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Stefan-Type Free Boundary Problems
for Heat Equations

By

Hideo KAWARADA*

§1. Imtroduction

The present paper is concerned with the Stefan problem for the heat
equations, which arises, for instance, in the study of melting of ice adjacent
to the heated water.

Free boundary problems for the heat equations have been considered
for a century. Although in some special cases explicit solutions had hap-
pened to be known very early, existence theorems of general nature were
proved first only twenty years ago in connection with the I-dimensional
Stefan problem by Rubinstein [17] and Dacev [ 2].

Since then, various papers on the Stefan problem have been published
by many authors including Friedman [37], [10], Evans [4], J. Douglas &
Gallie [5], Sestini [6], Miranker [7], J. Douglas [8], Kyner [9], IL
Kolodner [117], LadyZenskaya [ 127], Oleinic [137], Brezis [14], Nogi [15]
and others.

Among their contributions we refer to the existence theorems due to
Kyner, Friedman and Oleinic which state the existence of solutions of the
problem subject to the Dirichlet or Neumann boundary conditions imposed
on the boundary of the heated water, under the assumption that even at
the initial moment there does exist some water. As a matter of fact, the
absence of water at the initial moment invoke a certain singularity or
difficulty of the problem from the mathematical view point, which is rather
mild for the case of the Neumann boundary condition but is quite hard to
handle for the case of the Dirichlet boundary condition.

Indeed, Kyner [97] and Friedman [107] have succeeded in dealing with
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the former case where the Neumann boundary condition is imposed and
there is no water at the initial moment by means of contraction mapping
and by means of a limiting procedure (also, see Problems 1~7 of chap. 8
of Friedman [167]), respectively.

The objective of the present paper is to settle the remaining open case,
that is, to prove an existence theorem for the Stefan problem in the case
where the Dirichlet boundary condition is imposed and there is no water
at the initial moment. The actual proof will be carried out by means of
a limiting procedure apparently similar to that of Friedman [10] and by
means of some crucial estimates of approximate solutions.

§2. Notations and Results

2.1. Before describing our results we have to introduce some concepts
and notations. It seems to be convenient to begin with a brief reproduc-
tion of Friedman’s formulation. His problem is to seek two functions

u=u(x,t) and s=s(t) which satisfy the following equations:

@2.1) U =U,,, 0<x<s(t), t>0,

2.2) u(0, t)=£(t)=0, t>0,

(2.3) u(x, 0) =y(x)=0, 0<x<b, Y(b)=0, b>0,
2.4) u(sQ®), t)=0, t>0,

@sa) I ——u 0,0, >0,

(2.5b)  s(0)=b.

Here u stands for the temperature of water and the equation x=s(¢)
represents the free boundary. The conditions (2.2) (2.3) and (2.4) are the
usually given data for the temperature whereas the additional condition
(2.5a) (the equation of heat balance) is a condition on the free boundary
% =s(¢). The assumptions =0 and V=0 correspond to the fact that the
temperature of water is non-negative. Hereafter this problem will be
denoted by FBP. I.
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Definition 2.1. We say that u, s form a solution of FBP.I for
0<t<0 (0<0< + ) if the following conditions are satisfied:

(i) u,, and u, are continuous for 0< x<s(t), 0<t<0,
(ii) u and u, are continuous for 0<x <s(2), 0<z¢<0,
(iii) u is continuous, also for =0, 0<x<b and

0<liminf u(x, ¢) <limsup u(x, ) < + o as t—0, x—0,
(iv) s(¢) is continuously differentiable for 0=<t<0,
(v) u and s satisfy FBP. 1.

By Friedman the following theorem for FBP.1 was given:

Theorem 2.2. In FBP.I, suppose that f(t)(0=t<+ ) and Y¥(x)
(0= x<b) are continuously differentiable functions. Then there exists one
and only one solution u and s of FBP.1 for 0<t< + oo. Furthermore,
the free boundary s(t) is monotone nondecreasing in t.

We shall give an outline of the proof of Theorem 2.2, At first

Friedman prepares the following auxiliary lemma. Define

x—§)*
K(x,t;¢,1)= W—)— { (4(t—2)}'

Lemma 2.3. Suppose that (i) p(t) (0<t<0) be a continuous function;
(ii) s(¢) (0=t =<0) satisfy a Lipshitz condition. Then for every 0<t <0,

lim __S 0(OK(x, t; 5(c), 7)dr

(2'6) x—-s (1) -0 0x
0@+ [ 00| L Kex, 135, 0|

—s(t)

We introduce Green’s function for the half line x>0 which satisfies
the boundary condition u(0, £)=0 (¢>0):

G(x,t;&,7)=K(x,t;&,1t)—K(—x,¢; &, 7).

Integrating Green’s identity:

0 ou 0G 0 _
e (Cge— g )5 Eu=0
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over the domain 0<€<s(t), 0<e<r<t—e and letting ¢—0, we get, on
using (2.2), (2.3), (2.4),

en  ulx o) =S:u L(5(2), D6, 3 5(2), T)dr

+S: F@Cu(x, t;0,7) df+S:"l'($)G(x, £ €, 0)de.

Denoting v(z) =u,(s(r), v), we differentiate both side of (2.7) with respect
to x and let x—s(¢)—0. Using Lemma 2.3, we obtain, on introducing
the Neumann function N(x, ¢; &, t)=K(x, ¢; &, t)+K(—x, ¢; &, t) for the
half line x>0,

28) o) =2V O —fOIVG), 13 0, 00+2{ FEONGE), t;¢, 0)d¢

—zS; F@ONG@), £0, 7) dr-i—ZS:v(z')G,,(s(t), t; s(c), ©)de
where, by (2.5)
(2.9) s(t)=b— S:v(r) dr.

Hencefore this integral system (2.7)-(2.9) will be denoted by FBP. I’

Furthermore it is proved that for every solution u, s of FBP. I, v(¢)
must satisfy the integral equation (2.8), where s(¢) is defined by (2.9).
Suppose conversely that for some ¢>0, v(¢) (0<¢<0) is a continuous
solution of the integral equation (2.8) where s(¢) is defined by (2.9) and
s(t)>0. Then it is also proved that u(x, t), s(¢) (where u(x, ¢) is defined
by (2.7) with u.(s(r),r) replaced by v(r)) form a solution of FBP.I.

Regarding the integral system (2.8)-(2.9) as a nonlinear integral equa-
tion of Volterra type v=T,v (T,: nonlinear) and introducing an appropriate
function space, the existence and uniqueness of a global solution can be
proved in a standard manner as follows:
(i) A solution local in time is constructed by using that T, is a contrac-
tion locally with respect to the time ¢;
(ii) The local solution is continued over to a larger interval with the aid
of some appropriate a priori estimates.

2.2, Here we state our main results. We denote the free boundary problem
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with 6=0 in FBP.I by FBP.II, in which the initial condition (2.3) is
removed and (2.5b) is replaced by

(2.10) 5(0) =0.

We assume that f(z) satisfies the following:
Condition (f.1): f(¢) is continuously differentiable in 0=<¢< + oo.
Condition (f.2): f(¢) is non-negative for 0<t< + o, and if f(0)=0 f(z)
satisfies the additional inequality f(0)>0.

Definition 2.4. We say that u,s form a solution of FBP. II for
0<t<0(0<0< + o) if u, s satisfy conditions (i) and (ii) in Definition 2.1
and the following (iii)’, (iv)’ and (v)’ in place of (iii), (iv) and (v):

(iii)’ 0=<lim inf u(x, t) <lim sup u(x, t) < + oo as t—0, x—0.

(iv)’ s(t) is continuous for 0 <t < ¢ and furthermore is continuously differ-
entiable for 0<t<0, i.e., v(t) is continuous for 0<t<o. More-
over, v satisfies S (—v(r))dr < + 0.

(v) u and s satisfy FEP. II.

The condition (iv)’ allows some singularity of v(¢) at t=0 which
actually happens if f(0)>0. We state our results in the following.

Theorem 2.5. In FBP.II, suppose that f(t) satisfies conditions
(f.1,2). Then (i) there exists a solution u,s of FBP.II for 0<t< + oo.
Furthermore, s(t) defining the free boundary is monotone nondecreasing in
t. (i) x=s(t) satisfies cog$§cl in a neighbourhood of t=0,

Vi reorae

where c;(i=1, 2) is a positive constant dependent on f(t) only.

Theorem 2.5 will be proved in §4 after necessary preparations given
in §3. However, we here give a brief outline of the proof of Theorem
2.5 as follows: (i) We reduce FBP.II to a nonlinear integral equation of
Volterra type, (ii) For 6>0, let u®(x, t), s?(¢) and v°(¢) be a unique solu-
tion of FBP. I’ with xlr=w”(x)=—]ibo)~(b-—x)(0<x<b). Next we make
b=5b,—0 through an appropriate sequence b=54,(n=1, 2,...) and prove that
ub—u, s®—s and v®*—v where u,s and v is a solution of FBP. I,

It should be noted that s® defined in (ii) satisfies the monotonicity with
respect to b, which plays an important part in the proof of Theorem 2.5.
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§3. Some Preliminaries

As a preparation for the proof of Theorem 2.5 we state the following

lemmas.

3.1.
Lemma 3.1. In Lemma 2.3, instead of (i) and (ii) suppose that (i)'

o(t) is continuous for 0<t<0 and satisfies S lo(r)|dr< 4+ o0; (ii)" s(¢)
0+

is continuous for 0<t=<0 and, moreover, continuously differentiable for

0<t<0. Then (2.6) holds as it is.

Proof: We see easily that even if we use (i)’, (ii)’, in place of (i),
(ii) in the proof [ 3] of Lemma 2.3, the proof goes on without modification.

Letting 6—0 in FBP.I’ formally, we obtain the following integral

system:

@D w0 ={ @6, 1 5@, 9 dr+§ F@Cu(x, 130, 7)dr

(0<x<s(t),0<t<0),
3.2) v(2) =—2f(0)N(s(2), ¢, 0, 0) —ZS;f(z‘)N(s(t), t;0, 7)dr

+20 06,60, 1350, dr (0<150),

(3.3) s(t) = —S:v(r)dr (Ost<0),

Hereafter this integral system will be denoted by FBP. II'.

Lemma 3.2. Suppose that FBP.1l has a solution in a sense of
Definition 2.4 and that FBP.1l' has a continuous solution u,v,s in each
domain where they are defined. Then FBP. Il is equivalent to FBP. II'.

Proof: By using the Green’s identity and Lemma 3.1, it is easily
shown that FBP.II is reduced to FBP.II’. Conversely it is proved by
the same way as in Friedman’s paper [3] that a solution of FBP.II
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satisfies FBP. II in the sense of Definition 2.4.

3.2. In order to deduce a comparison theorem for FBP. I, let us consider
FBP.1 with b, f and ¥ replaced by b,(>0), f; and wi(x)=%g)-(b;—x)
(0< x<b;) for i=1, 2, respectively. The corresponding solution will be
denoted by u;(x,t) and s;(¢). The functions f; and v; are subject to the

same assumptions as f and v, respectively, and hence, these solutions do
exist. We have

Lemma 3.3. In addition to the assumptions as above, suppose that
F1®)2f2(¢) (0=t <0) and b;2b,20. Then we have

5;(0)=5,(8) (0=¢<0).

Proof: The proof will be given in two steps. The first step deals
with the case of b,>b,. That is,
Ist step: We claim that if f;(£)=f,(¢) (0=t<0) and b,;>b,, then we
have s,(¢)>s,(t) (0<¢t=<0). We use reduction to absurdity. Suppose that
5,(t) and s,(t) cross each other for the first time at t=t,>0, i.e., s;(¢,)
=s5,(tg), s;(t)>s,(t) (0=t =t,). Then we have

(3.4) $2(t0) 2 $1(¢0) -

On the other hand, we shall compare u,(x, ¢) with u,(x, ¢) in the domain
0<x<s5(2), 0<t<ty. With w=u,—u,, we obtain from FBP.I for u,
and u,;

Wi =Wy 0<x<32(t)a 0<t<t0,
w(0, t) =f1(¢) — f(t) =0, 0<t<t,,

(3.5)
w(x, 0)=‘/r1(x)_"l'2(x)>03 0<x<b2:

—_—

W(Sz(t), t)=ul(32(t), t)>0, O<t<t0.
By using the strong maximum principle [16] for (3.5), we get
3.6) —uq,,(51(20), t0) > — Uy, ,(52(20), o).

Using (2.5a) and (3.6), we get §,(¢y)>3$,(¢,) which contradicts (3.4).
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2nd step: We consider the general case. In fact, s(¢) depends continu-
ously on b in FBP.I (cf. §4). Thus, if we take €¢>0 and denote by
x =s5§(¢) the free boundary x =s(¢) of FBP. I with b replaced by b§=0b,+e¢,

we get
(3.7) s(t)>s,(t) (0=t=0),

by virtue of 1st step. If we make e—0 in (3.7), we get s,(t)=s,(¢)
(0=t=0).

Lemma 3.4. In FBP.I, suppose that f(t) satisfies condition (f.1)

aud, maoveaver, that either
(38)  f®Oz0(0=t<0) if f0)>0, or f(0)>0 if f(0)=0.

Furthermore, if we assume in particular
(3.9) ¢(x)=I(l§)—)(b—x) (0<x<b),

then we have for the solution u(x,t) and s(t),

(3.10) —u, (0, ) f((f)) >_u (), 1) (0<t=0).

Proof: Putting IV(x, t):-;(((:)) (s@)—=x) (0<x<s(t), 0<t<0a), we
shall compare u(x, t) with W(x,t) in the domain 0<x<s(z), 0<t<0.

For w=W—u we obtain

w,=w,,+W,, 0<x<s(¢),0<t<0,
{w(o, £)=0 0<t<a,

(3.11)
Lw(x, 0)=0 0<x<b,

w(s(t), £)=0 0i<ao,

where W, =f(t)(1 _}?T)>+§§—ét))f(t)x

Using (3.8) and the monotonicity of s(z), we see that W,=0. Therefore
the positivity of a solution of the heat equations leads to w=W—u=0
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(0< x<s(t), 0<t<0) which implies that there hold w,(0, £)=0 (0Lt <0)
and w,(s(¢),t)<0(0<¢t<0). Thus we get (3.12).

Lemma 3.5. In FBP.L let f, ¥ be as in Lemma 3.4. Then we have
for the solution u(x,t) and s(¢),

(3.12) KOJS:f(r)drgs(t)gb+KiOJS;f(r)dr 0<t=0),

S 2
(3.13) 0<s(t) =—v(t) £ == f@dr
KO \/Sof(r)df K, dt S

(o<tg0),

where K=

1
VI+f(0)
Proof: Integrating the equation u, =u,, in the domain 0<é&<s(2),

0<7<t and using the initial and boundary conditions which u satisfies,
we obtain

s(t) ¢ 1
(3.14) s(t)+So (g, )dé = —gougo, ) dr +b<1+7f(0)>.
By the maximum principle and (3.8), we get
s(2)
(3.15) S f(t)d{-‘>$o u(e, 1) de.

Using the first inequality of (3.10) and the monotonicity of s(z), we get

(3.16) —S:ug(o, z')d1:>S J Eg s(t) S F(0) dr.

Substituting (3.15) and (3.16) into (3.14), we get

A+f@)s©) 2~ f@de

which implies the first inequality of (3.12);

(3.17) S(t)gKo\/S:f(z')dr (0<t=0).
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Using (3.17) and the second inequality of (3.10) we have (3.13). Integra-
tion of both sides of (3.13) with respect to ¢ from 0 to ¢ leads to the
second inequality of (3.12).

Lemma 3.6. In FBP.I, suppose that f(0)>0 and (x) satisfies
(3.9). In paticular, if we take ¢(>0) sufficiently small so that there holds
for 0<t<o0,

(3.18) f(®©)>o,

then we have for the solution u(x,t) and s(t),

(3.19) KWt ss()Sb+ 2K/t (05050)
1
(3.20) 0<8(t) = —v(t) < Ilé \/% (Ost<e),

where K, =012ti§¢f(t)’ K2=\/ ll-flKl and K, =0r;1’z;):f(t).

Proof: Let f(¢) and ¥(x) in FBP. I be (i) f(¢) which satisfies (3.18)
and —fl()—o)—(b— x) (0< x <b); (ii) K; which is the minimum of f(¢) (0=t=0)

and %(b—x) (0<x<b). Then we denote the free boundary s(¢) corre-

sponding to (i) and (ii) by s(¢) and s,(¢), respectively. By Lemmas 3.3
and 3.5,

(3.21) KWKt Ss,()ss(t)  (0<t=0).
Instead of Lemma 3.4, we now claim that

K

(3.22) 0<s(t)y=—v(@®) = S0 (0<t<0).
Indeed, putting W(x, t) =—§£37—(s(t) —x) (0<x<s(2), 0<t<0) and repeat-

ing the same arguments as in the proof of Lemma 3.4, we get (3.22).
Using (3.21) and (3.22), we get (3.20). From (3.20) the second inequality
of (3.19) follows.
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§4. The Proof of Theorem
4.1. Construction of solution

It is enough to prove the existence of a solution for 0 <t <g, for some
0 >0, since we can then apply Theorem 2.2 and thus conclude the existence
of a solution for 0<¢t< 4+ . Furthermore, the proof of the monotonicity
of s(t) is similar to that given in [ 3] and will therefore be omitted here.
Let the notation u®(x, £), s°(t) and v®(¢t) be the same as at the end of
§82.2.
Ist step: Let {b,} be a sequence which satisfies b,>6b,.,>0 (n=1, 2,...)
and b,—0 as n—oo. Then Lemma 3.3 leads to that sb»(¢)>sb»+1(¢)
(0=t<0). As b=b,—0, we see that s®(¢) converges to s(¢) at every
point in 0<¢<¢. The limit function s(¢) satisfies s(0)=0.
2nd step: Consider now the family »® for 6=b,. Then there holds that
(i) if we use Lebesgue’s theorem, we get that for any Ve C![0, ¢,

S:vb(r)vf(r)df —— S:sb(r)wr) dr = —sb(0) + b+ g:sb(r)«/}(f) dr — — ()

+S:s(r)\/}(r) dv (b=b,—0); (i) if we take 0(0<0<0) sufficiently small
and use (3.13) and (3.20), then we see that v’ is uniformly bounded in
L=(0, 6) and, hence, is weakly* compact in L~(0, 0), while any limit
function must be the derivative of s (in distribution sense). Consequently,
v® converges weakly* in L=(0, 0) to a function v~(¢)e L=(0, 0) for every
0<0(<0). Obviously, v=(¢) is well defined almost everywhere in (0, 07].
Also v~ is non-positive.
Then we have

(4.1) lim g otn ()Y (£) dt =g’u~(z)w(t) ds
b=bn—0/0 0

for bounded function Y whose support is in (0, ¢7].

3rd step: The limit function s(¢) defined in 1st step is continuous in
0<t=<0. In fact, in view of Ascoli-Arzela’s theorem and Lemmas 3.5 and
3.6, we see that s®(¢) converges to s(¢) locally uniformly in 0<¢<¢ and
s(t) is continuous in 0<¢=<¢. Furthermore if we prove that s(z)—0
(t—+0), we see that s(¢) is continuous in 0<t=<0 since s(¢) satisfies
s(0)=0. If we apply (3.14) to s®(¢) and make b=5,—0, then we get
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Ko\/glf(z')dr <s(t) gKio\/S'of(r)df (0<i<0).

From this s(+0) =0 is obvious. If f(¢) satisfies the assumptions of Lemma
3.6, we may repeat the same arguments mentioned above.

Using Dini’s theorem, we conclude that s’(¢) converges uniformly to
s(¢) in 0=<¢<0. On the other hand, it follows from Lemmas 3.5 and 3.6
and the monotonicity of s®(¢) that s(¢) is a positive and nondecreasing
function in 0<¢=<g¢. Finally, s(¢) satisfies a Lipshitz condition in 0<t <g0.
4th step: In 2nd step, we proved that v® converges weakly* to v~ L7, (0,
0). Here we shall show that »® converges at every point in 0<t=<0 to
a function which we denote by »°(¢). If we replace ¥(x) in FBP. I’ by

() =L 2) (6>0), we get
“2) o) = —l%o—)—-gz]\f(sb(t), £ €, 0) ds—zg: FEONGE@, 130, 0)de

+2S'vb(r)c,,(sb(z), i st(0), de  (0=t=0).
0
Making b6=0,—0 in (4.2), we can show

(4.3)  vP—09(t) = —2f(O0)N(s(t), t; 0, 0)—zS FE@NGs(), ¢ 0, v)de

+2S;v”(r)Gx(s(t);t; s(e), T)dr  (0<t=0).

Some detailed proof of (4.3) will be given in Appendix.

Sth setp: Here we shall prove that s(¢)=C[0, 0] and v~(¢)€ Lf,(0, 0)
is a solution of FBP. II”. In 4th step, we proved that v%(¢) converges in
any interval 0<#<t=<0 to v°%¢). From the pointwise convergence of
v%(¢) to v°(¢) and the manner of convergence of v® to v, it is clear that
v=(¢) =v°(¢) almost everywhere. In other words, we have that, for almost
all ¢, 0<t<o0,

“4) o) =—2f0O)N(s(t), t; 0, 0)-2S F@NG(@), 50, ©)de

¢
0

+2$:1;"’(z')Gx(s(t), t; 5(c), 7)d.
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We now redefine v™(¢) on a null set so that (4.4) holds for every ¢, i.e.,
v=°(t)=0(). Then v~(¢) is a solution of (4.4), which is continuous in
0<t=<0 and satisfies S (—v=(r))dr < + o0,

0+

Finally, letting 6=5,—0 in (2.9) and noting the uniform integrability
of v® (see (3.13)) we find that s(¢) in consideration satisfies

s(t)= —S;v“"(r) dr  (0=:=0)

and is absolutely continuous in 0<t<c¢. If we substitute v=v"(¢), s(¢)
constructed above into the right side of (3.1), we see that u(x, t) of (3.1)
is a solution of FBP. II'.

4.2, Tt remains to consider the behaviour of s(¢) as ¢ tends to zero. If
we apply Lemmas 3.5 and 3.6 to s=s%() and make b=5,—0, the state-
ment of (ii) of Theorem 2.5 follows immediately.

Appendix

Here we shall prove (4.3) as follows.
(i) It follows that for u<t<o (0<u<o0),

@y i () ZON@, 18 0de=—2fONGO), £50,0).

In fact, making b=5b,—0, the second term of the right side of the
following inequality;

a2 [0, N, 136, 0ds =N, 150, 0)a
=3 INGH @, 158, 0= NG, 15 ¢, 0)] de

3 ING@, 65, 0= NG5, 850, 0)] d&

converges to zero. Using the mean value theorem and the inequality
Jﬁxe‘”’ge‘%"z and making b=5, sufficiently small, we get that for any

e(>0), |N(sb(), t; &, 0)—N(s(t), £; &, 0)|<e in the domain 0<u=<i=0,
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0<€&<b,, which implies that also the first term of the right side of
(A.2) converges to zero.
(ii) It follows that for 0< u<t=<g,

(A.3) lim S;vb(z‘)G,(s”(t), t; $5(c), 7)de

b=bn—0
=S;v°°(z')G,,(s(t), t; s(c), 7)dr.

For every fixed ¢ and &, where 0<e<t¢<0, we divide the third term on
the right side of (4.2) into two parts, namely

t t-¢& t
(oo e
—&

0 0

If we can prove that

(A.4) lim N, =St—€v°’(z‘)0x(s(t), t; s(c), o) de

b=bp—0 0

and that uniformly with respect to b=5, and ¢t (0<u<t<0)

(A.5) lim N, =0,
&0
and
(A.6) lim S' v(0)G,(s(t), t; 5(c), T)dr =0,
& t—¢

then it completes the proof of (A.3). Replacing ¥ in (4.1) by G,(s(z),
t;s(r), v)e0,t—¢c], we get

(A7) lim OS;'S ()G, (s(2), ¢; s(c), ©)dr

b=bn—
- S:‘e (D)6, (s(2), t; s(z), 7)dx.

Using that G,(s®(¢), t; s®(r), r) converges uniformly in 0<tr<i—e to

G,(s(t), t; s(r), r) as b=b,—0 and that St—s(-—v”(r))df is uniformly
0

bounded by virtue of (3.13), (3.20), we get
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@8 tim (RO, 15 ), D=6, 5 5(2), )]dr =0.
b=bp—0J0

From (A.7) and (A.8) follows (A.4). Next, using the Lipschitz continuity
of s%(t) (0<t=<0) and the following inequality:

S:_eﬁb_(%éf__biﬂ.lc(—sb(t), t: s5(c), 7)dr g%{x" j—; dy

b 2
where 7= $ i? , we get

(A.9) S:_ PG, (5(E), £ $5(0), 7)de < MAE + AO-M-S+"2d y

where M=T<1~— max —T:f(r_)—— <0< e<—g—>
0 £srso \/S FQ)da
0

and 4, is an absolute constant.

Using (3.12), (3.19), we conclude that the right side of (A.9) tends
to zero as ¢—0, uniformly with respect to ¢ and b=b,. Thus we see
(A.5). On the other hand, replacing Vv in (4.1) by [sgn vG,G,.(s(¢), t;
s(v), v)eC[t—e, t—07] for any 0<d<¢e, we get

(A.10) S:|v°=(f)c,,(s(z), t; s(o), ©)| dr

t-98
< lim supS |02 (2)G,(s(2), ¢; 5(c), T)| dr
b=b,—0 t—&
t
t

< u{ 16,60, 13 5, ) de

<M + 4 MS+°°Qd
= 0 6 \/7 Yy

2
where B=§%’2—. The last inequality follows as (A.9) with s® replaced by

s. In fact, v? is uniformly bounded in L""(—g—, o > <O<6‘ <a<%) by (3.13)
and (3.20), i.e.,

(A. 11) 0<—vt<M (%gtga),
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which implies

(A.12) |s(8) — st (c) | < M-

t—r| (—%—grgtéo‘).
From (A.12), we get

(A.13) |5(2)—s(c)| < M- |t~ (-‘z‘-grgtgcr),

since s%(t) converges uniformly to s(¢) in 0<¢<0. Since the right side
of (A.10) does not depend on ¢ and tends to zero as e—0, the integral on
the left side of (A.10) is convergent for 0 =0 and is bounded by the right
side of (A.10). We now use the results of 3rd step and conclude that if
0< u<t<0 then the right side of (A.10) tends to zero as e—0, uniformly
with respect to ¢ and b=bd,. Hence follows (A.6).

(iii) The second integral on the right side of (4.2) can be dealt with
quite similarly.
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