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On Deformations of Solutions of Involutive
Partial Differential Equations

By

Kazuhiro Kiso*

Introduction

Let E, F be real analytic vector bundles over a real analytic compact
manifold M and D:I'(E)-»I(F) a real analytic polynomial differential
operator satisfying D(0)=0. Let s(tf) be a parametrized family of cross
sections of E, where t moves in some neighborhood of O in a euclidean
space. We say that s(t) is a deformation of the solution 0 if s(0)=0
and D(s(1))=0. In the present paper, we will show the existence of
deformations of the solution 0 under some conditions. Namely, let L
be the linearized differential operator of D at 0 and assume: (1) the
equation D(s)=0 is involutive, (2) L is elliptic, (3) H'(M, ©)=0, where
© is the solution sheaf of the equation L(s)=0. Then we can prove
that there is a deformation s(f) which is complete at t=0 in an ap-
propriate sense. (Theorem 1, 2)

We would like to point out the analogy between the above result
and a theorem in [3] on the existence of deformations of complex
structures. In fact, the arguments proceed along almost the same line
as in [3].

In §1, we prove some propositions which are needed in the later
sections. In §2, we construct the deformation s(f) and prove its com-
pleteness in §3.

Finally the author wishes to express his hearty gratitude to Professor
N. Tanaka for his constant encouragement and valuable suggestions dur-
ing the preparation of this paper.

Communicated by S. Nakano, September 3, 1974.
* Graduate School, Kyoto University, Kyoto.
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§1. Differential Equations

We always assume real analyticity, so that the subscription ‘‘real
analytic” will be omitted.

Let n: E-M, p: F>M be vector bundles over a compact manifold
M and D:I'(E)-I(F) a differential operator of order k, not necessarily
linear, satisfying D(0)=0, where I'(E) (resp. I'(F)) denotes the linear
space of all Cx-differentiable cross sections of E (resp. F). Let J,(E)
denote the jet bundle of order k of E. There is a unique fiber preserv-
ing map ¢: J(E)—F such that D(s)=g@oj*(s). We define pl(¢): J; ., (E)—
J(F), the first prolongation of ¢, by pl(@)(j**1(s))=j!(e(j*(s))). For
cel(F), let A=¢ '(6) and AM=pl(p)~1(ji(s)). AM) is called the
first prolongation of A. Let n:J, . (E)»M and m: Ji . (E)>J,(E) be
natural projections.

We denote by T*=T*M the cotangent bundle of M and by SkT*
the k-tuple symmetric product of T*. There is a natural vector bundle
morphism i: S*T*® E—J,(E) and the sequence

is exact. (cf. [7]) Let 7*(S*T*®E) be the vector bundle over J,(E)
induced by 7. We define i,: na*(S*T*®QE)—>T(J(E)) as follows; for
(p, ®) e n*(S*T*®E) where peJ,(E) and ae SKT*Q®E,

(P, ) 2 L (piGaa)) |1

We have the exact sequence;
0 — 7*(S*T*®E) = T(J(E)) ®e=vx, (m,_)*T(Jy-1(E)) — 0.

Let F(A)={ve T(A)|(m-)sv=0} and g=iz'(F(4)). g is a family of
vector spaces over A and is called the symbol of A.

Definition 1. The differential equation D(s)=oc is said to be involu-
tive at pe A if there is a neighborhood U of p in J(E) which satisfies
the following two conditions;
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(1) the rank of ¢ is constant on U,
(2)let A=AnU and AD={ge AM|rqeU}, then A is an involutive
differential equation in the sense of [2], that is, A (resp. AM) is

a fibered submanifold of J,(E) (resp. J,.,(E)) and m;: A4 is a

fibered manifold and moreover g|; is involutive.

Further, if the equation D(s)=o¢ is involutive at any peA, then we
simply say that D(s)=o is involutive.

Note that in this definition, m,: A(V—4 is actually an affine bundle,
and that its associated vector bundle is nothing but the first prolongation
g of g. See [2] for the details.

Let D: I'(E)-»T'(F) be as above. The linearization L of D at O is
defined by L(s)=—;,lTD(ts) o for sel(E). L:I'(E)-»I(F) is a linear
differential operator of order k. Let ¢.: J(E)=F be the differential of
¢ along j*0), that is, (/)*(p)=7§,lt— o(tp) o’ Obviously we have L=
Puojt.

Proposition 1. If D(s)=0 is involutive at j*(0), the linear equation
Ls=0 is also involutive.

Proof. Let U be a neighborhood of j¥(0) in Definition 1 and A=
AnU, where A=¢1(0). Let R=¢3;!(0) and R =pl(p,) 1(j1(0)).
Remark that peJ,(E), can be naturally considered as an element of
T j%0yJi(E). Under this identification, peJ(E) is contained in R if
and only if p is tangent to A. Let p!(¢p), be the differential of p!(¢p)
along j**1(0). It is easy to see that pl(¢),=p (¢ps). Let W be a small
neighborhood of xeM and J,(F)lp=WxR! a local trivialization of
Ji(F). Let pY(¢)=y,..., ¥;) be the coordinates of pl(¢) in this triviali-
zation. Although the rank of p!(¢) is not necessarily constant, we can
choose functions y;,..., ;. such that y; =-.-=,.=0 are regular defining
equations of A(1) in a neighborhood of jk*1(0) and the others are written
in the form l//j=klg1 fuVi, where f, is a function defined in a neighbor-
hood of j¥*1(0). (To show this, recall that the first prolongation g(»
of g is the vector bundle associated with the affine bundle A(V)—A4, and
express this fact by the coordinates of ¢ and their derivatives.) Therefore
pe€Jis(E) is an element of R if and only if p is tangent to A,
Since m,: A\V—A is a fibered manifold, R(}) and R are vector bundles
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and m: R(W—-R is surjective. Moreover we can naturally identify the
symbol of R with that of A on j¥©), so that R is involutive. Q.E.D.

In general, let L:I'(E)-»I'(F) be a linear differential operator of
order k such that L=¢e-j*. For oel(F), we put R(c)=¢ !(c) and
R(a) M =p'(9)~'(j*(0)).

Proposition 2. If the equation L(s)=0 is involutive, the inhomogene-
ous equation L(s)=o is involutive if and only if =m:R(6)V->M is

surjective.

Proof. The ‘‘only if” part is trivial. Assume that zn: R(e)V)->M
is surjective. Then =n: R(6)(Y)>M is an affine bundle whose associated
vector bundle is R(0)(!). From the commutative diagram

R(0)V) ==, R(0)

M

it follows that =n: R(s)—»M is also surjective, so n: R(c)—»M is an affine
bundle whose associated vector bundle is R(0). Note 7;: R(0)(1)—R(0)
is surjective by the assumption, so that =,: R(¢)(!)—>R(c) is also surjective
affine bundle map. Since the symbol of R(s) is the same as that of
R(0), it follows that R(c) is involutive. Q.E.D.

Let © be the sheaf of germs of all C«-differentiable solutions of
the equation L(s)=0 and ¢ a real analytic cross section of F.

Proposition 3. If the equation L(s)=o is involutive and H'(M,
@)=0, there exists a global solution of the equation L(s)=o.

Proof. By Cartan-Kéhler theorem, there is a covering #={U,}
of M and cross sections s, over U, such that L(s,)=¢. We have L(s,—
sp)=0 on U,Nn U, and hence the assignment

(@ ) — s,—5p

is a l-cochain of @®. It is easily seen that this is a cocycle. Since
HY(#%, ®)-H'(M, ©) is injective, we have H!(#%, ©®)=0. Therefore
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there are cross sections s, of @ over U, such that s,—s;=s;—s,. Then
So=5,+5, is a global solution of the equation L(s)=o. g.e.d.

Finally we mention a class of differential operators. Let D be a
non-linear operator such that D=geoj*. Define ¢*e S*(J(E)*)®F by
on

6t (p(tlp1+ +tupu)

1
(p‘l(pls'--a pu) =—[jl—!~ 6t

timemt,=0 -
For aeI'(J(E)), o(o)= Z ¢*(0,..., 0) is the formal Taylor expansion of
¢ at j¥(0). The right hand converges in each fiber if o is sufficiently
close to j¥0). Define D*:T'(E)x:--xI'(E)y=I'(F) by D¥#(sy,...,5,)=
P52 J¥(5.)-

Definition 2. D is callcd a polynomial differential opcrator of degree
n if D=0 for u>n.

§2. The Construction of Deformations

As in the beginning of §1, let D: I'(E)-»I'(F) be a non-linear opera-
tor of order k such that D(0)=0 and D=gqeoj*. Let L be the lineariza-
tion of D at 0 and @ the solution sheaf of the equation L(s)=0.

Let s(tf) be a parametrized family of cross sections of E, where ¢
moves in some neighborhood of 0 in a euclidean space and s(t) depends
real analytically on ¢. We say that s(t) is a deformation of the solution
0 if s(0)=0 and D(s(r))=0.

We can prove

Theorem 1. Assume the followings:
(1) D is a polynomial operator of degree n,
(2) the equation D(s)=0 is involutive at j*(0),
(3) L is elliptic and H' (M, @)=0.
Then there exists a deformation s(t) such that
(4) t moves in a neighborhood of 0 in R™, where m=dim H°(M,
0),
(5) the linear mapping

ToR"350,0/01; — 24, (250 eyo(um, 0)
6t —0
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is bijective.
Proof. The proof will be divided into two steps.

a. (Existence of formal solutions) We want to construct homogene-
ous polynomials s.(t) of t,,...,t, of degree r with coefficients in I'(E)
such that u,(t)=s,(t)+s,(t)+--- +5,(t) satisfies

(2.1), D(u,(1)=0  mod 1

where we mean, for any polynomial y(t) of t,,...,t,, by Y(£)=0 mod ¢!
that ¥(f) contains no terms of degree =r.
Let ¢y,..., &, be a basis of the vector space HO(M, @) and sct

si(O)=& it +Cato+ o+ St -

It is obvious that u,(f)=s,(t) satisfies (2.1);. It should be noticed that
each ¢&; is an analytic cross section. Suppose that s,(%),...,s(f) are
already determined in such a way that the coefficients of s,(t) are analytic
cross sections. Then we have to construct s, (f) satisfying

2.2) D(u,(t)+s,.1(2)=0 mod 1"+2,

Let D#=g"oj* be the operator dcfined in §1. Clearly we have
D'=L and D°=D(0)=0. Let n,,.,(f) be the homogeneous element of
degree r+1 of D(u/t)). We get

DO+ 9,1(0) = 2, DA +510eos 10+ 5,1(0)

=L(s,1 (D) +3 Duu,),..., u(H))  mod 2.
p=1
Hence (2.2) is equivalent to

23) L(sy+ 1)+ 11,4 1()=0.

We will show that the differential equation (2.3) is involutive. Let p(z)

be a homogeneous polynomial in t,,...,t, of degree r+1 with coefficients

m

in the vector space J(E), over xe M. The formal version of (2.3) is

0x(p())+n1,4+,(H=0
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or
(2.4) e(p()+j4u (1)) =0 mod "2,

Let U be a sufficiently small neighborhood of x and p~'(U)x=UxR!
a local trivialization of F. Let ¢=(@i,..., ¢) be the coordinates of ¢
in this trivialization. Since the rank of ¢ is constant, we may assume
that ¢,,..., @, is independent in a neighborhood of j%0). Hence there
are functions ¥, such that ¢, p)=Y¥Y(0:(p),..., ¢,(p)) for I'<a=zl if p
is sufficiently close to j¥0). Let ¢=(¢y,..., ¢;), which is considered as
a map from J(E)|, into a subbundle of F|,. Since @, is surjective,
there is a homogencous polynomial p(f) such that

PO+ u))=0  mod 2,

Then it follows from the above arguments that (2.4) holds for this p(f).
Although the rank of p!(gp) is not constant, by the arguments in the
proof of Proposition 1, we can similarly show that there is a homogene-
ous polynomial p'(f) of degree r+1 with coefficients in J,,(E), such
that

(2.5) PP’ (D+j4  (u,(N)=0  mod*2.

Remark that (2.5) is equivalent to

PP () +jx (0,4 1(1))=0.

Since the equation L(s)=0 is involutive, in view of Proposition 2, it
follows that (2.3) is involutive.

Finally by Proposition 3, there is a global solution of (2.4) and
further the ellipticity of L implies that it is analytic. This completes
our inductive construction of s(t).

b. (Proof of convergence) We introduce the norm |sf,;, of se
I'(E) (or seI'(F)) for a positive integer p and 0<o<1 by a well-known
method. That is, let {U;} be a finite covering of M and {x,,..., x,}
a coordinate system on U, (Recall that M is compact) We write s
in the form s=2ZXs,e;, where {e,} is a set of linearly independent local
cross sections of E (or F). Lct
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I+ =supl 51135,

[075,(x)—0%s,(y) |
[x—yl°

D
Isli5i, =2 supld©s,(x)| +sup

where 0" means a partial derivative of order » and the ‘‘sup” is extended
over all points x, ye U;, all indices A and all partial derivatives 0", 0.
For p>k, we have

(26) ”D“(Sl,..., Sy)“p—k+a.§c]|sll|p+a"' |ls[l”p+17

where k is the order of D.
Let s be a global solution of the equation L(s)=s" for s el(F).
It is known that the ellipticity of L implies the estimate (cf. [1])

@7 Isllp+o=cClisllo+ 15"l p-k+0) -

Moreover by the arguments similar to section 4 of [3], it follows that
there exists a solution s” such that the next estimate holds:

2.8 5"l p+o=cillsllp-k+o

where ¢, is independent of s'.
Let o denote a multi-index («y,...,®,) and consider a formal power

series
S(1) = Z5qt? = T8, L5 1. L0

with coefficients s,e I'(E) (or e I'(F)) and a power series a(t)=2Za,t*. We
indicate by |[|s|l,+,(f)<a(?) that |s,||,+,=<a,.

We will make use of the power series introduced in [3]. That is,
let

_a @ bttt
A(t)_ 64b 21 r2 :
We have
R a r—1
(2.9) A@) < (T) A).

Now we proceed to the proof of convergence. First remark that
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from (2.8), there is a global solution s, ,(f) of (2.3) such that

(2.10) I$r+ 11l p4o(D) L1t 11l p—k40(D) -

Let s(t)=s,(&)+s,(8)+s3(t)+---, where each s,.,(f) is the solution of
(2.3) satisfying (2.10). We want to show

2.11) 51l p+4() <A(T).

By letting a sufficiently large, we may suppose |u;l,.+.(t)<A(t). We
will show (2.11) by induction. Assume

(2.12) 5+ o(1) < A(D) .

Since D(u,(t))= Z D#(u(¢),..., u(t)) and #,,,(t) is the homogeneous part
of degree r+1 of D(u,(t)), we get from (2.6), (2.9) and (2.12)

s 1 lpis (D <3 At
u=2

<<cZ ( )‘I_IA(t) .

n=2

Choosing b so that cclni‘,1 <%>u<1, we get finally from (2.10)
pu=1

“Sr+ 1 “p+a(t)<A(t) .

This completes the proof of (2.11).
Therefore the series

s(t) = 5,() + 5,(£) +53(£) + -+

converges in | |,4, for sufficiently small ¢, so that s(f) is differentiable
of class C? and real analytic in ¢t. Finally we must prove that s(f) is
real analytic. This can be shown as follows; in the first place, since
JW(E) is naturally imbedded in J,(J,-(E)), we can find a certain first
order differential operator D' on J,_,(E) such that the equation D(s)=0
is equivalent to the equation D’(j*~!(s))=0. That is, for a local cross
section s of E, D(s)=0 if and only if D'(j*~!(s))=0. (D’ may be defined
only locally, but it suffices for our purpose.) We assert that the lineari-
zation of D' at j*'(0) is elliptic. In fact, this is easily seen by direct
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calculations in local coordinate systems. Let us complexify the bundle
E and the operator D’. We can suppose that s(t) is defined for complex
numbers ¢t. Then s(¢) is a solution of the differential equation

J D'(j*1(s(1))=0

| A0
0,

The linearization of this equation at j*~1(s(¢)) is elliptic if ¢ is sufficiently

close to 0, and hence we see that s(f) is real analytic. (cf. [6]) This

completely proves the theorem. Q.E.D.

§3. The Completeness of s(z) at t=0

The notations being the same as in §2, in this section we show the
completeness of s(f) at t=0.

Let s(z) be an arbitrary deformation, where ¢ moves in a neighbor-
hood of 0 in R™.

Definition 3. s(f) is said to be complete at t=0 if for any deforma-
tion s’(u), where u moves in a neighborhood of 0 in R", there exists
a real analytic map f from a neighborhood V of 0 in R” into R™ such
that f(0)=0 and s'(u)=s(f(u)) for ueV.

In the next theorem, we do not assume that D is a polynomial

operator.

Theorem 2. Let s(t) be a deformation such that the natural map-

ping

T R"331,0/0t, —> 211,.( 5‘;”

> e HO(M, )
0 i t=0
is surjective. Then s(t) is complete at t=0.

Proof. As the proof of Theorem 1, we first construct f formally,
next prove its convergence.

a. Let s'(u) be any deformation. We want to construct f such that
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3.1), sSw)=s(f(u)) modurt!

for any r. Let s(t)=2s t*and s'(u)=Xszu? be the Taylor expansions
of s(t) and s'(u). We put s,(t)—I Z',gs t* and s’(")_mz spuf, where
la| =0ty o+ - +0a,, and |B|=F; +ﬂ2+ -+, Similarly we write f in
the form f(u)= Z fpuf= 21 f(u), which we must construct such that (3.1),

holds. Let f;= (fp, ,f3) be the coordinates of f;. (3.1), is clearly
equivalent to

(3.2), gl si(u)= ; si(ji=1 fw)  modurtt,

We denote by 1; the multi-index whose i-component is 1 and others are
0. Then (3.2); means that s}, = Z Sy, f4.. Since s/, is an element of
H°(M, @) and {s,}" , generate H°(M @) we can find f/, which satis-
fy this equation.

Suppose that f,(u),..., f,(u) are already constructed. We must de-
termine f,,,(u) which satisfies (3.2),,,. Substituting i fiu) for t, we
develop 7= in u as follows; =

ra=(§1 fiwy =S oput.

Obviously ¢5=0 if |Bl<|x| or if |¢/=1 and |B|=r+1. It is easy to
see that (3.2),,, is equivalent to

spuf= % slf,,u”+ > Zs Ofub
|Bl=r+1 |B|=rt+ 1Bl=r+1 a

or
(3.3) sb—gsaaf,:zi‘,slif;}, [IBl=r+1.

We now prove that the left hand in (3.3) is contained in HO(M, ©).
In the first place, we get from (3.2),

(3.4) Sp=2.5,0%

for |B|Sr. Let {ay,...,«,} be multi-indices and set a=a;+---+a, Since
t*=t%t,, .t%, it is easily shown that
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(3.5) oi= > o%l..op
B Bt T8 =8 B1 By

We remark that a similar equation to (2.3) holds for s(f) and s'(u).
Since 7, ,(t) in (2.3) is the homogeneous element of degree r+1 of

D(E, €)= T, DHE, (> 3, 1)

=1

=2 X DM(sgse.s 55000

a,paygteta,=a
Jai| sr

it follows that

3.6) L(s)=— % DI ) R

nZ2 apteetag=a

for |a|=r+1. Similarly we have

(3.7) L(S,,?) =- Z Z D”(Sbl""’ S,ﬂu) '

HE2 Bi+-TBu=B
Let us return to the equation (3.3). We get from (3.4)~(3.7)

Lisp=— Y by DH(X5,,05,..., aZsa“af,‘;;)
@y K

p22 Brttpu=h

== 2 DM(S4pees 5,4,)0%

u2,a o ttau=a

= Z“:L(s,)o'g.

This shows that L(s;— Y s,05)=0. Hence we can find fi which satisfy
(3.3). This completes oua;‘ inductive construction of f(u).

Note that we can choose a basis of H(M, @) between {s;,}%,. For
simplicity, let {s;,}7.; be a basis. Then we can suppose in the construc-
tion of fi that fi=0 for i>m'.

b. Let < , > be a metric in E and define an inner product of
I'(E) by

(s, s")= SM <s(x), s'(x)>dv

1
where dv is a volume element of M. Let |s||=(s, s)2 be the norm of
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sel(E). Since the inner product restricted to HO(M, ©) is positive
definite and {s;,}/<, is a basis of HO(M, @), there is a constant ¢ such
that

(3.8) FhselE sl

(Remark that f=0 for k>m') Further, by Cauchy’s inequality and
simple calculations, we can suppose that

(39 s () < Ao(2)
lIs"11(u) < Ao(u)

where

Ao(t)= 621(;0 El bO(tl '};.'2"+tm)

=y, £ Bt

Let A(u) be the power series Ag(u) in which the constant ao, bo
are replaced by a, b and assume that i Sf¥Yu)<A(u) for any k. We have
r=1

%aﬁu"= (iZ;:lfi(u))“«A(u)l“l & (%—)Ial—lA(u) .

Let A, denote the coefficient of t* in Ay(f). Then we get from (3.3),
(3.8)

G10) T sl {Ao(u)+r+122|;,”2214a< )" )

|Bl=r+ 7

We may suppose that ay,<a, bo<b, and hence we can replace Ay(u) by

%"—A(u) in (3.10). It is easily shown that we can choose b such that

o g 0(3))
c(b +|a|z;'zA“ 5 <l.

This shows that rii fYu)<A(u), so that we have f(u)<A(u) by induc-
=
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tion. Therefore f(u) converges in a sufficiently small neighborhood of
0 and we complete the proof. Q.E.D.
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