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On a Cartan Formula for the Algebraic Steenrod
Operations Associated with a Pair
of Hopf Algebras

By

Basil AL-HASHIMI* and Frank S. BRENNEMAN*

Introduction

S. Araki [2] and R. Vazquez [7] defined two types of Steenrod squaring
operations in the spectral sequence mod 2 associated with a fibre space
in the sense of Serre, by using the cubical singular cohomology theory.
They computed the Cartan formula and Adams relation. H. Uehara
[5] established an algebraic analogy to their work. He discovered and
investigated the Steenrod operations in the Adams spectral sequence
associated with a pair of Hopf algebras.

In Paragraph 1 of this paper, [5] is modified and reviewed. It is
shown that the operations are independent of the higher homotopies under

a certain filtration condition and the Cartan formula is obtained.

§ 1. Modification of [5]

In [5], a graded differential algebra with a decreasing filtration and
cup-i-products was defined. Theorem 2 of [5] stated that in Adams filtered
complex associated with a pair of Hopf algebras over Zj, there exist
Zy-linear maps such that the Adams filtered complex is then a graded
differential algebra with a decreasing filtration and cup-z-products. The
proof of this theorem is not complete, in fact there is some question as to

whether it can be proved using Definition 1 of [5].
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In this chapter Definition 1 of [5] is modified and restated as Definition
(*). With this definition the results of [5] are all true. If the change in
definition affects the proof of propositions or theorems of [5], they are
proved in this chapter. It should further be noted, if Definition 1 of [5]
is satisfied then Definition (*) is satisfied but the converse may not be true.

Definition (*). By a graded differential algebra G={C,$, F, U}
i
with a decreasing filtration # and with cup-i-products U, we mean

1) a graded cochain complex C over the field Za:
C: Ol —en Do,

where 8": C®—>(C?+1 ijs a morphism of graded vector spaces over Zg,

2) for each integer p, FPC is a subcomplex of C such that
i) FPH1C is a subcomplex of F?C (in notation: FPC D FPH1()
ify FPC=C if p<0, and
iif) FPC"=0 if p>n,
3) for each integer 7 there exists a Za-linear map LEJ : CQC — C such that
if xeFPC™8s and ye FIC™¢, then x%JyEF“C’"‘”‘""H‘ for

a={ Max{p+g9—7,p, ¢} if p=g
Max{p+¢—i, Min{p, ¢} +1} if p7#g¢,
where zUy=U(x®y),xUy=xUy in notations, and s, # stands for
gradings.1 %J sz:tisﬁes the followirfg conditions:
i) L%J is trivial if 7<Z0,
if) For x&FIC™ and ys F?C", xL%Jy=O if £>m or =,
iii) xU(yU2)=&Uy») Us,
iv) 1Ux=xU1 for some 1=(?? and

v) 8xUy)=x Uy+y U x+8x Uy+=xUSdy:
i -1 i-1 i i

Let Z2U={x&FPCPH|5xc FP+(P++1}
BYl={x= FPCPH|there exists y& FP-1CP+e-1 with §y=ux},
Z8= {xc FPCP+1|§x=0}, and
B21— {xc FPCP*|there exists y&CP1-1 with Sy=x}.
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Z.?)q

Define EPl= ZP+be-14 Bpa

co=r=>1

Thus, we have a spectral sequence {Ey, dr|7=1}, where dr: EF'?—
EP+2-7+1] is the composition

zZpe § Zpire-r+l
~ Zpipely Bgra ’ BPATa-T+1

EPi=

: Z,’-"” »g—7+1 _
r+1,0— rq—r+1 =
' ZPHr+Le—r pPine-ril

E?+r,q—r+1 ,

for more details see [4].
Let us define a map 6;: C — C by 6i(x)=x U J:—I—:\:%LLJ1 dx.
i

Proposition 1. 0; induces Steenrod operations pSt;, rSt; in the

spectral sequence associated with the algebraic system G such that
St EP1— B2 for oco=y=2,

and
pSty: EP1— EP2HP-1 for oco=y>1.

They arve all Zo-homomorphisms.

Proof. See [5].

Lemma 1. Deﬁne 0;: C—C by 0¢(x) x U x—|—8x U x, then St

= BSt¢ and pSti= FSZ‘;, where BSti, pSti are t/ze Steenrod operations
induced by 0;.

Proof. 0¢(x)+5¢(x)=x Ux+xUdx+xUx+8xUx=2xUdx+8x U x
i i+l i 1 41 i+1
=8(x lq‘Jlx). Thus for x&ZP"%, we have §(x U x)= BF:30tP—t 0 B4,
i i1

and therefore
~ ~~
rSti=pSt and pS{=35S%.

To prepare for the existence of a graded differential algebra G=
{C, 8, F, U} with a decreasing filtration # and with cup-Z-products U, we
i i

need the following proposition.
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Proposition 2. Let A be a cocommutative Hopf algebra over Zg and
let A4: A—>AQRA be the comultiplication. Ifs: X —Zy is a Za-split
exact resolution of the A-module Za, then there exists a sequence of A-
homomorphisms h: X — XQX for i=0, suck that

1) 720 is a grade preserving A-chain map,

2) for i>0 At is a A-chain homotopy conmmecting A1 with phtl
whick raises the homological dimensions by i and preserves the
gradings, where p: XQX — XQX is the twisting chain map.
Moreover, if Kt for i=0 satisfies 1) and 2), then there exists a
sequence of A-maps S* for i=0 such that

3) S9=0 and

4) Fori=0, SHI8+JSiH1=jt ki St-pSt, where d, 8 are boundary
operators for XRX and X respectively.

Proof. See [5] and [6].
Consider the diagram

Hom (X, Z2)@Hom 4(X, Z2) ————~ — Hom4(X, Z3)

* /

HomA@,A(%@fZ’, Zz)
where y is the Z2-chain map defined by

x(fR(xR)=f(x)g(y) for f,gEHoma(X, Zs)

and for x, ye 2.

Definition. The cup-Z-product U in the cochain complex C=
i
Hom (X, Z3) is denoted by /A'¥.
Denoting Hom¥(X,, Z5) by CP® for each homological dimension

#=0 and the grading s=0, we have the cochain complex
C*={C?¢ for p=0,1,..,7, ...}
such that C={C*¢|s=0,1, ...}. Then

/ Ug=U (fQg) s Crta-istt
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for f€C?5 and g%t By the definition of U, we have,
i

Lemma 2. §(fU g)=fiylg+gi91f+3f U g—l—fliJ og.

J. F. Adams [1] and A. Zachariou [8] computed explicitly a 4-
homomorphism 4% in case when X is the bar resolution B(4). If 4(a)
=>1a'Qa" for ac= 4, then we have

Aa([a1lasl...|an])=1Q)[a1l...|an]

+ T [a1]...185)Qa1 ... ap[api1] ... | ay]
1<psn
for odd ¢,

hia((ay] ... an])

’ 7 ’ , , ,
ayl...\ap| @pyry - @o | Gpiiql -+ | @pyl ...
OSP0<P1<"‘<{),'S"[ 1 Ool #0o+1 011 2p+1 02

’ ! " r 1
o @pigy1 e apil@piy] . ag)Qay ... a[d gl -

rr n ” 2 r
...|6Zpla p1+1...ﬂp2}...|dp‘-_l+1l ...Iap,-]
for even 7,
() . 1ay])
’ ’ ’ ’ ’
= 2 [a1] .- 1aps| @yt - @p,] - 1 @ps i1 - 2]

0=py<p0,<++<p;=n

7 ’7

7 ’ ’” 23
Ray ... a[dppr1l .- |@p,| .. @iy pira] . | ay].

The above %' was computed in the following way. Let s be the
contracting homotopy for B(A), then r=s®1+0e®s is a contracting
homotopy for B(A)R B(A). Define 4f by the following inductive formulas

1) A3=4

2) Aosp_1=tn1/9—1 for >0

3) M=t (Wi for jzl

4 Bysna=tnij (P okl sn 1t tni iy for #>0
and j=1

5) Ah(ax)=dakl(x) for ;=0,acd, xcI(A)" and »n=l.

Remark 1. %,=0 for ;>0.

Remark 2. 72§=0 for p>g.
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Remark 3- }’gsn—1=tn+j—1h£t_13n—1+tn+j—1/¢Zt—1 for le
and 7=1.
Let (I', A) be a pair of connected locally finite cocommutative Hopf
algebras over Z3 such that, the subhopf algebra A is central in I, in the

sense that

ab=ba if acA, b<T.

We are going to associate with the pair (I', 4) a graded differential
algebra G(I', A)={C, 6, F, U} with a decreasing filtration F and with
cup-i-products U. '

J. F. Adam; [1] introduced a filtration in the bar construction B(I"),
in the following way. For each integer p define a subcomplex FpB(I")
of B(I") such that FpB(I"), is the I'-submodule of B(IM)y=I'QI(I")"
generated by elements of the form y[yi1]...|ys] with the property y;&7(A)
for at least (#—p) values of s. Then it is immedeidate to see that / is
the canonical increasing filtration in B(I").

Define the product filtration Fin B(INKB(I") by

h(B(P)@B(P)):p U FptBIOIQFBD).

Then (BIMNQBT), ﬁ*’) is a resolution of the I'®I-module Z3 with the
increasing filtration F. Letd:I'—> I'QTI be the cocommutative diagonal
and let p be the twisting chain map of B(I")QB(I"). Then we have

Proposition 3. There exists a sequence of A-homomorphisms ht:
BT — BINQB(I") for i=0 suck that
1) 1%° is a A-chain map whick preserves grading and filtration,
2) /s a d-chain homotopy connecting h=1 and phi—! whick preserves
grading, raises homological dimension by i, and satisfies the

JSeltration condition

W(FpB(I) C Fo( BT BI)
Jfor a=Min{2p, p7}.

Proof. The particular 4%, defined previously satisfies the Proposition,
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Let (C, 8) be the cochain complex Homp(B(I"), Z2) over Zs. For
each integer p define a subcomplex F#?(C) by the image of

under the dual of the projection

B(I)

mi BI) > 5 g

Then (C, 8, F) is a cochain complex with a decreasing filtration. Let
us call it Adams filtered complex associated with (I", 4).

Proposition 4. Let (C,8, F) be the Adams filtered complex associated
with a pair of Hopf algebras (I, A) over Zo. Then there exist Za-linear
maps U : CQC—C such that GI', N)={C, 3, F, U} is a graded differential
algeéni with a decreasing filtration F and cup-i-‘praa’ucts LZJ, in the sense
of Definition (*).

Proof. Let Ai: B(I')— B(I"QB(I") be the A-homomorphism in
Proposition 3 and define L1J: C®C — C by Af*. Since LiJ is the cup-z-
product in C=Homp(B(I"), Z3), it is easy to see that U satisfies all the

i
necessary condition except the filtration condition. Consequently, it is suf-
ficient to show that if f€FPC™$ and g FIC™?, then f U g FeCm+n-1,5+
i

for

{ MaX{P+9_i:Ps 9}' if p=q
Max{p+g—i, Min{p, gt +1} if poq

Consider first the case when a=p+¢—2. By Proposition 3
* *
I(F 01 BI) C Fatany(BISBINN Faty i BTISBIY)
thus

I(F a1 BITY) C Fiam1y i BI)QBIY)
= Fprg-1(BD)QBIY).

Then
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(f Y ©FarBINC (@) Fpra-s(BIISBIY)
=(fQg& X FeBINQF,B(I)
where é+o=p+¢—1 and thus
(f Y X Fars BIN=0
because
E<p or o<y
If a=p, then p=g¢. In this case also
(U EFp1BI)C(f ®g)sz—z(B(P QB

—(f®8)Fpra-a(BINRBIY)
=0.

If a=p-+1, then p=<¢g—1 and

(fU ) Fp BT ))L(f®g)F2p(B(1" YQB(I)
C(f @) Fpra-1BINRBI)
=0.

Similarly when a=¢-+1. Hence, the proof is completed.

From Propositions 4 and 1 we obtain,

Proposition 5. Lex (I, A) be a pair of commected locally finite
cocommutative Hopf algebras over Za suck that A is central in I', and let
{E,, dy} be the Adams spectral sequence associated with the system G(I', A).

Then there exist algebraic Steenrod operations
pSty: EPA—s EP4M  for oozy=?
and
pSty: EPY— EP2UAP-i for oco=y=>1.
Proposition 6. Lez (I', A) and (I, A') be pairs of Hopf algebras
over Zs both of which satisfy the conditions stated before, and let E, and

EY be the Adams spectral sequence associated with G(I', A) and G(I'', A")
respectively. If f: (I, A)—(I", A") is a morphism of pairs of Hopf alge-
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bras, then f induces a sequence of homomorphisms
or: Ey — E, for y=1

suck that

oy PSH=rStp;

and

V2,2 Bst¢=35t¢gor for 7_22.
Proof. See [3].

Proposition 7. Let #: B(I') > B(INQBI') for i=0,1,...,n, ...,
be a sequence of A-homomorphisms such that
1) #°is a A-chain map whick preserves grading and filtration.
2) #t is a A-chain homotopy connecting B! and pkt—1 which preserves
gradings, raises homological dimension by i, and satisfies the

Siltration condition
*
B(FpB(IM)C F(BIMNQBI) for a=Min{2p, p+:z}.
Then there exists a A-homomorphism Eb: B(I"— B(INQB(I") suck that
iy E°=0
il) A4-A=E+pEi4 DEHL| Eitlg,

Moreover if ENFpB(I")C F «(BIMRBI) for a=Min{2p, p+i} then the
Steenrod operations pst;, sty induced by kB, are equal to pSt;, rSt; the

Steenrod operations induced by It respectively.

Proof. The first part is Proposition 2. For the rest of the proof let
U=#%y, and define
;

g : Homp(B(I"), Zs) — Homp(B(I), Zs)
by ¢1(f)=f_g§+§‘g18§, then ¢4 induces
sty EPY — EZ-5%  for oco=y=2

and
FSty E?’q — E?,Zﬁ-:p—f for oog'ygl
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Now 04(&)+u(€)=¢ U €+€ U 86+£ U €4-€ U 8¢ and thus by the first
1 i1 1 i1

part we can show that

0E)+u(§) = DN ECIN(ERE)+ ECDIN(¢@56)
+ B3¢ R36).

Since E*F,C F, for a=Min{2p, p-+:}, thus by Proposition 4 we have,
for &t FPHomp(B(IM), Z2) and ¢ FCHomp(B(I), Z3),

Efy(&®¢s)€ FrHomp(B(), Zs)

where

_{ Max(p+g—7. 2, 9) if p=g
Max(p+g—j, Min(p, )+1) if pq.

Therefore one can show that

0‘(5) +¢‘(§) EZ?if.,zq+p—‘—1 N Z%?_—g-}-l:zq—l
+B?L214+p—‘ n BE?_—;:ZG

which means that

8Sti=pst; and pSti=rst;.

§2. Cartan Formula

Let I"' be a connected, locally finite, cocommutative Hopf algebra
over the field Z3 and let 4 be a Hopf subalgebra of I" which is central in
I.

Remark 4. AQA is central in I'QI" and
A*=1QQ1)AR4) : 'QI' — I'RQI'QI'RI"

is commutative where #(x®Q »)=y®zx. Therefore (I'QI', AQRA) is a pair
of Zz-Hopf algebras with the properties of paragraph 1.

Consider the following diagram
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.= BI®D)n — ...— BT - 'L  BI'QD)

fnT lgn flT igl . Il fT lg

oo (BOYQBI N — ... (BORBIMN > TQT  BIIRBT)
V.K.A.M. Gugenheim [3], defines f and g as I'®I-chain maps by

g[al®61’ e )ﬂn®bn]
=os§s,f"(“p+1) ...eo(an)[@1]...1ap)@b1 ... bp[bp+1l ... |6n]

and
SAlail...1ap]@[1]...184]}
=Z [C]_I...lé'p+q]

where ci, ..., cp+q is a shuffle of 21Q)1, ..., 2pR1, 1Q¥41, ..., 1Qs;. More-
over he shows that gf=/. Define Ht: B'QI")—BI'QINQBI'RI) by

Hi

BI'®T) ~ BIQIMNRBI'RI)
g] rer]
BINQBI) > BQBIQBIHRBI)

(1®:Q1)(:R1Q1)¥ é HQA)
j=0

Lemma 3. H'is a A4*-homomorphism.
Proof. Construct the appropriate diagram and verify commutativity.
Lemma 4.
Hid+ DHi=Ht14pHi-1
Proof.
Hid=(fQ /H1Q:QL)(*Q1R1)¥ ijloﬁ’ ®#I)gd
[
=(/RN(1R*Q(*Q1R1)¥ Eofl’ ®4d"g
—(/@ NS BRIV M @H+ MDA+ T WO
=R (1! Q1L 4°d QM+ h°Qhtd+ hid QR+ HQh°d
+::zi WAQH1+ :i WRIIdg
=@ NI [84° QA+ ~°QSA+ A QA2
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+ AR+ SIR A0+ LR ho+ pht-LQ ho+ R840
o+ Z O+ A AT+ THROMI-+ R ph i
(]
=(f@N1R*SQL)(¢S1QHEX1+1&8)( z HQH0)g
+H/@ 1SRRI (BLBL+1R1@i T H@H g
—DH+(@NHIBBLEBIOL T HOH+ D
i—1
+/@NABBL(BIOIBLBA( T M-y
—DH+ B (/@ (1 @@L(BLOBIBA T HBH 2,
We only need to show that ‘_1
(@ NABR(BIOVARIRA T, MR+ g—=pt*,

Case 1. 7 is even, then

(1R RH=(1QR1)1Q1R%)
—p (1R (RS =p(l @R R1BL)

Case 2. 7 is odd, then

1R:RN(R1IRJ(1R1R)=1¥:Q@ DRI HIR1X?)
—p(1®RL(RIRL)-1

Thus
(f®f)(1®t®1)(t®1®1)'(1®1®¢)(;§: W11y
={f®Nr(1Q:Q(xQ1R 1) :2: WRH~I-1)g
=pcf®ﬂ<1®z®1xt®1®1>t—1<:z;:mw—f—l)g:pm—l.

This completes the proof.

Lemma 5.
HIF,BI'QIC FYy(BIQNQBI'QD)) for a=Min{2p, p-+i}.

Proof. It can be shown that g and f preserve the filtration.
Finally we need to show that

(hIQI)FuBI)® Fp-s BN C F BISBINQ BT BI))
where y=Min{2p, p+:}.
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Note that,

1) hstCl?a where a=Min{2s, s+7} and

2) W-1Fp ,CFs where B=Min{2(p—s), p—s-+i—s}
Now (@) Fs@Fp-s)CFx®F5 & Fryg, so we have to show that
atB<y.

Case 1. a=2s, B=2(p—s) then a+B=2p and we need to show
that 7=p.

p—s+i—j=2Ap—2) > i=p+j—s,
also

a=2s > j=s D j—s=0,
thus 7==p.

Case 2. a=s-+j, B=p—s-+i—jthen a+B=p-7and we need to show
that i<p. But f=p—s+i—j D p—s+i—j=<2p—s 3 i—j=p—s >
i<p—s+/, also a=s+;7 D s+;<2s > j<s, thus i<p.

Case 3. a=s+j, B=2p—2s, then a+B=2p—s+j. But s+;<2s
= j<s D j—s<0 > o+ also P—=p—s+i—j D psi—j >
at+B=p+7.

Therefore a+B=<Min{2p, p+i}=y

Case 4. a=2s,f=p—s-+i—j then a+B=p+s+i—j.
But s+7=2s D j=s > — < —s D a+B=<p+i, also p—s+i—j<
2p—2s > i—j<p—2 2 a+B=<2p, and thus a+B=<Min{2p, p4-i} =y.

Consider a diagram

Homrer(B(I'QT), Zs)QHomrer(B'RT), Z3) iz» Homper(B(I'QT), Z2)

’

x l Hit
Homrgrerer(BI'QIMNKBI'QT), Z3)

where ¥'(f Q £)(x ®y)=/(x)g(y), then the cup-z-product L‘J’ in the cochain
complex C'=Homprer(BI'QI"), Zs) is defined by H# y'.

Lemma 6. LetucsC'™ and veC'", then u U 'v=0 if i >m or i>n.
[
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Proof. u 9'”=H"X'(”®”)
=g(Z QA M(#RQLILI1R#QD(f RN (@)
=gH(Z QA xQx)FR1IRLI(1R#QL)(61RD€Q¢63X¢1)

where

f@)=x(¢1Q&:) and f(v)=x(¢sREa),
éieHomp(B(I), Z2) with [§1+€al=m and [£3-+Eal=n.
=g(Z ARPQA M) (xQx)(*R 1R 1) (¢1Q¢€3RE2R€4) =0

if any of the following hold

D j/>l&l

2) j>I&sl

3) i—j>lél

4) i—j>|é4l
Now i>m=|&11+]| €2| > j+i—7>€1]+|€2] o either j>|€1] or i—j>|€al
Su LQJ ‘v=0 also i >n=|£3|+|£4] > either j>|E€3| or t—7>|€4l > u%]'v=0.

Lemma 7. §'(x %J'y)=xtul’y+ytul' x+8'x L‘J'_'y—l—x liJ’S’y.
Proof. Straightforward, since
Hid+ DHi=Hi-14 pHi-1.

Let (C', &', F") be the Adams filtered complex associated with (I'QT,
AQA), then by Lemmas 3, 4, 5, 6 and Proposition 3, we have that
GCUI'QRT, AQA)={C",8, F', U'} is a graded differential algebra with a

]

decreasing filtration /' and with cup-Z-products L‘J’ in the sense of
Definition (*).

Define 0;: C' — C’ by 0i(x)=x U,x+xcl-£1, 8'x, then by Proposition

i
1, 6; induces Steenrod operations gS7j, S7¢ in the spectral sequence
associated with G(I'QI", AQA) such that
gSTi: EPYTQI— ER-VU(IQT) for co=y=2

and

pSTy: EPYI QD) —> EP2U P4 QL) for oco=y=1.
T 7
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They are all Zz-homomorphisms.

Proposition 8. 7/e following diagram is commutative

E#'%I’)@Ei"t'(r) _él__* E;.2t+s—1<P)®Eg',2t'+s'—i+f(p)
| |#%

FST

Eg+s',t+t'(1"®[') - E’q+s',2t+2t'+s+s'—i(1"'®r)

i
where é1= Y, pST1QrSti—y for 1<r=<co. Similarly pST; with 2<r=<coc.
J=0

Proof. Let x=ac€ E{Y(I") and y=5 E§"¥'(I"), then,

STigx(*® )= S T(gr@®v))
=0, U0 =g D) U g w0)+£' @) U 5 wSv).

Let S7ig%x®3y) be represented by

s=g'(u®v) U’ g @)+ @®7) U’ 3¢ u®p0),

then

s=g¥ élo A (ARQLII1R4QL('® fN)(&'®g"

(W@v@u@0)+5( £ M@ I P@IBLF
ARABL® )6 RN UDU@BuE0)-+ 1B @@b0)
=/ X, I uBu)DH T @D0)+g'( 3 At @)D (v @b)

+£(E QPRI URBBBY)
Case 1. 7 is odd, then
s=g 5 MBI (wB0)
+ 3 AU 0@0)

+ g’(‘g /t"’(u®3u)® h“"l'“’(v@v))
PR R D I @ie))
+ g4 (2% (2 Q821) QA1 (v Q7))

—gM jéo (AP R+ W1 R Q@)
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+ A1 (u@80))} + g‘(jéo AR 8u)
QM1 R8)+ (A (@) QAN (2@8Y))
+L AU QM @0)).

On the other hand,

— 1
& Eo (S4QSt11)(xQy)

can be represented by

¥ % BW)Bb-1(0)
i
=g*{ E} (A @)+ A 1M (uQ@8)) R (A2 Rv)
+A- 1 (Qdv))}
Now, we only have to show that @=0, where
w=g¥( E‘O A uQ8u) QAT+ (v Q8v))+£* (A 1@ du)
QR (vQv)+ A+ M uQu) QA% (v Qdv).
But
w'=ul 8u®v‘_ljj+18v+u‘gl ©Qv %J dv+tu %J 8u®v#lv

© Fs+s'+1 ) Fas+os/—i+1

and

8'w'=(uUdu+tduUutdu U 6u)Q(v U &v)
i j J+1 i—7+1
+(x U 82)Q(w U dv+-6v U v+d8v U o)
J+L i—J i—7 1—7+1
4@z U u+u U 3u)Q@(vUdv)+(» U 2)Q(8v U dv)
i+l i+1 i+l
+(@=»U 3u)®(v£lflw)+(u U 8u)®(821‘_|l._)1 ‘ZI+ZJ‘_L'_JI 8v).
e Fst8'+r(C N [28+88'+2r—i—1( — Fe+8/+r(C N [28+28'+2r—i-2C
> we Ziqi{'+1.2(t+t'>+s+sl—i—1( 1"® I')
N ZEBH0—HL2EH-L PR T = 2—0.

Case 2. 1 is even, then
=g ,é, M@ @K (0®0)
(T AU @50)
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(S Bu@IR I uR0)
—¢* 2 (@) MDD 0 D0)

(@0} +g*<féo P35 Qu)®
M 0@8u))+g (P (@) @AM (0 @62))
PG (W ®0)).

Now Lemma 1 says that % iju—l—u U13u=uUu-|—8u U %, and the rest
It J J+1
of the proof in this case will be the same as in Case 1. Hence the proof

is completed.

Consider the following diagram

EPIQT) w57 » ER2H-{(TQT)
&| |2

EY(I) FSt > ER2tts—i(I)

where FSAi"¢ induced by A%: B'QI") — B(I'QI)? and At is defined in
the same way /4¢%: B(I'")— B(I")2 was defined previously. The above
diagram is commutative (Proposition 6).

Now if A* and H‘=(f®f)(1®t®1)(t®1®1)‘(:§o}zf®/z"f)g satisfy

Proposition 7, then
pSTi=pSTi and pSTi=35ST:.

From [6], there exist homotopies Zj: H;— H;. Now, if a family
of homotopies £; can be obtained satisfying the filtration conditions of
Proposition 7, then we have the following (Cartan formula). For £, &
eE).

1) #St(ér-éa)= jéo 7Sté1rSti—ié2
2) BSH(é1éz)= jéo BSt€1-8Sti—5€2
where £1-fa=A*(61Q62).
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