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Mixed Problem for Hyperbolic Systems
of First Order II

By

Masaru TANIGUCHI*

1. Introduction

We consider the mixed problems for the hyperbolic systems of first
order

Cu _ , O0u ou | . — .

(1 u(0, x, y)=g(x, y)

K-u(t, 0, y)=h(t, y) t>0, x>0, ye R!,

where u is an N-vector, A and B are N x N constant matrices, and K
is an Ix N constant matrix with its rank .

The aim of this paper is to obtain the energy inequalities of the
solutions for the mixed problems (1.1). We prove this inequalities by
the same method which Kajitani used in [4]. In Sec.2, we explain
notations. In Sec. 3, we construct the symbol of the singular integral
operator which plays an essential role to prove the energy inequalities
of the solution for the mixed problems with non-zero inmitial data. In
Sec. 4, we prove the Main Theorem.

We assume the following conditions for the problem (1.1):

Condition I. The operator (—(%——L) is strongly hyperbolic, that is,
for any (¢, n)eR2—-{0}, Aé+Bn has only real eigenvalues and is uni-
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formly diagonalizable in (&, n).
Condition II. A is non-singular.

Condition III. The boundary matrix K satisfies the uniform Lo-
patinski’s condition.

Remark 1. See [8] for another characterization of strong hyper-
bolicity.
We obtain the following:

Main Theorem. Assume the Conditions I, II and III. Then,
there exist positive constants C and p, such that, for any solu-
tion u(t,x,y) of the problem (1.1) which belongs to &9(H'(R2?)) and
¢ (L*(R3)),

(1.2) ONE +S;u[|e“‘su(s)llz + <emu(s, 0, ) >2ds
< c{igl =+ Liewrs) )+ <ewn(s)>ds},

for 120, Yu=p,.

(Notation is explained in Sec. 2.)

Remark 2. Strongly hyperbolic systems contain strictly and sym-
metric hyperbolic ones. Kajitani [4] and Rauch [6], [7] derived the
L? estimates of solutions for the mixed problems with non-homogeneous
conditions for strictly and symmetric hyperbolic systems. But nothing
is known for strongly hyperbolic systems.

2. Notation

Rn(C") : n-dimensional real (complex) Euclidian space.

R? : the set {(x, z)|x>0, ze R""1}.

H*(R") (HS(R")) : the space of functions whose partial derivatives
of order £ s all exist and are square integrable
in R"(R?).

EX(E) : the space of functions which are k times con-
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tinuously differentiable in ¢ as E-valued function.
I-l(<->) : the norm of L2(R2Z)(L2(R%)).

3. The Construction of a Symmetrizer

Put R(&, n)=AE+Bny. To prove the Main Theorem for strictly
hyperbolic systems with n-space variables, Kajitani [4] used the singular
integral operator whose symbol has the following properties:

For any real (&, 7)(0, 0)
(i) S(& 7m) is a symmetric positive definite matrix with homo-

geneous degree zero and belongs to C* class.

(i) S ny R, ) is symmetric. (R(E, ) =AE+ 'S By
(3.1 =
(ii1)

(iv) S(¢, n) is an analytic function of { in the strip

S(¢, 0) is a constant symmetric matrix.

Im{|<dlnl,  n=0,

where d is a positive constant.

Since this singular integral operator is useful for the mixed problems
(1.1), we shall prove that the singular integral operator whose symbol
has the same properties, can be constructed for strongly hyperbolic
systems with two space variables. We call such an operator symmetrizer
[2].

We assume the condition I. Put Q(4, &, ) =det(A1—(AE+ By)).

Since the operator (—aat——L> is hyperbolic, the coefficients of the poly-

nomial Q(4, &, 1) in (4, & n) are real. So, Q(4, & n) has the following
decomposition over the real field,

(3.2 Q0. & m=11100, & 0™

where Qi4, &, 1), i=1,...,H are irreducible homogeneous polynomials
in (4, &, n) with degree q; and have the form

(3.3) Qi(4, & m=A%+ai (¢, MAT +-- +al (&, )

and
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(3.4) 3 hg;=N.
=1

Since the roots of (k& m)=0 3(%, & n)=110i(4 & n) with respect
to A are homogeneous of degree one in (61,_1;), they are distinct on
S except for finite points by the theory of algebraic functions when
we consider them on the unit sphere S'={({, n)eR2|E2+n2=1}. We
denote the set of those points on S! by E. We have

(3.5) 0, & )= H (- 0(Z, 1)
(& neSt—E, (i=1,...,H)

where 0i%0f (i=] or j=k). After reordering and relabelling those roots
in S!—E, we obtain the equation

(36) 00, & )= 11 (= 1,6 M
€ mes'-E
where
H
M=
3.7) J

H M
N - 2 =3, m())

and m(j)=h; it 2,¢&, n) satisfies Q,(4, £, n)=0. According to the spectral
theory of diagonalizable matrices, to A,(& n),..., 14(&, ), there are cor-
responding matrices P(&, n),..., Py(& 1), called eigenprojection and
characterized by the conditions,

[ P{¢, n) has rank m(j) (j=1,..., M),
Pi((fa n)PJ(é’ r’)=5ijPi(§5 11) (la.’=l9’ M)’
M

jglpj(é’ ’1)=I

R(é: f")P.’(é, ;1)=PJ(£’ ﬂ)R(f, '1)=}~,(5, n)P_](éa '1)
(j=1,..., M)

(3.8)

(&, neS'—E.



Mixep ProBrLEM ror HyperBoric Systems, 1T 95

Lemma 3.1. (Taniguchi [9]) Assume the Condition 1. Then we ob-
tain:

(i) For any (& n)eR?*—{0}, R(, n)=AE+Bn has only real eigen-

values and is diagonalizable.

(il) For any (& n)eR?2—{0}, the eigenvalues and the associated
eigenprojections of R(wy, w,)=Aw,+Bw, are analytic in a
neighborhood of (¢, n) in C2.

In [9], we applied the theory of algebraic functions to the equation
det (A —(A+Bx))=0 (det(A'I—(Ax'+B))=0) with respect to A(4) and
derived the Lemma 3.1 by the fact that A(1") is analytic (analytic) in
k(x") when k(x') is real (real). By this method of proof and the homo-
genety of eigenvalues and associated eigenprojections, A&, n) and Py(¢,
n), j=1,..., M, are distinct in a neighborhood of (&4, nx) in €C? where
(é4, ny)€S'—E, and are distinct in a neighborhood of (&%, #*) in G2
except for the set {(&, n)|&*n=n*,} where (&*, n*)eE.

Definition 3.2. Let F(x, y) be a multivalued analytic function of
(x, ) defined in a neighborhood of S' in €?> and F.(x, y) be its restric-
tion on S!'. Then, we define that the period of F(x, y) is the smallest
number B if the initial value of F.x, y) agrees with its final one after

f times rotations with positive direction along S'.

Put
(3.9) A M ={4,(& Ms (&, )]
and
(3.10) 2 m={Py(& )., Pu(&, M}

Lemma 3.3. Assume the Condition I. Then, the sets A(¢,n) and
P(E, n) can be decomposed into disjoint sets of analytic functions defined
in a neighborhood S. of S! in C?,

Aj(f’ ’1) ={}'Jl(és ’1)5'-'7 l{(j)(éa }1)}
(.11 2 (& m={P{(& 0)s.... Pi;(& m)}

J
j=1...J, 1sJ=M, M= 3 v)),
=1
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where

(i) Pi¢n), i=1,.,vj), j=1,...,J, are the associated eigen-
projections to the eigenvalues Ji(£, n) and satisfy the relations
(3.8).

(ii) for initial fixed point (&7, n;)eS'—E, (& n)(P{(&, n) agrees
with M.1(&s 1) (Pli(Es, np))  after one time rotation with
positive direction along S' in St (i=1,...,v(j)—1: j=1,...,J)
and X ;)& M(P (& n) agrees with (s, n )P, ny) after
one time rotation with positive direction along S!' in S{.
(Gj=1,..., ).

(iii) the elements of A&, n) are roots of the same irreducible
polynomial of Q(4, &, n).

Proof. This lemma follows from the Lemma 3.1, the compactness
of S! and analytic continuation along S!. Q.E.D.

Theorem 3.4. Assume the Condition I. Then, there exists the

singular integral operator whose symbol has the properties (3.1).

Proof. Since the eigenprojections P&, n) associated with 4,(¢, ),
j=1,.., M, have the rankm(j) in a neighborhood U, ,(=S¢) of
(¢.,n)eS' in €2, there exist m(j) linear independent row vectors
WI(E Mo Whip(E ) OF P& m(j=1,..., M). Put

(W& )
| |
(3.12) Neons(& 0= Waeiy (&) |-
N
)

\ W»Af(M)(f, 1)

Then, by the relations (3.8), we have that N, , (£ #) is a non-singular
matrix in U,,,. By the analytic continuation, we extend N ,.( 7) to
the region S{. We retain for the function so obtained the same notat-
ion. Put S, , (& n)=Ng, (5 N*N; (¢, m). Let v be the least common
multiple of numbers v(1),..., v(J). By the method of construction and
Lemma 3.3, the function N, ,(¢, n) has the period v. For any fixed
(&, meSE N, (€ n) and S, , (& 1) have respectively v values {N},
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(Em). ... any fixed (£, n)e Sk Ny, (6 )}, and {SL (& M. . St.p(& M}
Then Si, (& m)*=Si, ,.(& n) i=1,.,v. By the method of construction
and the theorem of identity, N, ,.({, #n) is a non-singular matrix in a
dense set S, of S! whose restriction on S!' is dense in S!. Next, we
shall prove that S§, (&, M R(E, m)=R(&, m* Sk, ,.(¢, n) where (&, n)eS!
(i=1,...,v). We assume that N , (£ #n) is non-singular at (E, %)ESI.
By the Condition I and the method of construction, D=Ni§u,,,n(§°, 1;)-

R(f, ;;)-N"éh,,n(éc, ;;)“ is a real diagonal matrix. Therefore, we have
St (& MR, 1)
=N, (& m* N, (& ) NE, .6 m7!

x DN, (£, 1)

CosHo
=Ni§°‘"a(£, n)*.D.Néu,rln(g’ ’;)
= (DN, . & m)*NL . )
= (N, - RE my*Ni,, (& n)

=R(¢, m*- Sk, 4. (& ),
where Sk, , (¢, n) corresponds to Ni , (&, 7).

Since the set of non-singular points of N, ,.(& #) is dense in S!,
Eon(& M) R n)=R(, n)* Sk, (& n), i=1,...,v hold on S! by conti-
nuity. Put §<u,,,o(£, 11)=§le20,,,0(5, n). Then, §¢°,,,n(é, n) is single valued
analytic function in S, a symmetric matrix with homogeneous degree
zero in (¢, ) and positive definite in a open set V, , such that V, ,k 3
(60»Mo) and Vg, cU,,. Since R(E, 0)=AE, S, ,. (£ 0) is a constant
symmetric matrix, and S‘,:o,,,o(é, ) R(&, n)=R(¢, 11)*-§¢°,,,o(é, n) on St
Thus, we can construct §§°,,,o(£, n) at any (&g, o) €S!. S! is compact.
So, there exist finite points (¢, ny),..., (€, n.) of S! such that S, c
U Ve and S m)= ¥ 8,,(& ) is positive definite on S'.  Then,

S(&, n) is the symbol of the singular integral operator which we want
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to construct. Already, we proved the properties (i), (i) and (iii) in
(3.1). Next, we shall prove the property (iv). In [9], we proved that
the eigenprojections P,(k) (P (x"), h=1, ., M, of T(k)=Ax+B (T(x")=
A+ Bx') are analytic functions of (k') when =x(x’) is real (real). Also,
the eigenprojections of T(k)=wr(4+ Bx~') coincide with those of A+ Bk~ 1.
Therefore, P,(x), h=1,..., M, are analytic in x when k is real and K=o0.
So, Py(x) (¢/n=k, neR'—{0}), h=1, .., M, are analytic in xk where
keD={keC'||Imk|<20,}, &, is a positive constant. Therefore, S(&, #)
has the property (iv). Q.E.D.

4. Energy Inequalities

Since our method of proof is the same which Kajitani used in
[4], we prove only the lemmas which are different from Kajitani’s paper
by reason of strong hyperbolicity.

Put M(z, n)=A"Y(tl—inB), t=p+io, p=20, ceR!, neR!'.

Lemma 4.1. Assume the Conditions I and II. Fix (z,n)=(ig,,
7o) #(0, 0). Then, there exist positive numbers r,, r, and a matrix
T(z, ) such that

(@) T(z,n) is analytic in U={(z, n)||t—ioel<ry, In—1nol<r,} and

non-singular in U.
(b) M(z, n)=T(z, n)M(z, )) T~ 1(, n) has the form

[ Mo(z, ) 0
@1 M(z, 1) = L
0 Mz, m)
where

(i) M, j=0,...,q, have I;x1; matrix.
(i) the eigenvalues A of My(t, n) satisfy

|Rei|>C>0.

(i) Mz, n), j=1,..., q, have the form
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ij—/?j;(f, ']) ’

_—[jé(‘[’ '1) O(J‘"'.
(4.2) M, n)= ! .o

G 0
_ﬁ{J(Ts '1) o‘j
w; is pure imaginary and Bi(iog, o) =0 (i=1,..., 1).

This lemma follows from Lemma 3.1 and Agranovich [1].

Remark 3. Lemma 4.1 is the same form for strictly hyperbolic
systems [5].

We consider the boundary value problem with a parameter 7=
n+io, u>0:

(t—Lw=f in R}
4.3) [

K'w|,—o=h in R'
Lemma 4.2. Assume the Conditions I, II and III. Let w(x,y)

be any solution of (4.3) which belongs to H'(R?). Then, there exist
positive constants C, and p; such that

(4.4) w2+ <w(0, ')>2§C,<—L—||f 12+ <h> 2)

for any 1t with Retzyp,.
Also, this lemma follows from Lemma 3.1 and Agranovich [1].

Lemma 4.3. Assume the Conditions 1 and II. Then, there exists
a positive constant y such that
(i) for |t|=vnl, there exists an smooth matrix H(t,n) such that
H(t, n)-M(t,n)-H Y(t,n) is a diagonal matrix in D={(z, 1)
|T|=2yInl} and the eigenvalues Ay(t,n) (j=1,..., N) of M(z, n)
satisfy

[Re Az, n)| Sconst. u in D.

(i1) for |1|Z3yInl, there exists a m=m(t, ) in the range
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9 <m<d
W (n=m=d,[n|

such that

const
1<

[(eI—i(AE+Bn)~ | =

for & with Imé=—m(z,n) where 6, is a constant of (iv) in
Theorem 3.4.

Proof. Let t#0. M(r, n)=—;—A‘1(iI+%B>. Also, M(z, 0)=74~!
is diagonalizable by the Condition I. So, we apply Lemma 4.1 to M(x,
n) at (1, n)=(i, 0) and obtain (i). (i) follows from Friedrichs and Lax
[2] or Kajitani [3]. Q.E.D.

By the above arguments and the results of [4], we get the Main
Theorem.
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