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Degenerate Parabolic Differential Equations

By

Katsuju Icarr*

§1. Imtroductiom

We are concerned with the Cauchy problem for the equation
1.1 a,u—j'kzﬂaxj@k(x, £)0y, 1) —J;lbj(x, )0z u—c(x, )u
=0,u—Au=f,
(%, t) in R*X[0, co) with the initial datum
(1.2) u(x, 0)=uq(x).

Throughout this paper we use the following abbreviation: 0, a,,j stands
for %, % respectively. We assume that a;,(«x, t), b;(%, t), c(x, t) are
i

real-valued smooth functions. Moreover (@;;);1<j=n, 1=2=. 1S Supposed to be
symmetric and to satisfy the following condition: for any (x, t) in B” X[0, o)

(1.3) Re 3 a;,(x, £)6;£,20  for all £€R~,
7 k=1

0.A. Oleinik has treated this problem (see [47], [5]). Her method
consists of the following procedure (elliptic regularization): instead of

(1.1), the following equations (depending on a positive parameter &) in
G=R*x[0, T]

1.49) O, u—egu—Au=f

are considered. Let u, be the solution of (1.4) with the given initial value
uo(x)e L?2(R") and f(x, t)eL%(G). Then it is shown that {u.(x, )} is
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bounded in L2(G). Then a weak limit of them, as e—0, gives the desired
weak solution u(x, t)€L%(G). The uniqueness of the solution is proved.
She also proved the smoothness of uz, assuming the smoothness of u, and
f

Contrary to the above point of view, we regard (1.1) as evolution
equation. More precisely, we want to show the existence of the unique
solution u(x,6)e&NL2)NEHDE) of (1.1)-(1.2) for any initial value
uo(x)eL? and any f(x, t)€&Y(L2).¥

Our approach is based on the semi-group theory. Instead of elliptic
regularization, we use Friedrichs’ mollifier. Its property (Lemma 1) gives
immediately the desired result (Theorem 1). It also gives the energy
inequality (Proposition 1), which seems to be important. But the inequality
of this form is not stated in [47], [5] The smoothness of the solution
can be obtained in the following form (Theorem 2): when uy(x)E 2% and
f(x, 1)e&)(27F:), the solution u(x, t) belongs to &3(2F:)NEH 27 %). We
study also the case where b;(x, £) and c(x, t) are complex-valued functions
(Remark in the section 3).

It seems to us that our method is more natural than the one relying

on elliptic regularization and will be useful to other problems,**)

§2. Emnergy Ineguality

Let a;,(x, 1) &N %?); b(x, 1) €U FY); c(x, 1) €8 A°). We assume
the condition (1.3). Then we have the following proposition.

Proposition 1 (Emergy inequality). Let f(x,t)e&}(L?) and
u(x, )e&ULHNENDE) be a solution of (1.1). Then it holds for any

* In this paper, we use the following notation: x=(xy, ., x,). 05=03..3, v=
(Viseees Vo). L2=L%R"). u(x)E9P7, means that its derivatives 9%z (in the sense
of distribution) up to order m belong to L2 97, provided with the scalar

product (u, v),= 3, (d%u,d%v) is a Hilbert space. ;7 is the dual space of
lvli=m

27, and sometimes we denote it by F77. ¢(x)e X ™ means that its derivatives
0%¢ up to order m are continuous and bounded in R*. ¢(x)€Z means that
o(#x) is infinitely differentiable and has compact support. f(t)E& (DT .(or B™))
means that :—f(1)€DT(or #™) is continuously differentiable up to order &.

*#¥)  The summary of the results obtained below was announced in the following
paper: Cauchy problem for degenerate parabolic equations, Proc. J. Acad., 49
(1973), 229-232.
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t (0Lt<T) that

@1 la(ll e lu@l+ e o)l ds,

where v is a constant which may depend on T but does not depend on u
and f.

To see this, the following lemma is essential.

Lemma 1. Let o« be Friedrichs’ mollifier, where we assume 0(x)
even function. Let a(x)e B? be real-valued function, and let u(x)e L2
Then it holds for any y(|v| £2) that

D [Re (ue, [oe%, a(x) J05u) | = Cllull,
2) Re(ue [0e*, a(x)J05u)—0  as e—0,

where u. stands for p.xu, [0:%, a(x) ]05u=px{a(x)0%u} —u(x)p+(0%u),
and C is a constant independent of u and e.

Proof of Lemma 1. Consider only the case of |v|=2, because, in the
case of |v| <1, 1) and 2) are clear by Friedrichs’ lemma. We denote 0%

by 0,0:,. By Taylor expansion

(2.2)  [oo% a(x)]0x,0mu=— i}la(")(x)(xipe)*@xjaxku,

+ % o (e D= pro. (1= 05,0500 dy.

heewal
At first we take the 1-st term of (2.2).
(2.3)  —2Re (ug, aP(0)(x;0)40x,0x,u) = (@ P(2)(5,0)%05, 1, ug)
+ (e, [(%,00)%, aP(2) 105,00, u) + (11g, (5,0)%{a" (%), u})
+((#0)%0x,u, [aP(x), 05102, 1),

where we used the relations that ((x;0.)*u, v)=—(u, (%,;0.)*%v) and that
(0exu, v)=(u, psxv). All these terms in the right-hand side of (2.3) can
be majorized by

5 liulliCeiowde,ull+ 3 % uillCa®(x), (v,00)%105ull.
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In the same way as Friedrichs’ lemma, we can show for any v(|y|<2)
[l(2,06)%0z,ull, I[La(x), (x;0:)+10ull < const. ||ul,
(2,00)%0z,ull, [[[a®(%), (x:09)x105ull—0  as e—0.

Next we consider the 2-nd term of (2.2). Denote it by R.u.

@9 Ru= 3 Zﬁll—gayjayk{%(x, Y (5= Pros(x—yru(y)dy

= 3 00,0, 40,(5, )0x— yrou(s = PHu(y) —u(=} dy.

pl=2 u!

If we note that ), ] S|(xf‘p£)(”)(x)| dx < const. (independent of ¢), the

IvT=2 lul=2
same reasoning as in the proof of Friedrichs’ lemma gives

l|Reull < const. [[u]],

R.u—0 as €—0. Q.E.D.

If we use this lemma, we can prove Proposition 1 in the same way
as hyperbolic equations (cf. [37], §2 in Chapter 6).

Proof of Proposition 1. Apply p.* to (1.1) and consider %IIus(t)}lz.
(2.5) Y (DI =2Re (1,(5), L u, (1))
M dt & & I dt &

=2Re (u,(8), Aun(6)+[0s, AJu(®)+fo(1))-
By the condition (1.3)
2Re (u,(2), B, (@305, u (D)) = —2(a505,1.,(0), O, u,()) 0.
2Re (,(8), b0 v:()) = — (u(8), b (1)) S const. [|u(6)][2
Therefore we have

(2.6) %Ilua(t)llz =27][u (D)2 +2|lu Ol feDI]

+2Re (u.(t), [0, 4]u(?)).
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Using Lemma 1, we have easily (2.1) {rom this inequality. Q.E.D.

§3. Existence Theorem

At first we consider the case where the coefficients are functions of
only x. Let a,(x)e%?; bj(x)EB; c(x)€#£°. We assume the condition
(1.3). Then we have the following proposition which shows Hille-Yosida’s
theorem is applicable.

Proposition 2. Take the domain of definition 2(A) of A as follows:
3.1) 2(A)={u(x); u(x)el? Au(x)sL?}.

Then, for large 2, (A— A) defines a one-to-one surjective mapping of 2(A)
onto L2. Moreover there exists a constant 8 such that

(3.2) A= D Hews =2y for any 1>8.

Proof. For any ue2(4) it holds that
(3.3) I(4— A)u|[*= (22— const. D)|jul]?+ || 4ul[.
Indeed
llogx(A— ADull*=22|[u|]*+||los+ Aul|* —2Re (ug, Aug+Log*, AJu)
= (A2—const. D)||u,||2+]|oxAu||? —2Re (u,, [0, AJu).

By the passage to the limit, using Lemma 1, we have (3.3).

The inequality (3.3) shows that, for large 4, (1— A) defines a one-to-one
closed mapping of 2(4) into L2. Therefore we have only to show that
the image (A1— A4)2(A) is dense in L2 We show this by contradiction.
If not dense, there exists v(#0) in L% such that

((A—-ADu, v)=0 for every us2(4).
Of course this holds for every ue 2. Hence

(3.4) (A—A*)v=0 in the sense of distribution,
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where A* is the formal adjoint of A.
Since ve L?, (3.4) shows that A*v belongs to L2. If we note that
A* satisfies the same condition as 4, we can use the inequality (3.3) and

have
(3.5) 0=||(A— 4%)v||2= (A% —const. 2)|jv]2.

For large 4, this inequality requires that v»=0. This is contradictory to

our assumption v#0. Q.E.D.

The above proposition shows that all the conditions of Hille-Yosida’s

theorem are satisfied. Therefore we have

Corollary. For any initial value u,(x)<€ 2(A) and any f(t) such that
f(2) and Af(t) belong to &Y(L?), there exists a unique solution u(x,t)e
EN(L?) of the Cauchy problem (1.1)-(1.2).

Now we consider the general case, i.e., the case where the coefficients
are functions of x and also of z. Let a;,(x, t)€&Y(%#?); b;(x, t)EEN(HY);
c(x,t)e&Y(#"). We assume the condition (1.3). Then, using Proposition

1 and the above Corollary, we have the following theorem.

Theorem 1. For any initial value u,(x)< L? and any f(x, t)€EY(LY),
there exists a unique solution u(x,t)e&X(L2)NENDA) of the Cauchy
problem (1.1)-(1.2).

Proof. At first we show this in the case where the coefficients are
functions of only x. Denote o *u, and 0.xf(¢) by u§(x) and f.(x,?)
respectively. u§(x) belongs to 2(4) and f.(z), Af.(¢) belong to &(L2).
Hence, by Corollary, we see the existence of the unique solution u.(x, t)
e&H(L?) of the Cauchy problem (1.1)-(1.2) with the initial value u§(x)
and with the right-hand term f.(z).

Here we use the energy inequality (2.1) for u.(¢)—u.-(¢). Then

max [e(0) — e (O] < M{| g~ ||+ max ||.(0) ~ fo O},

where M is a constant independent of ¢, ¢’. Therefore {u.(x, )} is a
Cauchy sequence in &9(L2?), 0<t<T. We denote its limit by u(x, t),
u(x, )€&9(L%). On the other hand
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w, () —ub= g;{AuS(s) L Fu()} ds,

By the passage to the limit, as e—0, we have
1
w(® o= {Au()+ ()} ds,

where the integral is taken in the sense of 27. Therefore we see that

t—u(t)e D7 is continuously differentiable and that the equation
(3.6) O,u—Au=f

is satisfied in the sense of Z7.

Next, we prove the theorem in the case where the coefficients are
functions of x and also of ¢&. Denote R*X[0, T by G. Let 0=¢,<¢t,<---
<t,=T be a subdivision of [0, 7] of equal length. We define u,(z),
uy(t),..., up(2) in [tg, t1), (€15 b9 y---s [ £4—1s L4 | Dy the following condition:

0,u; —AQg)u,=f, u(ty)=1u,g for ty=<t<t,
{@,uz—/_{(tl)uz:f, up(ty)=u,(ty) for 1;<1=1¢,
3

0iup—AQp-Dur=f, up(bp-1)=tp-1(tp-1) for 1,1 =t=¢.

We denote by u®(¢) the function which in ¢;;<¢=<¢; is equal to u,(¢).

It is easy to see that {u®(¢)} is uniformly bounded in the space
6E%1(6G), consisting of all functions u(x, t)eL?(G) such that (1—4,)7*
020ju(x, t)eL?(G) for any vy and j (|v|+2j=<2), where we define
(AI—4d,)v(x,t) by FLA+|E]5 0, t)] and we take the derivatives
020ju(x, t) in the sense of distribution in G. &2:%(G) provided with the
scalar product

B8)  (0),5y = 1o (A= 470, (1= 4)10,0) 12(c)

is a Hilbert space. Hence {u‘®(¢)} has a weak limit, say u(x, t). u(x, t)
satisfies the equation

3.9 Ou—Au=f in the sense of distribution in G.

Now we show that u(x, t) is the solution in the sense of Theorem 1.
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At first we show that ¢ —u(x, t)€ 27 is continuous. Because 0,(1—4,) 1u
€ L?(G), by Nikodym’s theorem, for almost every x, (1—4,) 'u is an
absolutely continuous function of z, where if necessary we modify u(x, £)

on a subset (CG) of measure 0. Therefore
A=) ul, 1)~ (= 4) ulx, 1= 0,(1= 4 u(x, O de
t1

for a.e. x. By Schwarz’ inequality

[(A—d) u(x, 1) —(1—4) u(x, 1,)]?

=lt=tl 10,0~ 40 u(x, 17ds

for a.e. x. Integrating for x over R”, we have
Q=4 ulx, t2) —(1—4) ulx, )|
<lty—1t,]2)|0,(1—4,) u(x, Ol z2¢ey-

We can also show that lim u(x, €)=u,(x) in L2(R”*). But we don’t
give the proof. The reader iz;?ll easily verify by consulting the reasoning
in [3] (§6 in Chapter 6).

At last we show u(x, )€EU(LE)NEFH(2A). Apply Friedrichs’ mollifier
to (3.9). Then we have

(3.10) Oyus— Aug=f+[0:*, A]u.

We know that u.(x, 1) E£9(23%:), because u(x, t)E&(273). Besides

<u (t)—uf, o> =g S:(@,ue(s))qadsdx

=SRnS:{AuE(s) +Fo(8)+ [0, Alu(s)}ededx,  for any ¢(x)€ 2,

where we used the fact that the equation (3.10) is satisfied in the L2(G)

sense. Hence

G wl@—us={ {4u) £+ oo, ATu(o)}ds
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as a L2-valued function of (. Thus we see that u,.(z)=&}(L?). Therefore

we can use the same argument as the one in Proposition 1 and have

()~ 1O S e~ w e DI+ f o)~

+2[Re (u (6) = ug(2), L0 —0e)%, AJu(@))].

Hence

(312)  max [Jug(t) —ueDIP = C{lu§—uf'l|* + max || fo(6) —fe (DI

+ {1 IRe (wal) = wer(5), LCoe =00y, ATu(o))| ds}.

On the other hand in the same way as Lemma 1 we can show for
almost every s(0<s=<T)

|Re (us(s) —uer(s), [(0e—0s)%, AJu(s))| < const. [[u(s)||*

|Re (ug(s) —ue(s), [(0s—0s)%, A:]u(s)) I —0 as €—0.

Hence, noting that S:Hu(s)llzds< + oo, by Lebesgue’s theorem we see that
the right-hand terms of (3.12) tend to 0 as e—0. Thus {u.(¢)} is a
Cauchy sequence in £Y(L*)(0<¢<T), as e—0. Therefore it follows that
t—u(x, t)eL? is continuous. By the same reasoning as (3.11) we know
that t—u(x, 1)E2 4 is continuously differentiable. Q.E.D.

Remark. For simplicity we have assumed that all the coefficients are
real-valued functions. Here we consider the case where b,(x, ¢) and c(x, )
are complex-valued functions. Put b;=0{"+ib/*, where b/" and b{? are
real-valued. We assume the following condition: for any (x, t)€R”* X[ 0, )

(3.13) (ﬁlb;2)<x, £)&;)? < C( :; a;5(%, )&,€,)  for all EcRr,
Z el

7 1

where C is a universal constant.
Then Proposition 1, 2, Theorem 1 and Theorem 2 (in the following
section) are all valid. To see these we have only to note that

| (u, J_‘élb}z’axju)l <e (@;30x,u, 0z,u) + C.llul?,

n
Jr k=1
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where ¢ is an arbitrary small positive constant and C, is a constant depen-
dent on .

The above condition (3.13) is, in some sense, close to being necessary.
In another paper, the author will publish some results related with the

necessary condition.

§4. Smoothness of the Solution

In this section we study the smoothness of the solution, assuming the
smoothness of uy(x) and f(x,t). Let a;(x, t)EE)(B™%); bi(x, t)e
ENB™NY); e(x, )eEI(HB™), where m=0,1,.... We assume the condition
(1.3). Then we have

Theorem 2. For any initial value u,(x)E27: and any f(x,t)e
WD), there exists a unique solution u(x,)e8U2D2T)NEH2T2) of
the Cauchy problem (1.1)-(1.2).

If we use the following propositions, we can prove the above theorem

in the same way as Theorem 1.

Proposition 3. Let f(1)e6)(27:) and u(t) €8N 2F:)NEH(2F:i?) be
a solution of (1.1). Then it holds for any t(0 <t <T) that

CRY lu(@®ll, =e

w @+ &2l lnds,

where 7' is a constant which may depend on T but does not depend on
u, f.

Proposition 4. Assume all the coefficients be functions of only x.
Take the domain of definition 2,,(A) of A as follows:

4.2) D (A)={u(x); u(x)e2%, Au(x)ED7:}.
Then, for large X, (A— A) defines a one-to-one surjective mapping of 2,,(A)

onto D%. Moreover there exists a constant 8 such that

3 Q=7 gy, sy, Sqog  Sor any 1>8.

.S’(QLz, 72
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To see these, the following lemma is essential. It is the improved
one of Lemma 1. We denote the dual space of 27 by 219. Let ,(£)

=1+ 2 (@ré&)?. We define «lu, CZ,;%LL by Fla,(&)1i(€)],

1=ivism
F [am(E)‘%u(E)] respectively. 27 provided with the scalar product

(u, v)_,n:(a,;%u, a,;%fu) is a Hilbert space.

Lemma 2. Let o be the same one as in Lemma 1. Let a(x)s B™2
be a real-valued function, and let u(x)EDF:. Then it holds for any
v(|v| £2) that

1) |Re(ug, [0s%, a(2)105u),| < Cllull},

2) Re(u, [ 0%, a(x)]0%u),,—0 as €—0.

Moreover, if us PP, it holds for any v(|v| <2) that

3)  IRe(ug, [0gx, a(x)10;u)-p| = Cf[ull-,

4) Re(ug, [0e*, a(x)]02u)-,,—0 as €—0,
where C, C' are constants independent of u and e.

Only to the latter half, we give a rough sketch of the proof.
(4.4)  Re(ug, [oe*, a(2) J05u)-n=Re(ay u,, [0, a(x) 105,05 u)

=Re(a,'ue, (04, a(x) 1050, u),
+Re(a,' ug, [0%, [a(x), a, 100, u).

Because «,'us 2%, we see that 3) and 4) hold for the 1-st term by the
first half of this lemma. Represent [a(x), &, |02 in the following form:

(4.5) La(), @p0= 3 070uu(2)048,  auu(x)E B2

This representation is not unique, of course. Then

2-nd term= o %}ﬂémﬂRe (=1D)™10Ma, u,, [0k, @u,,(x)]0%a5 ).

Therefore, by Friedrichs’ lemma, we see that 3) and 4) are also true for
the 2-nd term.
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