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Characterization of Inner #-Automorphisms

of W*-Algebras

By

Hans J. BORCHERS*

1. Introduction

For some problems in physics I would like to have a characteriza-
tion of x-automorphisms of a C*-algebra which can be realized by unitary
operators in the enveloping von Neumann algebra. Looking at this
problem I realized that one should first treat the same problem, as an
“‘exercise”, for W#*-algebras. The simplification is due to the fact that
an inner automorphism lies also on a one-parametric group, while, for
a permanently ewakly inner automorphism this property is not known.

The technique emplyoed here is a further development of a method
I have used in a recent paper [5] in order to give a new and construc-
tive proof of the theorem of Kadison [6] and Sakai [9] on derivations
and my own result [3] on groups with semibounded spectrum. The
same technique as used in [5] has been developed independently by
Arveson [1] and also by Pedersens [8]. The advantage of this method
is due to the fact that it gives a rather explicit construction of the
spectral resolution of the unitary operator we are looking for.

The technique is derived from the concept of creation- and annihila-
tion-operators which is used in physics. These operators define a shift
operation on the spectrum of the unitary operator we are looking for.
The aim is, of course to cnostruct a spectral resolution. This means
one has to associate to every projection in the center of the invariant
clements a subset of the torus. The difficulty is due to the fact that
an inner automorphism defines the unitary operator only up to a unitary
in the center. This means the mapping from the projections to the
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subset of the torus is not unique. DBut assume there exists such a map
then we can form for two projections the difference set which is unique.
That this can be done is the content of section 2. These difference sets
contain also enough information in order to give a classification of
automorphisms, section 3. Having associated to every pair a difference
set one only needs to fix one point of the spectrum in order to localize
the projections on the torus. That this can be done and gives rise to
a unitary operator with the correct properties will be shown in section
4. In section 5, we exploit these techniques in order to give several
necessary and sufficient conditions for an automorphism to be inner,
including a generalization of the result of Kadison and Ringrose [6].
Some further applications are also discussed. In the last section we
give a brief outline of the extension of our method to general locally
compact abelian groups.
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2. Notations and Preliminarie

By the couple (R, ) we denote a von Neumann algebra R and
a =-automorphism o of R which is automatically a normal automorphism
of R. The group {a", neZ} is a representation of the additive group
Z. Tts dual-group we denote by T. Since T is isomorphic to the unit
circle we identify it also with [0, 2n) so that 0 means the identity
of T. A closed interval we write often as [a, b] with the prescription
that one shall start at e’ on T and shall proceed in the positive direc-
tion until we get to the point e’®. This means e.g. that [a, b] and
(b, a) are complementary sets. Then for ¢>0 the sets [—e¢, &] are sym-
metrical, intervals around the identity of T.
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2.1. Definitions: We introduce the following notations:

a) Ro={xeR; ax=x} which is the set of invariant elements.

b) Z denotes the center of R.
Z, denotes the center of R,.

c¢) P, denotes the set of projections in Z, (we introduce for this a
separate symbol since we work exclusively with this set).

d) Let xeR and fel!' then we denote

x()= Sarxf(n).

e) Let I be a closed interval of T then we denote by I} ={fell;
support #~fcI}, where & denotes the Fourier-operator.

f) Let E be a projection in R, then we denote by ¢,E the union
of the ranges of {x(f)E; xeR, fel}} ie. ¢;E is the smallest projec-
tion G in R such that Gx(f)E=x(f)E holds for all x € R and
fel}.

The operator ¢, assigns to every projection Ee R, a unique different
one. This operation is not linear, and for some pairs I and E, ¢;E

might be zero. Before investigating its properties in detail we show:

2.2, Lemma: Let G be a projector in R, and E its central support
in Ry, then we have for all IcT

¢/G=¢,Ee P,

Proof: In order to prove the first relation, we remark that R,
contains the identity. Hence we get R'-R,=R. Furthermore the elements
in R, are invariant. This implies for xe R, ye R, the relation (xy)(f)=
x(f)-y. Thus we get:

{x-(NG={x(f)y-G}xeR  yeR,.

Since we have R,Go# =Es# (where s# denotes the Hilbert-space on which
R is acting) we get

¢,G=¢,E.

In order to prove the second relation, notice that Ge R, and is
therefore invariant. So we get:
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a(x(f) G) =a(x(f)) G =(ax)()G.

Since o is an automorphism of R follows ¢;G is invariant. Let now
HeR, then we get:

Hx(f)G=(Hx)(f)G e {x(f)G; xeR}.

This means ¢,Gs# is invariant under R,. But since it belongs to R,
the projector ¢,G belongs to the center of R,.

This lemma shows that, with respect to the operations ¢, we
can restrict ourselves to Z,. Since we only work with projections a

separate notation for them is justified.

2.3. Theorem: Consider ¢, as a mapping from P, into P, then it
has the following properties:
a.a) E,=E, implies ¢E, =¢,E,.

B) Put E,VE,=E,+E,—E-E, then we get

¢(E,V Ey))=(¢;E,)V ¢,E,.
y) Let I' be an ordered index set, let E, be increasing i.e. E;<E,

for B<y and let E=Str1yleI}1Ey then we have

¢IE =Str lim ¢IE}’ .
Yell
b.a) The relation I,<I, implies

¢11E§¢12E'

B) Let I° denote the inner points of I. Assume I, NI1,#@ and
(I, Ul,)°=I;UI; then we get

¢Ixu12E=¢11EV¢12E
y) Let I, and I, be two arbitrary intervals, then we get
¢1‘,‘¢12E = 4"11 +r.E.

(Here we have written the group action of T with a+sign.)

c.o) Assume I°30 then we get:
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¢,E2E.
Let I=T then we get:
¢rEePynZ.

Furthermore ¢rE is the carrier of E in PynZ.
Let FePyNZ then we get:

¢ (F-E)=F-¢,E.
Let E, be such that E,-¢;E=0 then follows:

E'¢I—1E1 =0.

Proof: a.wa) Is trivial.

2

)

P

?)

From o) we get ¢E;VP,E, <P, (E,VE,). Assume HeP, and
H-¢,E,=H-¢$;E,=0 then we get for xeR and fel}: Hx(f)
{E,s#+E,s#}=0. But this implies Hx(f)E,V E,)# =0. Con-
sequently we have ¢,(E,V E,)<(¢;E,)V (¢;E,).

Since E,<E we get from o) the relation ¢;E,<¢,E. Assume
He P, is such that H¢;E,=0 for all yeI then follows Hx(f)E,=0
for all y,xeR, fel} and consequently Hx(f)E=0. This implies
H-¢;E=0 and thus ¢;E=<strlim¢,E,. But by the first line
strlim ¢, < /. e

This follows directly from the relation
I}, <li, for I,cI,.

First we have from b.«) the relations ¢ ;,E=¢;E,j=1,2 and
thus ¢; o7, E2¢,EV¢,E. If fel} ,;, then we find functions
fiel,, j=1,2 with f=f;+f, since the two intervals are over
lapping. So we get for xe R the equation

X(NE=x(f1)E+x(f,)E

and from this ¢ ,;,E<¢; EV ¢,E
Assume fel} ,gel}, and x, yeR then we find

X()3(6)= % Jmg(m)(ar(ay)



16

c. )

B)

B)

Hans J. BoRCHERS

=3 f(Mg(n+m)a"(xa™y)

n,m

= % 2 f(m)g(n+ma(xamy) .

Since fel}, and gel}, follows that for every fixed m the func-
tion f(n)g(n+m)el} ,;,. This implies

(I =91, +,E)X(f)y(VE
=2(1=¢1,+,E)X f(m)g(n+m)a(xomy) E=0.
This implies
¢1,°¢1,ES 01, +1,E

Since zero is an inner point of I exists a function fel} such
that Y f(n)=1. From this we get 1(f)=1. And consequently

$E21(f)E=E

If I=T then we get from c.a) ¢E=ZE. On the other hand
the function f= (1 for n=0

{0 otherwise
is an element of I[4=I' and consequently we get {x(f); xeR,
fel'}y=R. This implies ¢ E#=REs# and hence ¢rE is the
PynZ carrier of E.
Let FePynZ then we get for xeR, fel} and E€P,

x(f)F-E-# =Fx(f)Es# and consequently
¢(FE)=F¢,E.

Let E,, E€P, and assume E;¢,E=0, then we have for xeR,
fel}

E . x(f)E=0.
Taking the adjoint of this equation we get E(x(f)*)E;=0. Now

{x()}*=x*(f) which implies Ex*(f)E;=0. Since f—f maps [}
onto I}-. we get E¢,-.E,=0.
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This ends the proof of the theorem.

We should emphasize again that ¢, is not a one-to-one map. One
gets a good idea of ¢; by choosing a unitary operator u € R and defin-
ing o by the relation ax=uxu*. If E, is a spectral projection of u
belonging to the interval I<T then ¢; E; is majorized by the spectral
projection belonging to the interval I+1,. Therefore in the case where
the spectrum of u has a gap there exist pairs (E, I) such that ¢,E=0.
Moreover it can happen that ¢; is the null-operator, for instance if
o generates the group Z, and I does not contain the points 0 and =
then ¢;=0.

It is our aim to assign to every projector in P, a set of T. If
this could be done, then the operator ¢, gives us information about
the relative positions of these sets belonging to two projections. Since
we know the operators ¢, we start with these relative positions.

&

2.4. Definition: Denote by I, the interval [—g, >

E,e P, then we define

], e>0. Let E,,

n(E,, E;)={beT; 3e>0 with E,¢,, E,;=0}

2.5. Proposition: The sets n(E;, E,) have the following properties:
a) n(Eq, E,) is open.

b) n(E,, E\)=n"'(E,, Ey).

c¢) E\<E, and E4ZE, implies

n(ElsEZ)Cn(E’I! ’2)
d) For FePy,nNZ we get
n(FE,, E;)=n(E,, FE,)=n(FE,, FE,).

e) n(E,VE,, E3VE)=n(E, E3) N n(Ey, E;) N n(E,, E3) N n(E,, E,)
f) Let E, be an increasing family of projections and define E=
str.lim E,, then we get
-1

n(E,, E)={Nn(E,, E,)}°

g) Let K be a connected component of n(E,, E,), and let I be the
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closure of K. Assume I#T then we get
E, ¢;E, =0

Let F, and F, be the PynZ carriers of E,, E, then n(E,, E;})=T
if and only if F,-F,=0

Proof: a) Let ben(Ey, E,) then exists ¢>0 with E,¢z. E;=0.
If be(b+1,)° then exists &>0 with b'+I,<b+1I,. Hence we
get from 2.3.b.a)

E2¢b' +1;,E1 §E2¢’b+l.E1 =0.

This means b’ en(E,, E,).
Let ben(E;, E,), then exists £¢>0 with E,¢,,; E;=0. Thus we
get from 2.3.d. p)

E1¢(b+ls)"1E2=O'

Since (b+1,)"'=b"1'+1, we get b 'en(E,, E;) and consequently
n~1(E,, E;)en(E,, E;) and n Y(E,, E\)<n(E,, E;) which implies
n~1(E,, E;)=n(E,, E,)

This follows directly from 2.3. a. a)

From 2.3.d.a) follows:

E2¢IFE1 =E2F¢1E1 =FE2¢IFE1, WhiCh implies d)
Because of b) it is sufficient to prove the relation
n(El, E3 VE4)=n(E1, E3) ﬂ n(El, E4) .

c) implies that the left hand side is contained in the intersection on
the right. So it remains to prove the converse. Let ben(E;, E5)Nn
n(E,, E;) then exists &>0 with E;¢,.,E;=E ¢y, E;=0 and
consequently E;V E,¢,,E;=0. This means n(E;, E3;)nn(E,, E;) c
n(E,, E;V E,).

Since E=E, follows from c¢) n(E,, Eyen(E,, E,), and hence n(E,,
E)c{N\n(E,, E))}°. Assume b is contained in the right hand side,
exists £>0 such that b+1, is also contained in it. Thus we get
E,¢p+1,E;=0 for all « and consequently E¢,,;,E;=0. This means
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n(E,, E))>{Nn(E,, E))}°.

g) Let K be a connected component of n(E,, E,). Let I, be a con-
nected closed subset of K, then I; is compact. Hence exists a
finite number of points b;el; and g such that Ub;+I; covers
I, and E;¢,, 41, E;=0. This implies by 2.3.b. f) that E2¢%bi+,EiE1=
0. From this we get E,x(f)E;=0 for all xeR and all fel} such
that supp &~ 1f<I°. Since these functions are dense in [} and f—
x(f) is continuous in f in the I! topology follows E,x(f)E;=0
for fel}. This implies E,¢;x,=0.

h) From 2.3.c.p) follows ¢ E,=F,. If n(E,, E;)=T then we get
from g) ¢-EE,=F,E,=0.

This ends the proof of the proposition.

3. Classification of *-Automorphisms
In this section we give a complete classification of automorphisms.

A. The class K
Our investigation is based on the sets n(E;, E,). The first obstruc-

tion which might happen is that these sets are empty. This leads us
to the first

3.1. Definition: We say (R, o) belongs to the class K if for all pairs
E,,E,eP, we have n(E,, E;)=90 or =T.

Equivalently (R, «) belongs to K, if for all pairs E,, E,€P, the
set n(E,, E,) is invariant under the whole rotation-group of the torus.

The second definition we have put in, since it is in analogy to the
defining relations of the other classes. Next we consider an arbitrary
automorphisms (R, «).

3.2. Proposition: Let (R, a) be arbitrary, then exists a unique pro-
jection FoePyoNZ such that (FyR,a) belongs to K, and for every
FePynNZ with F_F=0 follows (FR, «) does not belong to K,. This

means ((1—F )R, o) contains no invariant part which belongs to K.
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Proof: Let F={FeP,nZ; (FR,x)eK_}.

Assume first Fe&# and F,ePynZ with F,<F then follows for
E,,E,<F, that also E,, E,<F. Hence n(E, E,) must be @ or T.
This means F;e%. Let now F,,F,e%# and E,, E;,<F,VF, then
follows from 2.5.¢)

n(E,, E;)=n(Ey, F1E;) N n(Ey, F,E,)

This implies n(E;, E;) is @ or T since it holds for the right hand
side. Consequently F,VF,e%. Let F,e% be an increasing family
of projections and define F=strlimF,. Assume E,, E,<F then we
get by 2.5.f) n(El,E2)={f\n(E1,aEaE2)}°. Since now n(E,, F,E,)=
n(F,E,, F,E,) is @ or T follows n(E, E,) is @ or T. Hence F belongs
to &#. Using now Zorn’s lemma we see that & contains a unique
maximal element F, such that F-F,=F for all Fe%#. From the
construction follows furthermore that (1—F_ )R contains no invariant

part belonging to K.

Next we want to give a better characterization of the part which

does not belong to K.

3.3. Lemma: For any pair (R, a) the following statements are equiva-

lent.
1. F,=0.
2. For every FePyNZ exists a pair of projection E, E;<F such that

WE,, E)#T and n(E, E;})#9.

3. For every Ee€P, exists a projection E{<E, E,€P, and a projection
E,eP, such that

n(E,, E;)#T and n(E,, E;))#0.
4. For every E€P, exists a projection E{<E, E;€P,, E,#0 such that
n(E,, E\)#9.

Remark that n(E,, E,) is also not T. Since E,#0 n(E,, E,) must
not contain 0 by 2.5.8)
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Proof: 1.=2. Assume 1 holds but not 2. Then not 2 implies
there exists an element Fe P,nZ that for any pair E;, E,SF we must
have n(E,, E;)=T or . But this means (FR, x) belongs to K., con-
tradicting the assumption that F =0
2.=3. Assume 2 holds and let EeP, be given. Denote by F(E) the
support of E in PyNnZ, then from 2 follows that there exist G and
E,eP, and G, E,<F(E) with n(G, E;})#T and n(G, E,)#@. Multiply-
ing all projection by F(E,) then we can assume F(E)=F(E,). Since
n(G, E;)#T follows F(G)#0. This implies n(G, E)#T. This implies
for b¢n(G,E) and &>0 that E,=E¢,.;G#0. Choose now a and
¢ in such a way that b+a+1,,=n(G, E,) then we get:

E2'¢a+IgE1 =E2¢a+lg(E¢b+IgG)§E2¢a+12¢b+IgG§E2¢a+b+125G =0

by 2.5.¢), 2.3.b.y), and 2.5.g). This implies n(E,, E;)#@. Since
E,#0 and F(E,)SF(E,) by construction follows from 2.5.h) that n(E,,
E)#T

3.=>4. Assume 3, and let E be given, then exists a pair GZE and
E, such that n(G, E;)#T and #@. By 2.5.b) this also holds for
n(E,, G). Let bén(E,, G), then E,=G¢,,; E,#0. Choose a and e
such that a+b+1,,cn(E,, G) then we get again by 2.5.c), 2.3.b.y),
2.5.g) and 2.5.h)

E ¢ui1,E1 =(GCPpi1,E)Pus1(CPpsr,E2)) £ Gy 1 (Gpir, Ed)
SG6Gburr3Pp+1,E2=Ghgiprr, E2=0.

This implies n(E,, E\)#@. Since E;#0 we have also n(E,, E,)#T.
4.=1. Is trivial.

B. The classes K,, neN.

Before defining these classes we need some preparation and motiva-
tion. We start with the technical part

34. Lemma: Denote by nyE,, E,) those points of n(E,, E;,) which
have distance greater than ¢ from the boundary of n(E,, E;). Assume
b¢n(E,E,) then E'=E,¢y.,E;#0. From this we get n(E', E)#T and
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n(E', E')o>n(E,, E})Uny(Ey, E\)U{n(E, E;)—b} U {n(E,, E{)+b}

Proof: (i) Assume aen(E,, E;) and ¢ such that a+I,cn(E,,
E,) then we get:

E" ¢a+I£’E, =E, (¢b+15E1) : ¢a+1;’(E2¢b+I,;E1)

§E2'¢a+18'E2=0-
(i) Assume a+I, cn,(E,, E,), then we find:
E"¢giro B =Ey(Gpr1.E)Dar 1o (E2Pps1,E) S (Pp4 1, E)Pasry Po+1,E4

§(¢b+15E1) ' ¢n+b+la+5E1 .

In order to show that this vanishes we make use of 2.3.d.p).
a+1,<n,(E,, E,) implies:

0=E1.¢a+15’+2=E1 ZE; ¢p-s +Is°¢a+b+15’+gE1 and hence
(¢b+I;E1)¢a+b+Ig’+gE1 =0

(iii) Let a+I,<{n/(E,, E;)—b}, then follows a+b+1I,,,=n(E, E,).
From this we get:

E"d’a—us'E' =E2(¢b+IgE1)¢a+Ig'(E2¢b+IgE1)
SE; 510004 1,E1 SEy@uiprry, E1=0

(iv) The last term follows from (iii)) by the relation n(E,, E,)=n"(E,,
El)-
It is our aim to classify the sets n(E, E). In order to see what
kind of situations might occur we look first at extremal cases.

3.5. Lemma: Assume E#0 and wn(E, E)#9. Suppose furthermore
that for every E, with n(E,, EY#T we get for all b¢n(E,, E) and all
e>0 the relation {n/(E,, E)—b}<n(E, E), then we have:

(i) There exists ne N such that

2n m

—n,...—2n,...i—i'2n}.
n

T\n(E, E)={O, z 4
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For every E, we get n(E,, E) is invariant under rotations by the

angles %Zn, m=0,1,...n—1.

Proof: (i) For proving the first statement we put E;=E. Since
T is compact there exists a connected ccomponent I=(a, b) of
n(E, E) with maximal length. Since a does not belong to n(E, E)
we get from the assumption: {(a+¢, b—¢)—a)cn(E, E). Since
n(E, E) is symmetric follows also ((b—a—¢)"!, —g)cn(E, E).
Since ¢ was arbitrary follows 0 is an isolated point of T\n(E, E).
This implies (0, ¢)=n(E, E) with ¢=b—a. Since ¢ and hence ¢!
does not belong to n(E, E) follows that also (0, ¢)+ c=(c, 2¢) =
n(E, E). By repeating the argument we get

(mc, (m+1)c)=n(E, E) m=1.2...

Since T is copact, exists a smallest n such that nc=2n. This
implies T\n(E, E) contains at most the points {%M; m=0, 1,... n—l}.

None of these points can belong to n(E, E), since by construc-
tion there exists no component of n(E, E) with length greater than
c. Since E#0 follows from 2.3.c.a) that O0¢n(E, E) which implies
that n most be at least one.

Now let E; be arbitrary. If n(E,, E)=T then the statement is
correct. Assume now bé¢n(E;, E) then follows from the assump-

tion n (E, Ey—bcn(E, E) or equivalently nJ(E;, E)—b{ {% 27':}
or n(E, EYDb+ {I:lih}. Since & was arbitrary follows b ¢ n(E,, E)
implies also b+—’::—2n¢n(E1, E), consequently T\n(E,, E) is invariant

and thus also n(E,, E) is invariant under the rotations by %271.

From this lemma we extract the following

3.6. Definition: A pair (R, o) belongs to the class K, neN, if

the following two conditions are fulfilled:

(@)

For every pair E,, E,eP, the set n(E,, E,) is invariant under the
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rotations by the angles %211, m=0, 1,... n—1.
(ii) For every FePynZ and every 0<a<% exists an EeP, with

E<F and n(E, E)c(a, _an—a).

3.7. Proposition: Let (R, ®) be arbitrary, then exists a unique projec-
tion F,ePyNZ such that (F,R, ®) belongs to the class K,, but for no
projection FePy,nNZ with F-F,=0, (FR,a) belongs to K,.

Proof: Define #={FeP,nZ; (FR,«) belongs to the class K,}.
Now we show:

(i) Fe# and F,<F with F,ePynZ then F,e%. This is clear from
the definition of K,.

(ii)) F,, Fe&# implies F{VF,e%. Let E,, E;<F,;VF, then follows
n(E, E;)=n(F,E,, E;)Nn((E,—F,F,)E,, E;). Since both sets on the
right hand side have the invariance property it follows also for
n(Ey, E;). Now let F<F,VF,, then F-F, or FF, is not zero,
say FF,. If FePynZ then also F-F;. Hence exists for a given

O<a< % a projection E with n(E, E)> (a, 2n _ a). Consequently

n

F,VF,e#.

(iii)) Let now F,e% be an increasing family and let F=strlimF,.
We want to show that F belongs to &%. Take El,Engathen
we have by 2.5.f) n(E,, E;)={"\n(E,, F,E;)}°. Since all n(E,
F,E,) have the invariance propert;, it also follows for n(E,, E,).
Next let F;eP,nZ such that 0#F;<F. Then exists o« such that
F,F,#0, and hence we find E with 0#E<F,F,<F, such that

n(E, E)D(a,-g——a> with 0<a<%. This implies Fe Z.

Now by Zorn’s lemma & contains a unique maximal element F,
such that FF,=F for al Fe#. For any FeP,nZ with FF,=0 the
pair (FR, o) does not belong to K, by construction of the family #.

Before we discuss the meaning of the different classes we show
that the classification is complete.

3.8, Theorem: Let R be a von Neumann algebra and o a =-auto-
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morphism of R. Then exist projections F,,neN and F, belonging
to PonNZ which are mutually orthogonal such that

Foo+an=1'

neN

and such that (F,R, o) belongs to K, for n=1,2,... and .

Proof: First we will define a decomposition, and afterwards we
will show in two separate lemmas that this decomposition coincides
with the decomposition into the classes K, and K.

We define families %, by the following conditions: FePynNZ
belongs to &, if there exists an element 0#E e P, such that
(i) The PynZ support of E is F.

(ii)) In n(E, E) exists a connected component I with length I(I)>nz—_|7_[I.
From the construction follows &#,o%,_,. Next we define projection
H,ePonZ by the relation H,= VvV F. Since £,,,o%, follows

Fe#n
H,,,=H, Therefore exists H,=strlim H,,.
n

Now define G,=1—-H, and G,=H,—H,_,. From the construction
follows G,+>G,=1. It remains to prove that G, and G, coincides
with F_ and nF,, defined in 3.2. and 3.7. We start with G,. Let 0#
E<G, then we have n(E, E)=0. Because, if n(E, E)#0 then its
Py n Z support F(E) would belong to some family &#,. Now lemma 3.3
implies that for E,, E, <G, follows n(E,, E;})=T or @. But this shows
G,=<F,. Conversely if FePynZ with G F=0 then exists a number
n such that F-H,#0 and by definition of H, exists a projector F, e %,
with F:F{#0. But by definition of F; exists E with F(E)=F; and
n(E, E)#@ hence also n(E, FE)#{ and consequently F-F_=0. This
implies F <G, and thus F_ =G,.

For proving the identity between G, and F, we need some pre-
parations which we put into the form of two lemmas.

39. Lemma: (i) Let F belong to &%, and let 2—:«>a>£'L then there

n+1
exists a projection 0#Ee€P, with its PynNZ support =<F and

n(E, E) contains a connected component I with l(I)=a
(ii) H, belongs to #,, and there exists E with support E=H, and
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n(E, E) contains a connected component I with I(I)=a

Proof: (i) This part is based on lemma 3.4 and 3.5. Let Fe.#,

For every 0#Ee P, with EXF define I(E) to be the maximum of

the length of the connected components of n(E, E). Define /(F)=
sup I(E). Since F belongs to £, follows I(E)>—"~ 27 By de-
0#EXF n+ 1"

finition of I(F) exists for any ¢>0 a projector 0#E<F with I(E)<

2
0<¢'<e¢, then follows from the fact that there exists no E#0 with

I(E)>1(F) that also (¢, I(F)—¢)cn(E, E). If b¢n(E, E) would
belong to this interval we would find & >0 with &'<b—g, and

I(F)+e¢. Assume this component I is (c + —8,,’—, c+1I(F)— —8’——> with

b+e, <I(F)—¢ and hence ( +—2- c+1(F)— ——)+I +b is the in-

terval <C+b+i,)~+81,C+7(F)+b~—-—2——81>. But we have c+b+

L ta<c+l(p)-~ - and eHI(F) + b= ey >c+1(F)+-5 . This

would imply E'=E-¢,.;, E#0 and I(E')>I(F).
Repeating this argument we find
n(E, E)= (KI(F)+ (k+ e, (k+ DI(F)—(k—1)e)

Since such relation holds for all ¢>0 exists a number m with mI(F)
=21 or 7(F)=%n"_. Since 1(F)>_2+L follows m<n.

(ii) For any given a with n27t

<a<—— define a family of pairs
+1 n

={(F,E);FePonZ and FXH, EeP, and its P,nZ carrier

F(E) is equal to F, and n(E, E)c(%—%,%-l——;—»
From the construction given in the proof of (i) follows that &, is not
empty and, moreover, every F=<H, contains F,#0 such that (F;, E)e
&, for a suitable E.

In &#, we introduce a semi-ordering by the relations (F;, E;)<
(F,, E;) if F\<F, and E,=FE,. Let now {(F,, E,)} be a stirctly
ordered increasing set and define F=str 1i;n F, and E=str lign E,.
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Since Ex=E, follows F(E)=F, and hence F(E)=F. But since E<F
follows F(E)=F. Furthermore we get E,=F,E and from this n(E,
E)=n(E, F,E)=n(E, E,)). Using2.5.f) we get:

n(E, E)={Nn(E, E)}"={ n(E, E)}og(g_%, _:11+%>.

This means every strictly ordered family has an upper bound, and
consequently by Zorn’s lemma exist maximal elements in &, Let now
(F, E) such a maximal element and assume F#H, then H,—F#0 and
there exists F;#0 such that (F,, E,)e %, for an appropriate E. Since
F,-F=0 follows (F+F,, E+E,) is strictly greater than (F, E). This
contradicts the maximality and therefore we get H,=F for every maximal
element (F, E). This proves the lemma. In addition we remark that
for any given pair (F,, E,) there exists a maximal element (H,, E) such
that E;=F,E.

Next we turn to the projection G,=H,—H,_,. We know that it
fulfills the second part of the definition 3.6. In order to show that
G, and F, coincide it remains to check the periodicity condition. This
we will do in a separate lemma.

3.10. Lemma: Let F belong to PynNZ and assume for every 27n>

a>ﬁg_—|_rc—1 exists Ee P, with F(Ey=F and n(E, E) has a connected com-

ponent I with length I(I)Za. Assume furthermore for every 0#£E,<F

no connected component I of n(E, E\) can have length 1(1)>—271n~. Then

n(E,, E,) is invariant under rotations by the angles %1—27@ m=0,1,... n—
1, provided E,, E,<F.

Proof: The proof is based on a repeated use of lemma 3.4. This
lemma does not say anything if n=1, therefore we will assume n>1.
(x) Assume the conditions of the lemma are fulfilled and give &>0,
then exists a projection E€ Py, F(E)=F such that n(E, E)D(%2n+s,
m+1

n

2n—s), m=0,1...n—1.
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Proof: Let [g—} be the smallest entire number greater or equal

to and let sl<s/[—g~ By the remark at the end of the proof of

[S—

n
5
the last lemma exists a projection EeP, with F(E)=F and n(E, E)>
(sl, 2%—81) Assume be(znl—ﬂsl,%-Zn—ZeI) then exists 6>0 such
that b+1; is contained in the same interval. Since n(E, E) is symmetric
we have n(E, E)::(—zTn-l-sl, —81>. Now (——2nl+£1, _81>a+b is the
interval (—2771+£1+5+b, —51—5+b>. By choice of b we have —%?—4—
81+5+b<—2£——31 and —81—5+b<27n+81. Hence we get I[(sl,%r—s,)U
(—inn—+al, —81>6+b]>27n. Using 3.4 and the assumptions of this
lemma we get E¢_,,;,E=0 hence n(E, E):a(—zzn--i-Zel, %-271—251). If

we repeat this argument we loose at every step ¢,. Hence we get

n(E, E)3<%2n+(m+1)sl, m:—l 21r—(m+1)81>.
Since n(E, E) is symmetric we get the desired result by the choice of g;.
(B) Assume next there exists E;, E,e€P,, E;, E;<F such that n(E;, E,)

is not invariant under rotations by the angles %h then exists 0#E'e

Py, EE<F and &>0 and m§L%~} such that n(E’, E’):%M—He.
Proof: Since n(E,, E,) not is periodic exists bén(E,, E;) and m
such that b+%nn—1—-27ren(E1,E2). Since n(E,, E,) is open exists &>0

such that b+%-2n+15cn(E1,E2). Take s1<i and defien E.E,=

3
¢p+1,, £, which is unequal to zero. Lemma 3.4 implies n(E’, E)>
{n.,(Ey, Ez)—b}~3%-2n+181 by choice of ¢,. Since n(E', E') is sym-

metrical follows n(E’, E')> ="

2n+1,,.
(y) Assume the conclusion of the lemma is false, then by (f) exists

E'#0 E'SF,e>0 and m with n(E, E’):%-2n+la. Choose el<§

then by («) exists E#0 with F(E)=F and n(E, E)D<%27t+81, m:l-l S
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sl> m=1,2,...,n—1. Since E'#0, E'XF=F(E) follows by 2.5.h)
that n(E’, E)#T. Hence exists b¢n(E’, E) and consequently E:¢,,, E' =
E,#0. But lemma 3.4. implies

1

n(E,, E)>n(E, E) Uny, (E', E’):( m=L ontey, inﬂzn—a])

by construction of g;. The length of this interval is %—'27!-—281 which is

greater than 2Tn if ¢, is sufficiently small. But this contradicts the

assumptions of the lemma which therefore holds.

Proof of the Theorem (continuation). From lemma 3.9 and 3.10 fol-
lows that (G,R, @) e K,. Since G, is the largest element in Py n Z fulfilling
3.9 and 3.10 follows G,=F, and hence the Theorem 3.8 is proved.

4. Construction of Spectral Resolutions and Interpretation
of the Classes

In this section we want to give an interpretation of the different
classes in terms of inner and outer automorphisms. The main tool
for this is the construction of spectral resolutions. We first will state
the result and afterwards prepare the proof in several lemmas.

4.1. Theorem: Let R be a von Neumann algebra and o be a =x-
automorphism of R then (R, o) belongs to K,, neN if and only if for
any FePyNZ the automorphisms o' restricted to FR are inner for
i=0modn and outer for i¥0modn. (R, a) belongs to K, if and only
if for every FePyNZ o' restricted to FR is outer for all i#0.

In order to simplify the discussion assume for the moment that
R is a factor and (R, o) belongs to K,. In this case we want to con-
struct a unitary operator U € R which implements «. QOur aim is to con-
struct the spectral resolution of U which is located on T since U is
unique only up to a phase-factor we have to fix an arbitrary point of
T. Defining a spectral resolution located on T means that we have to
assign to every Ee P, a subset of T. If this can be donethen a filter
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of projection can also be used for fixing a point of T. Therefore our
aim is to construct such a filter.

4.2, Lemma: Let (R, ) belong to class K, and let 0<s<§—, then
exists a decreasing family of projections E,e P, such that

() E,ZE,, for g <e¢,

(B) The PonZ support of E which we denote by F(E) is equal to 1

(y) n(E,, Ee):a<%2n+£, m;ll-l 2rc—a>, m=0,1,...n—1

A family of projections with these properties will be called a point-
fixing family f.

Proof: Since by Definition 3.6 all n(E,, E,) are periodic it is suf-
ficient to look at the interval lO, —2;;5_; Since it is not required that
all E, are different for different s,—it is saﬂicient to construct E, for some
sequence tending to zero, e.g. on a geometric progression. Given g,
then we know from lemm 3.9. the existence of a projector E,, with the
properties (f) and (y). Assume we have constructed E, for &=g,27¢,
i=1,2,... n then we have to construct it for i=n+1. We write g,27 "=
for abbreviation. Let b=sup{a; 0<a<d, a¢n(E;, E5)} and define
E,=Ey¢p.r,,,Es#0.

From lemma 3.4., we get:

W(E,, E\)>n(E;, E;) U {ny2(E;s, Es)—b} U {ny,,(Es, E;)+ b}.

This means

"(EuEl)D(%,zTn—%) with lz’—ggoz-(nm_
Now let F(E,) be the Po=Z support of E, and F,=1—F, then we have:

0=F, Ey=F3;E;"$p+1,/,F2Es.

This implies

b 2 b
n(F; By, FE) = (30— 7 )

Putting E,;,=E,+F,E,, we have n(E,,, Ea,z):<—‘2$—,27”—g—) and
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F(E;;)=1. This proves the lemma

4.3. Definition: Let f be a point-fixing family and EeP,, then we
define the support of E, symbol S.(E), by the relation

S;(E) =complement of { Uo n(E,, E)}

Since we choose the family f once and for all, we write simply
S(E).

4.4. Proposition: Let (R, a) belong to K, then the support S(E) has
the following properties:

a. S(E) is periodic with periodicity %15
b. S(E,)cperiod [—¢, e], where period [a, b] is defined as

V) [mZR +a, ﬂ27t+b]
0sm<n—1LL A1 n

S(¢p+1e,E;)cperiod[+b—e—e,, +b+e+g;]

Let E=E,VE, then S(E)=S(E,)US(E,)

S(E)y=¢ if and only if E=0

The relation S(E,)N S(E,)=@ implies E,-E,=0

Let E, be increasing and E=str.lim E, then we get S(E)=closure
(USE) :

h. Let GeT be a closed set, then exists a unique maximal projection
E; such that S(Eg)cG and such that for any projection E,
with (1—Eg)E,#0 follows S(E,) is not a subset of G.

Q - 0o &0

Proof: a. This follows directly from Definition 3.6 and the defini-
tion of S(E)

b. For g <e we have E, <E, This implies (see 2.5.c)) n(E,,, E)<
n(E,, E,) and consequently S(E,)cperiod[—g¢, ¢]

c. Assume a¢period[+b—e—e;, +b+e+e,;] then exists 6>0 such
that a+1I; does not interect with the same set. This also implies
a—b+I;+1, nperiod[—¢, e]=0. For g,<e we get:

Esz¢a+1¢s°¢b+lsza§Ea.¢—a+l.;°¢b+leer§Ee¢—a+b+15+81E5=0a

since —a+b+I;,,, cn(E, E). This implies (see 2.3.d.B)) ae
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n(E,,, ¢p+1., E;) for all e;<e. This proves the statement by the
definition of S(E).

d. From 25.¢) we have n(E, E)=n(E, E))nn(E,, E,), and hence
by the monotony in ¢ we find:

Un(E,, E)=U{n(Ew E) N n(E,, B} ={Un(Ey ED) N {Un(E,, Ey)}.
Consequently we have {\Un(E,, E)}={\Un(E,, E,)} n {\Un(E,, E,)} which
is equivalent to statemént d. ’ ’

e. If E=0 then n(E,, E)=T for all ¢ and hence S(E)=@. If S(E)=0
then follows \Un(E,, E)=T. Since T is compact and n(E,, E) is open
exists &g suchE that n(E,,, E)=T. Since F(E)=1 we get E=0 by
2.5.b)

f. We get from d the relation S(E,, E,)=S(E;) i=1,2. Hence S(E,)n
S(E,)=9 implies S(E, E;)=0 and consequently E,-E,=0 follows
from e.

g. From E,<E follows S(E,)c=S(E) and hence cl{\US(E,)}<=S(E). As-
sume now bé¢cl{\US(E,} then exists §>0 such that b+I;ncl{\U
S(E)} =0 which implies b+1I,nS(E)=@ for all « From C. fol-
lows S(¢p+1,,,Es2) N S(E,)=@ and consequently from f. E,$y.s,,,Es2
=0 for all a. But this implies E¢,. ,,,E;,=0 and therefore
ben(E;),, E) which implies b¢S(E). This gives the relation S(E)c
c{S(E)=cl{\US(E,)} which proves g.

h. Define FG{Ea; S(E)cG}. Then d., g, and Zorn’s lemma implies
that F; contains a unique maximal element. The definition of Fg
implies that also the second stetement is fulfilled.

Statement h. of the last proposition permits us to define a spectral
resolution.

4.5. Definition: Let (R, «)€ K, then we define for 1€[0, 2n) the spectral
projector E, to be the unique maximal element belonging to the set

period | 0, ﬂ which is described in 4.4. h.

L

4.6. Lemma: E, has the following properties:

a.

E,<E, for A<y
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b. strlim E,; =1
A-2m

c. E,=strlimE,

>2
e

d. Assume I, and I,<I, are two connected intervals, define E(I)
as usual then we have for all xeR: support F7{E(I,)a"'xE(l,)}<
closurel,—I,. The index | indicates that we have to take the

Fourier transform with respect to .

Proof: a. A<p implies period [0, -i*—écperiod [0, %:| and hence
by definition of the spectral family E;gEu

b. Let E'=1—str Ean E;, and let b+IEC<0, 2}), and E,,, €f, the point-
fixing family. AT};ren we have by 4.4.c. S(¢p+y,,,E. ) <period {b+1.},
and hence ¢,.;,,,E,»<E; for some /.
This implies E’'¢y,y,,,E,;»=0 and consequently S(E’)=period {0}.
From the maximality condition imposed on E; follows E'=0

c. We have S(str lim E;)c N period { 0, i]= period {0, ﬁ}. But this

A-p+0 A>p L n n.

implies StrlgﬁoE’léE“' Since the other inclusion is trivial, follows

C.

d. As in b. it is easy to check that S(E(I)) is contained in cl{period%}l.
This implies (4.4.c. and f) E(I,)$ysr,E(I3)=0 if cl{ period ;_11} N
cl {b+ I +’11—I 2} =@, and hence n(E(l,), E(I,))< {complement [period

)

Let us denote by C the closure of the complement of I,—1I,, and take
fels. Define fr(l)= {f(%) for 1=0 modn. From the relation

0 elsewhere.
(F )@ =(F " f)n-a) follows fr()elic. Since —-Ccn(E(ly), E,)
we get by use of 2.5.g) and the definition of ¢ the equation

E(I,)x(f")E(,)=0, xeR and fel}.

This implies statement d.

We are now prepared to prove the main part of theorem 4.1.
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4.7. Proposition: Let (R, «) belong to K, and let E,;, 02i<2n
be the spectral family defined in 4.5. Define the unitary operator

2
ueR by the equation u=g ue“dE,l, then we get for every x€R
0

o"x =uxu*.

More precisely ueZ,.

2z
Proof: Define h=S AdE; and approximate it by the operators
0

<2r
=N
on the real axis by two and hence we get from Schwarz lemma and
the Phragmen-Lindelof theorem the estimate (see [11], 5.2. and 5.6.)

then we have |h—hyl| Define uy=ei*~ then u'—u} is bounded

i 2n
Ll || = — pil(hn—h) || < .

Next consider the expression uf'a"'xul, xeR, as function of I. Re-
placing uy by its definition we get:

N
uflamlxul= Y
o

ol ok
e 11N21r(EL2 _Ej-—l 5 )a"lx(E_k_z _Ek—-l )e'lNZ".
j N2 N 27 N3m TR 2

1

Using lemma 4.6.d. we find
support F;‘{e‘”ﬁ"“(Ej —Ej_y_ Ja"'x(E, —E;_, )e“%“
;.-27: Tz;: NZn -N—Zn
2% 2n
< -F 7]

Since this holds for every term of the sum its also true for the whole
sum. The Fourier integral defines an interpolation

2

£l

=|

(u;sa"xuN)(z)=S et (F 71 (uf e uy)) (a)da

2

&l

=|

which is an intire function of exponential type —"% Since it is bounded
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by |x| on all entire values of z, there exists a constant K depending
only on N such that the interpolation is bounded by K| x| (Cartwright’s
theorem, see Boas [2] theorem 10.3.2.) This constant is majorized by
4+2e10g(1/1_%) and hence we can replace K by 5 if we choose Nz=14.

From this we get Fpy(z)=x-—(ufa"xuy)(z) is an entire function of

exponential type —2]\7]1 with [[Fy(z)| £6|x|| for real z and N2=14 which

vanishes at the origin. Hence from Schwarz lemma and the Phragmén-
Lindlof theorem we get the estimate

IFu(2)I< 21| x]6e 2

provided N=14 and |z|Z % This shows Fy(z) converges to zero

uniformly on every compact. Since uy approaches u we get the desired
result.

Let us now prove the converse statement.

4.8. Lemma: Let (R,a) be given and assume for every FePyNnz
om restricted to F-R is an inner automorphism but for any O<m<un

o™ restricted to F'R is not inner, then (R, a) belongs to the class K,

Proof: Llet fel' then we define the functions f,, k=0,... n—1
by the equation,

. n=1 | Am ) 1 | —ei2rt-h)
= _— ——7 —_— = —
£l =" L expil™an( - o} sy =1 =il

{f(l) for I=k mod n

0 elsewhere.

n—1
This implies f(l)=kZ fil). Now we compute
=0

Setalf(k +nl) =eint Ye itk £ nl) = eine Y el fo(I')
1 I8

.k . n-1
=e;;a;e-;§1_’11_ Oetgzn(l—k)f(l)

m=
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a— an

'a‘l —l—‘ T —l
,.7 ; 2 z il

=eik%_1_'§1e_i52m2n(/_lf)<a—27zm)l
n

n

m=

Let now fel} then f(k+nl) belongs for fixed k and n to [};. This

implies for xeR
> f(Dalx= "il > flk +nl)a™a*x
1 k=0 1

and hence we find for Ee P, the relation

PIE< LI E

where the upper index indicates the automorphism with which the map
¢, is constructed. By assumption «” is an inner automrophism, and

2” n . -
hence exists a unitary operator u=g e'*dE; implementing a«". Let
(o]

now I, and I, be two intervals then we get
support F~1(E(I,)u'xu'E(I,)) cclosure I, — I,

and hence n*"(E, E,) > (g, 2n—¢). From this follows n*(E, F,)c

£ EE— -) This means for every e¢>0 exists an E#0 with PonZ

n 3
support=1 and n(E, E) contains a connected interval of length === 2”

2e. On the other hand there can not exist an E#0 such that n(E, E)

contains an interval of length greater then %271 otherwise o restricted

to F(E)R has the property that o™ is inner for some m<n. Because
theorem 3.8 permits us to decompose F(E) is XF,(E) when k divides
n and proposition 4.7. allows us to construct unitary operators in F,(E)R
implementing o«f. But this contradicts the assumptions of this lemma.
Finally lemma 3.10 shows that all conditions for defining K, are fulfilled.

Proof of the theorem: Let n be a number and d(n) all its divisors
including 1 but not n. Let (R, ) be arbitrary then exists a unique
maximal projection H, in PyNnZ such that a" restricted to H,R is inner.

Define G,=H,— V H,. From the definition follows that all the
ked(n)
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G, are mutual orthogonal. Define G,=1—> G, Compare this decom-
position with that given by theorem 3.8. I';roposition 47. and lemma
4.8. shows that G, and F, coincide. Hence G, and F, coincide by
construction. But G, can also be defined to be the maximal element
of PonNZ such that for every FG, no power of o restricted to F'R
is inner. But this proves the theorem.

5. Characterization of Inner #-Automerphisms

In this section we want to give characterizations of inner automor-
phisms of a von Neumann algebra. Moreover we want to apply our
technique to various problems related to automorphisms and derivations.
To this end we introduce the following

5.1. Notations: Let § be a linear operator acting on a Banach-Space
B then we denote

a. |B] the usual operator norm

Bl =sup{lBx|; xeB |[x|=1}

b. sp(f) the spectrum of [ which is the complement of the points
zeC such that (f—z) has a bounded inverse. If o is a *x-automor-
phism of a W* or C* algebra then sp(«) is located on the unit
circle.

c. p(p) denote the spectral norm of S

p(B)=sup{|z|; zesp(B)}

It is well known that p(B)<||f]] and that p(B)=Llim |x"| /=,

d. Let B, be a closed linear subspace of B invari;;l? under f, then
we denote by f|g, the restriction of f to Bj.

e. Let a be a x-automorphism of a C*- or W¥*-algebra then its spectrum
is located on the unit circle T we denote by g(x)=T\sp(x) and call
it the gap of the spectrum. Since sp(«) is closed follows g(«) is open.
Giving characterizations of inner automorphisms we will include

in the list also the result of Kadison and Ringrose [7]. The main

results of this section are as follows
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5.2. Theorem: Let o be a s-automorphism of a W¥* algebra R, then
the following statements are equivalent:

a. o is an inner automorphism.

b. o lies in the connected component of the =x-automorphism group
of R furnished with the norm-topology.

c. There exists an invariant projection EeR with central support
1 such that

p{(e— I)IERE}<\/—3_

d. There exists an invariant projection E'€ R with central support
1 such that

= Dprell <2
Both numbers <.,/3 in ¢ and <2 in d cannot be improved.

5.3. Theorem: For sx-automorphisms we have the following relation
between p(a—1) and |a—1].
a. If pla—1)<\/3 then we get

=1 =p(a—1)

b. If J3=Zp(@—1)Z2 then |a—1| is a double-valued function of
p(oe—1) and takes the values

either p(a—1)
floe— 1| ={

or 2

Both values are taken by special examples.

5.4. Theorem: A. Let o be a =-automorphism of a W%*-algebra R
then we have

(i) sp(x) is invariant under the substitution

z— z71

@ii) If (R, @) belongs to the class K, then it is also invariant under
the substitution
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,oom
z —> ez m=0,1,...n—1

(iii) If the spectrum of o has a gap, then, in the standard decomposi-
tion (theorem 3.8) only those F, can bc different from zero for

which
exp{iZn"Tl}esp(a) for all m=0,1,..., n—1
(iv) Assume |o—2| <2, then exists a unique unitary operator in R
with the properties: For every central projection F
sp(uF)<=sp{ojprr) N {Imz20}
such that ax=uxu* for every xeR.

B. Let 0 be a real derivation of R thne we have
(i) spéd is invariant under the substitution

z—> —2Z

(i) There exists a unique positive operator Ae R such that for every

central projection F we have

sp(FA) =sp {%IFRF} n{z=0}

This last result generalizes a result of Pedersen [8].
For the proofs of these three theorems, we need some preparations.
We start with

5.5. Lemma: Let o be a *-automorphism of a WH*-algebra R and
let ¢, be the map defined in 2.2., then ¢;=0 if Icg(a) and only if
I"cg(x) (I° the interior peints of I).

Proof: Assume first I<g(x). Since I is closed and g(«) is open
exists a constant M such that |(x—z) !|<M for all z in some compact
set including 1.

Now let fel} and f=£"!f then we have suppfcl and |f(a)|<|f]|
and furthermore f(n)=ge‘i"“f(a)da. This gives
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—1

> f(n)an= dei"“f(a)daoc" =y Sei"“f(a)daoc" + ?Sei"“f(a)daa"

Since fel, follows Se“i"“""f(a)da:ff(n) converges to f*(n) for

n=0 and r—+0 in I' and Se‘i"“+'”f(a)da=f;(n) converges to f~(n)
for n<0 and r—»+0 in [,(f*(n)=f(n) for n=0 and 0 for n<0, f~(n)=
f(n)—f*(n)). Hence exists for any ¢>0 a number ry(¢)>0 such that
IfEm—f*mI=ellf*MmI and [ff(n)—f~(m)=elf~(n)] for 0=r=r,.
Inserting now f} for f* and f; for f~ then we can interchange the

summation with the integration. So we get

12 far =2l fIS] S (e faydanr+ et faydan|

= 1 Sdaf(a)e”“"oc'1 (1—eiorg=1)=1 + gdaf(a)(l —etamrg)~ 1

|

|

— } Sdaf(a){e+ia—r(a__ etiamr)=1_ e+ia+r(a_ e+ia+r)—1}

= | gdaf(a) etia(e—ena(a—eiar) T (a—eiatr)T!

<2sinhr-|| fI|L(I)M?
where L(I) denotes the length of the interval I. This implies
12 f(mall =l f{e+2sinhr- M(M +1)L(I)} .
Since ¢ and r are arbitrarily small follows X f(n)x"=0.
Let now conversely ¢;=0 then follows ¢;1=0 and hence by defini-

tion of ¢; follows X f(n)a"x=0 for all fel} and all xeR, and hence
2Zf(n)a"=0 for all fel}. Hence we get with the same calculation

[(daftar teie-tametemny — terta— etomny| o] 7]

for r<ry(e). This implies by the edge of the wedge theorem that
eie~r(@—eia )1 is analytic in I°. Hence I°cg(a).
From this we immediately get
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5.6. Corollary: Let o be a x-automorphism then we have
(1) sp(a) is invariant under the substitution z—z~1

(i) If (R, @)K, then sp(a) is invariant under the substitution
Z > ei2mng m=0,1,...,n—1

and exp {iZn%} esp(a) for m=0,1,..,n—1

(iii) If pla—1)<y/ 3 then o is inner and there exists an example with
pla—1)=/3 and a is outer.

Proof: Let zeg(x) then exists an closed intreval I<g(x) such that
zel°. Since we have ¢;=0 follows for every EeP, that E¢,;1=0
and hence by Theorem 2.3 we have ¢,-:E=0. Since this holds for
all EeP, follows ¢;-:=0. Since zel° follows z=!e(I7!)° and hence
by lemma 5.5 we get z7!eg(x).

Now let (R, x)eK, then we have from lemma 3.10, for all E,,
E,e P, that n(E,, E,) is invariant under the rotations by the angles
Zn%. m=0,1,...,n—1. Now let zeg(x) then for some &>0 we have
z+1,cg(x) hence ¢, E=0 which means n(E, E;,)>g(x) for all E,, E,.

This implies ¢,.,i2x2, E=0 for all E and hence z°ei?n e g(a).

Theorem 2.3 implies ¢,E=E if 1cI®° hence 1espa and since (o,
R)e K, follows from the previous result eiz"’:’?esp(a).

Let now p(a—1)<./3 then sp(x) is contained in the interval
[e7#, eti] with

p*(x—1)=2—2cos!

which means I<ZT7T. Let now {%} the smallest entire number g’zi
L

> _nlp<2 r’i] >1 i impli
then we have for n=2,[ 2}/n:3 and L,) /n=2 which implies

n 4z
n§2n[-7—]/n§_7.

This means in the standard decomposition (Theorem 3.8) can appear
only the term F, this means « is inner,
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Let now M be a factor of type II or IIl and « be the mapping
X®y®z—z®x®y. By a recent result of Sakai [10] this defines an
outer automorphism of M®M®M. Since «3=1 follows the spectrum
of a are exactly the three third roots of 1. This implies p(a—1)=ﬁ.

As next we show

577. Lemma: Let o be a =x-automorphism of a W¥*-algebra R and
E be an invariant projection with central support equal to one. Sup-

pose oypgrg is an inner automorphism then follows o is inner.

Proof: Let identify R with some normal faithful representation of
R on some Hilbert space H. By the assumption exists an operator
ve ERE with vo*=v¥v=FE and ovxv*=ax for every xeERE. Define
an operator ¥ on H by the equation

u ;xiyifi = Zi(axi))’ivfi
x;€R, y,eR’ and f,eE'H

We get the estimate (since f;=Ef):
Sy ifill2 = S fyr vhalex oy sy )
= ;Zj(ff’ v¥a(ExTx,E)vy%yifi)
= iZj(f,-, Extxiyiyif)=| Z;xiJ'zfi” z.

This means u is an isometric operator. Since E has central support
1 follows that the domain and the range is dense in H which means
the closure of u is a unitary operator.

From the defining equation of u one sees that u e R and furthermore
the relation (axx)u=ux. Since u is unitary follows that u implements
the automorphism.

As last step for the demonstration of Theorem 5.2 we prove the
following

58. Lemma: Let a be an inner =-automorphism of a W%*-algebra

and ¢>0 arbitrary, then exists an invariant projection E with central
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support one such that |[(a—1)grgl Se.

Proof: We start from the construction of section 4. Since we
have a point fixing family follows that for every >0 that E([—9,
+48]) has central support 1. Choose now 5=—fe— and E=E([—46, +0])

then uE=E-e¢'4f with |AE|=<0. Now u'E implements the automorphism
o grg- Let now d&x=eit4Exe it4E for xe ERE. @&, is an entire analytic
function with ||&] <e?éImtl. Now & —1 is zero for t=0 and fulfills
the estimate ||&— 1| £2e2%!!mtl,  Using now Schwarz lemma for the
circle |20t| <1 we get |&—1| <4de-d|t],|20t|=<1 for t=1 we have
&y =(x—1)gre and hence [[(a—1) el =4ed=¢.

Proof of theorem 5.2. If a is fulfilled, then lemma 5.8 shows that
d is fullfilled and also c since p{(a—1)jgre}=|(@—1)gre- Jf ¢ holds,
then corollary 5.6 shows that ojgry is inner and consequently o is
inner by lemma 5.7. If d holds then o« gy is inner by the result of
Kadison and Ringrose ([7] theorem 7) and hence « is inner by lemma 5.7.
If o« is an automorphism fulfilling b, then « is inner by either ¢ or d.
If a holds then ax=ei4xe 4 with some AeR and |A|<T. Hence
ax=e*4xe”*4 is a norm continuous one-parametric group of inner
automorphisms. This means b is fulfilled. Since there exist an outer
automorphism with p(x—1)=./3 (See the example given at the end of
the proof of corollary 5.6. We must also have |ja—1||=2 which means
that the region of validity of 5.2 can not be improved.

Our next aim is the proof of theorem 5.4, but we first need some
preparation.

59. Lemma: Let p(a—1)<./3 (this implies o is inner by Theorem

5.2) and define for —-;-r—<,u<277r the interval

Iu=['g3lr”+,us _N]

and E,=maximal projection Ee€P, such that ¢; E,=0. Theorem
2.3 implies that this maximal projection exists and is unique. E, has
the following properties:
a. u<0 implies E,=0
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b. u;>u, implies E, ZE,,

For every central projection F define >0 by 2(l—coslp) =

p*{(a—1)|prr}, then F-E,=F for u>Ip

d. For u>0 we have central support of E, =1
u>0 then we have T\n(E,, E))c[—pu, +pu].

The properties b, d and e show that {E,} is a point-fixing family.
Let S(E) be the support of E defined by {E,} (see Definition 4.3) then
we have
f. For every E€ P, and every central projection F we have

S(E-F)=sp{ajrrr} N {Imz=0}

Proof: a. For u<0 follows 1<I? and hence by Theorem 2.3.c.d)

we have ¢,,E=E for all E€P, which implies E,=0

b. u, >y, implies I, <I,, and hence by 2.3.
¢1u, Ey, = b1y, E,, =0 which implies E,,<E,

c. Let u>Ip then follows I,cg(orgr) and hence by Lemma 5.5
¢, FE=0 for all E which implies E,=F.

d. Let pu>0 and F, the central carrier of E,. Assume F,#1 then
follows ¢;,E#0 for all 0#E<(1—F). This implies ¢; -.(1-F,)=
(1—F,) (otherwise if there exists an E<(1—F,) with E¢; -(1-F,)=
0 would imply O0=(1-F,)¢7,E=¢,,E, contradicitng the assump-
tion). Since ¢’u"(1_Fﬂ)=¢[u,23_"](l_F“)V¢[23J~e,‘§l—u] (1-F,) by
2.3, and the second expression vanishes for sufficiently small &
by Lemma 5.5, we get qb[u 2,,](1—-Fu)=(1—FM). Assume now

3

u<ly_p, and 211_Fu—y+%<%l then we have [u, —2311+

(L—pu—w+e+I,,,cg(x) and hence by 5.5 and theorem 2.3.

0= —F)= _ —F)=

¢{[u’-23l]+ll—l-‘u“ﬁl+€+lg/z}(1 F)zd,, .. u+s+la/z¢[u,%](1 F,)
1y pp-er15,(1—F,).  This implies by Lemma 5.5 [,_p,—pu+ec
9|1 —Fuyr(1-Fpy)- This contradicts the definition of [;_p,.

e. Let 2T”>b>u and b—e>p then ¢_,,E,S¢E,=0. If _23£§

b<4™ then beg(x) and hence ¢,.;,=0. Since n(E,, E,) is in-

variant under b——b follows (u, 2n—p)=n(E,, E,).
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f. Let b<0 and e<'2! then ¢,,, Ei <y, Eipi=0 and hence bé¢ S(E)
2

T o 2
for any E. Let now b+I,cg(opgr) then ¢, F=0 and hence

b¢ S(EF). This means S(FE)csp(xpgp) N {Imz=0}.

Proof of theorem 5.4. Part A (i), (i) and (iii) are proved in corol-
lary 5.6. Assume now |[a—1]|<2, then exists according to Kadison and

Ringrose [7] (Theorem 7) a unique real derivation with ||5l]<—§~ such

that «=e®. If we consider o, =e'® then for t§% we have p(o,—1)<

3. Now according to Lemma 5.9 exists unitary operators u, with spu,<
spa, N {Imz=0} which implement the automorphisms. By construction
of u, follows that u, is a one-parametric group and hence the result
extends also to t=1. This proves the first part of A (iv). Let 6 be a
derivation then we can pass to the one-parametric group e’®=q, for
|t|<—23£||5||’1 we have p(oc,—l)<\/—3_ and thus part B (i) and the first
part of (i) are consequences of A (i) and the first part of A (iv). In
order to prove the uniqueness it is sufficient to do this for the derivation.
Let 6 be a real derivation then exists a positive operator d with sp
idFcsp{0|rrr} and oJ=adid since d is positive follows |8 prpll=
ld-F|=p(irrr)=6rpll. This shows that [|6prel =[dF|=p(J|rrr)-
Assume there exists a second positive operator d’ with d=adid’ and
spid’F=sp{d,rrry then we have d—d'eZ. Assume the spectrum of
d—d' contains a point x#0 then exists a spectral projection F with

spF(d—d’)c[%,%x} Assume first x>0 follows from Fd=Fd'+

F(d—d’) that IIFd’II+%—<lIFdH or I(5|mpll§IIFd'Iléllell—%=Il5|mpll

——;—. This is absurd and hence d—d’ is not positive. Assume next

x is negative then we have Fd—F(d—d)=Fd' and hence sde+—l—)2C—|c

sp Fd' =sp {8 xs}. This means |Fd| =p(5|m)—1’2‘_l which is also absurd
and hence d=d’'.

Proof of theorem 5.3. Let 6 be a real derivation with |d]<n.
The function t—e®—e*? is an entire function of ¢ and we get |e!®—

<2y ]
¢ = u=0 (n

XCEIE [5]|24*1 =2sinh ||t5]. Since e'® is a *-automorphism
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finds ¢}fE=p¢?E and hence for E,, E,eP% n*E,, E;)=n*(BE,, BE,).
for real t we have |e"®—e *®|| <2 for ¢ real. Using that e*®x—e*%x
is selfadjoint for x selfadjoint we get (see Boas [2] 6.2.6) [ef?—e 19| <
2 cosh|d]|Imt. Since this function vanishes at the origin we can define

_ etﬁ —_ e—ra
FO="gamr

in the strip |Ret|<-——%— ”o” Since [sinx+iy|=.,/cosh?y—cos?x follows
IF(t)| is bounded in the strip |Ret|<2“5” and |F(t)| <2 for |Ret|=
ﬁ. This implies (see e.g. Titchmarch [11] 5.6.5.) [F(®)|£2 in
lRet|§—— From this we get:

2f81

le?— 1] =|e2(eZ—e 2)| < [eZ—e 3| = HF( >fl sin 191 '5” <2sinl0l ”5”

From theorem 5.4 we know |[|§]=p(5). Since we have p2(e?—1)=2-2
cosp(5)=4sin2p—gﬁ we find |[e®—1||<p(e®—1) which implies that both
expressions are equal. If now p(a—1)<./3 then « lies on a one paramet-
ric group e*® with p(5)<n%. Hence we have |a—1|=p(a—1). If
V3 Sp(a—1)<2 then [l«—1| might be 2. If [«—1]<2 then by the
result of Kadison and Ringrose we have a=e’ with ||§]|<m and hence
lo—1|=p(x—1). Let now M be a factor of type Il or III and «
the outer automorphism of M@M®M at the end of corollary 5.6.
Let 23n <I<m and d be a positive invariant (under «,) operator with
spd=[0, 1] then we have |adid|=I. Let o«,=e*¥4 then we have
p(a1—1)=p(ocooc1~1)=2sin—é— but ||a1—1|§=2sin% and [oget,—1] =2,

since o, is an outer automorphism.

6. Some Final Remarks

A. If o« and S are two s*-automorphisms of the same W#*-algebra R
and one defines y=paff~! and denotes the quantities used in this paper
with an upper index denoting the automorphism which we are consider-
ing, then one finds easily from the definitions R} =pfR%, for EeP% one
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This means for a fixed W*-algebra R the classes Aut,={a, (R, )€ K,}
are invariant sets.

B. With a little care most of our technique can also be used for arbitra-
ry locally compact abelian groups which we will denote by G. We
want to give a brief discussion of this case.

a. Since we are looking for continuous group-representations it is
according to an earlier paper [4] neceassry that G acts strongly contin-
uous on the pre-dual R, of R, ie. for every £>0 and every @eR,
exists a neighbourhood U of the groupidentity with |(x—1)¢l|l<e, aeU.
If this is the case integration with respect to the invariant Haar-measure

of expressions S f(@)ag xdg are well defined as weak integral.

b. Let G be the dual group of G then we can define ¢sE for elements
in R, for sets S with the properties (i) S=S° and (ii) for every §eS°
exists a function fel} with support F !'fcS and (F !f)g#0. With
this provision and a little care about the union of two such sets all
results of section 2 are true in this general situation.

c. For the definition of the classes it is easier to start from the group
G itself. Let H be a closed subgroup of G then we give the following

Definition: A group o(G) of x-automorphisms belong to the class
Ky if and only if for every Projection FeP,nZ the subgroup of auto-
morphisms a, such that o, zgr is inner, and we can find a continuous
group-representation u(h)e R of H, implementing H, is exactly H.

d. Since in general a group G has continuously many different sub-
groups, a standard decomposition of R is in general not possible or
at least not so easy. Therefore we will stick to the case where R is a
factor then o(G) lies always in one of the classes.

e. For E,, E;eP, we can investigate the expressions n(E;, E,) on G.
Let now H(E,, E,) be the subgroup of G such that ¢en(E,, E,)
implies bgen(E,, E,) for all heH(E,, E,) and H,= f\ A(E,, E,).
If R is a factor then H, is well defined and is a closed subgroup of
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G. This then gives a second definition of classes Ky and one
would like to show that these classifications are isomorphic.

f. If «(G) belongs to Kpg, then the definition of a point-fixing family
is possible on G/H, and hence we get also a spectral measure on G/H,.

g. Let H be the subgroup of G such that (h, h)=1 for all heH,
then G/H, is isomorphic to H. From this the following statement
is immediate. If «(G) belongs to Ky, then it need not belong to Ky
in general. The converse statement seems to be true, but, I don’t
know how to prove in general. Having a spectral measure on G/H,
it is of cause easy to construct a grouprepresentation u(h) of H. But
to show that wu(h) implements o, I know to do only in special cases.
This is based on the fact that our proof uses entire analytic functions.
So we can give the proof for the cases G/Hy=R, T, Z, Z, and finite
direct products of these special cases.

h. These special cases just mentioned cover most of the interesting
problems. This leads e.g. to the conclusion that derivations are inner
and the case with semibounded spectrum treated in [5] leads to inner

automorphisms.

i. Passing from one single automorphism to an abelian group of auto-
morphisms, then the following possibility does occur and complicates
the situation: Every single automorphism is inner, but we have only
a continuous group-representation up to a multiplier. Take for example
a representation of the C.C.R. of one degree of freedom, then the
Weyl operators induce an automorphism-group which is isomorphic to
R?. (I learned this example from A. Connes.)
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