of 8 and /V, and &(x) is defined by (1).
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n
X }:!-g-lab(k),ra(k—l)+ﬁb(k~1)

=ﬂ(g(f”(x, }’))=(a(n), b(n))) kI=Il 6b(k),Ta(k—1)+ﬁ‘b(k—1)7[a(k).a(k—l)'
On the other hand it is easy to see
A(g(TH (x, ) =(a, b)| g(T*(x, y))=(a’, b))

=6b', -ra+,6b77"a',a'

Thus we get the assertion (i).

(i) ““Only if” part. Since T is mixing, there is M such that all
components 7, (, 5 of matrix IT¥ are positive. Hence 7T is also
mixing. Especially 7{¥}, >0 implies that there exists a sequence
a(0)=0, a(1), -, a(M—1), a(M)=a such that

Tati+1), a0y > 05 0<jsM-1
and

M-1 )
T BM-1-ig(j)=0b, mod N,.

=0
Furthermore putting b=1 we have (r, N,)=1. Applying the above argu-
ment to a=0 and b=rg, we get the required sequence {a(j; ¢); 0= j< M}.
“If” part. Since T is mixing, there is n, such that w{#, >0 for all
a and /. We will prove Z{"73M) 4, >0 for all (g, b), (a’, b’) and for all
n, m=n,. Firstly we have sequences a(0)=a, a(1), -, a(n—1), a(n)=0
and a(0) =0, a(1), -, a(m—1),a(m) =a’ such that 7,,1),4;y>0,0< j<n—1,
and 7,e11y,45y>0, 0= jsm—1. Put

a(n+M+j)=a(j), 0<j<m.
and choose g(0=g=N,—1) as follows:

qu*(bl_ﬁer*—mb_f osgn—l Bn-kM«»m—j—la(]‘))ﬂ*m’ mod NO’
n+M§f_§]n+M+m-1

where t*r=£%*8=1, mod N,, and define

a(n+j)=a(j; q), O0=j<M.
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On account of

r Z Bn+M+m—j—1a(j) — _erq+b/_ﬁn+M+mb, mod NO’
0=j=n-1
ntM=j=n+M+m—1
and
c 3 B"*‘M*m‘j"la(j):ﬁqu, mod Ny,
nsjsn+M-1
we have

ntM+m—1 R .
B"+M+mb+f Z Bﬂ*M+m~]—la(])=b/, mod N()a
7j=0

Tag+1),an >0, 0SjSn+ M+m—1,

and a(0)=a, a(n+M+m)=a’. This means #% %™ ' >0. Thus T is
mixing.

The following is a direct consequence of the theorem.

Corollary. If m;;>0 for all 0<i, jJSN—1 and (¢, Ny)=1, then T
is mixing.

Example. Even if T is mixing, T is neither necessarily mixing nor
ergodic. For example, let T be the Markov endomorphism with transition

matrix

0 1/2 1/2
1 0 0 0
0

o

0 1
0 1 0 0

and f=r=1, then T is not ergodic. Indeed T has two irreducible com-
ponents {(0, 0), (1, 0), (2,0), (0,2), (1,2), (2,2), 3,1), (3,3)} and its
complement.

§10. Uniform Markov Endomorphisms

In this section we will study the isomorphism problem for a special



ON THE IsomorPHISM PROBLEM FOR ENDOMORPHIsMS, III 311

kind of uniform Markov endomorphism using the result of the preceding
section. Markov endomorphisms studied here are uniform Markov but not
“point collapsing’. Namely we are concerned with Markov endomorphisms
satisfying the condition

(G) there exists a finite uniform Markov generator of which common
distribution 0=(0;; 0<t<N—1) consists of distinct positive 0;’s, and its

transition matrix Il =(r;;; 0=<i, jSN—1) satisfies

;i =0i+tj+1y 0=, j=N—-1,

Sfor some 0<t, ty<N—1 such that (N, t)=1, where the addition is taken
to be mod N.

Theorem 8. Let T and S be Markov endomorphisms with transition
matvices I =(m;;; 0=<i, jJSN—1) and I'=(r;;; 0=i, j=N—1) respectively,
which satisfy the condition (G) with the same common distribution
0=(0;;0Si=N—=1), 6. T;;=0ssj41, ONA Ti;=0isgjrs, JOr all 051, jSN—1,
and (N, t)=(N,s)=1. Then T and S are isomorphic if and only if t=s
and sy—ty is a multiple of (¢+1, N).

Proof. “Only if” part. Assume 7 and S are isomorphic. Then
Theorem 5 implies that there is a measurable function 7(x) such that
TeTn), 6(x) =T n(Ta),n(z)>  -C

where &(x) is defined by (1) for the Markov generator of 7. Since p,’s
are distinct we have

®) §(Tx)—n(Tx)=—s(E(x)—7(2)) — (1 =5)E(x) +so—2,  ae.

Let us firstly suppose t#s. Put c¢=(—s, N), Ny=N/c,v=(t—s)/c
and 8=—s. Note (IV, 8)=(,, r)=1. Let us consider the skew product
transformation 7'(x, y) =(Tx, By+t&(x)) on X=Xx Y where Y=Z/N,Z.
Corollary to Theorem 7 in §9 implies 7' is mixing. Now define a meas-
urable function

h(x, y)=w(cy+&(x)—7(x))

where w(a)=exp(2ria/N). Then we have
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M(T(x, y)=w(c(By+té(x))+E(Tx)—n(T'x))
=o(cB y+B(§(x)—7(x)) +50—10)
=(h(x, y))Po(so—to).
Since (I, B)=1, there is an integer M such that =1 and Mi'l B7=0
(mod N). Hence we have A(TY(x, y))=h(x, y), which contrajgig:ts the

mixing property of 7.
Assume now ¢t=s, and consider the function

h(x)=w(§(*)—7(x)).

Taking the same M as above, we have A(TMx)=h(x). Since T is mixing,
h(x) is a constant function i.e. there is 0=<d=</N-—1 such that &(x)—
7(x)=d, mod N, a.e. This and (5) imply

d=E(Tx)—n(Tx)=L(E(x)—1(x))+50— 1,
=Rd+sy—tg, mod N, a.e.

and so (1+6)d=(1—-pF)d=s,—1t, (mod V).
“If” part. Assume t=s and s;—#, is a multiple of (¢4+1, N). Then
there is an integer d such that so—t,=d(¢+1) (mod V). Defining

Wx)=E(x)—d, mod NV,
we have
W Tx)+sy(x)+so=E(Tx)+1&(x)+ ¢, mod N,

and SO Ty(7yy, ¢(x) =V p(Tx), o(z)- Since 7(x) define the same partition as §(x),
which is of course a Markov generator of 7T, Theorem 5 in §8 implies

that T and § are isomorphic.

§11. (2x2) and (3 x3)-Markov Endomorphisms

As examples of applications of our theorems, we will classify (2Xx2)
and (3 x3)-Markov endomorphisms (i.e. endomorphisms with Markov

generators of 2 and 3 cells respectively) by means of the terminology of
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their transition matrices. Since we always neglect events of measure zero,

we do not consider matrices having transient states.

A. Classification of (2 X 2)-Markov endomorphisms.
Let us denote the transition matrices by (‘cz Z)

Case 1. dist (a, b)+dist(c, d). Theorem 6 implies that two Markov
endomorphisms of this case are isomorphic if and only if their transition

matrices coincide up to the change of numbering.

Case 2. dist(n, b) =dist(c, d) and o #b&. This case is divided into three
classes (i) Bernoulli class <a b) b a) (i) (a b) and (iii) (b a)

> > ab) \bay b a ab)
These three classes are not mutually isomorphic. Indeed Theorem 3
implies that (ii) and (iii) are not isomorphic to (i). We can see that (ii)
and (iii) are not isomorphic applying Theorem 8.

Case 3. a=b=c=d=1/2.
B. Classification of (3 x3)-Markov endomorphisms.

In order to classify (3% 3)-Markov endomorphisms we appeal further

to the following lemma.

1° Consider two ergodic Markov endomorphisms T and S with transi-

tion matrices

a b ¢ (a b c
I=|ad" b’ ¢ I'=|a b c
d ¢ f, [d e f

respectively. If ¢>0, (o', b)=(a"’, b')=(a, b) and (d’', e")=(d, e)?, then
T and S are isomorphic.

Indeed, let P={p,, p;, ps} be a Markov generator of 7T with transi-
tion matrix I7, and define a(i, j), 0<i<2, 0< <1, as follows: 7, 4(,0)=
T1,a(1,00 =8 T0,a(0,1)="T1,a(1,1) =0s Tz,a(2,00=0, T3,42,=e€. Then putting

1) (a’, b')=(a, b) means (a’, b’)=(a, b) or (&’, b’)=(b, a).
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2 .
9;=U0(T _pjnpa(j,i))a l=03 19
j=

q2= P2,

we get a Markov generator Q={q,, ¢, g5} of T with transition matrix I,
To see the Markov property of @, it is enough to note that x#(gq;| Cr-1,(x))
is constant a.e. on each 71¢, 0<i, j<2. We can prove that Q is a
generator of 7 by means of an analogous idea to the proof of Theorem 3
(in Part I) noting that T”x, n=0, visits certainly g,=p, for a.e. x.

Now we are in a position to state the classification of (3 x 3)-Markov
endomorphisms. We will naturally restrict ourselves to ergodic ones. Let

II'=(m;;; 0<i, j<2) denote the transition matrices.

Case 1. dist(z)), 0<i<2, are all different. Theorem 6 gives us the
classification of this case. Namely two Markov endomorphisms of this case
are isomorphic if and only if their transition matrices coincide up to the

change of numbering.

Case 2. Two of dist(z?), 0<i<2, are the same and the rest is
different, that is D(T)={p; 0,}, 0;#0;. Consider two (32X 3)-Markov
endomorphisms 7T and S with transition matrices I and I of this case
respectively. Suppose firstly that 7 and S are isomorphic. Then we have
D(T)=D(S)={p;, 0;}. Choosing a suitable numbering we can assume

dist (7)) =dist (7)) =dist (y(*) =p,
(6)
dist (7®) =dist (y®) =p,

without loss of generality.

Case 2.1. dist(yV)=p,. Let P={p,, p1, ps} be a Markov generator
of T with II. Then the partition defined by (4) has the following two

elements
F1=F0)=T"1p,U T p,;, 7F,=F(0;)=T""p,.

By our assumption 7 has also a Markov generator Q ={q,, q;, g5} with I,
and then we have 7,=T"1g, and so g,=p, and 7,,=m,,. Moreover we

have
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Tig, for xET"lp,-,

) U(T7y| Cr-1e(%)) = 0<is2.
Ti2s for x T—lq'-,

Since the left hand side of (7) is independent of the choice of Markov
generators, we have (7g,, 715) = (Y2, T12)-

First we will prove that if m,,#m,, then P=Q and so IT=1I" up to
the change of numbering. Indeed, noting that the left hand side of (7)
takes two different values on 7;, decompose 7, into 7, and 7, according to
its values. Then it is easy to see R=4{fy, ;, f;=F,}=T"'P. By the
same reason we have also R=T-1Q, and so P=0.

Next, let us assume (6), dist(y"¥))=p, and 7y, =7,,. Then 1° implies
that T and S are isomorphic. Thus we obtain the following classification:
Suppose dist (7(??) =dist (7(1?) =dist (7(?) =dist (1)) = dist (7(®) =dist (72).
Then the condition

®) (o2 T12) = (Tozs T12)» T22 =722

is necessary for T and S being isomorphic. Conversely, under the above
condition (8), (a) when my,#m,, T and S are isomorphic if and only if
II'=I" up to the change of numbering, and (b) when mwy,=m,, T and S
are always isomorphic.

Case 2.2. dist(y)=p,. If p; or p, consists of three positive ele-
ments, then considering the invariant u#;(x), T and S are not isomorphic.
Otherwise T and S are reduced to (2 x 2)-Markov endomorphisms using 1°,
hence there are cases such that T and S are isomorphic.

Case 3. Uniform case. Let us denote the common distribution by

o=(a, b, ¢), where we assume a and b are positive and c¢ is non-negative.

Case 3.1. a=b and ¢=0. Remark 2 of §4 (Part I) implies that all
Markov endomorphisms of this case are isomorphic to a Bernoulli endomor-
phism with the distribution (e, a, ¢).

Case 3.2. a,b and c are positive and distinct. In this case we have
the following five classes:
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(i) /a ¢ b a b c
b a ¢ c a b
c b a’, b ¢ a/,
(ii) /b a ¢ b ¢ a
c b a a b ¢
a ¢ b/, Kc a b/,

(iii) /¢ b a c a b
a ¢ b b ¢ a
b a ¢/, a b ¢/,

(iv) /a b ¢ c a b b ¢ a
b ¢ a a b c c a b
c o b/, b ¢ a/, a b ¢/,
b a ¢ a ¢ b c b a
e ¢ b c b a b a ¢

|

c b a/, \b a ¢/, a ¢ b/,

(v) others (Bernoulli class).

Indeed, all endomorphisms of the fifth class are isomorphic to a Bernoulli
endomorphism with (a, b, ¢) as they were already discussed in §5. Since
all endomorphisms of classes (i)~ (iv) do not satisfy the condition (P’) in
§4, they are isomorphic to no endomorphism of class (v). It is obvious
that all matrices belonging to each class (i)~ (iv) coincide with each other
by the change of numbering. Finally the first one of each class satisfies
the condition (G) in §10, for which (i) ¢=2, t,=0, (i) t=2, t,=1, (iii)
t=2, t,=2 and (iv) t=1, ¢,=0 by taking p=(0y, 01, 0;)=(a, b, ¢).
Therefore they are not isomorphic to each other by Theorem 8.

Case 3.3. a+b and ¢=0. The arguments about classes (i)~ (iv) of
case 3.2 are still valid in this case (notice that Theorem 8 holds even if

one element of the common distribution is zero). Therefore we have the
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classes (i)~(iv) just putting ¢=0 in case 3.2. The fifth class of case
3.2 is divided into three classes: (va) the ones isomorphic to Bernoulli
endomorphism with (e, b), which satisfy the condition (P’) in §4; (vb) the
ones which are reduced to the (2 x 2)-Markov endomorphism with transition

matrix (z Z> using 1°; (vc) the ones which are reduced to the (2X2)-

Markov endomorphism with transition matrix (2 g) using 1°. Examples

of Markov endomorphisms of these three classes are as follows:

(va) ja b 0 VDY (0 a b (ve) /0 a b
a 0 b a 0 b 0 b a
a b 0 0 b a b a0

Except the class (va), no endomorphism of this case is Bernoulli. We
discussed already in A that classes (vb) and (vc) are not mutually isomor-
phic. Thus it remains to verify that classes (vb), (vc) and (i)~(iv) are
not isomorphic. Suppose that (vb) and (i) are isomorphic, for example.
Then we have two Markov generators P={p,, p;, po} and Q={q,, ¢.}
with transition wmatrices belonging to class (i) and (Z 2) respectively.
Let R=R; be the proper partition for 7 defined in §3 (Part I). It is

easy to see RVP=PVT 1P and hence PV{; T-*R=¢, and QV ; T-*R=c¢
=

analogously. Therefore dist(P|r)=dist(e|r)= dlst(QIr) for a.e. re V T-*R,
but it is easy to see that dist(P|r)=(1/3, 1/3, 1/3) and chst(Q]r) (1/2,
1/2) for a.e. r which is a contradiction. Thus we have the classification

@), (i), (3ii), (iv), (va), (vb) and (vc).
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