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On Smooth Semifree S* Actions on Cohomology
Complex Projective Spaces

By

Tomoyoshi YosHIDA*

§0. Introduction and Statement of Results

Let X2" be an oriented closed differentiable 2n-manifold. Let CP»
be the complex projective n-space.

Definition. X?2" is a cohomology CP" (X is a cohCP") if there is
an element oeH2(X;Z) such that H**(X; Z) is isomorphic to the
truncated polynomial ring of o, Z[a]/(a"*1) (here Z denotes the ring
of the rational integers).

We may assume that the Kronecker pairing <(a", [X]) equals 1
where [X] is the fundamental class. We call « a cohomology generator
of X. Let .MA(X) be the total Z-class of X defined by

o#(X)=1I(x;[2)(sinh x;/2)"* € H*(X; Q),

where the elementary symmetric functions of the (x,)? give the Pontrjagin
classes of X, and Q denotes the field of the rational numbers.

A circle group action is called semifree if it is free outside the fixed
point set. Now our result is as follows.

Theorem 0.1. Let X be a cohCP" with a cohomology generator
a. If X admits a non-trivial smooth semifree circle group action, then

.;a;(X)=(a/e"‘/2 — /2yt

Corollary 0.2. Let f be an orientation preserving homotopy equiva-
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lence from an oriented closed differentiable manifold X to CP". If
X admits a non-trivial smooth semifree circle group action, then J(X)
=f*a7(CP").

In the case with n=3, Corollary 0.2 implies that X is diffeomorphic
to CP3 by the result of D. Montgomery and C.T. Yang [3]. The
motivation of this paper is the conjecture of T. Petrie which asserts
that the conclusion of Corollary 0.2 holds even if we miss the condition
‘semifree’.

Theorem 0.1 will be proved by the use of the Atiyah-Singer-Segal
index formula which is formulated by T. Petrie for spinc-manifold in
[4]. In §1, we will state some results of G. E. Bredon and J. C. Su on
circle group actions on cohomology complex projective spaces. In §2,
some properties of the fixed point set will be given in the semifree case.
In §3, the index formula will be given in a special form for our pur-
pose. In §4, Theorem 0.1 and Corollary 0.2 will be proved.

Notation. 1) S' denotes the circle group which is identified with
the group of the complex number with determinant 1. 2) For a Lie
group G, if X is a right G-space and Y is a left G-space, X x ;Y denotes
the space obtained from X xY by identifying (xg, g~ !'y) with (x, y)
for xeX, yeV, gegG.

§1. Preliminaries

Let X be a cohCP" with a cohomology generator « (see §0). Let
¢:S'xX—>X be a smooth S! action on X. Let F=UF; be the fixed
point set of ¢, where {F;} are its connected components. Each F;
is an orientable smooth submanifold of X.

Proposition 1.1 (G. E. Bredon [2], J.C. Su [5]). Each F; is a
cohCP*  for some h; and X(h;+1)=n+1. If a; is the restriction of
o to F;, then «; is a generator of H2(F;: Z).

Let n be the complex line bundle over X whose first Chern class
c,(n) is «. We call n the line bundle associated to a. As H!(X; Z)=0,
there is an S! action ¢ on n which is a lifting of ¢ (Su [5]). This
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means that there is a smooth S!' action on E(y), the total space of #,

$: St x E(n)—E(y), such that ¢(s, ) is a bundle map for each fixed
se St and the diagram

S x E(n) —2— E(n)

l1xq lq

Stx X —¢ , X

commutes where g is the projection. If p; is a point of Fj, ¢ induces
a l-dimensional complex representation of S*' in the fibre ¢g7*(p;). Let
t denote the canonical representation ¢:S!=U(l). Then the above
representation may be written as % for some integer a,, We will write
this situation as qup,-:t“f. Thus we have a set of integers {a;}. Let
Z,=S' be the subgroup of the k-th roots of unity. F(Z,) denotes the
set of the points of X fixed by the whole group Z,. Clearly F(Z,)
oF.

Propositieon 1.2 (T. Petrie [4]). {a;} has the following properties
1) for each i#j, the difference a;,—a; is not zero and it depends only
on ¢ and n, and does not depend on the choice of ¢, and
2) for a prime power p', F; and F; are contained in a same connected
component of F(Z,) if the difference a;—a;=0 (mod p").

§2. Properties of Fixed Point Set

Let ¢ be a non-trivial semifree smooth S! action on X which is
a cohCP" with a cohomology generator «. Let F be the fixed point

set of ¢. The main purpose of this section is to prove Proposition
2.5.

Proposition 2.1. F has just two connected components.

Proof. By Proposition 1.1, F has necessarily at least two connected
components. Assume that F has at least three connected components.
Let F{, F, and F; be three ones different from each other. Let n be
the line bundle associated to a. Choose a lifting ¢ of ¢ in #. Then we
have a set of integers {a;, a,, as} (see §1). By Proposition 1.2 a;#a;
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if i#j. Hence for some 1Zi<j=<3, a;—a; is divisible by some prime
number p=2. By Proposition 1.2, 2), F; and F; are contained in a
same connected component of F(Z,). Therefore F(Z,)# F and ¢ is
not semifree. This is a contradiction. Q.E.D.

Now let F, and F, be the two connected components of F. By
Proposition 1.1, F, is a cohCP? and F, is a cohCP? for some non-
negative integers p, ¢ such that p+g=n—1. The restriction of « to
F;, a;, is a generator of H2(F;; Z)(j=0,1). Let n be the line bundle
associated to «. Let ¢ be a lifting of ¢ in . If §|p;=t% for j=0, 1,
then a,—ay=+1 by Proposition 1.2 and the semifreeness. We may
make the following assumption with no loss of generality.

Assumption () a;—a,=+1.

Let X be the sphere bundle of 5. Let g: ¥—»X be the projection.
Then q:X—-X is a principal S! bundle over X. For AcX, denote
q-1(A) by A.

Now throughout this section, the cohomology groups will be under-
stood with integer coefficients.

Lemma 22. X, F, and F, are Z-cohomology spheres, that is
H*(X)=H*(S2r*1), H*(F,)=H*(S2P*1) and H*(F,)=H*(S29+1).

Proof. This follows from the Gysin cohomology exact sequences
associated to the S! bundles

X—X, F,—F;, (j=0,1). Q.E.D.

The following lemma is a preparation for the next Lemma 2.4.

Lemma 2.3. Let K be a finite dimensional locally finite CW-
complex on which S! acts semifreely with fixed point set L. We assume
that L is a subcomplex of K. If both K and L have the same integral
cohomology rings as the m-sphere S™, then j*: HY(K)—Hm™(L) is an
isomorphism, where j: LK is the inclusion map.

Proof. Let (ES!, p, BS!) be the universal S! principal bundle. As
St acts on K—L freely, (K—L)xgES! is homotopically equivalent to
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the orbit space K—L/S'. Let
-+ >H(K x :ES') — H(Lx BS') — H(K—L/S')—>--

be the exact sequence of the Cech cohomology rings. This is an exact
sequence of H*(BS!)-modules. As K—L/S! is a finite dimensional space,
H*(K—L/S') is a H*(BS')-torsion module. Let s be a generator of
H?(BS') and let s™!' be the formal inverse. Tensoring the above exact
sequence with Z[s~!], we have an isomorphism

(jx 1)*: H¥(K x :ESY)[s~ 112 H*(L x BS")[s1].

Now the right hand side is (H™(L)Y@HC°(L))Q@H*(BS!)[s~!], hence the
left hand side must be isomorphic to (H™(K)®HK))®@H*(BS!)[s™!]
and j*: HM(K)—~H™(L) must be an isomorphism. Q.E.D.

Lemma 2.4. The linking number of F, and F, in X equals +1.

Proof. By assumption (#), there exists a lifting of ¢, ¢,, in 5 such
that @olpo=1 and @olp,=t for p;eF; (j=0,1). ¢, induces a semifree
St action on X. F, is invariant under this action and the restricted
action on X—F, is semifree with the fixed point set F,. By the Alex-
ander duality and Lemma 2.3, H¥(X — F,)~ H*(S?”*!). Hence by Lemma
2.2 and Lemma 2.3, J*: H2?*1(X —F,)»H?2P*1 (F,) is an isomorphism
where J: FogX—F, is the inclusion map. Q.E.D.

Let N; be the normal bundle of F; in X. The dimension of the
fibre of N, is 2(g+1) and that of N, is 2(p+1). S* acts on N; by
bundle automorphisms. This action is free in each fibres outside the
zero-section. Hence N, and N,; have complex structures such that the
S1 action in each fibres are the complex representations t+---+¢ and

—q+1—

441 respectively. From now on, we consider N; as a complex
vecp;)lr bundle with this complex structure.

Let D(N;) and S(N;) be the disk and the sphere bundles of N;
respectively. By introducing some invariant Riemannian metric on X,
we may consider D(N;) as an equivariant tubular neighborhood of F;
in X such that D(Ng)nD(N,)=¢. Put Y=the closure of (X—(D(Ny)

~ ~ Y~~~ ~—
UD(N,)) and Y=g !(Y). The boundary of Y is S(Ny)US(N,). Let
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ijzg(TV';)c,Y be the inclusion. ¥ is homotopically equivalent to X —(F,
UF,). Hence from the Alexander duality and Lemma 2.4, it follows
that i;’f:H*(Y)=H*(§(W;))=H"‘(S“+1 x S29%1) as rings.

Now the restriction of ¢ to Y is free and we denote the orbit space
Y/¢ by Y. The following diagram commutes

—~~
S(N;) S(N;) > P(N;)
ijl ijl ij]
{
Y Y Y ,

where the horizontal maps are the orbit maps and the vertical ones are
the inclusions. Since 7; induces an isomorphism of the cohomology rings,
the Gysin exact sequence associated to the orbit maps show that i%:
H*(Y)->H*(S(N;)) and i%: H¥(Y)->H*(P(N;) are both isomorphisms.
Let =mn;: P(N;))—F; be the projection. We denote (i¥)~!(n%a;) also by
n¥a;. Then (m§ey)’*!=0 and (nfa,)?*!=0 in H*(Y).

Proposition 2.5. Let ¢(N;) be the total Chern class of the normal
bundle N; of F;. Then

c(No)=(1—ay)?! and
¢(N)=(+a,)"*1,
where o; is the restriction of o to F;.

Proof. Let y be the first Chern class of the S! principal bundle
Y- Y. First we show that y= —n¥a,+n¥x, in H2(Y).

Let ¢, and ¢, be two liftings of ¢ in # such that @olpo=1, dolpi=t
and ¢|po=t"1, §{lp;=1 for p;eF; Then ¢; induces a semifree S?
action on X with the fixed point set F ;» The diagram

4 Y b X_F) ke F
— O F, =51
¢0 0 ! &O

commutes, where O and < denote the inclusions and the other maps
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are the orbit maps and /d, denotes the orbit spaces. As was shown
before, H*(X —F,)=H*(F,) via the inclusion. Hence the Gysin sequence
shows that k%: H¥(X —F,/¢o)=H*(F,). The restriction of ¢, to F,
coincides with the bundle S!' action, so that the right hand square of
the above diagram shows that the first Chern class of the S! bundle
X—Fy»X—-F)/¢, is (k%) 'a;. Now k¥(k%)'a,=q%n%(x,) and it is
the first Chern class of the S! bundle Y-¥/$,. But g%y is also the
first Chern class of the same bundle. Therefore g¥y=g¥n¥(x;). Now
S,.(F;) is a sphere bundle over F,. Let mj: .S"-(F;)—»FO be the projection.

Each fibre of 7, may be assumed to be invariant under ¢, Let #,:
~—

S(No) —F, be the map induced by nj,. The bundle S! action on X
0 ~ ~—~—

induces free S! actions on %—, SEI)NO) and F,, and 7, is equivariant
0 0

with respect to these actions. There is a commutative diagram

~— -
S({VO) ._ﬂ_) FO

< 78,

- l

D P(N,) —mo_, F, .

~e— S~

Hence the first Chern class of the S! bundle gq,: ¥/¢o— Y is nka,, and
ndo, generates the kernel of g§|H2(Y). Therefore we see that y=nta,
mod n¥a,. By replacing ¢, by ¢, and carrying a similar argument, we
see that y= —nfa,modn¥a, (we note that the restriction of ¢, on F,
is the conjugation of the bundle S!' action). Consequently we have

y= —mngoo+n¥a,.
Now ((—y)—7n§ag)?™1=0 and ((—y)+nfe,)P*1=0. By the Grothen-
dieck’s definition of the Chern classes, we obtain the result. Q.E.D.

§3. Index Formula for Semifree S! Action on coh CP~

Let Spin(m) be the spinor-group (the simply connected double fold
covering of SO(m)). Let A:Spin(m)—SO(m) be the covering map. The
inverse image of the unit of SO(m), A~1(1), is a cyclic group of order 2.
Thus Z, (=S!) acts on Spin(m) by the right multiplication of A~1(1).
The complex spinor group Spin¢(m) is defined by Spin¢(m)=Spin(m)
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x 7,91, Let [g, t] denote an equivalence class in Spin°(m) determined
by geSpin(m) and teS!. There are two fibre maps 4,, 4,,

Ay : Spin¢(m) — SO(m)
Ay Spin¢(m) — S!

such that A,([g, t])=A(g) and A,([g, t])=t2. The fibre of 1, is S' and
that of A, is Spin(m). Thus Spin¢(m) acts on R” and C from the left
by 4, and 1, respectively.

Let X™ be an oriented C®-m-manifold. A Spin¢-structure on X
is a principal Spin¢(m)-bundle P such that P Xgy; .., R™ is equivalent
to TX, the tangent bundle over X. If P is a Spin¢-structure on X we
have a complex line bundle over X, =P Xgp0emC. Let c¢(w) be the
first Chern class of w. The mod2 reduction of c¢;(w) is wy(X), the
second Stiefel-Whitney class of X. It is well known that under the map,
P-c,(w), the set of the Spin¢-structures on X is in one-one corre-
spondence with the set of those elements of H2(X; Z) whose mod?2
reduction is w,(X).

Let X™ be a Spinc-manifold with a Spin¢-structure P. We assume
that HY(X; Z)=0. Let ¢ be an S! action on X. Then P has a left
St action Y which is compatible with the right Spin¢(m) action on P
and the diagram

Stxp_¥ ,p

llxq lq

SixX——¢ , X

commutes, where g is the projection (T. Petrie [4]). Let K%:i(?) be the
equivariant K-theory. According to T. Petrie ([4]), if HY(X; Z)=0,
there is an orientation class ds: in K#(TX) and the Thom-isomorphism
K¥(X)—»K%.(TX) defined by u—uds: for ue K (X). The index homo-
morphism Id: K§:(TX)—R(S!) is defined, where R(S!') denotes the com-
plex representation ring of S! ([1]). In [4], Part I, T. Petrie has given
the explicit formula of Id(uds:)) by the terms of the normal bundles of
the fixed point set and the representations of S! in its fibres. This
formula is essential for our purpose, but the general formula is needless
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to us. Hence we will write down the formula only for our special case
in the bellow.
We begin with the following lemma.

Lemma 3.1. Let X2?" be a cohCP" and let a be a generator of
H2(X; Z). Then wy(X)=0 if n is odd, and wy(X)=a if n is even
where & is the mod2 reduction of o.

Proof. Let v,(X) be the second Wu class of X. As X is orientable
wi(X)=0 and w,y(X)=10,(X). Now v,(X)U a" !'=S8q%a" 1= (n—1)a".
Hence if n is odd w,(X)=0 and if n is even w,(X)=a. Q.E.D.

Now let X be a cohCP" with a cohomology generator a. Let ¢
be a smooth semifree S!' action on X. As was shown in §2, the fixed
point set F has two connected components F3? and F}? with p+g=n—1.
Let n be the line bundle associated to «. Under Assumption (%) in
§2, there is a lifting action ¢, of ¢ in y such that ¢y|lpo=1 and @,lp,
=t for p;eF;. In §3 and §4, we consider # as an S' vector bundle
by ¢o. Let N ; be the normal bundle of F; in X. Then by Proposition
2.5, we have c(Ng)=(1—04)?*! and ¢(N)=(1+a,)"+L.

Now we separate our consideration into two cases.

i) The case where n is odd.

As w,(X)=0 by Lemma 3.1, we may take a Spin°-structure on X,
P, such that c¢,(w) is zero. Thus w=P Xgy4emC is a trivial complex
line bundle. As was mentioned before, there is a left S' action on P,
Y which is a lifting of ¢ and compatible with the right Spin¢(2n) action
on P. i induces an S! action  on w which is a lifting of ¢. Since
w is a trivial bundle we have Y|po=y|p,=t* for p;eF; and some
integer w. By considering the representations of S' in the fibres of Nj,
we see that w is odd (even) if p and g are even (odd respectively).

N; is an oriented bundle by the complex structure given in §2 and
we give an orientation to F; by the orientations of X and N;.

Proposition 3.2. Let X?2" F3’, F3? and n be as above. If n is
odd, then Id(n*65:)e R(SY)=Z[t, t~'] is given by
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A 1 «a @ w
Td(n*8s) == (Fo)(t 265 — 126 F) 13, [Fo])

el (F )02 T — e T TR D)
where MZFJ-) is the total s/-class of F; and [F;] is the homology funda-
mental class of F; and { , ) denotes the evaluation. As was
mentioned above, w=0 (mod2) if p, q#0 (mod2) and w#0 (mod2) if
P, q=0 (mod?2). In particular, for 181!

Id(n*d5:)(1)=<{ch nte/(X), [X]),
where ch denotes the Chern character.

i) The case where n is even.

By Lemma 3.1, we may take a Spin¢-structure on X, P, such that
cy(w)=a. Let yy be an S! action on P which is a lifting of ¢ and is
compatible with the right Spin¢(2n) action on P. Let ¢ be the S!
action on o induced by Y. Since w is equivalent to # as a complex
line bundle, we have ¥|p,=t* and Y|p,=t**' for p;eF; and some
integer w. By considering the S! representations in the fibres of N,
we see that w is odd (even) if p is odd and g is even (p is even and
q is odd respectively).

Proposition 3.3. Let X2, F3P, F?1 and n be as above. If n is
even, then
« %0 A _1 ao 1 _ao _ w
Ld(rbs:) =< 2 A (F o) 76T — 12 F) " V1, [Fol)

(kd 1+%

A 1 _«a 1 oy _ wti
+¢e D) AR )72 — 1267 TS [FL D)

where w=0 (mod2) if p=0 and q#0 (mod2) and w0 (mod2) if p#0
and q=0 (mod2). In particular for 1eS?,

Id(n*85:)(1) = {ch ke 24(X), [X]) -

Proposition 3.2 and Proposition 3.3 are obtained by applying Propo-
sition 5.2 and 5.3 in [4], Part I, to our case, but details will be omitted.
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§4. Proofs

In this section, we will prove Theorem 0.1 and Corollary 0.2 stated
in §0.

Put A(x)=(x/2)(sinh x/2)~ 1.

Corollary 0.2 is an consequence of Theorem 0.1 and the fact that
.szc;\(CP")=A(c)"+1 and f*(c) is a cohomology generator of X, where c
is the first Chern class of the canonical Hopf bundle H.

Now we proceed to the proof of Theorem 0.1. Our task is to show
that MA(X)=A(oc)"+1. First we consider the linear semifree S! action @
on CP" defined by the equation

D(t, [205-.5 Zu) =[Z0s+++» Zps EZps1500+5 125]

for teS! and [z,...z,] € CP*. The fixed point set is Fo=CPP’ U F;=CP%

If we give a complex structure to N;, the normal bundle of F;, as in

§2, then Ng=H+--+H and N;=H+---+H, where H is the conjugate
—g+1— —pP+1—

bundle of H. Let c; be the restriction of ¢ to F;. Then .,Q{A(Fo)=A(CO)P+1
and .MA(FI)=A(c1)‘1+1.

Lemma 4.1. #(X)=A(@)™! if and only if H(Fo)=A(w)*! and
A (Fy)=A) ™.

Proof. Assume that MA(X)=A(oc)"+1. By Proposition 2.5, we have
M2N0)=A(a0)q“ and .sz/(Nl)=A(cx1)”“. Let i;: F;oX be the inclusion.
Then i*j.MA(X)=.szle J-).M’ZN ;- Hence we have .JfA(FO)=A(OCO)p+1 and MA(F D)
= A(x,) 7+ 1.

Conversely assume that u<7¢;\(F0)=A(az0)”+1 and .sa?A(Fl)=A(oc1)"“.
Let f: X—»CP" be a map such that f*(c)=«. Then f*H=n. Now
Id(n*és:1)(1)=lim,., Id(n*d51), and the right hand side may be calculated
by the formula of Proposition 3.2 or 3.3. Since F, is a cohCP? and
F, is a cohCP? and «; is a generator of H?(F;; Z), the right hand
side of the formula of Proposition 3.2 (or 3.3) formally coincides with
that of the corresponding formula for the linear S! action & on CP"
and Id(H%S51). Therefore we have Id(n*ds5:)(1)=Id(H*d5.)(1) for each k.
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But Id(n*8s:)(1)=<ch n*/(X), [X]> and Id(H¥*ég1)(1)={ch H*o/(CP"), [CP"])
=f*(ch H*oZ(CP"), [CP"]> = {chn*A()"*1, [X]>. Hence {chn*s/(X), [X1>
={chn*A()"*1, [X]) for each k. Since {chyk, (k=0, 1,...,n)} gives an
additive base of H**(X; Q), .M?X) equals A(x)"*1. Q.E.D.

Now we will give the proof of Theorem 0.1 only when n is odd.
The proof in the case with n even is almost parallel, and we will omit
it. Thus from now on, we assume that n is odd.

Put S(oc)=.;zf(X)A(oc)'("+”. S(«) is a power series of a? with rational
coefficients and its leading term is 1, that is S(¢)=1+4+b,0%+ba*+---,
b,e Q. Our purpose is to show that S(x) is equal to 1. Now .MA(X)
=S@A(@)™! and (F)=i*/(X)o/(N)"!, so that we have /(Fo)
= S(otg)A(0g)?*t and MA(F1)=S(oc1)A(oc1)‘1“, where S(a;))=1+b,a?+bya}
+..._

Lemma 4.2. S(o) equals | if and only if S(ag) and S(a;) both
equal 1.

Proof. This is a restatement of Lemma 4.1. Q.E.D.

If .szfA(Fo) and .MA(F ) are replaced by A(xg)’*' and A(x,)?*! respec-
tively in the formula of Proposition 3.2, the resulting formula (denoted
by B(k)(t)) formally coincides with the formula for the linear S! action
on CP" and Id(H*Sg:), possibly up to a factor ¢V for some N. There-
fore this resulting formula is a finite Laurent series of t. On the other
hand Id(n*ds:) is a finite Laurent series, hence K(k)(t)=1Id(n*ds:)— B(k)(¥)
is a finite Laurent series. Put S'(¢)=S(e)—1=ba?+bya*+-.- and
S'(a))=S(a;)—1=bya?+bya$+---. Then .dA(FO)—A(aO)”“=S'(ot0)A(oco)"+1
and .saf(Fl)-A(ocl)’”l=S’(oc1)A(<x1)‘1+1, and K(k)(t) is obtained by replac-
ing #(F,) and &/(F,) by S'(ag)A(g)’*! and S'(x;)A(x;)?*! respectively
in the formula of Proposition 3.2. Now we slightly deform the formula
of K(k)(t) as follows;

wtq+1

3.1y K(k)(1) = (S (o) Go(sto)(L — 1e7#0) =" D=2, [FFPT)

wtP+ 1

+ {8 ()G (o )(L —tem )" PHOMLTTT [FR1])
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_dt1ye,
where Go(a0)=e(k ) A(xo)P*t, and
Ptlyg,
Gy(a)=et ™2 ) Aoy,

We separate the proof into the two cases whether p=g or not.
Case 1. p+#q.
Let ,C,=m!/(m—r)!r! be the binomial coefficient. Using the expan-

00
sion (1—x)™"= Zo,,,+,_1Cm_1x', we have
=

0

(1 _ te—ao)—(¢1+ 1)— Z q+rcqtr(1 _ t)—(q+r+1)(e—ozo _ l)r
r=0

(1 —te* 1)—(P+ 1) — f“ p+rcptr(1 _ t)—(ll+r+ 1 )(eal — l)r
r=0

If p<1 and g=1, then S'(x;)=8'(x;)=0 and there is nothing to be
proved. Hence we assume that p=2 or g=2. Now we consider K(0)(?).
The possible maximal power of (1—#)~! occurring in K(0)(#) is (1—
f)y~®+4-1)  The term containing it in K(0)(¢) is b,(1—¢)~®+1~D ((—1)?~2
pra-2Cqt" + piq—2CptY), where u=p—2+%q+1 w
Since K(0)(t) is a finite Laurent series, if by#0, then ((=1)"2,,,_,Ct*
+p+q-2Cpt") must be divisible by (1—f). But this is impossible if p#q.
Therefore b;=0. Hence the possible maximal power of (1—f)"! oc-
curring in K(0)(#¥) is (1—f)~®*2=3), If p=3 or ¢g=3, then a similar
procedure shows that b,=0 and so on. Consequently we have S'(cg)
=S"(e;)=0, hence S(¢)=1 by Lemma 4.2.
Case 2. p=gq.

and v=q—-2+

If p<1, nothing is to be proved. Assume that p=2. We consider
K()(f). The possible maximal power of (1—f)"! occurring in K(1)(¢)
is (1—)~@2P~1, The term containing it in K(1)(¥) is b,(1—¢)~F~D
2p—2C (= 1) 2¢4 4 ¢v+1), where u=p—2+£j_—§j——l.

First assume that p is even. ((—1)""2t*+1**!) is not divisible by
(1—1). Hence if b, is not zero, then K(1)(t) cannot be a finite Laurent
series. Therefore b;=0 and (1—¢)"(2=3) is the possible maximal power
of 1—1)t. If p=4, a similar procedure shows that b,=0, and so on.

Next assume that p is odd. Then ((—1)P"2¢++l)=—(1—1)se.
The possible maximal power of (1—f)"! occurring in K(1)(f) is (1—
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£)~(2P=2) The term containing it in K(1)(t) is

. 1 _ 3
bi—n e, cp- 2oL, cpmie 2R3, o).

The factor in the bracket is not divisible by (1—¢). Hence if b; is not
zero, then K(1)(f) is not a finite Laurent series. Therefore b, =0. If
p=5, a similar procedure shows that b,=0, and so on.

This completes the proof of Theorem 0.1 in the case when n is
odd. When n is even, necessarily p#q. Using the formula of Propo-

sition 3.3, a similar argument as Case | in the above may be carried
out.
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