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§ 1. Introduction

In this paper we shall study the asymptotic behavior as |x| tends to

oo of a solution z(x) of the following equation
1.1 —du(x)+g(@)u(x)=Au(x) for x=QcCR",

where A is a positive constant and 4 is the Laplacian. There are many
articles investigating this problem for the two-particle Schrédinger opera-
tor. In these cases the authors usually assume that ¢(x) tends to 0 as
|x! tends to c©. However, here we turn our attention to the many-
particle Schrédinger operator, and so we assume that the potential ¢(x)
is @ homogeneous function of x of degree —2y. For example, the poten-
tial of the Schrédinger operator of an atom (or ion) consisting of a nucleus

with charge 42 and » electrons given by

1.2) W= o p xm i
k=1 7k 1=k<i=m 7kl
where 7%= % | 23112, 75;= % lxgk—1—x3j—112, is a homogeneous function
of x& R3™ lofodegree —1. 'I%h?s example shows us obviously that such a
potential is not expected to decay uniformly at infinity, and also that the
singular points of ¢g(x) spread out to infinity.
On this problem Weidmann [8] showed the fact that if @=R",
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O<'yg% and u(x)e H2%(R™), then »(x) must identically vanish in R”.

Later on Weidmann [9] also showed the fact that if 2=R?", 0<y<{l and
w(x)= H2(R™), then u(x)=0 in R®. These results mean that the Schro-
dinger operator A=—A4-4¢(x) in L(R™) has no positive eigenvalues.
However, his treatment has two characteristics; the first one is that the
problem is considered in the whole space R?, and the second one is that
although he showed u(x)& H2(R™) for a not identically vanishing solution
u(x) of (1.1), he did not deduce it as a result of the growth estimates or
lower bounds, as |x| tends to oo, of a not identically vanishing solution
w(x) itself of (1.1). However, we remark that if we study in detail the
first paper [8] of Weidmann (by applying the method used in our paper,
for example), his method leads us to the result that for any not identically
vanishing solution #(x)& H2;,(R™) of (1.1)

(1.3)  lim inf R2/-1 f (%) Pdx>0, in case 0<y<%,
ZI=R

R—oo

and
(1.4)  liminf (log R)~1 f lu(x) 2Pdx>0, in case y=i-
R-e [TI<R 2

On the other hand Agmon ([1] and [2]) considered the equation (1.1)
in Eg,={x=R"||x|>Ro}. He showed without detailed proof that if

R=Fp, and %§y<1, then any selfadjoint realization of —A4+g¢(x) in

Ls(Ep,) has no positive eigenvalues. His treatment is more general than
Weidmann’s ([8] and [9]) in the point that the domain £ in which the equa-
tion (1.1) is satisfied is Eg,, but more stringent restriction is given on .
Here, however, we remark that Agmon [2] also deals with the case that
g(x) has no homogeneity. It seems to us that both Weidmann [8], [9]
and Agmon [1], [2] showed only that Z=—4-¢(x) has no positive eigen-
values, but they did not give explicitly the lower bounds, as |x]| tends to
oo, for not identically vanishing solutions #(x) of (1.1).

Now we restrict ourselves to investigating the asymptotic behavior,
as |x| tends to oo, of the solution #(x) of (1.1) considered in Ep, or R™.

As a result, we shall have the fact that Z/=—4-¢(x) has no positive
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eigenvalues. If 2=ZFp in (1.1), we can weaken the above mentioned
condition on y given by Agmon [l1] and [2] to the condition %<y__£_l

(see Theorem 2.1). And if 2=R", we can have estimates stronger than

(1.3) and (1.4). We have

(1.5) lim inf RT“lfR | RIu(x)Ide>0,
W=IZI<.

R—oo

in case =R" and 0<y<l or in case 2=FEg, and %—<'y<1, and

(1.6) lim inf (log R)~1 l2e(x) 12dx >0,
R Ry<ITI<R

in case 2=R™ or Ep, and y=1. Our method depends mainly on Ikebe-
Uchiyama [5], which may be said to be a compromise between Kato [6]
and Roze [7], and partly on Agmon [3]. One point which should be
noted in our treatment is way that in the course of our calculations we get
rid of the influence of the singularities of the potential g(x) spread out to

infinity, in a way similar to the ones given by Weidmann [8] and Agmon

[, [2].

§2. Notations and Summary

Here we shall list the notation which will be used freely in the sequel
(most of them have been the same ones used in Ikebe-Uchiyama [5]):

x=(x1, ..., ¥y) is a position vector in R”, where »=3;

le:Oxllz‘i‘---‘{—lxnlz)llzi

azszﬁ—qulaéO);

Sr={x=R"||x|=r} for »>0;
By={xeR"|s|x|<r} for 0<s<r;
Br={x=R"||x|<r} for »>0;
Er={x&R"||x|>r} for »>0;
=2 (=1, .., m);

ox;
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Du=014(x), ..., Ont(x));
n
<f;g>=i§fz'gi for f=(1, ...,fn)eR"™ and

g=(g1, ..., gn)ER";
Ly denotes the class of square integrable functions, and thus

Ly(Eg,) is all Ly functions over Eg,;

H? denotes the class of Ly functions with distribution derivatives in

Lg up to the second order inclusive;

Ly10c and HYs, denote the class of locally Ly and A2 functions,
respectively;

C™ denotes the class of m-times continuously differentiable functions;

Q.(R™) denotes the class of functions f(x) satisfying the ‘‘Stummel

condition: if z+4u>4, sup ‘M—a’y<—l—oo, or if

zernd -yl |x—y|P4HH

n+p=4, sup f () Pdy<A-oo.
zeR?J 12—YI=1

Now we shall state the conditions to be imposed on the potential g(x)

of the differential operator appearing on the left side of (1.1).

Assumption 1. 7/e potential q(x) is real valued and satisfies the
Jollowing inequality:

2.1 |x|<Dg, >(—2y)q(x) for x=8, where vy is some constant.

Here we remark that {Dgq, %) coincides with —a%rq(x)

Assumption 2. For g(x), we have g(x)= Q (R™) for some constant

p=>0.

Assumption 3. 7/e unique continuation property holds.

Remark 2.1. If g(x)is a homogeneous function of x of degree —2y,
then (2.1) is satisfied.

By a solution # of equation (1.1) is meant an He, hence Ly, 4,
function which satisfies (1.1) in the distribution sense in the domain £ in
R%,
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Our aim is to prove the following theorems which restrict the asymp-

totic behavior of a non-trivial solution of (1.1).

Theorem 2.1. 7f Q in (1.1) contains Eg, as an interior, and if u is
a not identically vanishing solution of (1.1) in 2 with a positive eigen-
value, X\ >0, then we have

22)  liminf R7-1 fk L) x>0, when _3{_<y<1,
1 =|ZI<.

R—o

and

(2.3) lim inf (log R)™1 lu(x) 2dx >0, when y=1.
R

Rysimi<R

Corollary. If Q2 satisfies the condition mentioned in the above
theorem, and z'f%<y§1, then a solution u(x) of (1.1) in 8 with X >0

whick also belongs to Lo($2) must identically vanish in 2.

Remark 2.2. This corollary shows the fact that any selfadjoint
realization in Zg(£2) of the Schrédinger operator appearing on the left side

of (1.1) has no positive eigenvalues,

Theorem 2.2. If Q=R" in (1.1), and if u is a not identically
vanishing solution of (1.1) in R™ with a positive eigenvalue, \>0, then

we have

24)  liminf Rr-1 f _Ju)Pdx>0, when 0<y <1,
[ZI<.

R—oo

and
@25)  liminf (log R)~1 f () Pdx>0, when y=1.
R—o 1z R

Corollary. [f Q=R" in (1.1), and if 0<y<1, then a solution u(x)
of (1.1) éin R™ with X>0 which also belongs to La(R™) must identically

vanish in R™.

This corollary shows that Schrodinger operator investigated by us
has the same property as the one mentioned in Remark 2.2.
We shall prove Theorem 2.1 in §3 and Theorem 2.2in §4. In§3
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we follow the procedures used in Ikebe-Uchiyama [5].

Finally we remark that even in the case where the potential ¢(x) has
the form g(x)=go(x)+¢1(x)+g2(x), where go(x) satisfies the assumptions
stated above, and both g¢i1(x) and g¢o(x) are the potentials for the two-
particle system, namely ¢i1(x) and ¢2(x) satisfy the conditions that ¢1(x)

=o<ﬁ>, m%ﬁ(x)zo(%), and ga(x)=0(l) as | x| tends to oo, it would

be possible to obtain a result which is similar to Theorem 2.1 mentioned
above and which corresponds to Theorem 2.3 in Agmon [1]. We did not

enter into this problem, however.

§3. Proof of Theorem 2.1

Let » be a solution of (1.1):
3.1) —du+g(x)u=M in .

By the reality of g(x) assumed in Assumption 1, we can admit #(x) to be

a 7eal valued function. If we introduce the function »(x) by
n-1

3.2) v(x)=|x| 2 u(x),

then the following result readily follows from (3.1).

Lemma 3.1. wo(x) satisfies the equation

33)  —dv+ =L (Do, 2+ (gx)+aE) —Ne(x)=0

x|

in Q, where

s\ (n—1)(n—3)
What we want, in fact, to do for the present is to multiply (3.3) with
2|1x2|%{Dv, £y—£k|x|1*"1lv and integrate over BgC 2. We will be led to
Definition 3.2 by collecting the resulting surface integrals, and the

mentioned integration (by parts) over By will be carried out in the proof
of Lemma 3.3.
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Definition 3.2. Let a and k be real constants. We put for »>0
satisfying SyC 82

(3.5)  F(r, a; k)= f s,{2<DZ" #)2—| Do 2+ A—g(x)—§(x)) |v[?

ilwv Po+ <“+’2¢ 2). !'ﬂz Iv!z}lxiaa’S.

Lemma 3.3. We have
(3.6) F(r,a;k)—F(s, a; ,é):fB I.(3—a—7z—k)([ Dy 2—{Dv, #)2)

+(atn—~—1)X Do, az>2+{(a+n+é—1)?\—(a+n+k——1)7(@
2 {Dg. >—(atn-+h—3)x)

+§(a—}—n—2)(a—i—n——3)ﬂ1|—2}lﬂiz}lxla—ldx
for ¥>s>0, where BT 8.

Proof. By Lemma 3.1 we have for Bg,C£2

Ja -

|

X {2 |22 Dv, £>—Fk|x I“‘lv(x)} dx=0.

Applying the integration by parts, and then gathering the resulting surface
integrals in the left-hand side and the volume integrals in the right-hand,

we obtain the assertion. Q.E.D.

Lemma 3.4. Let ao=1+y—n. If 0<y<1, then we kave for any
r=s>0 satisfying BT 2

3.7 F(r,o0; v)=F(s, ap; y).

Proof. By Lemma 3.3 and Assumption 1 we have
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3.8) F(r, a0; y)—F(s, ap; y)

= [, [20—9)1Dv 1D, 2+ 2+ 20 -0

—{—% C—y)A—y)y IA}IZ } lv |2] |z |®o~1dx.

According to | Dv|2=(Dv, £)2 and 0<y<1, we have the statement.

Q.E.D.

In the sequel of this section, we assume that the conditions given in
Theorem 2.1 hold, namely that 2D ZEg, and

(3.9) §-<y§1-

Our next task is to estimate from below the functional (7, ag;7y) itself
when 2[#] is a non-trivial solution of (3.3) [(3.1)]. To this end we further
introduce the function wg(x) for a real constant m and a real-valued
function f(¢)= C3(Ro, o) by

(3.10) wp(x)=e™ (2Dy(x).

The equation fulfiled by () can be easily derived from (3.3) and (3.10),

that is, we have

Lemma 3.5. /n Ep, wy(x) satisfies the equation

(3.11) —Awm+(ij§]l+2mf'<xxo)wwm, 2 +(g(®)+7(x)—2
—m2(f( 2 D)2+ mf (| ) eom () =0,

We shall multiply (3.10) with 2|x[*{Dwy, £> —£|x|*1o(x) and
integrate by parts over Bgr, which will be an essential part of the proof
of Lemma 3.8. The resulting surface integrals plus an additional surface

integral form the following functional.

Definition 3.6. Lez m, o, B and k be real constants, and let f(2),
t> R, be a real-valued C3 function. We put for r>Rp
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(3.12)  F(r,a,B, m; k; f(7))
=fsr[2<Dwm, f)z—]Dwmiz—T%<Dwm, wn
R o R P
+htn=0 Lo+ 22 e 2.
Here we remark a relation between F(7, a, B, m; £; f) and F(r, a; £).

Lemma 3.7. We have for r>Ro

(B.13)  F(r, 0, B, m; k; f)=e2mfm) [F(r, a; B f _ {2mf (Do, v

@ | ) !le}]axlads.

Proof. By (3.5), (3.10) and (3.12), we have easily the assertion. Q.E.D.

Lemma 3.8. We Lave for r>s> Ry

(3.14)  F(r,a,B,m;k; f/)—F(s,a,B, m; k; f)
= [, |3—a—n—tX1 Dwmp—Dwn, 259
+(at+n—rk—14dm| x| f ) Dwm, £)2—2|x[F~*1 Dwm, £pwm
+{(a+n+,é—1)/\_(a+n+/é—1)q<x)— 2Dy, %>
(b h—3)g(x) - (atm b Ly 2m? ) F
(ot n—Lymf Kot n—2) L mf 5l
—(B+n—1)|xlie

+§(a—l—n-—2)(a—{—n—3)!~§?~}[wmlz:\lma”ldx.

Proof. We first note the following identity which follows by inte-
gration by parts:

(3.15) 2fB <Dw,£>wlx!ﬁdx=fq lezlxlﬂdS—fS |w 2| xifdS
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—(ntB=D) [ JwlPlepian,

By Lemma 3.5 and (3.15) with w=w,, we have for Ro<<s<r

|x]

IBST{_AWF( n—1 +sz') {Dwm, &y+(g(x)+5(x)—\
_m2f'2+mf")wm}{2[x!a {Dwm, £)—Fk|x1* lwy}dx
9 IBH@wm, Bz Bdr—(n+p—1) strlwmizlx!ﬁ_ldx
+fsfgwm|21x!f9a’5—fss{wmlzixlﬂd5=0~

Now we perform integration by parts as in the proof of Lemma 3.3, and we
have the assertion. Q.E.D.

Let 5 be a constant to satisfy

(3.16) 'y—%>7]>0.
We put

(3.17) e=1—y+n,
(3.18) 5= 5 (L+y—),
and

(3.19) For)=r-.

Lemma 3.9. There exist some R1>Ro and some mog>0 such that
for any r>s=R1 and for any m=mg we have

(3.20) F(r, a0, ap—06, m; y; 7 )=F(s, ap, ao—39, m2; y; %),

where ag 15 given in Lemma 3.4.

Proof. We putin Lemma 3.8 a=ap=1—»n+y, f=00—38 and f(»)=r*.
Then by the inequality

212113 Datr, 7> m gyi)\lxlz‘l“’KDwm, Z24-yA| 2 2
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and by Assumption 1 we have
F(r, ag, ag—3, m; y; r)—F (s, ap, ao—38, m2; y; 5°)
> _ 2 (Dw,y,, ©>2
= [, |20 Dwnl—Dwn, 257
+(4ms|x|e—;1x|x|2<1—5>><Dwm, #?
+{yA+2(1—y)g<x>+1x12<5—1> 2e2m(e+y—1)
—em|x|~5(e2—y2+ye—3e+2)} —(y—8) x| ?

1 — — 1 '2—l ay—1
5 7@V A—) g | lom? et

By (3.16), (3.17) and (3.18), we have

(3.21) >0,
(3.22) e>1—y,
(3.23) >0,
and

(3.24) e 26=2.

Now let mp=

41 5 and choose Rp sufficiently large. Then we have the
ey
assertion easily. Q.E.D.

Lemma 3.10. Assume that the solution wu (and hence v) is not

identically equal toQ in Q. Then there exists some sequence {ri}i-1,2,...

such that R1<<r<re<l...<r<rp1<..., %im ri=o0 and
]2 = e )
(3.25) f PS>0 (=12,.)

Proof. 1f we assume that the above statement is false, then there
exists some 79=AK1 such that fs 1212dS=0 for any »==79. Then we have
7

v(x) and hence #(x) must vanish identically in £, which by Assumption 3
leads to #(x)=0 in 2. This is a contradiction. Q.E.D.
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Lemma 3.11. Let Ro=r1, where 71 is given in Lemma 3.10. Then

theve exists some constant mi=mqy such that

(3.26) F(R3, ap, ag—38, m1; y; R5)>0.
Proof. By Lemma 3.7 we have
(327)  F(Rs, ao, ap—3, m; y; R)=c¥mEi [F(Rg, ;)
—}—f {2m252R§(5*l)Ivlz+me(2R§"1<Dv, v
SR2
-
—(e—l)R§‘2|vlz)——lx}“’ivlz}k‘z“dSJ.

Now in the right hand side of (3.27) the coefficient of £2m&% is a quadratic
form in 2, in which the coefficient of 72 is positive. Then we have the
assertion. Q.E.D.

Lemma 3.12. Let Rs and m1 be as in Lemma 3.11. Then we have
F(r, ag, ag—8, m1; y; 7$)>0 for r=Rs.

Proof. Since Ro== R, the assertion is an immediate consequence of
Lemmas 3.9 and 3.11. Q.E.D.

Lemma 3.13. Either Case I or Case 1] and only one of them holds,
where
Case I: There exists some sequence {ry}i=1,2,... Such that Ro<lry<rg<

Llrp<rp+1<..., lim 7p=oc0 and
o0

fs (Do, ®>vdS<0  (I=1,2,..),
f,’

and
Case II: There exists some R3=Ro such that

f  (Dv, DudS>0  forany rZ=Rs.

Proof. Obvious. Q.E.D.
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Lemma 3.14. 7f Case [ in Lemma 3.13 holds, then theve exists some

Ry=Rqe suck that
F(R4, ag; y)>0.
Proof. We have by Lemma 3.12.
(3.28) F(ry, ag, ag—38, mm1; y; 75)>0 (=12, ..).
Moreover by Lemma 3.7, we have

(329)  F(ry, a0; v)=e 2™ F(ry, ao, a0—8, m1; y; 7)

-—rf’,"“_lfs 2mi1e{Dv, &> vdS—}—(r{/a—!—mle(e—l)rafz
fl/

—2m%ezrlzf"2)ri'5°fs lv]2dS.
7,

4

Here we remark that
(3.30) 2e—2<<—3.
In fact by (3.16), (3.17) and (3.18) we have

3

2e—2—|—8=7(%+77—y)<0.

Now by (3.30) we can choose /p large enough to satisfy

7 mie(e—1)r 52— 2m3ePr 2> 0.
0 0 0

Putting R4=ry, we have the statement of Lemma 3.14.

Q.E.D.

Lemma 3.15. /f Case I in Lemma 3.13 holds, then there exisis the

limit (oo permitted) of F (7, ao;y) as ¥—>o0 and its value is positive.

Proof. By Lemmas 3.4 and 3.14 we have

(3.3 F(r, ap; y)=F (R4, ag; y)>0 for r=Rs.

Moreover Lemma 3.4 tells that #(», ap; ) is a monotone increasing func-

tion of 7. These imply that the assertion holds.

Q.E.D.
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Here we insert a property of the solution #(x) of the equation (3.1)
which holds under an assumption less restrictive than the one assumed in
Theorem 2.1. Then we apply the following result to the proofs of
Theorems 2.1 and 2.2.

Lemma 3.16. 7f ¢(x) in (3.1) satisfies Assumption 2, and if QT Eg,
then there exists some constant C>0 such that for any r=s>Ro+1 we

have
(3.32) f | DuPdx<C |\u|2dx.
Bsy Bs-1, r+1
Proof. Let {s(2)=C?0, o) satisfy the following conditions: 0={s(%)
<1 for t&(0, ), {s(#)=0 for ££(0, s—1) and z&(r+1, o), {sx(#)=1 for
te(s, 7), and | L ()< C1, 1L (2) I Ch for (0, o) where (1 is a constant
independent of s and ». Then by integration by parts and by (3.1) we

have

(3.33) f o ErD)21 D 2g()—N) [P} e

:fB C?r(ZIDuIZ-}-QAu.u)dx:f 2, A(\u|Ddx
~Js., ,HA(C?,,NMde
~Js (Zéé%+2csrc;'r+2<n—1>:src;r I}CI )ledx.

On the other hand for the potential ¢g(x) satisfying Assumption 2, Ikebe-
Kato [4] proves the fact that for any ¢>0 there exists some constant C.=
C(e)>0 such that for any ¢(x)= H2(R™)

@38 [ le@llemide=s [ |1 DpmPde+C, [ o) kdx.
In the above put o(x)="{s(x)u(x)= H2(R™). Then we have

(3.35) f o 1@ Lo Pdr=e f D)

s—1, r+1

re, Couldr=2s [ G| Duld

Bs-1, r+1 s—1, 7+1
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+ (255 71+ Ce Csr)f”‘zdx

Bs-1, r+1

Therefore by (3.33) and (3.35), we have
(3.36)  (1—29) fB 2, Du|2dx

<[, parastics it

= Dlarlor | P
<AL Ot et 1B Cy (=D C Ry f \uPd.
If 0<e<%, we have
f |Du|2dng 3| Dul2dx<C |24z,
Bsr Bs-1, rr1 Bs-1, r+1
where C= T 2 A+ Ce+(2e+1)C3C1+(n—1)C1 Ry}, which shows that
Lemma 3.16 holds. Q.E.D.

Having prepared all the necessary tools for proving Theorem 2.1,

we now proceed to the

Proof of Theorem 2.1. In the sequel, let us regard C; (7=2,3, ...)
as positive constants independent of s and 7 satisfying »>s> &y, where
Eg,C 8. Firstly we assume that Case I in Lemma 3.13 holds. By o(x)

n1
=|x| 2 #(x) and by Definition 3.2, we have

(33D F(r, ao; y) =17 f ) [2(0%, i)z—!Dulz+w<Du, Du

+O—gGeluie+ LN s

where ap=1-+4y—» given in Lemma 3.4. By Lemma 3.15, there exist
some C3>0 and some R3> Ry such that for any »>>R5; we have

(3.38) f 57{2 (Du, x>2—10u\2+@:|i|‘_"/) (D, F>u
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+O—g@lup A= 1=0) |u|2}dsgczr—r.
This shows
(3.39) fs [| Do 42|24 g(x)| |%|2|dS=C3r—T7 for any »>Rj5.

Multiply both sides of (3.39) by s(|x])2, which was defined in the proof of
Lemma 3.16, and integrate with respect to » from s—1 to »+41, where

R5-+2<s<#». Then we have

B40) [ @l Dl Lol () | Lol

Cs (717 1
o r s1=1),  when 3 <y<l,
C3(logr—1logs), when y=1.

In a fashion similar to the proof of Lemma 3.16, using Lemma 3.16, we

can estimate the left side of (3.40) as follows:

(3.41)  (left side of (3.40)=C4 [ {| Du;2+|u;2} dx

$—1, r+1

ga;{ch |u|2dx+fB mlzdx}gcsz_ \u|2dx.

Thus we have

C3 1-7 1-7 h 1
y1-1—sl-7),  when S<<y<l,
(342) Cs |0 |2dx= l—v( ) 3
Bs_z, re2

C3(logr—1logs), when y=1.

Therefore we have the assertion of Theorem 2.1.
Secondly we assume that Case II in Lemma 3.13 holds. We then

have
a 2 _a 2] 41— —9,1— .
(3.43) dr(fs,[u’ds)_ drUs,'”' x| nd5>—2r "fS'<sz,x>vdS>0

for any »>R3. This shows that f s |2|24S is a monotone increasing func-
7

tion of » in (K3, ). Since #(x) is not identically null in £ and the

unique continuation property holds, there exist some Rg=Z~R3 and some
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C>0 such that for any »=Rs

(3.44) f uldS=C,
where C(;:fs 121245 >0. Thus we have
Rs

(3.45) lim inf R-1 f | #12dx=Ce>0.
R— o0 Rozlwi<R

Also in this case, noting y>0, we have the assertion of Theorem 2.1.
Q.E.D.

Proof of Corollary to Theoreme 2.1. Obvious from Theorem 2.1.
Q.E.D.

§4. Proof of Theorem 2.2
Hereafter we shall consider the equation
4.1) — dou(x)+g(x)u(x)=Au(x)

in the whole space R™ where »==3. In this section we assume that con-

ditions in Theorem 2.2 holds. The main purpose of this section is to prove
4.2) F(r,a9;9)>0

for some » under the restriction 0<<y<{1 weaker than the one %<y§l

which is assumed in §3. Now we shall start with proving the following

Lemma.

Lemma 4.1. There exists some sequence {s1}1=1,2,... Suck that lim s;=0
[0

and

(4.3) lim F(sy, ap; y)=0.
o0
Proof. Let p(x)e Q (R™) for some u>0. By Ikebe-Kato [4] there
exists some constant ¢ >0 such that for any o) H2(R") and i(x)
e HYR™) we have
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as [ p@ewrae=c [ {1aptrHew P ax

and
w5 [ @@ raa=c [ {10y r+ine ax

Then we have for u(x)E H3p0(R™)

(4.6) ﬁ B Pdx< o0
and
.7 f, _100) ] Buu(z) < -

for 7=1, 2, ..., 2. These show

. .

4.8) lim inf s szlp(x)u(x)l 4S=0

and

4.9) lim inf s f ()| () | 2dS=O0.
s—0 Ss

Noting that |x{*=7EQ,(R") and (l¢(x)||x~#)z= Q,(R?) for any ¢>0,
where ¢(x) satisfies Assumption 2, we have by (4.8) and (4.9)

(4.10)  liminf ¥ f | g(x)| () 124S
§—-0 Ss

—1lim i e—3 2/GC —
_hr?jgfsf&(m(x)uﬂ Y 2(x)124S =0,

(4.11) liminfsze"f l%\x)|2d5—llm1nfsf | %|26-3 | 2(x) [2dS =0,

s—0

and
(4.12) lim mfss‘"f lDu(x)}zdS—hmmfsf | x|5~% Du(x)|24S=0.

In (4.10), (411) and (4.12), we put e=7 . Then by y>0, we have y>e—-%.

Then (4.10), (4.11), (4.12) and (3.37) show the assertion. Q.E.D.
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Lemma 4.2. There exists some vo>0 such that
(4.13) F (7o, ao; y)>0.

Proof. 1In (3.8) we put s=s;, and let / tend to oo, then by Lemma 4.1

we have
B a0)= [ [2<1—y>{|0v12—<0v, 27

;
et 20—nge+ KC=D o | 121mra,
where Br={x||x|<<#}. Noting that #(x) is a not identically vanishing

function, we have the assertion. Q.E.D.

Lemma 4.3. We have

lim F(r, ap; v)>0.
F—>o0
Proof. By Lemma 3.4, F(r. ap; y) is a monotone increasing function
of »in (0, o0). Then Lemma 4.2 leads us to the assertion. Q.E.D.

Now we shall prove Theorem 2.2.

Proof of Theorem 2.2. Noting Lemma 4.3, by a method similar to
the first part of the proof of Theorem 2.1, we have the assertion. Q.E.D.

Proof of Corollary to Theorem 2.2. Obvious from Theorem 2.2.
Q.E.D.
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