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A Formal System of Partial Recursive Functions

By

Hiroakira ONoO*

We know that many parts of ordinary recursive function theory
can be developed formally in a certain extension of the formal number
theory (e.g. Peano arithmetic). But we encounter some difficulties when
we want to deal with partial recursive functions, since in ordinary
logical calculi only total functions and predicates can be treated. The
most natural way to treat partial functions will be to take their graphs
instead of functions themselves. More precisely, to represent an n-ary
partial functions, an (n+1)-ary predicate P having the property that
P(xy,..., X,, y) holds for at most one y for any x,,..., x, is taken. How-
ever, it will entail considerable complications to express properties of
partial recursive functions in such forms.

In this paper, we shall attempt to formalize the theory of partial
recursive functions, which is called PRN, on a logical calculus in which
partial functions and predicates can be treated. For the logical calculus
mentioned above, we shall take a system which is obtained from the
one introduced by Ebbinghaus [1] by extending it to second order.
We shall introduce some extensions of PRN and examine their logical
powers. Our approach contrasts with the one by Scott [8]. In [8]
a partial function from a set 4 to another set B is regarded as a total
function from A to the set B with the element which represents the
undefined value.

In §1 and §2, the second order logic of partial functions SP and
its semantics are introduced. Axioms of the theory PRN are given
in §3. In §4, some completeness results for some extensions of PRN
are proved and applications of our theories to the mathematical theory
of computation are suggested.

Communicated by S. Takasu, January 23, 1974.
* Department of Mathematics, Tsuda College, Tokyo.
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§1. Second Order Logic of Partial Functions

In this section, we shall present the second order logic (with equality)
of partial functions, which is called SP. SP is an extension of Ebbing-
haus’ PPL [1]. Except for the notion of terms, the first order part
of SP is essentially same as PPL. The language of SP consists of the
following;

1) individual constants, function constants and predicate constants
(we assume that the language of SP contains the equality symbol =
as a predicate constant),

2) a list of countably infinite individual variables x, y, z etc.,

3) for each n, a list of countably infinite n-ary function variables
f(n), g(n) etc.

Occasionally, we omit the superscript letter on a function variables.
We define the terms by the inductive definition;

1) each individual constant or variable is a term,

2) if t,...,t, are terms and f is an n-ary function constant or
variable, then f(t,,...,¢,) is a term,

3) if ty,...,t,¢t t are terms and P is an n-ary predicate constant,
then (P(t,....t,)=1t;1t’) is a term.

( = ; ) designates the if-then-else operation of McCarthy [7].
t,t,s, s, t, Sy,...,etc. are used to denote terms. We use as the logical
connectives, 71, o, A, V,V and 3. Formulas (of second order) are
defined in the usual way. Thus, if 4 is a formula then Vf4 and 3fA4
are formulas, where f is a function variable. A, B, C etc. are used to
denote formulas.

We now introduce some abbreviations. A=B is an abbreviation of
(A>B)A(Bo2A). AA is an abbreviation of AV 1 A. AA means that
A is defined. ~A is a kind of the negation of A, which is an abbrevia-
tion of 1((A>A)>A). At is an abbreviation of I x(x=t), where x is
the first individual variable not appearing in a term t. A4t means that
t is defined. Then the meanings of ~A4A4 and ~A4t are ““A is unde-
fined” and ‘¢ is undefined”. t<t’ denotes the formula Vx(x=t>
x=t"), where x is the first individual variable appearing neither in t
nor t'. t=~1t" is an abbreviation of tS At =t. x and t denote some
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sequences of individual variables x,..., x, and of terms ft,...,1,, res-
pectively. For instance, VxP(x) denotes Vx, ... Vx,P(x,..., x,) for some
m.

Ay, 5[ty ., t,] denotes the formula obtained from A by replacing
simultaneously each free occurrence of x; by ¢, if no free occurrence
of x; in A is in the scope of a quantifier Vy or 3y where y is an
individual variable in #; for each i. Suppose that f is an n-ary function
variable and g is an n-ary function constant or variable. Then A4 [g]
denotes the formula obtained from A4 by replacing f(¢y,...,t,), at all of
its occurrences in A at which f is free, by g(t,,...,t,), if no occurrence
of f in A is in the scope of a quantifier Yg or dg. Similarly, ¢,,
[s(5---» S,] denotes the term obtained from ¢t by replacing each oc-
currence of x; by s. For any n-ary function variable f, t,[Ax;...Ax,s]
denotes the term obtained from t by replacing each f(t,,...,t,) by s,,
[ty 1)

The logic SP is introduced in the same style as Gentzen’s formal
system [3]. So, we call an expression of the form I'>A as a sequent,
if I' is a sequence of formulas and A is a formula. Both I' and 4 may
be null. Now, we give the axioms and the rules of inference of SP
in the follwoing.

I) Axioms.
. —Ax=y),
2) A— A,
3) —4(A>B).

II) Rules of inference

1) The structure rules (i.e., thinning, contraction and interchange),
cut and logical rules for >, A and V are same as those of Gentzen’s
LJ. (See [3].)

2) ~i-rules.

Ir — 4 Ir — 4

2.1 4, T — ' — 71714

]
8]
~
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3) A-rules for A and V.

3.1) AA, T — C 3.2) AB, I — C
’ 4(AANB), T — C - A(AANB), T — C
3.3) I' — AA I — AB
: I — A(AAB)
I' — AA I — 4B
34) F = 4AavE) 3 F= 44V B)
3.6) AA, T — C AB, ' — C
) A(AVB), I — C
4) Logical rules for the first order logic.
I — Ax[y] Ax[a], I'—B
4.0) I —s VxA 4.2) VxA, I — B
where y is a variable not where a is an individual
free in the conclusion. constant or variable.
I' — A,[a] Afy], T — B
A — 44 A Tr—8
where « is an individual where y is a variable not
constant or variable. free in the conclusion.
5) Rule for equality.
) ' — 4
I, x=t— A.[t]
6) Other A-rules.
I' — AVxA I — VxA44
6.1) I' — VxA44 6.2) I' — AVxA
I — A3xA I' — 3x44
63 T 3x44 04 T ATx4
6.5) I — AP(@,,..., t,) G=1,..., n)
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where P is an n-ary predicate constant.

6.6) ALt iy, )
where f is an n-ary function constant or a variable.

7) Rules for terms,

r — 4 - I' — 4
7.0 I — (A=¢; ) ~t 7.2) I — (A=t;t)~t
I — A(A=t; 1)
7:3) —> 44
where 4 is a formula of the form P(t,...,1t,).

8) Logical rules for the second order logic.

g1y L——Aldel 32) Adodl— 5
I —Vfd VA, T — B
where g is a function variable where g is a function constant
not free in the conclusion. or variable.
I — A;[yg] A;[[g), T — B
83) =354 84 i r—sB
where ¢ is a function constant where g is a function variable
or variable. not free in the conclusion.
I — AVfA I — VfAA
83) = vri4 8:6) T 4vra
I — A3fA I —3f44
871 r—=3744 88)  F—4374

The proofs and the provability in SP are defined in the same way

as Gentzen’s. Remark that I{L—l—q—»iﬂ—TA does not holds in SP. We
A, T —
can Show Only that m:*—_l‘—z— hOldS. On the Other hand,

D —av~d, ) LA ana 3 AL holds in SP.

Lemma 1.1. Following sequents are provable in SP.
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1) At— t=t,

2) =t — =1y,

3) ti=ty, b=t3—— 1 =13,

4) Attt — t=t,

5) ~Adt, t~t — ~AY.

§2. Semantics of SP

We shall give a description of the semantics of SP, following
Ebbinghaus [1].

A structure A for a language L of SP consists of the following
things:
1) A non-empty set 4, which is called the domain of . The ele-
ments of A are called the individuals of .
2) For each n=1, a non-empty set A of partial functions from
A" to A. That is, A" is a set of subsets of A"*! such that for any
ae A™, if both <ay,...,a, a> and <ay,...,a, b> are in o then a=bh
holds. The elements of A(" are called the n-ary partial functions of
A,
3) For each individual constant ¢ of L, an element ¢¥ in A.
4) For each n-ary function constant f of L, an element f% in A,
5) For each propositional constant p of L, an element p¥ in the
set {T, F, U}, where T, F and U mean ‘true’, ‘false’ and ‘undefined’,
respectively.
6) For each n-ary predicate constant P of L other than the equality
=, two subsets P¥ and P} of A" such that P¥cP¥. P}§ means the

domain of the partial predicate P¥.

If A™ consists of the set of all partial functions from A” to A
for each n, we say the structure U is total.

To define the validity of a formula A4 in U, it is convenient to
introduce the names for the individuals and the partial functions of 9I.
So, for each individual a of U and for each n-ary partial function «
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of U, we choose new constants a and «, respectively. The language
thus obtained is designated by L(2).

In the following, we assume that terms and formulas are of L()
and contain neither free function variables nor free individual variables.
Now, we shall define recursively the value of ¥ for a term ¢ and A(A4)
for any atomic formula A. The value of t is either undefined or an in-
dividual of . In the latter case, we say that (¥ is defined. UA(A)
takes one of the values {T, F, U}.

1) If t is an individual constant ¢ of L then t¥=c¥.

2) a¥%=a for any aeA.

3) f(ty,..., t)%=a if and only if all s are defined and <i¥,..., t%, a>
€ f¥ where f¥ is o if fis a.

4) For any propositional constant p, A(p)=p¥.

5) Suppose that P is a predicate constant other than =. Then,
A(P(ty,...,t))=T if all ¥s are defined and <1,..., %> e P¥,
A(P(ty,..., t,))=F if all t¥'s are defined but <it¥,..., %> e P§—P¥ and
A(P(ty,..., t,))=U otherwise.

6) U(t=t)=T if both ¥ and t'¥ are defined and ¥=¢'%, U(t=t)=F if
both ¥ and t'¥ are defined but ¥ # t'%, and WU(t=t')=U otherwise.

7 (P(ty,..., ty)=>t; )2 =a if and only if either W(P(t,,...,t,))=T and
t=a, or U(P(ty,..., t,))=F and t'¥=a.

Next, we shall define U(4) for any formula inductively.
J T if AWA)=F,
1) U(4)={ U if AYA=U,

if WA)=T.

~  Mm

if WA)#T or AB)=T,
2)  UAoB)=

otherwise.

e

if AA)=UAB)=T,

3) wmm:{v if AA)=U or AB)=U,

»Tj

otherwise,
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T if AWA)=T or AB)=T,

4) W(AVB)=¢ U if WA)=WUWB)=U,

F  otherwise.

T if WA [a])=T for any individual a,
5) A(VxA)=( U if U(A,[a])=U for some individual a,
F  otherwise.

T if W(A[a])=T for some individual a,
6) AEBxA)=, U if WAJLa])=U for any individual a,
F  otherwise.

T if WA;m[ae])=T for any n-ary partial function
o of A,

7 UNWfMA) =, U if UA;w[a])=U for some n-ary partial func-
tion o of A,

F otherwise.

T if AA;m[¢])=T for some n-ary partial func-
tion o of A,

8) AGEf ™A= U if WA;m[a])=U for any n-ary partial func-
tion o of A,

F  otherwise.

We can prove the following facts [1]:
1) W4t)=T if and only if * is defined.
2) WAW(AA)=T if and only if A(A)£U.
3) U(~A)=T if and only if W(A)#T.

Suppose that all the free variables occurring in a formula A of
L are f,....,f, and x,,...,Xx,, respectively. Then a closure 4’ of 4
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is a formula of the form Vf,...Vf,Vx,...Vx,4. Now, define the
value of A(A4) by W(A)=W(A4'). We say that a formula A is valid
in a structure A if W(A)=T.

A sequent A,,..., A,—»B is said to be valid in a structure U, if the
formula A, A---AA,oB is valid in A. In particular, A4,,....4,— is
valid in U if 4, A---AA, is not valid in 2.

Let T be a theory on SP. That is, T is a formal system obtained
from SP by adding some sequents as its axioms. Then a structure U
is called a model of T if all the axioms of T are valid in 2. Now,
we can show the completeness theorem of SP.

Theorem 2.1. Let T be a theory on SP. Then a sequent '->A
is provable in T if and only if it is valid in any model of T.

Remark 2.2. The semantics mentioned above tells us that SP is a
3-valued logic. To treat partial functions, some other 3-valued logics
were introduced, e.g, by Kleene [5] and McCarthy [7]. Each of the
truth tables introduced by them differs from those of Ebbinghaus. But
they can be dealt with in SP as is shown below. First, exiending the
notion of formulas, we consider the expression of the form (A=B; C)
for formulas A, B, C, as a formula. This formula represents the if-
then-¢lse operation of [7]. Now we add the following rules of inference
to SP.

2 r,A—B p . L,ad—C
ILA— (A=B,C) IT4A—(A=B;C)
o [, A>SB— D g _I,145C—D
I,(A=B,C)— D [, (A=B;C)— D
o [—4(4=B:C)
I' — A4
£) I — AB ) I — AC
4, T — A(4=>B,0) & D4 T _——4(4=B,;0)
h) AB,T — D AC, T — D

A, A(A=B;C), T — D Y S i 4(4=B O.T—D
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Let A~B be an abbreviation of (A=B)A(T14=—"B) and (4 5

B; C) be an abbreviation of
(B=C=B;(A=B; ().

Then, as shown in [6], other connectives of Kleene (or McCarthy) can
be defined by formulas containing only the connective ( A ; ) (or

( = ; ), respectively).

§3. The Formal Theory of Partial Recursive Functions

We shall construct a formal theory of partial recursive functions
on SP. To do so, we first introduce axiom schemata which say that
Kleene’s recursion theorem holds in our theory.

A formula A is said to be a system of equations (with respect to
Sfis-es fm) if A is of the form

m
i/=\1 VX“ i in"t(fi(xil" EAE] xini)"\"‘ ti) 5

where fi,...,f,, are mutually distinct function variables and each t; is a
term containing no function variables other than f,...,f,, and no in-
dividual variables other than x;,..., x;,,. Sometimes, a system of equa-
tions A with respect to fi,...,f, is written as A<f,,...,f,>. Now,
the axiom schemata R consist of sequents of the form

— Af,Af(A<firee s fu> AN (Vg1 . Vg u(A<G1sees G>
> ii\l VXit oor VX, (filXits > Xin) € GilXit5e 005 Xin ) s

where A is a system of equations and A<g,,..., d,,> is a formula obtain-
ed from A by replacing each fi,...,f, by gi,.... g respectively.

The axiom schemata R mean that any system of equations has
the minimum solution. We call the theory obtained from SP by adding
R as T(R). Since the width of the universe of partial functions is not
mentioned in T(R), minimum solutions obtained by R may not be the

intended ones. More precisely, there may be a model A of T(R) such
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that the minimum solution of a system of equations in % is not mini-
mum in the total model with the same domain as 2.

We can say that in any total model of T(R), the axiom schemata
R determine abstract partial recursive functions. (Cf.[2].) But we shall
discuss only partial recursive functions on natural numbers in this
paper. Now, we give a formal theory of partial recursive functions PRN
on SP. The language of PRN consists of an individual constant O and
two unary function constants S and P, which designate the successor

and predecessor functions. In the following we abbreviate axioms of
the form —A4 as A.

I) Axioms for number theory.
a. "1(Sx=0),
b. Sx=Syox=y,
c. Px=y=Sy=x,
d. A,J0]AVx(A>2A,[Sx]).o. 4.
II) Axioms for partial recursive functions.

a. Axiom schemata R,
b. VfUrU(Yx, .. VX, VY(f(x15eens Xpn ¥) S [(X15eees Xpy SY))

SIAMVx L Y X VZ(W(X .y X)) =2 = FY(f(X15-05 X ¥)=2))),

for n>1.

The axioms II) b. assert that if a function f(x,,.., x,, ¥) is monotone
with respect to y then the limit function of f(x,..., x,, y) exists.

The formal theory PRN, is obtained from PRN by adding the
following infinitary rule.

III) w-rule.

I — AJfn] n=1,2,...
r — A4 ’
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where # denotes the term SS... SO.
[N —

The standard model M of PRN is the total model whose domain
is the set of natural numbers and whose interpretation for each constant

is defined in the obvious way.

Example 3.1. 1) Consider the following system of equations,
g5 X)) 2= Sf(x4,..05 X,) .

We have that any solution of the above system of equations satisfies
the condition that Vx,...Vx/(~4f(x;,..., X,), since —1(x=Sx) holds
in PRN. Thus in PRN the existence of the totally undefined n-ary
function is ascertained.

2) Consider the following system of equations, where @ is any
atomic predicate;

Ve(fi(x) = f5(0, ) AVEVy(f2(y, )= (Q(r, ) =1 /2(Sy, ¥))).

Let f* be the minimum solution for f;. Then we can prove in PRN
that

a. Q(y, %), Vz(z<y>7Q(z, 3)) — f¥(x)=V,
b. ~A4Q(), x), Vz(z<y>71Q(z, x)) —> ~Af*(x),
c. Yy10@,x)— ~Af*(x).

Thus, the Kleene's p-operator can be dealt with in our theory. (Cf.

71

Now, we prove the following two lemmas, which will be used in
later sections.

Lemma 3.2. Suppose that g is an n-ary function variable and
that f, and f, are (n+m)-ary function variables. Then for any t

Va(fi(x, 9) S fo(x, 9)) 2@, [A2f1 (2, 9)] ~1,[ 22 f5(x, ) ])

is provable in PRN,
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Proof. 1t suffices to prove the lemma, when t has only one oc-
currence of g, which is of the form g(t’). By the assumption it follows
that f,(1', y)=f,(t', v). So we have only to show that for every term
i, ty, 5, t;St, implies s, [t;]<=s,[f,]. But this can be verified by in-
duction on the length of s.

Lemma 3.3. Suppose that s is a term containing no function vari-
ables and no individual variables other than x, and that t is a term
containing no function variables other than g¢(x) and no individual
variables other than x. If f, and f, are solutions of the following

system of equations, called the primitive recursion,
VaVi(f(x, 3) = (y=0=s; 1,[Ax f(x, PY)])),

then fi(x, v) =~ f5(x,y) holds in PRN.

Proof. We prove the lemma by induction on y. Clearly, f,(x, 0) ~
s f,(x, 0). Suppose that fi(x, y) =~ f,(x, y). Since 71(Sy=0) holds, fi(x,
Sy) = t,[2xf,(x, PSy)] ~ t,[ixf,(x, y)]. Similarly, fy(x, Sy)=~ t,[izfy(x, Y)].
By the hypothesis of induction and Lemma 3.2, it follows that

rg[’{xfl(fs ‘)] = rg[;“fo(xs V)] -

Hence, fi(x, Sy) = f,(x, Sy).

We notice here that in a certain sensc PRN and PRN, are ex-
tensions of second order arithmetic A and A, of [4]. For example,
Lesniewski schemata can be expressed in our systems as ’/’{ Vx,dg(x)>
AfVx(f(x)=t), where t is a term containing only gl,...,g:"_las function
constants or variables. It is obvious that these formulas are provable
in PRN by using the axiom schemata R. Some of the results in the
next section have a close connection with those in [4].

§4. Extensions of PRN

First, we define conservative extensions PRN* and PRN¥* of PRN
and PRN,, respectively. Suppose that A<f,...,f,> 1is a system of
equations. The formula B, is defined as
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A<fisees fn> N (Vg1 . VGu(A<G1seens Gu> Di_/__\lvxi(fi(xi) < g:(x))).

Clearly, ——3f,...3f,B4 is an instance of R. Since it holds in
PRN that

functions fi, .., f,, satisfying B, are determined uniquely up to ~. Now,
we construct a theory PRN* from PRN by adding a new function
constant uf;A (i<m) and a new axiom

VSie VIn(Ba= A Y3ifis) = wiA(x)

for each system of equations A<f,,...,f,> of L(PRN), the language
of PRN.

For each formula C of PRN*, define a formula C, of PRN as
follows. Let ufiA,,..., ufmA. be all the new function constants appear-
ing in C. We assume for simplicity that each A; is of the form 4;,<f;>.
We obtain a formula C’' from C by replacing each uf;4; by f. Now
the formula Cg is Vf, ... Vfu( _}\leAi::C’).

Theorem 4.1. For each formula C of PRN¥*, C is provable in
PRN* if and only if C, is provable in PRN.

From this theorem it follows that PRN* is a conservative extension
of PRN. By the same way, we can construct a conservative extension
PRN¥ from PRN,. In the following, we assume the -consistency of
these theories.

We notice that the axiom schemata R of PRN* can be restricted
only to systems of equations of L(PRN). In other words, for any
system of equations A<f,...> of L(PRN*) there exists a system of
equations B<f,...> of L(PRN) such that for any x pufA(x)~ufB(x).
Suppose that uf,C,,..., uf,C, are all the new function constants appearing
in A. A'<f, g4...,9,> denotes the formula obtained from A4 by replac-
ing each uf,C;<f,...> by a function variable g, Now, let B be a
system of equations of PRN,
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’ n
A <f, gla-'-y g,,> /\ ./\1 C,‘<g,‘-. o> .
i=

Then, it is easy to see that ufA(x)~ ufB(x) for any x.

The function and predicate constants of L(PRN) are only S, P
and =. Thus, by the recursion theorem each system of equations
A<fi,...,fn> determines partial recursive functions @,,..., ¢, in the
standard model M. So, defining the interpretation of uf,A by ¢; we get
an extension N* of the model M. We say that 9t* is the standard
model of PRN*. Using the results in Example 3.1, we have that any
partial recursive function can be introduced by the axiom schemata R
and hence is of the form (uf4)*.

Next we show how the computation of the value of ufA(i) for any
system of equations A4 and natural numbers m is executed in PRNZ.
We consider only the case where A4 is of the form A< f>. Other cases
can be dealt with in the similar way. In the following, —B means the
provability of a formula B in PRN%. Suppose that A< f> is Vx(f(x)~1).
Define a function g(x, y) by the condition that

1) Vz(~4g(x, 0)) and
2) VxVy(g(x, Sy)=t ;[Axg(x, y)]).

The existence and the uniqueness of such a function g can be verified
by Example 3.1 and Lemma 3.3. Now, we show by induction that
g(x, y) = g(x, Sy). By the definition, ~4g(x, 0). Thus, g(z, 0) < g(x,
S0). Suppose that g(x, y) S g(x, Sy) holds. Then we have that ¢ [Axg(x,
nilst[Axg(x, Sy)]l. So g(x, Sy)=g(x, SSy) holds.

Using Axioms II) b, we have that there is a function h such that

Vz(h(x)=z=3y(g(x, y)=z)). We can get the following lemma due
to [5].

Lemma 4.2. h is the minimum solution of A.
Proof. We first show that h is a solution of A. By the definition,
for any y g(x, y) € h(x).

By Lemma 3.2, t[Axg(x, y)] = t,[Axh(x)] .
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Hence, v, [xg(x, ¥)]=2) 2 (¢,[Axh(x)]=2) .

Since g(x,y)=g(x, Sy) ~t,[lxg(x,y)], it holds that h(zx)=z>
Ay(t,[Axg(x, y)]=2z). Combining these results, we obtain that h(z) <=
t[Axh(x)].

To prove that t[Axh(x)]<h(x), we first show by induction on the
length of ¢ that

Va(t,Laxh(x)] =2 > 3y(t,[ixg(x, )1 =2)) .

We prove this only when ¢ is of the form f(t,,...,1). We assume that
for each i

Vz(e,, [Axh(x)] =2 > 3p(2,, [ixg (x, )] =2)).

We write t; and t] instead of ; [Axh(x)] and t; [Axg(x, y)], respectively.
Then, t [Axh(x)] and t,[2xg(x, y)] are h(ty,...,t;) and g(t],....t;, y). In
SP, it holds that h(ty,..., t;)=z implies

k
(1) axl ...ka(.i\l(tgle')/\h(xl,..., Xk)=Z)
By the assumption, (l) implies
k
@ 351 - XA I =3) A IV (G r X 1) =2)

By Lemma 3.2 and the above discussion, we have in PRN that y<)’
implies (7 < [y']) A(g(x1,..., Xpo ¥) S g(x15--., Xi, V7)) and that y=<y'V
y'<y. Thus, (2) implies

k
3 dydx; ... axk(ii\l(t,i, =X)ANG(X1,.0s Xg» Y)=2).

Clearly, (3) implies 3y(g(t],..., ti, y)=2z). Now, suppose that t[Axh(x)]
=z. Then from the above discussion, it follows that 3y(t;[ixg(z, y)]
=z). So, 3y(g(x, Sy)=z). This implies Iy(g(x, y)=z). Thus h(z)=z.
Hence, t[Axh(x)]< h(x).

Next we show that h(x) is the minimum solution. Let k be a
solution of A. That is, k(x)~t,[Axk(x)]. We prove by induction on
y that g(x, y)<k(x). Since ~A4g(z,0), g(x, 0)=k(x). Suppose that



ForMAL SvsteEM oF ParTiaL RECURSIVE FUNCTIONS 287

g(x, Y)Sk(x). By Lemma 3.2, g(x, Sy)=~t/[Axg(x, y)] =t [Axk(x)]~ k(x).
Thus, Vy(g(x, v) = k(x)). From this, it follows that 3Jy(g(x, y)=z)>
(k(x)=z). Hence h{x)=k(x). This completes the proof.

Lemma 4.3. Let | and m be a natural number and a k-tuple
of natural numbers, respectively. Then either +-g(W,)=n holds for
some natural number n or ~Ag(m, 1) holds.

Proof. First, we remark that
1) m=n holds in N* if and only if ~m=n,
2) Sm=n holds in N* if and only if —Sm=n,
3) Pm=n holds in 9N* if and only if —Pm=i.

Now, let Q(I) be the proposilion which says that for any k-tuple of
natural numbers m, either g(i, )=# holds for some n or ~Ag(m,
). We prove Q(/) by induction on [. If =0, then +~Ag(m, 0) by
the assumption. Thus Q(0) holds. Suppose that Q(/) holds. By the
definition, g, SN)~t¥[Axg(x, )], where r* is 1y[M]. By induction
on the length of r*, we show that either ¥[1xg(x, N]=n for some
n or ~Ari[lxg(x, )] holds.

1) The case where t* is 0.
It is obvious that r¥[lxg(x, )]=0.

2) The case where t* is of the form St'.

Then t¥[Axg(z, I)] is equal to S(#/[Axg(z, )]). By the hypothesis, either
—t [Axg(x, D]=n for some n or ~At;[ixg(x,1)]. In the first case,
it follows that t¥[lxg(x, )]=SAi=n+1. In the second case, ~At%
[Axg(x, )] holds, since AS(t;[Axg(z, )])> 4t [Axg(x, )] holds in PRNE.

3) The case where t* is of the form f(¢q,..., t).

Then t%[Azg(x, )] is equal to g(ty,..., t}, I), where each t; denotes
t;,[Axg(x, )]. Suppose that -, [Azg(zx, )]=i; holds for each i. By
the hypothesis that Q(I) holds, +g(f,,..., i, )=hn for some n or |~
Ag(iiy,..., i, ). In the first case, —t%[Axg(x,)]=i and in the second
case b ~At¥[Axg(x, )]. On the other hand, if there exists at least one
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i such that ~4t [Axg(x, )], we have that —~Ari[Axg(x, D)].
Using the remark mentioned first, we can prove other cases similarly.
Thus we have Q(I+1).

Theorem 4.4. Let g and h be functions mentioned above and

m be a k-tuple of natural numbers. Then

1) +~dg(@, 1) for any natural number | if and only if ~ Ah(W),

2) g(m, )=n for some natural number 1 if and only if h(f)=n.
Proof. 1) Suppose that —~Ag(m, 1) for any I. Then by w-rule,

M FVYx~Ag(m, x).

On the other hand,

®) Ah(m) — Jydg(m, y),
and
(3) ﬂyé‘g(ﬁ, y)’ VXNAg(mﬂ X) -

are provable. From (2) and (3), it follows that
Ah(m), Vx~Adg (i, x) —

Using (1), we get Ah(m) — . Thus F~A4h(m). Conversely, suppose

that + ~A4h(m). Then A4h(m) — . Since 3Fydg(m, y)— Ah(m) and
Ag(mi, 1) > 3ydg(m, y) are provable, Ag(W,]) — . Hence ~Adg(H,]I),
for any L.

2) Suppose that g(f, [)=n. Then —~3y(g(f, y)=n). Hence h(i)
=7. Conversely, suppose that h(M)=n. If —~Adg(, 1) for any
I then +—~dA4h(m) as we have just proved. But this is a contradiction,
since we assume the consistency of PRNZX*. Thus, there is an [ such
that J¢~Ag(f, ). By Lemma 4.3, there is a natural number n’ such
that +g(, [)=n'. Then —n=n'. Hence tg(M, )=n for some L

By Lemmas 4.2, 4.3 and Theorem 4.4, we have the following theorem.
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Theorem 4.5. For any system of equations A<f,..> and any
natural number m, either —ufA(M)=n for some natural number n or
— ~ AufA().

A model A of PRN (or PRN¥*) is an w-model if every individual
a of W is n¥ for some natural number n. We can prove the fol-
lowing theorem in the similar way as Henkin-Orey theorem for theories
on classical logic (see, e.g. [9]).

Theorem 4.6. A formula of PRN (or PRN¥*) is a theorem of
PRN, (or PRNZ) if and only if it is valid in every w-model of PRN
(or PRN¥*).

By this theorem, we can get the following theorems similarly as

[4].

Theorem 4.7. Let A be a formula of PRN which contains no second
order quantifiers. Then Vf,...Yf,A is a theorem of PRN, if and
only if it is valid in .

Theorem 4.8. Let A be a formula of PRN* which contains no
second order quantifiers. Then Yf,...VfiA is a theorem of PRN¥* if
and only if it is valid in *.

Proof. Let A be any w-model of PRN*. Then we have only
to show that for every system of equations A<f,...> and every natural
number m,

1) WufAm)=n)=T if and only if N*(ufA(W)=n)=T, an

2) ufA(m)¥ is not defined if and only if ufAT)®* is not defined.
But this can be verified by using Theorem 4.5.

As a corollary of Theorem 4.8, we have that for any partial recursive
function ¢ there is a system of equations A< f,... > such that for every
natural number m,

1) o(m)=n if and only if +ufA(@)=r and
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2) ¢@(m) is undefined if and only if -~ AufA(m).

We say that the function constant ufA represents ¢.

Theorem 4.8 says that PRN¥ is powerful enough to prove many
theorems about partial recursive functions. For example, the enumeration
theorem for partial recursive function in [5] is expressed in the following

form:

There exists a system of equations A<f,... > such that for any

system of equations B<g,... >,
3YVx1,.. VX (ugB(X 1, ., X)) 2 ufA(Y, X15e.0s X))
is provable in PRNE.

The above discussion suggests a way of constructing an extension
of PRN%X. We have taken * for the standard model of PRN*. But,
another standard model of PRN* can be taken. Let 9" be a struc-
ture whose domain is the set of natural numbers and whose functions
are all of partial recursive functions. We can show that 3t is a model
of PRN*, since Axioms II) b holds in 9t*. Now, consider the partial
recursive function U(uyT,(z, Xi,..., X,, ¥)) in [5]. Let @, be the (n+1)-
ary function constant which represents the function U(uyT,(z, X1,..., X,
y)). Now, PRN* (or PRN}) is the theory obtained from PRN* (or
PRN¥) by adding the following axioms;

1V) ViMIzVx, .. VX, (f(Xq,eens X)) 2 Py(Z, Xq5en05 X)) -

Clearly, M* is a model of PRN*. Similarly as Theorem 4.6, we can
prove that for any formula A of PRN*, A is provable in PRN{, if and
only if it is valid in any w-model of PRN*. Now, let U be any w-
model of PRN* and a« be any n-ary function of 2. For simplicity,
we assume that the domain of U is the set of natural numbers. Since
Axioms IV) are valid in 2, there is a natural number m such that
<My,...,m,, k>€a if and only if <m, my,...,m, k>e®% for
every natural number my,..., m,, k. By Theorem 4.5, ®¥ is equal to
o, Clearly, ®%" is (the graph of) a partial recursive function. So,
o is also partial recursive. Conversely, it is obvious that every partial
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vecursive function is a function of 2. Thus. U is isomorphic to M*.

Theorem 4.9. For any formula A of PRN*, A is provable in
PRNY if and only if it is valid in M*. Hence, PRN} is complete.

Applicability of our systems to problems in mathematical theory
of computation will be obvious. Since problems of equivalence, cor-
rectness and termination of programs about natural numbers can be
expressed by formulas of PRN} of the form mentioned in Theorem
4.8, they can be treated completely in PRN¥. For another example,
theorems in [6] can be proved formally in the theory T(R). T(R) has
a close relation with the formal system in [8]. To strength T(R), some
axioms like Axioms II) b. are necessary. But in general case we can
not express II) b. in our language. So some rules like the induction in
[8] will be needed.
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