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Non-linear Schrodinger Equation and Modified
Korteweg-de Vries Equation; Construction of
Solutions in Terms of Scattering Data.

By

Shunichi TANAKA*

In [16], we have constructed the general solutions of the initial value
problem for the Korteweg-de Vries (KdV) equation in terms of the
scattering data of a Schrédinger operator. The purpose of the present

paper is to extend the construction to the non-linear Schrédinger equation
0.D tus+2 Y gy |20=0

and to the the modified KdV equation

0.2) v+0020 5+ g0, =0.

Gardner, Greene, Kruskal and Miura (GGKM) [4] have discovered
that the solution of the KdV equation can be described in terms of the
scattering data of one-dimensional Scrédinger operator. They also
proposed that the formalism of inverse scattering theory gives a certain
explicit realization of solutions. If the reflection coefficient identically
vanishes, the fundamental integral equation of the inverse problem reduces
to linear algebraic equations and the potential is expressed in closed form
in terms of exponentials. GGKM have also recognized that solutions of
the KdV equation associated with reflectionless potentials play an im-
portant role in the study of asymptotic behavior of general solutions. See
[13] for detailed discussion of reflectionless solutions of the KdV equatino.

An analogue of the GGKM theory for (0.1) has been initiated by
Zakharov and Shabat [19]. They found that solutions of (0.1) are de-
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scribed in terms of scattering data of the operator

(0.3) Lu=i[(1) _(I)JD—z'lzg* ﬂ (D=d|dx)

with a complex potential #. Subsequently Wadati [17] and the present
author [14] have associated (0.2) also with the operator Z,. In [19] some
part of scattering theory of L, has been described on formal basis. In
particular a part of reflectionless potentials and solutions associated with
them are constructed.

Scattering theory for L, is more complicated than that of the one-
dimensional Schrédinger operator given in Faddeev [3] in several points.
To explain them let @ () denote the wronskian of the right and left Jost
solutions (See §§ 1 and 2 for detail). «({) is defined and continuous for
Im {=0, analytic in Im{>0 and tend to 1 as |{|—>oco. In the case of the
Schrédinger operator, @({) does not vanish on the real line, the number of
its zeros are finite and all zeros are simple. These do not necessarily hold
in our case.

In Shabat [10], [11], where scattering theory of Ly is discussed, potent-
ials whose a({) has no zeros in Im{=0 are considered in deriving the
fundamental integral equation and consequently in solving the inverse
problem. This assumption excludes all reflectionless potentials and is
inconvenient for the study of equations (0.1) and (0.2).

We relax the condition and only assume that &({) has no zeros on the
real line. The number of its zeros are finite in consequence. Even under
this simplifying assumption, the theory is rather complicated by the fact
that #({) has multiple zeros. The complication due to the presence of
multiple zeros already occurs for the Schrédinger equation with a complex
potential (Blashchak [2]).

In § 1 properties of the Jost solutions of L, are discussed. Then in
§2 scattering data are defined and their properties are described. In §3
we derive the fundamental integral equations. §§4 and 5 concern the
inverse problem. In §4 the solvability of the fundamental equation is
discussed. Then in § 5 the inverse problem is formulated and solved.

In deriving the above results, methods developed for Schrédinger
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equations ([1], [8] for radial equations; [3] for one-dimensional equations;
[2] for equations with complex potentials) have been used in modified form.
The following two sections concern the construction of solutions of
(0.1) (§6) and (0.2) (§7) in terms of scattering data of Ly. Several
preliminary results have been published before in [14], [15].
Throughout the paper integrations are taken over (—oo, oo) unless
explicitly indicated. For a complex number ¢, ¢* denotes its complex

conjugate.

§1. Jost Solutions and Their Properties

For a complex-valued measurable function #, consider the operator
Ly defined by (0.3) on the infinite interval (— oo, o).
For a two-dimensional vector y=*%y1, ¥2), put
Y= =D
and
lyl=max(|y1l, |y2]).

If y=y(x) is a solution of

(1.1 Luy=ly, {=&+in,
then

Lypt=0*y
holds.

If y(x) and 2(x) are solutions of (1.1), then the wronskian

[y, 2]l=y122—y221

is constant.
Put

$2(x, H="(1, 0)exp(—ilx),
$i(x H="0, exp (ix).

They are solutions of (1.1) for #=0.
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To obtain solutions with prescribed behavior as x—-oo, put the

expression
(@) =a(xpp (%) +Blx)p (%)

into (1.1). Then we have

1.2) a'(x)=—u*(x)(x) exp (—ilx),
B’ (x)=wu(x)ps(x) exp (iipx).

We assume that the potential # is integrable and put
Foo
ox(ry==t [ lu(z)ldy.

Theorem 1.1. There exist unique solutions gy of (1.1) for Im{=0
such that

l(x, O)—o(x, OIS Cos(x)exp(Fnx)

as x—>4-0o0. s are analytic in [ in the upper half plane.

Proof. By (1.2) we have the integral equations for ¢=:

- :"°u< Pbaa(y, Dexp@l(y—x)dy

el D42 D=| 7
[0 My, Dexp@le—)ay |.

These integral equations can be solved by successive approximation

leading to the existence of the solutions and their estimates. Q.E.D.

The solutions i+ will be called the Jost solutions.

We have also

Lemma 1.2. There exist unique solutions ex(x, ) of (1.1) for Im{>0
such that

exp(£élx){es(x, D—yi(x, D}—>0,  x—> foo.
These solutions are analytic in (.

Proof. In this case we solve (1.2) by the requirement that a(2)=0
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and B(x)—1 as x—co. Then we have the integral equations for e=e¢,:
ex(e, D—exp(—iln)=— [ " ulp)ealy, Dexp(l(y—)dy,

4
ex(w, =— [ uter(y, DexpLlr—y)dy.
Putting
of, Oy =exp(— i, {),

these are turned into integral equations for %4 which can be solved by
successive approximation provided oy(2)<<l. It is easy to show that

£—¥1,0)—0 as x— oo, Q.E.D.
Put
1.3) Yo, D—exp (HilVha(, D).

Assuming the integral representations

La+) el D=40, D+ [ Bilw, y)exp @ity)dy,
0 .

L4=)  hn D=0, 0+ [ B-(x, y)exp(—2iLn)ay,
we put these into the integral equations for the Jost solutions. Then we
have

-+
(1.5) Bz, y)+ f ) Y (2 Bra(s, x4y —2)de= —u(x+y),
(1.6) Ba(x, y)— f :u*(z>3+1<z, Vdz=0
and

B, 9)— [ u(e)Boola, )ds=0,
B_o(x, )+ f;yu*(z)B_l(z, x+y—2)dz=—u*(x+y).

The potential # is reproduced by

u(x)=—B1(x, 0)=—B*y(x, 0).
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Let % be bounded integrable and put

m+(x)=ess Sup.ys+g|2(¥)|.

Then the integral equations for the kernels B just obtained can be solved

by succesisve approximation and the solutions are estimated as

(1.7) | B+(x, ) |<mi(x+y) exp (0£(x))
(see [10, pp. 167-168)).

Now we study how additional smoothness of # improves that of B=25.

Lemma 1.3. Swuppose that u is n-times differentiable with integrable
derivatives. Then BUE)=0i+tkB[dx10yE exist for j+A<n and the estimate

IB(lj"‘)(x, y)—{-u(”k’(x—{—y)I-I—IB(zj””(x, ;V)i
J+k-1
<C'S mlety), 1< t+h<n,
i=0

where
mi(%)=SUpy>g| u(i)(x) |
hold.

Proof. By (1.6), By is differentiable and

(1.8) Bog(x, y)=—u*(x)B1(x, y)

holds. By (1.5) B is differentiable with respect to x and estimate for By
follows. Results for BU:0 follow by induction on ; using (1.5) and (1.8).
By (1.5) B is differentiable with respect to ¥ and

(1.9) Bz, y)— Bry(x, y)=u(x) Ba(x, ¥)

holds. Bay exists by (1.6) and the estimate for By follows.
For general BU'®) the assertion follows from double induction on

J+4%and 4. Q.E.D.
If ma(dx)& L1(a, ), we can define ¢+ by (1.3) and (1.4). 4 coincide

with the Jost solutions. So we have.

Theorem 1.4. Suppose that u is bounded and m(+x) are in Ll (a, o)
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Jor somea. Then there exist kernels By estimated as (1.7) and Jost solutions
are represented as (1.3), (1.4).

§ 2. Scattering Data and Their Properties

Now let {=¢ be real. Then

[$s, PA]=—1.

As iy and ¢ are linearly independent solutions of (1.1) for {=¢, we can

expand ¢_ uniquely as

@.D p=a(E}L +6(E)p+.
Similarly

2.2) pi=c(EWt+d ().

We have

(2.3) a)=[- ¢+,  HE=—[)- ¥4]
and

(2.4) af)=—c&),  bE)=dE)".

Putting (2.2) into (2.1) and using the relations (2.4), we have
la(§)P+16(6) 2=1.

Putting (1.3), (1.4) into (2.3), we have
2.5) aQ=1+ [ T(»)exp@ity)ay,
where

2.6) I'(y)=B-a(x, —y)+B1a(x, y)
+ f 0” [B_1(x, —2)Bya(x, y—2)— Bg(x, —2)Bir(x, y—2)|de

and

8&)= [ H(y)exp(—2itn)ay,
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where
exp(2iR)I(y)=B11(%, )+ B-2(%, ¥)
+ [ Bsx B, y— e+ [ By, ) Blolr, y—2)ds

(we have extended B.i(x,y) as 0 for 4-y<<0).

Putting x=0, for example, we have the estimates:

HI(»)|I=Cm(£y),  £y>0,

and
I'(WIZCm-(—27y)+mi(27Yy),  y>0.

I" and [T are bounded integrable functions.

There are other expressions for I" and II which are sometimes more
convenient.

Considering the limit for x—co in (2.1) and comparing the coefficients

of exp(--7€x), we have the integral representations
a©=14 [uM-a(y,  expig)ay,
6= [ur (s, O exp(—ity)ay.

Putting (1.3), (1.4) into these expressions and performing a formal

change of the order of integrations, we obtain the expressions:
@.7) (9 =—u(y)— f ;u*(x)B_l(x, y—x)dx,
28) I'(5)= [ u@)B-sr, —y)dz.

For functions defined by (2.7) and (2.8) we have the estimates

29 LT +u(y) < Cor(y)m—(y)
and
(2.10) () I Con-(—271)+0+(271y)).

Thus we have
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Lemma 2.1. f u satisfies the assumption of Theorem 1.4 and
(A+1x)e is integrable, then expressions (2.7) and (2.8) kold.

Lemma 2.2. Let u be in S, the space of C-functions which are
rapidly decreasing together with all derivatives. Then Il 7s in S. T is

C* and rapidly decreasing as x— oo together with all derivatives.

Proof. By repeated differentiation of (2.7), (2.8) and by Lemma 1.3,
we obtain similar estimates to (2.9) and (2.10) for each derivative. Q.E.D.

Let {p be a zero of order m of a({) in the upper half plane. Because
e are linearly dependent at {={p, they are square integrable by their

asymptotic property.

Theorem 2.3. There exists a chain of complex numbers ct={c{, ..
i1} (c05£0) suck that

.

J

211) j10p(x, Lo)/dli= 20#!—15;_,,d!‘¢+(x, lo)ldlr,  0<;<m—1,
ll=

hold.

Proof. Let ei(x, ) be the solution of (1.1) defined in Lemma 1.2.
Noting that [, e4]=—1 ,we expand ¢ as

(2.12) p_=c(Q)pr+a(le+

where ¢({)=[e~, -] is analytic in the upper half plane.
Comparing the j-th coefficient of the Taylor expansion of (2.12) at
{=1{o, we have (2.11) where

ch=p""1dc(Lo)/d CH. Q.E.D.

Obviously the chain of complex numbers ¢~ ={cy, ..., ¢j—1} is uniquely

determined such that

53 0 -eeeee 0 co O eeeee 0
(2.13) q g 00 1 g 0.0 7
Cm_l £m__2 ------ [0 [;,,_1 L‘m__z ...... 66

The chains ¢* are called the normalization chains associated with the zero
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Lo of a(D).
We now assume that
(2.14) a(é)70

for any real §. As the integral representation (2.5) holds with the inte-
grable kernel I', a({)—1 as [é|—>oco. By this property and (2.14), a({)
has only a finite number of zeros in the upper half plane. We denote them
by {; (=1, ..., V) and their multiplicity by #(;). Denote by cj the
chain associated with the zero {; by Theorem 2.3.

Put

r(O)=06&)a$)t,  r(O=d(E)(&)".
7+(€) are called the reflection coefficients. The collections
S+= {rﬂ:(f)) C]‘) cyj:}

are called the scattering data of the operator L, or the potential #.

An extension of the Wiener-Lévy theorem [6, Lemma 1.2] gives
Lemma 2.4. Let a({) be defined by
a®=1+ [ T)exp@ily)dy, T'eLY0, %)

and let a(§)50 for any real £. Let §j(j=1, ..., IV) be the zeors of order
m(7) of a(l) in the upper half plane. Then a(l) has the representation

N o
2.15)  a)= ]_Hl (—L; /10— LpmDexp ( f , T'i(¢)exp (2z'§t)dt> ,
where I' is in L1(0, o).

Putting {=¢ in (2.15), we have

(2.16) log |a(¢)|=Re f 0°° T'y() exp (26€d)dt.

§3. Derivation of the Fundamental Integral Equations

In this section we derive integral equations which connect the kernels

B, with the scattering data.
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As the coefficient 4(f) is the Fourier transform of a bounded ZL1-
function, it is a bounded Z2-function and tends to zero as é—-4-c0. So

7+(€) are also bounded Z2-functions and tend to zero as {—4-co. Put

Fa(x)=mn—1 f 7 (&) exp (L2iEx)dx

as L2-Fourier transforms.

Now on the identity

a Y Eh(x, £)—41, 0)={A+(x, £)—0, 1)} +7+(§) exp (2iéx) e+ (x, £)

multiply by 7 lexp(2¢£y) and integrate over (—oo, ). By the convolu-
tion theorem, the right-hand side gives

" Fy(xty+2)Bi(x, £)dz.

(3.1) Bﬁ(x,y)+[ F+(2?+J/) :‘-}—‘{‘0

By Jordan’s lemma [12, § 60], we have

B2 o[ {aiOhr, H—41, Oexp 2ity)dt
—2 3 R
j=1
where R({p) is the residue of

a DAz, exp(2Ly)

at a zero {p of a({).

Next we express R({p) in terms of the kernel B;. We have

R(Lo)=(m—1)I"Yd[d0)™ Lao({) 1 e(x, )exp(2Ly)  (L={o)
where

ao(f)=a(0)({—Lo)™.
By the relation (2.11),

63)  RU)— 5wl e pr ) a0

xexp(i(x+y)  ((=lo)
Put
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3.4 f:t(x)=:F2iZz§—:M!"15%—/«!~1(d/d€)“ao(C)'1exp(;I:2z'§x) L=t
fi(x) are of the form

Se(x)=p+(x) exp (+2:lox),

where p.(x) are polynomials of order m—1.

R(&o) is now expressed as

-

f+(ﬁf)—[r—y) J+f0wf+<x+y+z>5+<X, 2)dz} .

3.5)  R() =—(2z')‘1{[

Coming back to the derivation of integral equations for the kernels
By, let f+j(x) be functions defined by (3.4) at the zeros {; of a({). Put

N
Qua)=Ful)t £ fes(e).
Putting (3.5) into the equality (3.1)=(3.2), we have

- 0
B6+)  Bimnt [ ety Bals st Qi(a-+) o

Analogously

(36-)  Bn+ [ ° 0 (rtyra)B(x, z)a’z—l—lz

9—(9(6)+y> }20

holds.
These analogues of the Marchenko equation are first introduced

in [19] under the assumption that all zeros of a({) are simple.

§ 4. Solvability of the Fundamental Integral Equations

In this section we discuss the solvability of (3.6) as an integral equation
for B+.
Given a function £2(x) belonging to L1(a, oo) for any a, we define the

integral operator £, by

Qup(y)= [ Aty +2)p(e)ds
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as an operator on L1(0, o). £, is a completely continuous operator (see
[1, pp. 70-72]).
We consider the solvability of

(4.1) P 4-Qzp=1)

which is a slight generalization of (3.6-).

Eliminating 1 or 2 we have

(4.2) (I+2502)p1 = —h5— 2,
(4.3) (I+825Q5)pa =Y+ aibs.

If one of these equations is solved, the other component can be determined

from the original equation (4.1).

Lemma 4.1. Suppose (x) is bounded integrable in (a, ) for any
a. Then
(a) the operator ([+825Q,) has bounded inverse,
(b) ([+8252,)7L is continuous in x and bounded as x— oo in the operator
norm (topology),
(c) the system (4.1) is uniquly solvable for any b and the estimate

lpll=C(x) i1l
holds for the solution. C(x) denotes a certain non-increasing function.

Proof. Suppose ¢ is a solution of
(4.4) ([ +825822)p=0

in L1(0, c0). By the properties of £2 and (4.4), the boundedness of ¢ follows.
So ¢ belongs to L2, In L2 the operator £2% is equal to (,)*, the adjoint

of £;, and therefore ¢ should be zero. By the complete continuity of £,
the assertion (a) follows.

In the operator norm £, is continuous in x and tends to zero as
x—oco. The assertion (b) follows. (c) is obtained by applying (b) to (4.2)
and (4.3). Q.E.D.

Let 7(€) be a square-integrable function. Let {3, ..., {y denote points
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in the upper half plane. For each j, let »(s) be natural numbers and
2s(x) be polynomials of order m(;)—1. Put

Si()=p(x) exp (24sx).

Put
Flx)=n"1 f 7(€) exp (22€x)dE
and
N
Qn)=F@)+ L.
Put

oir)= [ 1905\ dy

if the right hand side exists.
By Lemma 4.1, we get

Theorem 4.2. [f S(x) is bounded integrable in (a, o) for any a, there

exists a unigque solution B(x,y), integrable in y, of

o 0
45 B+ 9(x+y+2)B(x,z)dz+[ Aot ]zo.

The estimates

4.6) f 0°°1 B(x, 9| dy=C(@)

and

4.7) | B(x, ¥)|I=C(x)supzzgz+y | £2(2)]
hold.

Returning to the general situation, we obtain

Lemma 4.3. Suppose that Q is absolutely continuous and 2, Q' are
in Ll(a, o) for any a. Let i be differentiable in x and let ¢y be the
solution of (4.1) for =i 2.c.

(4.8) Sagc‘|‘9x90x=‘/’w-
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Then @y is differentiable in x and
(4.9) 07+ Qops =5 — 205
holds.

Proof. For the difference coefficient

Pz, h =" Pz 1h—Pz)
we have the equation
4100 b+ Q000 =Y.p— 4 Qa1 — L0)pzip-
The right hand side converges to
Po—Q5ps

as £#—0. Eliminating each component of ¢z 5 from (4.10) and applying
Lemma 4.1 (a), we conclude that ¢, 5 converges to ¢j. Q.E.D.

Under the same assumption on 2, B defined by (4.5) is differentiable
in ¥ and the estimates

[ 1By 1 dy=C)
and

0

N

|=c@nte+y)

hold. A similar result for the x-derivative can be obtained by Lemma

4.3. In fact B(x, y) is differentiable in x in the L1 sense and the estimate
[, 1Bet ) dy=C ()
holds. Then it is easy to see that the derivative
(d|dx) f Om Qx+y+2)B(x, 2)dz

exists in the ordinary sense and we can change the order of integration

and differentiation. B, also satisfies the inequality (4.11).
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Put
e, D=exp (IO, D+ [ Bl p)exp Qity)ay).
Then ¢ is differentiable in x by the results just described.

Theorem 4.4. [f Q is absolutely continuous and £, Q' arve in
LY(a, o0) for any a, then | defined above satisfies

Lup=0
for
u(x)=—DB1(x, 0).
Proof. Put
Ci(x, y)=—Bax(x, y)—u* (%) Bi(x, ¥),
Co(x, ¥)=B1a(x, y)— B1y(x, y)—ulx) Ba(x, ¥).

Then by direct calculation we have
C¥(x, )+ f ON.Q(x—f—y—l-z)C(x, 2)dz=0.

So C=0 follows. Once C=0 is established, the assertion follows by
straightfoward calculation. Q.E.D.
By induction based on Lemma 4.3, we have

Lemma 4.5. Suppose that QU), j<u exist and belong to Ll(a, o)
for any a. Then BIF) (x,y), j+~E<n, exist and the estimates

J, 1899 pldy=<ce)

and

0

4,k)
’B (=, y)-!{ QU5+ )

]}gcm itk oy(x+y)

hold.
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§ 5. Solution of the Inverse Problem

Let 7(§) be a square integrable continuous function. Assume that
there exists @({) which has the properties assumed in Lemma 2.4 and is
related to #(§) by

la(§) P=1+I17(€) B
By (2.15), I'1(¢) in Lemma 2.4 is uniquely determined by this relation.
Put »1(§)=»(¢) and
r—(&)=—a(§)a*(E)r*(©).

Define F,(x) by the formula

G.1) Fu(x)=n-1 f 7 +(€) exp (L 26€x)dE.

Assume that Fy(x) are absolutely integrable and Fi(+x), Fi(+x) are
in L1(a, o) for any a.

In the later sections, we will be concerned in the case where #(§) is in
S. Then log(1+|7(€)|2) is also in S. So (2.16) determines I'1(#) as the
restriction to (0, o) of an element in S. @({) defined by (2.15) has the
required properties. 7. arein S and so are F.

To each zero §; of order () of a({), we associate the chains of complex

numbers

F__ §,+ + 4 4
Cj —{ijo, 6_7‘11’ cany Cj’ﬂl’(j)—l}’ Cj,o?éo,

each connected by the relation (2.13).
Define f1j(x) by the formulas (3.4) and put

(5.2) Qu(0)=F @)+ T fus(2).

Consider the fundamental integral equations (3.6) and let Bi(a,y)
be their solutions. Define 4. (x, {) by (1.4) and then ¢4(x, {) by (1.3). Put

wu(x)=—"B1(x, 0) u_(x)=—B%,(x, 0).

Then, by Theorem 4.6, . satisfy (1.1) with #=w respectively. For B.,

the estimates formulated in Theorem 4.2 hold.
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We show that under certain additional conditions #.(x) coincide.

It follows immediately, once the relation

(5.3) a(§)W-(x, )= (x, )7+ EP(x, §)

is established.
To show that (5.3) holds, put

&(x, )= (x, )+r(€) exp (2iéx)i(x, §)

and
G, 7)=m1 [ (g(ar, ©)—"(1, 0))exp 21ty

=B (x, y)+ f : Fi(x+y+2)B(x, Z’M’ZJ{ Fi(x+) ]

Then by the fundamental equation, we have

+ [ Fuaty+ 2 Butads)

G(x, y)=— 2%1{[ f+j(a(c)+y) }

for y>0.
g(x, &) which are defined for real ¢ can be analytically continued to the

upper half plane. To show this we need

Lemma 5.1. Puz

fE)=p(x)exp(2ebox) x>0,
0 x<0,

where p(x) is a polynomial of order m—1. Then we have, for x+y>0,

G4 |

’.f(x(—)i-y) }f‘f:f(x-l-y-f—z)ﬁ’q.(x, 2)dz=p(x, y)exp (2ioy),

where each component of p(x,y) is defined for x+y>0 and is a polynomial

of ovder m—1 in y.

Proof. f(x) is written as a Fourier transform:

fy=m1 [ g€ exp Qigx)d
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where ¢(€) is a polynomial of order 7 in (é—{p)~! without constant term.
Then for x+y>0, the left hand side of (5.4) is equal to

7 [ @pale, &) exp (ibat-2ity)e

=24 Resg=, [+ (@ ) exp (x+24L)]
—24(m—1) 2Ly 1q(L) L — LoV s (x, {)exp (x+24Ly)
(L=Lo).

The last term can be written as asserted. Q.E.D.

We have further

(5 2@ )expiloy)=m [ g Oexp Qiby)dt,  y>0,

where ¢(x, {) is a polynomial of order #z in ({—{p)~! without constant term.

Denote by g¢;(x, {) the functions connected with fi;(x) by the above

construction.

Put

&1(x, §)=g(x, —"(1, 0)+ 2L, 45, §).

Then, for x+y, y>0, we have

(5.6) f £1(%, &) exp (2i6y)dE=0.

So gi1(x, ) has analytical continuation as a holmorphic function into the
upper half plane. g(x, £) has analytical continuation as a meromorphic
function into the upper half plane. Its poles are exhausted by (i, ..., {n-
{; are poles of order (7).
Denote by R; the residue of
8(x, exp(2iy),  y>0,

at {;, i.e. the residue of

—gj(x, D exp (2iLy)

at §;. It is expressed as
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Rj=—(2mi)™ f 71(x, ) exp (2i6y)dé.

By (5.4) and (5.5), we have, for x+y, y>0,

Ri= —(22')_1{[ + f fiaty+a)Balr, z)a’z} .

Jilz+y) }

By the definition of f;, we have

m(j)—1

67 R= = 12170 mipa1-p(@]dl) ai (O (x, D exp (Lx+24Ly)  (E=)

where
2i(O={E—{) D).
Put
(5.8) Wz, H=a(Dg(x, §)
and
(5.9) P(x, H="h(x, {)exp(—ilzx).

Then (x, {) is holomorphic in the upper half plane. &; is also equal to

the residue of
a(§) Mz, exp (Lx+2iLy)
at {; and is therefore expressed as
(5.10) Ry=(m—1) W]l 1ay@) M, Dexplat2uly),  (=0y)
Comparison of (5.7), (5.10) and an elementary argument lead to
GI) AN )= B e ) (L)
0==A<m(j)—1.

Theorem 5.2. Let 7(§)=0(§1), é—-+ oo, and also let the conditions
Jormulated in the beginming of this section be satisfred. Then h(x, ()
defined by (5.8) is represented as

G12) A =00+ [ Clx)exp(—2ity)dy, w0,
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C(x, ) being square integrable in y. C(x,y) (x>0) is the solution of the

Jundamental equation

Q_(x+y
C(%J/)—l“f_omQ-(r-%—y—}—z)C(x, z)dz—}—[ ( —H)}:O_

0

Proof. As By(x, ) is integrable in y, £ég1(x, €) is bounded. By (5.6),
We can apply the Phragmén-Lindelsf type argument (see [9, Problem 325])
and conclude that, for x>0, {g1(x, {) is bounded in Im{=0. So A(x, {)—
t(1,0)—0 uniformly as |{|-—>c0, Im{=0. By Jordan’s lemma [12, §60],

[t o4, Oyexp @igy)a=0, >0,

holds. The first assertion follows.

By direct calculation, it is easy to show that
—a(§)Vra(x, E=1¥x, E+7r(E)A(x, §) exp(—2i€x).

Taking into account (5.11) and repeating the argument of § 3, the second
assertion follows. Q.E.D.

As the Z2-solution of the fundamental equation is uniquely determined

(see the proof of Lemma 4.2),
Clx,v)=B_(x,v) x>0
ie.
$(x, H=y-(x, ) x>0.
So we have (5.3) for x>0 and therefore #.(x) coincide for x>0.

By the estimate (4.7), we finally have

Theorem 5.3. 7/n addition to the assumption in the previous theorem,

we assume that mi(--x) are in Lla, o). Then

{r=(6), §;, i}

arve the scattering data of an (uniquely determined) integrable potential
which satisfies the assumptions of Theoremn 1.4.

Application of Lemma 4.5 leads to
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Corollary 5.4. If ri(§)=r(§) belongs to S, then the potential belongs
to S.

§ 6. Non-linear Schrédinger Equation

We now turn to the construction of solutions for (0.1) in terms of
scattering data of L.
Put

0 0 « 0 u
}(Dz+2‘1lu!2)—2—1[ |p—2ap| | v
—1 u* 0

1
Bu:[ u* 0

LO
Then the operator
[Bu, Lu]=BuLu—LuBy
is the multiplication by the matrix valued function:
0 —27 Yy —i | u)Pu }
2 Yk 7| 00 P 0

6.1) [Bu, L] =[

So for u=u(t)=u(x, t), (0.1) and the operator evolution equation
(6.2) dLyldt=1i[By, Ly

are equivalent.

This relation is found in [15] and is different from the original relation
between Ly and (0.1) first given in [19]. A similar relation for the KdV
equation has been found by Lax [7].

We now describe a procedure to determine the time variation of the
Jost solutions and scattering data of Ly on a formal basis. Relations
found here will be used later to construct solutions.

Differentiating Lypr="0)s with respect to ¢, we have

(6.3) (@Luldt Vs Lu(dips|dt)y={Ldi|ds.
If (6.2) holds, (6.3) can be written as

Lo(dips]dt—iBuhs)=U(dps|dt—iBubs).

Taking into account the asymptotic behavior and uniqueness of the Jost
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solutions, we obtain
(64) ({lﬁi/dl‘—z'Bul/Ii: :FZ'Czl)[It.

We proceed to the determination of the time variation of the scattering
data. Differentiating the relation (2.1) with respect to # and eliminating
dif+|dt by (6.4), we obtain an identity

da(®)dnfh-+ (db(E)|di—2625(E))hr =0,

So we have
a(é, t)=a(§, 0), b(€, H)=06(¢, 0)exp (26€2¢).

a(f, ¢) is independent of # and so are its zeros {3, ..., {x in the upper half
plane.

Differentiating (6.4) with respect to {, we get

6.5) P |dt—iBup®
—FYDFUGEDFAG—IYED  (=Lo)
where $®)=d¥%f/dt¥. Then differentiate (2.11) in ¢ and eliminate

ap®|dz by (6.5). We have

k
/J§O U |_1(d£%_#/dl‘:':22;(2)£%_# :F4'Z.Z()£:Iic:—]_-# :F2Z.L'%_2_‘u>¢(’l) - O
(cE=c%,=0)

From these relations, by induction on 4, we obtain the system of differential

equations for ¢5(#):
66)  defldi=-+Qilici-+ilocs+2ickg),  OSh=m—1.

Next we consider the properties of differential equations (6.6). If

these differential equations are satisfied, then f. defined by (3.4) satisfy
Of +0¢="TF271402f, [dx2.

It is easy to show by induction that the solution ¢%(#) are polynomials of
order 4 in # multiplied by exp(+2:(2%).
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Lemma 6.1. [f the relation (2.13) for ci(t) is satisfied at t=0, then
it is satisfied for all t.

Proof. The (4,7) element of the product on the left hand side of (2.13)

is expressed as

m—i

,Ej Cin—i—k(E)eg—3 (D).
Their t-derivatives are seen to vanish by (6.6). Q.E.D.

Now we come to the construction of the solutions. Suppose #(x)
is an element of S. Then the coefficients a({), 6(§) and the scattering data
{r«(6), {;, ¢f} of L, are determined. a({) is assumed to satisfy our basic
assumption (2.14). Let ¢§(#) be the chain of complex numbers obtained
as the solution of (6.6) for the initial conditions ¢j. Put a({, £)=a({) and
let f,;(#) be defined by the chain ¢j(#) according to the formula (3.4) at the
zero {={; of a({). Put

r+(€, £)=r+(€) exp (:246%).
As 74(€) are in S, so are 74(§, £) in £.
By Corollary 5.4, we have
Theorem 6.2. 7he collection
{r=(€ ), §;, (D}
is the scattering data of u(x, t) belonging to S for each t.

If we prove that one of the relations (6.4) holds with the differenti-
ability of #(x, #) in ¢, then u(x, #) is a solution of (0.1). In fact put (6.4)
into (6.3). Then

(a’Ln/(l//-l‘[Bu: Lype=0

follows. By (6.1), #(x, ¢) is a solution of (0.1). So we prove the equation
(6.44) for .. We omit the suffix + in later discussion.
(6.44) is equivalent to dk/dt=ig, h=rh(x, {; t), where g=g(x, {; ©) is

written as
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1 0

@ o2 ]}

}<2zz/zx+/zm+z—1nmz/z>

ro = 0 uy
— (GLh+-hy)—271 h.
[u* 0}% ) [u’; 0 }

Put
F(x, f)=mn-1 f r o€, 1) exp (2e6x)dE
and
N
Qx, £)=F(x, )+ p2 Ji(x, 9).
=1
The differential equation

holds as F and f; satisfy the equation of the same form.

Let B=B4(x,y;¢) be the solution of the fundamental equation:

- 0
BYx,y; )+ f o Qrtytz; 0Bz, 5 t)a’z—i—[ Qrty: }:0.

The parameter # will be omitted later for notational convenience.
By an argument analogous to Lemma 4.3 and the paragraph that

follows, B is differentiable in t. The equation

6.9)  Bix )+ [ Qety+2)Bilx, Hdz+Dx, 3)=0,
where

0 1

D(x, y)y=—2"1 f o Paslxty+2)B(x, 2)ds— { 2-1iQ,4(x+) |

hold by (6.8). Using the relations (1.8), (1.9) and integrating by part, we
have the following integral representation for g defined by (6.7):

gz, ;)= f Ow C(x,y; t)exp (2i8y)dy

where
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C1(x, ¥)=271B134(x, ¥)—u(x) Bas(x, ¥)
Co(x, ¥)=—2"1Bozz(x, ¥)—u*(x) B1a(x, ¥).

By direct calculation we have
6.10)  C¥a, 9)+ f Uty +2)C(x, Hdz—iD(z, )=0.

Comparing (6.9) and (6.10), we get
BtZZ'C,

because the homogeneous equation associated with the fundamental equa-
tion has only the trivial solution. The relation (6.4) has been established.

Thus we have proved

Theorem 6.3. The function u(x, t) in the previous theovem satisfies
(0.1).

§7. The Modified KdV Equation

In this section we indicate how the real solution for the modified KdV
equation (0.2) can be constructed.
Put
T
2

A,,=—4D3—|—3[ ,

vy —v

—v2  ju, ‘l

vy —o2

:‘D—i—BD[
Then by direct calculation (0.2) is equivalent to

(71) dLiq)/df: [A'g, Liv].

So it is necessary to find in terms of scattering data the condition
that potential is purely-imaginary. Suppose that # is purely imaginary.

Then the Jost solution have the symmetry property
o, =L =HFPa(x, D), +la(x, ).
Then by (2.3),
A—)=a*(D), H—E)=—5%).
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So the reflection coefficients satisfy
(7.2) ru(—£)=—r1(f).

Concerning the zeros {; (1<<7<N) of a({), there exists a permutation o of
order 2 of {1, ..., V} (we can change the numbering of the zeros so that
o(2/—1)=2j, o(2/))=2j—1, j<M; o(j)=j, 7>2M for certain integer M,
0==2M < NV) such that

(7-3> lm:—C;f
and
(74 m(a(7))=m(7)

hold. The chain associated with the zero {; should satisfy
(7.5) 53:(1»1‘::(“‘1)”15:7?,*10 O=k=m(5)—1.
In fact, (7.54) follows from
F(—==—c()
in the notation of Theorem 2.3.
Lemma 7.1. [f the basic assumption (2.14) is satisfied, conditions

(71.24), (1.3), (1.4) and (1.5-+) are necessary and sufficient conditions for
the potential to be purely imaginary valued.

Proof. Necessity has been already shown. Suppose these conditions

are satisfied. Then we have
Q)= —2,(x).
So by the uniqueness of the solution of the fundamental equation
Bli(e, )=(—1)By(xy)  i=1,2
follow. Therefore the potential is purely imaginary valued. Q.E.D.

As the remaining argument is completely analogous to that of §6,
we only indicate how the formulas should be modified.

If v=v(¢)=0v(x, ¢) is a solution of (0.2) i.e. (7.1), then the Jost solutions
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should satisfy
(7.6) dips|dt— Biwpr= 443z
So we have
a(l, )=a(l,0),  &¢ )=06(¢ 0)exp (8:£32),
and therefore
r+(€, )=r(€, 0)exp (£-8:£37).
(6.6) is replaced by
detldt=+(8il3ci+28dGck_ 1 +24iloct o +-8ict p),  0<A<m—1.
(7.6) is equivalent to d&/dt=g, h="h., where g=g(x, {; ¢) is written as

128244 —12i0hgq—4h 500
— g2
+6[ .

Uy

. ) . 1
zvx2 :l (GUh+) 13 [ VVy  Uzy J 4
—v

Z.'Uxx —27)‘Ux

We have the integral representation for g:

g, 6 0= [ Clor, i yexp @ity)dy

where

—22 gy
C="waa:+3{ . ZZ}BQ:-
vy —v
The remaining part of argument is completely analogous to that of § 6.
Our solutions contain all reflectionless solutions of (0.2). Previously

a part of reflectionless solutions (a({) with simple zeros) have been studied

(Hirota [5], Tanaka [14], [15] and Wadati [17], [18]).
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