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Flows Associated with Ergodic Non-Singular
Transformation Groups
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Toshihiro HAMACHL* Yukimasa OKA** and Motosige OSIKAWA*

§0. Introduction

In this paper we shall give a nice invariant for the weak equivalence
of ergodic non-singular transformation groups. It is a one-parameter
ergodic non-singular flow associated with an ergodic non-singular trans-
formation group. Since in 1960 an example of an ergodic non-singular
transformation without o-finite invariant measures was given in Ergodic
theory [16], the structure and the classification of ergodic non-singular
transformations have been studied by many authors ([2], [4], [5], [6],
[7], [8]~[11] and [13]). Among these works, Krieger’'s weak equiva-
lence theory is fundamental in the classification problem of ergodic non-
singular transformation groups without o-finite invariant measures. This
classification is closely connected with the classification of type III factors
in the theory of von Neumann algebras ([15]).

The Tomita-Takesaki theory of generalized Hilbert algebras ([18])
plays important roles in the analysis of type III factors. Using this
theory, A. Connes [3] introduced algebraic invariants — the S-set S(M)
and the T-set T(M)—for a factor M and obtained a classification of
type III factors. M. Takesaki [19] introduced the dual action of the
modular automorphism group and obtained the structure theorem of
type III factors. In the classification problem of ergodic non-singular
transformation groups G, W. Krieger [10] and the present authors [6]
introduced invariants r(G) and T(G) respectively, both of which are
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closely related to the existence problem of o-finite invariant measures.
The invariant r(G) and T(G) are nothing but the S-set and T-set of the
group measure space construction factor M; of G. They are also
corresponding to the Araki-Woods invariant r (Mg) and p(Mg) ([1])
of the factor Mg in the case of an infinite product type transformation
group G.

By the metrical properties of the associated flows, we can obtain
much more informations about non-singular transformation groups. The
T-set is the point spectrum of the associated flow and the S-set is
illustrated by only the periodic motion of the associated flow. It is
shown by Krieger’s skew-product method ([9]) that any ergodic measur-
able measure preserving flow is realized as the associated flow of an
ergodic non-singular transformation group. We study the weakly equiva-
lent classes of the product Gx G’ of ergodic non-singular transformation
groups by using its associated flow and we introduce a new class (type
ITIT) of non-singular transformation groups of type III. Also we can
obtain examples of ergodic non-singular transformation groups G of
type III satisfying that Gx G is not weakly equivalent with G. We show
the Araki-Woods characterization theorem of the asymptotic ratio set
and the p-set in the sense of weak equivalence of non-singular transfor-
mation groups. By a characterization of a dissipative non-singular flow,
we give another proof of the existence of an invariant measure under
the condition T(G)=R ([6]).

Professor H. Araki showed us that Takesaki’s dual action ([19])
of the modular automorphism group of the group measure space con-
struction factor is realized by the associated flow. Professor W. Krieger
informed us that he introduced a non-singular flow for an ergodic non-
singular transformation and proved the one-to-one correspondence be-
tween the weak equivalence of ergodic non-singular transformations and
the strong equivalence of flows ([12]).

§1. Preliminaries

Let (@, &, P) be a Lebesgue measure space. Two measures u and
v on the measurable space (Q, &) are equivalent u~v, when u(4)=0 if
and only if v(4)=0,A4e€@. A 1-1 mapping g from Q onto itself is
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a non-singular transformation if it is bi-measurable (i.e. g"!F<=F and
9gF<y) and Pg~P where Pg(A)=P(gA), AcF. Let G be a countable
group of non-singular transformations of (@, §, P). A measure u defined
on (Q,%) is G-invariant if pug=p,geG and a measurable function
f(w) is G-invariant if f(gw)=f(w), geG, ae.w. G is ergodic if every
G-invariant function on (@, §, P) is a constant a.e. We denote by
[G] the group of all non-singular transformations g of (Q, §, P)
satisfying that there exist measurable sets A,e @, n=1, 2,... and non-
singular transformations g,eG, n=1, 2,... such that Q= @ A, (disjoint)
and go=g,w, ae.weAd, n=1,2,.... The group [G] is sa1d to be the full
group of G. Two countable non-singular transformation groups G and

" of (@, &, P) and (', §', P’) respectively, are called weakly equivalent
if there exists a bi-measurable 1-1 mapping ¢ from Q onto Q' such that
¢[Glo~t=[G’'] and P~P'o.

Let us now define the ratio set r(G) and the T-set T(G) of a count-
able non-singular transformation group G of (@, & P). The ratio set
r(G) is the closure of the set of all positive numbers r satisfying that
for any &¢>0 and any measurable set 4 with P(4)>0 there exists a
measurable subset B of A with P(B)>0 and geG such that gBcA
and re""<———(co)<rea weB ([10]), and the T-set T(G) is the set
of all real numbers t satisfying that there exists a measurable function
exp i&(w) such that expi{é(gw)—&(w)} =exp it log dd}g} (w), ge@, a.e.w ([6]).

The set r(G)\{0} is a multiplicative subgroup of positive numbers and

T(G) is an additive subgroup of R. These two sets are invariants for
the weak equivalence.

For a countable ergodic non-singular transformation group G of (@,
&, P) a pair (4, H) is said to be an admissible pair of G if u is a
o-finite measure equivalent with P and if H is an ergodic subgroup
consisting of p-preserving transformations of [G]. The set A(u, H)
={r>0]|for any &>0 there exists ge[G] such that P(re‘8<—qa”#—g—(w)
<re®)>0} is a closed multiplicative subgroup of R, if (u, H) is an
admissible pair of G. This set is independent of the choice of an
admissible pair ([6]).

For a countable ergodic non-singular transformation group G of (Q,
&, P) we consider the following cases:
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(a) There exists an equivalent o-finite invariant measure p, or
equivalently (u, G) is an admissible pair of G.

(b;,) There exist an admissible pair (u, H) and O<A<1 such that
A(u, H)y={A"| — 0o <n< w}.

(c) There exists an admissible pair (u, H) such that A(u, H)=(0,
).

(d) There is no admissible pair.

These cases are exclusive and exaustive.

Definition ([6]). Let G be a countable ergodic non-singular trans-
formation group of (@2, &, P). (1) We say that G is of type III if G
has no equivalent o-finite invariant measures. (2) We say that G is of
type IIT;, 0<A<1, III, or III, accordingly as the case (b,),(c) or (d)
happens.

Note that the type of G is an invariant under the weakly equivalent

relation and that if G is of type III; then for any null set Ne§ the

dcli‘/f (w)lge G, w¢ N} contains at least two rationally independent

set {log

real numbers.

§2. The Associated Flow {T}_, <s<+o0

Definition 1. A one-parameter group {U,}_,<s<+. Of non-singular
transformations of (X, By, uy), which we call simply a non-singular
flow, is measurable if the mapping Rx X 3(s, x)»U,x e X is measurable.

Let G be a countable non-singular transformation group acting on
a Lebesgue measure space (2, & P). We denote by G the group of
following non-singular transformations § on (xR, FxB(R), dP xdu);

§(o, u)=<gw, u+log dd};f’ (w)), ge@.
Let {(G) be the measurable partition ([17]) generated by all G-invariant
measurable sets. For —oo<s<+4o0, put Ty w, u)=(w, u+s), (0, u)eQ
xR. Since {T.}_,<s<+o commutes with G, we can define the factor
flow {T}_p<s<ciw OF {T.}_p<s<+o ON the quotient space QxR/{(G).
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T(—co<s<+o) is a non-singular transformation with respect to any
o-finite measure equivalent with the image measure of dPxdu and
{T) _ w<s<+o is a measurable flow.

Definition 2. We call the factor flow {T.}_, <<+, the non-singular
flow associated with the non-singular transformation group G or simply
the associated flow of G.

We note that the associated flow {T.}_, <<+ Of G is ergodic if
and only if G is ergodic.

Definition 3. Non-singular flows (X, By, tx; {U}_w<s<+) and (Y,
By, Uy; Vot —w<s<+w) are mutually strongly equivalent if there exists
a bi-measurable 1-1 mapping ¥ from X onto Y such that uy~puyp
and for all —o<s<+o00, YUx=Vyx, a.e.x.

We note that the strong equivalence among ergodic non-singular
flows is the same as the metrically isomorphic equivalence if they admit
finite equivalent invariant measures.

Theorem 1. If ergodic non-singular transformation groups (2,
& P;G) and (Q,§,P';G) are mutually weakly equivalent, then
their associated flows are mutually strongly equivalent.

Proof. Let ¢ be a bi-measurable 1-1 mapping from Q onto Q'
such that ¢[Gleo~!'=[G'] and P~P'¢p. Put ¥(w, u)=(pw, u+1ogdP (P(w))
Then ¥ is a 1-1 mapping from QxR onto Q' xR and satisfies that for
—0<s< 400, YT(w, u)=T(w, u), ae(w, u)eRxR. It is enough to
show that f(y(w, u)) is a G-invariant measurable function for any G'-
invariant measurable function f(w’,u). For ge[G] and g'=¢ge!
e[G'],

f(n,b(gco u+log (w)))—j(gogw u+logdPg(w)+logdP¢(gw)>

dngp

—f(g Qw, u+logdPg(co)+log (a;))

=f<g’rpw, u +logd:P“,’ (pw) +10gdP ‘p(w)>
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(' (90, u+10g222(0)))

=f(Y (o, u)). Q.E.D.

Definition 4. Let (X, By, uyx; {Us}-w<s<+) D€ a non-singular flow.
A real number t belongs to the set a({U,}), which is called the point
spectrum of {U,}_ <5<+, if there exists a measurable function expié(x)
such that for all —co<s<+ o0

exp i&(Ugx)=exp its-exp i&(x), a.e.x.

Theorem 2. Let G be a countable non-singular transformation
group and {T.}_.<.<+o be its associated flow. Then the T-set is

T(G)=o({T}).
Proof. Let teT(G). Then
expi{é(gw)—E&(w)} =expit logdPg(cu) gea, a.e. w,

for some measurable function expié(w). If we put f(w, u)=expi{tu
—&(w)}, then f(w, u+s)=expits-f(w, u) and

f(gCU u+ logdPg(CO)) exp{—ié(gw)}exp it<u+10g dP ((D))

=expitu.exp { —ié(w)}
=f(w,u), geG, ae. w,u).
Conversely, let tea({T,}). Then
exp in(w, u+s)=exp its-exp in(w, u), —0<s<+ 00,
for some G-invariant measurable function expin(w,u). If we put
exp { —i&(w)} =exp in(w, 0), then

expi{é(gw)—¢(w)} = expztlog (w), gea, aew. Q.E.D.

Theorem 3. Let {T.}_.<.<io be the non-singular flow associ-
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ated with an ergodic countable non-singular transformation group G
of (2, &, P). Then
(1) G admits an equivalent o-finite invariant measure if and only

if {T.}_w<s<taw is strongly equivalent with the translation
Rou—-u+s, —0<s<+0,

(2) G is of type 111, (0<i<1) if and only if {T.}_<s<+w is strongly
equivalent with the periodic flow [0, —logl) su—u+s(mod. —logAi),
—0<Ss< 400,

(3) G is of type I, if {T,})_w<s<+o is the trivial flow, and the
converse is true under the assumption that G is a cyclic group, and
4) G is of type III, if and only if {T.)_,<i<+e iS an ergodic,
aperiodic and conservative flow, under the assumption that G is a
cyclic group.

Proof. (1) Let u be an equivalent o-finite G-invariant measure.
Then the measurable partition ((G) is equal to {Qx{u};ueR} since
G={g~; g(w, u)= <gw, u+log——=L dg (w)) (gw, u), geG}. So the factor flow
of {T,}_<i<+o Is the translation on R. Conversely let ¥ be a bi-
measurable 1-1 mapping from QxR/{(G) onto R such that {T.}__<icio
commutes with the translation on R under the mapping V¥, and 7 be
the canonical mapping from QxR onto 2xR/{(G). For the measurable
partition {7~ !'oyy~!(u); ueR} of @xR it holds that for almost all ¥~ !(u)
and for almost all w, n='ey~!(u) intersects {w}xR in exactly one point
(w, u—yY(n(w, 0))) from the assumption. Denote for a fixed cross sec-
tion n™loyy~ (), du(w)=exp {—u+yY(n(w, 0))}dP(w). Notice that a w-
function —u+yY(n(w, 0)) is measurable. Then the equivalent measure
@ is G-invariant. Indeed, since §(w, u—y(n(w, O)))=<gw, u—Y(n(w, 0))

+10gdP g (w))en-l U=l(u), we have Y(n(gw, 0)=y(n(w, 0))——logdP 9(w),

a.e.w, g€ G. Therefore
du(gw)=exp { —u+y(n(gw, 0))}dP(gw)

—ex p{ w+P(n(o, O))—logdpg(w)}dP(gw)
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=exp {—u+y(n(w, 0))}dP(w)

=du(w).

(2) Let (u, H) be an admissible pair of type III, (0<Ai<1). Then
the measurable partition ((G) is { U Qx{u—nlogi}; 0Zu<

—o<n<+ow

—logl}, since H is ergodic and h(w, u)=(hw, u), he H and since for
almost all w and for any integer n there exists g € G such that log dp g(w)

=nlogA (Section 6 of [6]). Therefore {T.}_ <<+ IS the perlodlc
flow [0, —logl)3u—u+s (mod. —logl), —co<s<+oco. Conversely let ¥
be a bi-measurable 1-1 mapping from QxR/{(G) onto [0, —logl) such
that YT (w, u)=¥(w, u)+s (mod. —log4), a.e.(w, u). Then for almost all
Y~1(u) and for almost all w, n~loy~1(u) intersects each set {w}x
[—nlogi, —(n+1)logl), —co<n<+o0, in exactly one point. For a
fixed u, the function f(w)=inf{v; v=0 and (w, v) en oy~ 1(u) N {w} x R)}
is measurable. We define an equivalent measure du(w)=exp { —f}(w)dP(w).
G acts ergodically on each ergodic component 7~ ey~1(u). Let H be
the induced transformation group of this action on the set {(w, f(w));
weQ}. Then H is ergodic and p-preserving and Sld—ﬂﬂg(w)e{l"; —o<
n<+owo}, gegG, a.e. 0.

(3) Let (u, H) be an admissible pair of a non-singular transformation
group G of type III,. If f(w, u) is a G-invariant measurable function,
then for almost all (w, u), f(how, u)=f(w, u), he H. From the ergodicity
of H, f(w,u)=f(u), a.e.(w,u) and so for almost all (w,u), f (u+logd“ g (w))

=f(u),geG. Let I'={teR; f(u+t)=f(u), a.e.u} then I is a subgroup
of R and contains at least two rationally independent real numbers
by the definition of type III,. Thus I' is a dense subgroup. There-
fore f(u)=constant, a.e.u. Conversely let G be a cyclic group and let
G be ergodic. Then for any set Ae@ with positive measure, any
positive number r and any positive number &, there exist a measurable
subset BcAx[—e, &] with positive measure and geG such that §B
cAx[logr—e, logr+e]. Put B={weAd; (w,u)eB for some u}.
Then P(B)>0, gBcA and rexp{— 28}<dPg (w)<rexp2e, weB. There-

fore the ratio set is r(G)=[0, + c0). By Theorem 2.8 of [10], G is
of type III;.
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(4) Since an ergodic and dissipative non-singular flow on a Lebesgue
space is metrically isomorphic with the translation on R, (4) follows
from (1), (2) and (3) in the case that G is a cyclic group. Q.E.D.

Problem. Is G of type Iil, if G is ergodic, without the assump-
tion that G is a cyclic group?

Theorem 4. Let (Q, §, P; G) be of type 111, with an admissible
pair (P, H) and (X, By, ux; {U}_w<s<+w) be a measurable ergodic
measure preserving flow and let Gy, =1{gy; g€ G} where

g{U)(ws x)=(gw, U—-lqudPTg(w)x)s geaq.

Then the associated flow {T.}_..<+w O0f the ergodic non-singular

transformation group Gy, is metrically isomorphic with {Ug}_,<oci -

Proof. Let f(w, x,u) be a G, -invariant bounded measurable func-
tion. Then f(hw, x, u)=f(w, x, u), he H, a.e.(w, x, u) and the ergodicity
of H implies f(w, x, u)=f(x, u), a.e.(w, x, u). So we have for almost
all (w, x, u), f(U-,og%‘gm)x, u+log%£ITg(w))=f(x, u), geG. LetI'={teR|
fU_x, u+t)=f(x, u), a.e.(x,u)}. Then I is a subgroup of R and
contains at least two rationally independent real numbers by the defini-
tion of type III;. Thus I' is a dense subgroup and it follows from
Lemma 2 (2) of Section 4 that for any —oo<s<+oo f(U_x, u+s)
=f(x, u), a.e.(x, u). Conversely a {U_ X T,}_ <5<+ o-iNvariant measurable
function is G{U}-invariant, where tu=u+s, ueR, —co<s<+oo, and

then C(G{U))=QXC({U_SXTS}). Since {Ug}_o<s<+o0 1S a measurable
flow, for Ee By the set

{(U_gx, 5); xeE, —co<s<+o}={(x,s); U_xeE, —co<s<+ 0}

is {U_gxrt,}-invariant and measurable in X xR. For a countably sep-
arating base {E,},»; of (X, By, ux), {n({U_x, s); xeE,, —oc0o<s<
+00})},>1 is a countably separating base of X xR/{({U_;x1,}), where
n is the canonical mapping from X xR onto X xR/{({U_,x1,}). There-
fore the measurable partition (({U_y,x7}) is given by {{(U_,x, r);
—w<r<-+ow}; xeX}. We define a mapping ¥ from 2x X xR/{(Gy,)
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onto X by Y(@x{(U_x,r); —co<r<+o})=x. The mapping ¢ is
bi-measurable 1-1 and satisfies

V@2 x{(U_x, r+s); —co<r<+oo})
=Usl//(.QX{(U_,,X, 7‘); —OO<}‘<+<D}), —0<s<+00.

Therefore the associated flow {T.}_,<,<+, is metrically isomorphic with
{Ug} - <5<+ under the mapping . Q.E.D.

We note that, in the case that G of Theorem 4 is a cyclic group
of type III;, G, is of type III, if an ergodic measure preserving flow
{Ug} _w<s<+o 1is aperiodic and conservative, and that furthermore if
{Us}—o<s<+o 18 a weakly mixing flow then T(Gy)=1{0} (cf. [3], [6]).

Let (2, &, P; G) be of type IlI;, 0<i<l1, and n, w) be an integer-

dPg

valued function such that a?—(w)=/l"ﬂ(“’) and let (X, By, uy; U) be

an ergodic measure preserving transformation. W. Krieger ([11]) con-
structed an ergodic non-singular transformation group Gy={gy; g€ G}
where gy(w, x)=(gw, Ums®)x). It is easy to show that the associated
flow of Gy is metrically isomorphic with the flow built under the con-
stant function —logl with the basic transformation U. From this it
follows that for ergodic finite measure preserving transformations U
and V, Gy is weakly equivalent with G, if and only if U is metrically
isomorphic with V ([9]).

§3. The Joint Flow and the Product of Non-Singular
Transformation Groups

Let {UJ}-<s<+w and {V;}_,<s<+o be measurable non-singular
flows acting on Lebesgue spaces (X, By, uy) and (Y, By, uy), respectively.
Let {UxI}_ <5<+ be a flow defined by (U;xI)(x, y)=(Ugx, y). Since
{Ugx1} - ycs<+e commutes with {U,xV_}_ <1, We can define the
factor flow of the flow {U,xI}__ <5<+, oOn the quotient space X xY/
{{UsxV_g}) and denote it by {(U, V)}-w<s<iw {(Us V)}-wcscta
is a measurable non-singular flow with respect to the image measure
of uyxuy on X x Y/{({U,x V_J}).
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Definition 4. We call {(U, V),}_o<s<+o the joint flow of
{Us}—oo<s<+oo and {Vs}—oo<s<+oo'

We note that {(U, V)] _o<s<+o Is strongly equivalent with {(V,
U} -w<s<+o and that o({(U, V))=0({U}) no({V,}).

Theorem 5. Let GxG'={gxg';g€G, g'€G'} be the product non-
singular transformation group of countable non-singular transformation
groups G and G', where gxg'(w, 0)=(gw, g'0), weQ, ' €Q'. Then
the associated flow of GxG' is strongly equivalent with the joint flow
of each associated flows.

Proof. We define a mapping ¢ from Q@xRxQ' xR onto 2xQ'xR
as follows

U(w, u, o', u')=(w, o', u+u’).

Since
gxj§'(w, u, @, u’)=<gcu, u+logdPg(cu), g'o',u +logd§Pg, (w’))
and
—~—
gxg'(w, 0 u)= (gw g'w’, u+log g(w)+logdPg, (w’)>,
dpP dpP
we have

—~—
Y(Gxg)=gxg' ¥, geG, g'eGCG.

Hence y induces a mapping from the product space of the quotient
spaces (2xR/{(G)) x (' xR/{(G")) onto the quotient space Qx Q' xR/
C((,;-x\é’). Since Y(w, u+s, o', u'—s)=(w, @', u+u') and Y(w, u+s, o',
u)=(w, o', u+u'+s), Yy induces a strongly equivalent mapping between
the joint flow of the associated flows of G and G’ and the associated
flow of GxG'. Q.E.D.

Definition 5. For a countable additive subgroup I' of R, a counta-
ble ergodic non-singular transformation group G is of type II" if the
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associated flow {T.}_,<s<+ Of G is ergodic finite measure preserving
and if it has the pure point spectrum I.

We note III%Z=III,1, and III{®*=III, (in case of cyclic group)
by Theorem 3 and von Neumann’s theorem that ergodic finite
measure preserving flows with the same pure point spectrum are mutual-
ly metrically isomorphic ([14]).

Theorem 6. (1) Let G be of type III" and G' be any countable
ergodic non-singular transformation group. Then GXG' is of type
IIJTAT(G),

(2) Let G and G’ be countable ergodic non-singular transformation
groups whose associated flows have finite invariant measures. Then
Gx G’ is of type IHIT(®nT(G),

Proof. The proof follows from the next lemma.

Lemma 1. (1) Let (X, By, tx; {Ug}—w<s<+0) be an ergodic finite

measure preserving flow which has the pure point spectrum and (Y,
By, Uy; (Vo) —w<s<+0) be an ergodic non-singular flow. Then the
joint flow {(U, V) - n<s<+w iS ergodic finite measure preserving and
has the pure point spectrum o({U}) n 6({V,}).
(2) Let (X, By, ux; {Ud-w<s<+x) and (Y, By, py; {Vi}-w<s<+)  be
ergodic finite measure preserving flows. Then the joint flow {(U,
V)s}—w<s<+w IS ergodic finite measure preserving and has the pure
point spectrum o({U}) n o({V}).

Proof. If py is a {Ug}_o<s<+oo-invariant finite measure and if
Uy is a finite measure, {(U, V)}_o<s<+o Dreserves the image measure
of uyxpuy on the quotient space X x Y/{({U,x V_g}). There exist measur-
able functions expif(x) for tea({U;}) such that expié(Uyx)=expits.
expif(x) and measurable functions expin(y) for teos({V,}) such that

exp in(V,y)=expits-exp iny). Since
exp i (Ugx) exp in(V_.y) =exp its-exp if,(x) x exp { —its} exp in,(y)

=exp i&(x) exp iny)
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for te 0'({ Us}) n 0'({ Vs})’ eXp lét(x) exp l”t(y) is a {Us X V—s} —o<s<+ oo'in'
variant function.

We will show that the set of all {Ugx V_ }_ <5<+ o-invariant square
integrable functions are generated by {expié(x)expin,(x); tea({U,})
ne({Vy)}. Let f(x,y) be a bounded {U,xV_.}_<s<+oo-invariant
measurable function and assume

<f(, ')3 eXp iiz(')exp int(')>L2(ux>(uy) =0

for te a({U,}) N a({V,}). Define

ft(.V)= <fC, y), exp ift('))]ﬂ(ux)s yey,

for tea({U,}). Then we have

JVp) =<fC, Vey), exp il ragun
=<{f(Uy, y), exp &) L2ux)
=<fC5 1), exp (U - i) L2(uey
={fC, y), exp{—its}-exp i&(')> L2(uy)
=exp{its}f(y),  teo({UJ}).

Since {V,}_ <5<+ 1S ergodic, we have

ceexpid(y) if teo({U})no({Vs})
if tea({UN\e({VsD),

f»n=

where ¢, is a constant. Hence we have

=0, ae.y,

for any tea({U,}) from the assumption on f.

Next consider the case (2) and take a measurable bounded function
&(x) which is orthogonal to every expié(x), teo({U,}). Defining fé(y)
={C 1) Er2uyy We will see fu(y)=0, a.e.y. Indeed

fé(Vsy)=<f(a Vsy)9 5>L2(ux)
= <f(Usa y)a £>L2(;¢x)
= <f(: y)a é(U—s')>L2(ux) .
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From Stone’s spectral decomposition theorem,

U= gf exp isA-dE(L)E.
Then

1) ={" expisid<fC, ) B> 12

We put dF(A)=d<f(, ¥), E(A).()> 12y This measure is non-atomic
since &(v) is orthogonal to all eigenfunctions of {U,}_ . <s<+- There-
fore

L (5,2 _((expis(d’ —1) . ’
Tgolfé(Vsy)l 2ds —SS—WdF(A)dF(A ), a.c.y.

The right tcrm converges to 0 as s—oo by Lebesgue’'s convergence
theorem. Since {V}_, <<+, i ergodic finite measure preserving,
from Birkhoff's pointwise ergodic theorem we have f;(y)=0, a.e.y.
Thus for almost all y, f(x, y) is orthogonal to any By-measurable
bounded function and so f(x, y)=0, a.e.(x, y). This means that the
all {Ugx V_ }_ <s<+o-invariant square integrable functions are generated
by {expilix)expin(y); tes({U)no({V;})} and that {(U, V)}-p<s<+o
has the pure point spectrum a({U,}) N a({V,}). Q.E.D.

Corollary 1 (cf. [1]). Let G, be of type III, (0<i<l) and G be
a cyclic ergodic non-singular transformation group. Then
(1) G is of type Iil,i; for some integer k or is of type III, if G,;xG
is weakly equivalent with G, and
(2) G, xG is of type 1II; if and only if

2n
Tog 7 e T(G).

Proof. The proof is clear from Theorem 6.

Corollary 2 ([6]). Let U and V be ergodic finite measure preserving
transformations of (X, By, ux) and (Y, By, uy) respectively and let
G be an ergodic non-singular transformation group of type III, (0<i<1).
Then Gyx Gy is of type III; if and onmly if UxV~! is ergodic, where
Gy is the ergodic non-singular transformation group whose definition is
given in Section 2.
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Proof. We have T(GU)-— ——0oy and T(GV)— ——ay,, where o, is

l A

the point spectrum set of U, that is the set of all teR such that there
exists an L2(uy)-function ¢ satisfying &(Ux)=exp2mit-&(x), a.e.x. By
Theorem 6, G,;x G, is of type III, if and only if ey;no,=Z. By
Lemma 1, oyNoy=2Z if and only if Ux V™! is ergodic.

§4. A Remark on the Existence of an Invariant Measure

In [6] we showed the existence of an invariant measure under the
condition that the T-set T(G)=R. It is a measure-theoretical proof of
the Connes’ theorem for von Neumann algebras ([3]).

Here we give another proof of this theorem by using the associated
flow.

Lemma 2. Let {UJ_,<s<+o be a measurable non-singular flow
of a probability space (X, B, u). Then

Aul7 . A77 . |2
(1) § AUVED (AW 0) Y0 (0] ()0
as s—sq for fe L3(X, B, ).

®) (i =, Pdue ~ 0

as s—s, for he L*(X, B, w).

Proof. (1) We put a(s, x)= M/[z]s (x) and for N>0, ay(s, x)=o(s, x)

if 0<a(s, x)<N and oy(s, x)=N if afs, x)>N which are (s, x)-measurable

functions. We denote by Uj the unitary operator (U,f) (x)=f (st)«/ dé‘Us (x).
U
For |s|<1 and feL=(X, B, n) with |[f(x)|<C,

UGS 2= U (0= U )l

<2CS ll/ot(u, x)—foy(u, X)l|2(,ydu

11U 000 VoG, 3) = (U 0) s Dl
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For any &£>0 there exists N such that

2
g_ /&G %)= s, 9z <e.
From Fubini’s theorem

§ 15U, 100 an(sH )= (U, Gy Dl

N

N (CARCONCr s R VA NER S R
From the Riemann-Lebesgue theorem

W CARCONCx s B A NC ORI LR

as s—0, a.e.x. Therefore from Lebesgue’s convergence theorem
1 - S—
[0 1 (U, VGt 0 =F (U 00) ey 912 — 0

as s—0. Since U, is a unitary operator,

for any fe L2(X, B, ).
(2) For he L=(X, B, ) with |h(x)|<C,

1A(Us 4 56%) = h(U 5%) | L2y
S AUy 4.56%) = Ush(U 5| L2y + 10U %) — B(U 5 %) | L2y
SO = U1 2y + 1 Uh(U %) = h(U o) L2y -
From (1),
AU gx) — h(U 3¥)|| L2y =0 as s—Sp.
Q.E.D.

Proposition 1. Let {U,}_, <<+ be a measurable ergodic non-
singular flow of a Lebesgue measure space (X, B, p). If o({U})=R,
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then {UJ}_  <s<+ IS metrically isomorphic with the translation on R.

Proof. The proof is similar to the one of Theorem 3 of [6] and
we use the well-known lemmas quoted in [6]. First we show that there
exists a (¢, x)-measurable function expié(z, x) such that for —co<s<+ o

(%) exp ié(t, U,x)=exp ist-expié(t, x), a.e.(t, x).

We may assume that p is a probability measure. Let I’ be the set of
all complex valued measurable functions with absolute value 1 on (X,
B, u) and I'y be the set of constant functions of I I' is a complete
separable metric space under the relative L2?(u)-topology on I'. Under
the multiplication, I' is a topological group with respect to this topology
and Iy is its closed subgroup. From Lemma 5 ([6]) there exists a
Borel subset B of I' that intersects each coset of the quotient space
I'/l'y in exactly one point. We denote by n the canonical mapping from
I' onto I'/l'y and denote by x|z the restriction to B. For each —oo
<s<+oo and E€B we denote by 7, a function

expiE(-) o= | expi{E(U,) — 0 AP (x)du(x)

defined on I'/T,. Since

[§ exp it W £} —exp iU~ eV H T ()dux)

< 2(S |exp i&'(x) —exp if(x) | Zdu(x))j ,

the function 7, gon|; defined on B is continuous under the relative L2(u)-
topology on B. Let € be the smallest g-algebra of I'/; such that
every function 7,z —c0<s<+4oo, Ec®B, is measurable. We prove that
€ has a countably separating base. It is enough to show that for
a countably separating base {E,},>; of B and a countable dense set
K of R,€ is generated by 1t,;,seK,n=1. From Lemma 2, for
seR and EeB there exist s,e K and E, such that

Ts..,Em,,(e"p i8( ) o)~ 1, p(exp i() o), as n—oo.

Since 7T, pom|p, —0<s<+o0, E€B is continuous, n|z is measurable
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under the o-algebra generated by the relative L2(u)-topology of B and
the o-algebra €. From Lemma 7 ([6]) the inverse mapping =|z! is
also measurable. For each teR, let I', be the set of all B-measurable
solution expié() of the equation, for —oo<s< + o0, expié(U,x)=exp its-
expié(x), a.e.x. Then I, is a coset in I'/[,. By a we denote a mapping
t—-T, from R into I'/[,. Since the function

T, goo(t) = Sz: expits \/—ggTUs(x)dy(x)

is t-continuous for each —oo<s<+ oo, E€B, the mapping « is measur-
able. For each Ee®B we denote by 1y the function expié(-)—
Sexp ié(x)du(x) defined on B. The function yg is continuous under
tlfe L2(u)-topology. Since o, n|z! and yy are all measurable, the function
yEcnlgloa(t)=S expié(x)du(x) is t-measurable for each Ee®B, where
exp if,(-)=7z|,‘,1lJE .. From Lemma 3.1 of [20], there exists a (f, x)-measur-
able function expié(t, x) such that for almost all ¢, expié(t, x)=expié,(x)
holds except a x-null set. Then expié(t, x) satisfies the equation ().
For a fixed x,€ X the function

exp i&(t, x)=exp i{&(t, x)—&(t, xo)}
belongs to the coset I', and satisfies for almost all x
expi&(t+1, x)=exp i&(t, x)-expif(t, x),  a.e.(t, 7).

From Lemma 9 ([6]) there exists a real measurable function &(x)
such that for almost all x

expié(t, x)=expité(x), a.e.t.
Since expié(t, )el,, for —co<s<+oo and for almost all x
exp ité(Ux)=exp its.exp ité(x), a.e.t.
Therefore we have for —oo<s<+
E(Ugx)=E&(x)+s, a.e.x.

Then the flow {U,}_<s<+, iS metrically isomorphic with the transla-
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tion on R under the mapping x—¢&(x) from X onto R. Q.E.D.

Remark. If {Ug_,<s<+. 1S not necessarily ergodic, then {U,}_,
<s<+o 18 metrically isomorphic with a flow (xq, u)—=(xg, u+s), —c0<s
< +o0, defined on a measure space X,xR under the same condition
of Proposition 1.

Corollary ([6], Theorem 3). Let G be a countable non-singular
transformation group. If the T-set T(G)=R, then G admits an equivalent
o-finite invariant measure.

Proof. The proof follows from Theorem 2, Proposition 1 and
Theorem 3.
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