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Eigenfunction Expansions and Scattering
Theory for Dirac Operators

By

Osanobu YAMADA*

§0. Introduction

In the present paper we are concerned with the Dirac operator

L=—i§laj—a—%+/3+g(x)

in R3, where o; and f are the so-called Dirac matrices and Q(x) is a
Hermitian symmetric potential decaying at infinity with like [x|~17%,
h>0. More detailed assumptions will be mentioned in §2.

Eigenfunction expansions and scattering problems for Dirac operators
have been investigated by many authors. Titchmarsh [14] verifies the
completeness of eigenfunctions, assuming that Q(x) is a spherically
symmetric scalar f{unction. Eckardt [4], Evans [S] and Thompson
[13] treat the potential Q(x)=0(|x|"27") (h>0), stimulated by Ikebe’s
work [7] on eigenfunction expansions for Schrodinger operators. Mo-
chizuki [10] discusses the perturbation of the absolutely continuous spec-
trum under the main assumption |Q(x)|+ 121 ‘%‘ =0(|x|~2"%). Prosser
[11] proves the existence of wave operators supposing mainly Q(x)
=0(]x|"*"*), and shows the unitarity of the scattering operator for a
class of potentials with compact support. Eckardt [3] assures the
existence of wave operators under the condition |Q(x)|(1+|x|)~1/2*e
e L2(R3), ¢>0.

In this paper we deal with the Hermitian symmetric potential Q(x)
=0(]x|7!"") and consider expansion formulae, wave and scattering
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operators. It will be found that the scattering operator is unitary
under a condition weaker than Prosser’s. Our eigenfunctions are deter-
mined as kernels of linear operators

A1, Jr?+1+£0i, )h

=(I—R¥(1, /72T l)Q)SSQ)S(x, royh(@)dw, >0

(v=p,n,7,=+1,7,=—1 and S is the unit sphere),

where @9 is the eigenfunction of the unperturbed operator (Q(x)=0)
and R*(2) is the ‘‘boundary value” of the resolvent R(z) of the per-
turbed operator as z—A+40i. The above idea is suggested by the works
of Agmon [1], [2] on selfadjoint elliptic operators. The principle of
limiting absorption and Sobolev’s imbedding theorems are important
tools for us to study the operator A,(A+0i, r). The principle of limiting
absorption is a method to investigate the behavior of the resolvent
R(z) near the real line. A work of the author [15] for the principle
of limiting absorption will be needed in our discussion.

We shall outline the contents of this paper. In §1 the eigenfunc-
tions and the expansion theorem for the unperturbed operator are
introduced in terms of Fourier transforms. The assumptions on the
potential Q(x) and the principle of limiting absorption will be explained
in §2. In §3 we shall define an operator

Az, nh=(I—- R(z)Q)gsdif,’(x, ro)h(w)do, r>0

and research the behavior of Az, r) and its adjoint operator as z
tends to the real line. Our eigenfunctions and the eigenfunction ex-
pansions for the perturbed operator are found in §4, Theorems 4.4
and 4.5. In §5 we prove the orthogonality of the eigenfunctions. In
8§6 we define the stationary wave operator and show that it coincides
with the time-dependent wave operator and that the scattering operator
is unitary.
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§1. The Unperturbed Operator

We shall consider in this section the eigenfunction expansions of the
unperturbed Dirac operator

i3

J

j ax +B, i=/-1,

1

where «; and B are 4x4 constant Hermitian symmetric matrices satisfy-
ing the anti-commutation relations

ot 00+ 00t ; =26 I, j, k=1,2,3,4,

(¢4=p and I is the unit matrix, d; is Kronecker’s delta). A complete
set of matrix-valued eigenfunctions is given by

da}(.'l)(x7 é) = —é‘<1+ -\ﬂ-—%g——%>ei<x,§>

and

L(é) i<x,&>
2205, &= 5 (1= g )e

for £eR3, where Ly(&)= Z Co;+B and <, -> denotes the inner
product of R3. The function <15°(x, &) satisfies

(1.1) Lo®(x, =1,/ IE?+10%x, &)  (v=p, n),

where 7,=+1 and t,=—1, since

(Lo(®)2=(I€1>+ DI,

as is easily checked by using the anti-commutation relations. Let us set
1 Lo($) )
© =T+ 125 )-

V(&) are symmetric matrices and fulfill

(1.2) "l’v(é)z =¢v(€)a V=p, h,
YO+ ¥a(O=1 and Y, (&)=Y (EY,(£)=0.
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We consider Dirac operators in the Hilbert space £2=(L2(R3))%,
a class of all C#*-valued functions u(x)=(1,(x), uy(x), us(x), us(x)) such
that

lull%- =S Ju(ol2dx <+ oo,
R
with the inner product
(u, v)=g . <u(x), v(x)>dx,
R

where [u(x)|?2= 2’1 [u;(x)[?> and <u(x), v(x)>= i‘,l u;(x)v;(x). The above

fact (1.2) implies
L=y, L +y, 22,

that is, %2 is the orthogonal sum of y,¥? and y,%2, where y, %2
denotes the image of #2 under the multiplicative operator by ().
Now we introduce

(Z2N(©O=]9(&)=2n)~3/2Lim. S(I’S’(—x’ &) f(x)dx

for fe #2, where Li.m. S...dx means the limit in the mean of S dx
[x| =R

as R—oo. Using the Fourier transform of f(x)

J©=@n)22Lim. ge«:,» F()dx,
we see immediately that fOo(&)=vy,(6)f(¢), which shows that Z° maps
Z2-functions into ,#2. Since the Fourier transform maps £2 onto

£2, the range of Z? is identical with y,.22.
In consequence of the Fourier inversion formula and (1.2) we have

(13)  f(x)=Qn)3/2Lim. Sei<""5> F©ae
=(@2m)~*/2Lim. S@g(x, &)+ d0(x, )F (E)de

—@n2Lim. {(@9(x, DI 0+ 080 OTAOME
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for fe #2? and

(1.4) (Lo ) (x)=(2m)3/2Lim. gekw Eo(®)f (0)de
—(2m)-3/2Lim. S(Jlélz T169(x, ¢)

—JIEZ+199(x, &) f ()de

—(n)~32Lim. gw—mumg(x, HF )

—JIEF+10(x, OF(&))dE

for fes#'(R3), where #1(R3) is the Sobolev space of all #2-functions
with the first derivatives in #2. Thus the eigenfunction expansion prob-
lems for the unperturbed operator is completely solved.

§2. The Assumption on the Potential )(x) and the
Principle of Limiting Absorption

Throughout this paper we assume the following condition (A) on the

potential Q(x):

(A) Q(x)=(q;j(x)) is a 4x4 Hermitian matrix-valued function with
continuously differentiable components q;(x) except at a finite
number of singularities, and there exist positive numbers h, R,
and p>3, such that

(a.1) 0G| S e (Ux1ZRo)
3 o0
(a.2) J§1|H|§const. (Ix] = Ro)
and
@.3) [ lewr<+o,
|x|=Ro

1/2

where |Q(x)l=<i ,i=1 |‘1ij(x)]2>
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In our previous paper ([15], Propositions 2.3, 2.4 and Corollary 4.2)
we obtain

Proposition 2.1. L, and L=Ly,+Q(x) have unique self-adjoint
realizations Hy, and H=H,+Q, respectively, with the domain D(H)
=D(Hy)=s#1(R3), where Q is the maximal multiplication operator by
O(x). The essential spectrum of Hy, and H coincides with intervals
(=0, —1] and [+1, + ), while (=1, +1) is contained in the resolvent
set of Hy,. The set (—oo, —1)U(+1, +0) is the absolutely continuous
spectrum of H, and H.

Before we proceed, we introduce some functional spaces. For m
a non-negative integer, H™(Q) denotes the Sobolev space of all L2(Q)-
functions satisfying

1/2
|1u||,,mm)=(g 5 |D°‘u]2dx> <+
Q2 la|Em

(Q is an open set). For s a real number and m a non-negative integer
we put

£2={ueos Julz =(§_ 1+ 1xD#ucodx) " < + o},

2
1Dau|2dx)” <+ oo}.

m

Hr= {u(x); [l =<SRS(1 + |xI)ZSMZ‘é

We denote by £2(Q), #™(Q), £2, and s#7 the product spaces (L%(R))4,
(H™(Q))*, (L?)* and (H™)4, respectively. When Q=R3, the symbol (Q)
will be often omitted.

We shall now explain the principle of limiting absorption. Let R(z)
=(H—-2z)"! be the resolvent of H for every complex number z such
that Imzs#0 (Imz(Rez) is the imaginary (real) part of z). Then R(z)
is a bounded operator on #2 to #'. According to [15], Theorem
4.1, for any s>1/2 and —oo<a<b<-—-1 or +1l<a<b<+oo there
exists a positive constant C=C(a, b, s) such that

2.1 IR@) w2, =Cllflle?

for all fe % and zeJ.(a, b)(J_(a, b)), where J ,(a, b)(J_(a, b)) is the
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set of all complex numbers z such that aZRez<bh and O0<Imz=1
(—=1=ZImz<0). The following proposition is also shown in [15], Corol-
lary 4.1.

Proposition 2.2 (the principle of limiting absorption). For every
real A, |A|>1, there exist bounded operators R*(A) and R~(1) on %2
to #1, (s>1/2) such that

slim R(2)f=R*(D)f, slim R(2)f=R(1)f

in #L; for any fe £2. For every fe %2, R(z)f is strongly continuous
in L, with respect to zeld.(a, b)(J_(a, b)) (the closure of J.(a, b)
(J_(a, b)) with the boundary wvalue R¥(A)f(R™(A)f).

The following property will be {requently used hereafter.

Proposition 2.3. Let 1/2<t<(1+h)/2 (h is the positive number in
the condition (a.1)). Then the multiplicative operator Q on L, to
£? is compact.

Proof. Take an arbitrary bounded sequence {f;} in 1. In view
of Rellich’s theorem {f;} has a subsequence converging locally in #2,
which we rewrite {f;}. We separate the integral

[ +rD>10s-0 s

S ...dx, ...dx and ...dx. To
|x|=Ro Ros|x|=R |

x|=R
the first integral we apply Corollary 2.1 in [15], which asserts that
for any >0 there exists a positive constant C, such that

into three integrals

2.2) & ]Qulzdx§sg |L0u|2dx+C£S
. 1 |x] <R

|u(x)|2dx
+1

|x|=Ro |x]<Ro+

for all ues#!(Bg,+1), where By denotes the ball of radius R about the
origin. So we estimate the first integral

X ---dxé(%(ﬂs ILofj—Lofklzdx+c£§ l]”j—kade)
|x|SR o |x|<Ro+1

|x| SRo+1

§£C2+C1C£S [fi—fil?dx ,

|x| SRo+1
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where the constants C,, C, are independent of j and k. For the second
integral we obtain

...dx§C3(R)S \f;—ful 2dx .

SRuélxléR Ros|x|=R

The condition (a.1) yields for the last integral

S ...dx§C4g A +|x]2t=2=2k f;— fil 2dx
|x|ZR |2R

|x
SCs(1+R)*7272h—0  (R-ow),

where C, and Cs do not depend on j, k and R. These estimates show
the compactness of Q. Q.E.D.

§3. Auxiliary Lemmas

The greater part of this section is devoted to studying a linear
operator A4,(z, r) defined by

3.1 Az, nh=1- R(z)Q)SSQS(x, ro)h(w)dow, v=p, n

for >0 and he22(S), where S is the unit sphere about the origin.
Our aim is to give an expression to R(z)f and @f for fe £2 (t>1)2)
by means of A4z, r).

The following proposition is well-known as Sobolev’s imbedding theo-
rem (see, e.g., Sobolev [12], p. 85).

Proposition 3.1. (1) For any s>1/2,0<f<s—1/2(0<1) and 0<a
<b there exist positive constants C; and C,oa=C,y(a, b) such that

||f(7")||L2(S)§ Cill flas
and
1 f(re)=f(ra ez = Csplry =120 f llas

for feHs and aZr,ry, r,<b, where H* denotes the class of all tem-

perate distribution whose Fourier transforms are L2-functions, normed
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by fulue=l8ls2.
(2) All H2?(R3)-functions are bounded and uniformly Hérder
continuous i.e.,

| f()l < const. || 1|42
and
[f (1) =f(x ) = Colxy —x2/°ll f | a2
for fe H2,0<0<1/2 and x,, x,€R3.

The following proposition may be a dual statement of Proposition 3.1,

(0.

Proposition 3.2. For any s>1/2,0<0<s5—1/2(0<1) and O<a<b
there exist positive constants C; and Cgy=Cgy(a, b) such that

(3.2) ])Ssei«’wh(w)dwuﬁ_sgcsnhum

(33) ugs(ei<x,r1w> _ei<x,r2w>)h(w)dw“LZ é Cs!e I,.1 —r, | o”h“LZ(S)

-5

for he L3(S), asry, r,<b.

Proof. Let g be an arbitrary Cg-function. Then we have

[ geax( er<so>h@da=(h, dise
and
(s Praes)l = [l 251G 1 2s)
<Cilh “LZ(S) 141 as=Csllh ”LZ(S) gl L?

by virtue of Proposition 3.1. Since C¥ is dense in L2, and L2 is the
dual space of L2, the above inequality shows (3.2). A similar argument
can be applied to get (3.3). (The above proof has been suggested by
Prof. Ikebe.) Q.E.D.

The above proposition is made use of to estimate the integral
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S ®(x, ro)h(w)dw in (3.1).
s

Lemma 3.3. Let 1/2<t<(1+h)/2. Then every Afz,r) is a
bounded operator on Z*(S) to #L,, satisfying

Gd)  (Lo+0(x)— Az Nh=(t,rZF1— z)SSQQ(x, ro)h(w)do

for he2%S). For each J.(a, b)(J_(a, b)), 0<0<t—1/2 and O<a<f
there exist positive constants C,=C,(t) and C,=C,(t, 6) such that

(3.5 14z, Nhllz:, =Cillh] g2s)

(3.6) 14z, rOh— Az, )]z S Colri—ral®| bl g2

for he £2%(8), asr, ry, 1, =P, z€J (a, b)(J_(a, b)).

Proof. In the first place we shall prove

G | 2305 (@) 21, SCO1h] ),

where the constant C,(f) is independent of r, a<r<f. The estimate for
the part involving no derivatives in the left-hand side of (3.7) follows
directly from Proposition 3.2. For the first derivatives we see that
(3.8) aig ®9(x, rcu)h(w)dw=g DO(x, rw) (irw )h(w)dw .

XjJs S
Applying Proposition 3.2 again to (3.8) gives (3.7). Next we proceed
to show

69 [re0e| 2% rodo)d] |, SCuoIbs:

C,(f) being a positive constant independent of r,a<r=<f, and of z
€Ji(a, b). The above inequality is obtained in view of Proposition
2.3 and (2.1). Thus (3.5) is proved, and (3.6) is also proved by similar
estimates. Finally, in order to verify (3.4), we need only to take account
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of (1.1) and (3.8). Then we get

(Lo+0Q()—2)A(z, Ph
= (Lo+00)=2) I-R@O)| #%(x, ro)h(@)de
=(Lo—2)| 29, re)h@)do
=12 1— z)gs@e(x, ro)h(w)do. Q.E.D.
Corollary 34. 1/2<t<(1+h)/2. Let
A,£0i, h=(1 - R*DQ){ 29, rdh()do
for he 2%(S) and for every real A such that |A|>1. Then we have
1Az, Dh— A, %00, Dhlzs —0  (z-A%00)

for he £2%(S). (3.4), (3.5 and (3.6) hold for zeJ .(a, b)(J_(a, b)).

Proof. As shown in the above lemma, S ®I(x, ro)h(w)dw belongs
S

to o!, for r>0, and, consequently, Q(x)g %(x, ro)h(w)dw belongs
JS

to #2? for r>0 as a result of Proposition 2.3. Proposition 2.2 enables

us to obtain

RE@QC)| 29, rh(w)de

——>Ri(Z)Q(-)SS<1>9(-,rcu)h(co)dw in

as z—A+0i. Since the estimates (3.5) and (3.6) are independent of
zeJ (a, b)(J_(a, b)), they are also valid on the closure J (a, b)(J_(a, b))
by taking the limit as z—A+40i (1—0i). Q.E.D.

Let CZ(R3—{0}) be the family of all Cx®-functions with compact
support in R*—{0}, and €F=(CF(R?)*, ¢FR>—{0})=(C3R>—{0})*.
From now on, we assume 1/2<t<(1+A)/2.
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Lemma 3.5. Let Imz#0 and

®© Av(z, r) f(l'-) rzd

G10 K=ot LB  a v=pn

for f such that f(&)=f(rw)e €§(R3—{0}), where and in what follows
the integrals are taken in Bochner’s sense (cf. e.g., Hille and Phillips
[6], chapter III). Then we have

R(2)f=V(2)f+V(2)f.

Proof. The integral (3.10) makes sense, for A/(z, )f(r-) is a
#1,-valued continuous function of »>0 with compact support in
(0, + ) (the continuity is ensured by Lemma 3.3 and the smoothness
of f). For any € €% we have

(3.11) LJ <V f+Vi2)f, (L- D> dx

+oo Ap(z, A,(z, -
=eoe(Traf (5D - AED ) e, w-ny>dx

by use of the following Proposition 3.6, (2). (1.2) and (3.4) yield
+
0

G.11) =(2n)-3/25 2 drgm < Ss(d)g(x, ra)+ ®9(x, ra))f (ro)dw, y(x)> dx
=(2n)'3/2S:wr2 drSR3<Ssei<""““> Fro)do, w(x)> dx

= SRS <f(), Y(x)>dx.
Therefore we have
(3.12) L-2) (V) f+Vi2))=f.
In order to complete the proof we have to show
VS + Vi@ fe .
To this end we arrange (3.12) as

(3.13) (Lo—2) V(2 f +Vi(2) ) =f— AV () [+ Vi(D)f ).
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The right-hand side of (3.13), say g, belongs to #2? because of Proposi-
tion 2.3. Taking the Fourier transforms of both sides of (3.13), we
obtain

Y@+ Vi@ =Lo@ -2 =4 g,

which implies V,(z)+V,(z)fe#!, because e #2. Thus we may replace
L with H in (3.12). Q.E.D.

We summarize several properties of Bochner integrals used in the
paper (for the proof see Hille and Phillips [6], p. 73-p. 83).

Proposition 3.6. Let (S, %, u) be a measure space and X a Banach
space, X* the dual space. We denote by S x(s)du the Bochner integral
for an X-valued integrable function x(s) a'eﬁll;ed on FeZ.

(1) (Pettis) If X is separable, then strong and weak measurability
are equivalent notions.

(2) For any x*e X%,

<x*, S x(s)du> =S <x*, x(s)>du,
F F

where <-,:> denotes the dual pairing of X* and X.
(3) Let T be a closed operator in X. If x(s)eD(T) (the domain
of T) and x(s), Tx(s) are integrable on F, then Sx(s)dﬂeD(T) and
1«‘

TDF,\’(s)du] = SFTx(s)dy .

We shall consider the adjoint operator A¥(z, r), mapping the dual
space ;1 of #1, to £?(S). ;! can be regarded as the completion
of #% with the norm

ez =sup _ [{ <ge0, sG> dx].
ligll =11 JR3

9 1
%—t

Noticing that #1,c¥2, and iluuyitgllunz,x_r for uesl,, we have
Ll and
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(3.14) ol -1 S [I0]] 2

for ve #2. The above inequality (3.14) shows that the restriction
of A¥*(z, r) on %2 is continuous.

Lemma 3.7. For every fe #?
(3.15) A3(z, 1) f=2m)>12{(ZY /) (r-)—(ZIQR(2) f) (r*)}
= @n 12y (r) ()~ BREF ().

Proof. Let us take an arbitrary fe.#2? with compact support.
Then we obtain

Sns <A[z, r)h, f(x)>dx
=SR3<SS¢9(x, ro)h(@)do, f(x)— QX)R(Z)f> dx

= <h@), | 08(-x, re) (1) - QWR@ x> do

for he #2(S), where we used Fubini’s theorem by virtue of the absolute

integrability
[, 1280, o) I@)(LCOl+ 1R Do

<const. |hll x|, (1S +IQIR(Edx <+ 0

(the summability of Q(x)R(Z)f will be shown below). Thus (3.15) holds
good for fe %2 with compact support. Since the aggregate of those
functions is dense in %2, (3.15) is valid for every fe %2 in view of
Proposition 3.1, (1). Finally we shall prove

(3.16) SBSIQ(x)R(Z) fldx< + oo
for fe 2 with compact support. Put u=R(Z)f. Then we have

3.17) <(Lo+0x)u(x), u(x)> — zlu(x)|?> = < f(x), u(x)>.
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Integrating (3.17) by parts over ro=<|x|<R (r, is sufficiently large so
that S, ={x;|x|=ry} encloses the support of f(x)) and taking the
imaginary part, we obtain

(3.18) (Im z)g

lu(x)|2dx
ros|x|=R

R2
)

3
S < ¥ w;uu(Rw), u(Rw)>dw
s j=1

2 3
__"_o_g < XY wju(row), u(row)>do.
2 J)s =1

Since ue #? and, consequently, there exists a sequence {R;} such that
R;— 00 and RJZ-SSIu(ij)IZdeO (j— ), we have from (3.18) that

(3.19) (Imz)g ., luGyd

|x

2 3
—QQ-SS< 12'1 w ;% ;u(row), u(row)>dw .

~

This implies that

1.
(3.20) Smgm lu(x)| 2dx < %%f-ggs lu(row) | 2dw

and, by integrating (3.20) with respcct to r, from r to infinity,

Slxlzr(lxl —Nlu()| s Icl?ﬁszti Slxlérlu(x) |*dx.

Repeating the integration we see
(3.21) S I lu@Pdx <t (m=1,2,..).
R
Since Q(x) is bounded in |x|=R, (see the assumption (A) in §2), we have

[ loeueiax
|x|ZRo

1/2

<const. (SM%RO a+ [x|)-mdx)” ’ <szxo(1 + |x|)’"{u(x)[2dx> :
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where m>3. Proposition 2.3 yields that
0(x)u(x)=Q(x)R(2)fe £

and, accordingly, that Q(x)u(x) is locally integrable. Hence we obtain

S 100 u(x)]dx < + 00
|x|=Ro

Thus (3.16) follows from these estimates. Q.E.D.

The following fact is obtained directly from Proposition 3.1, (1),
and Lemma 3.7.

Lemma 3.8. For each J.(a, b)(J_(a, b)), 0<0<t—1/2 and O<oa<f
there exist positive constants C,=C(t), C,=Cy(t,0) and C3=C4(1)
such that

(3.22) 143(z, Nfll 225 S Cill fll &2

(3.23) 143(z, 1) f= A3z, 1) fll 225y S Calri = 12l°1 f | 22

and

(3-29) 14%(z1, M= A3(z2, 1) 225 S C5 IRz~ RE)f 1,

for fe L2, asr, r, r,=p, z, zy, z,€J 4 (a, b)(J_(a, b)).
Corollary 3.9. For fe #? and r>0
43(z, ) f=AT(AL0i, Nflg2s) — 0 (z—4£00)
and
A3(A 10, 1) f=2r)*2{(Z3 ) (r*)— (Z2QRF(A) ) (r)} .
(3.22)-(3.24) of Lemma 3.8 hold with z, z,, z,€J .(a, b)(J _(a, b)).

Proof. As a result of Corollary 3.4, Az, r)h converges in L,
to A,(A+0i,)h as z—A+0i for each he.Z2(S), which suggests that
A¥(z, r)f tends weakly in Z2(S) to A*(A1+0i,r)f for fe L2 On the
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other hand A*(z, r)f is a Cauchy sequence in #2%(S) for fe £? by
means of Proposition 2.2 and (3.24) in Lemma 3.8. Thus we have

[A%¥(z, 1) f—AF(A10i, ")f”yz(S) —0 (z—21100)

for fe #2. The last assertion of our corollary follows from the limiting
procedure. Q.E.D.

Lemma 3.10. Let Imz#0. Then

PN _ 1 _
(3.25) REfr)=@r ™2 8 o A1, 1]

v=p,n

holds for every fe £32.

Proof. Lemma 3.5 and Proposition 3.6, (2), lead us to

(326)  (R(2)g, )z2=(Vy(2)g +Vi(2)g; f) 22

(o (A~ A o),

- (2 = 2 o) o

oo (g (G2 BEDN,

for §e#g(R3>—{0}). Noting that
PR

R(2), 9)#2=(9, R(2)[)52=(§, R(2)[) 52

we can complete the proof in view of the arbitrariness of 4. Q.E.D.

§4. Expansion Theorems

Let E(4) (Eq(4)) be the right-continuous resolution of the identity
associated with the selfadjoint operator H=H,+Q (H,). We know that
H has at most a countable number of discrete eigenvalues in (—1, +1)
(Proposition 2.1). We denote by pu;, u,,... the eigenvalues of H in [—1,
+1], counted repeatedly according to the multiplicity, and by ¢, ¢,,...



668 OSANOBU YAMADA

orthonormalized eigenfunctions for u,, u,,....

Definition 4.1. Let Fi(r)=A/(t,\/r?+1F0i, 1) for r>0. We define
the generalized Fourier transform f(r) of fe £2 by

JE@)=Qm)32F ().
Theorem 4.2. For fe %?
@O 3= 1Oy dr+ {1 Oy dr
+ ? [(f; 012
Proof. We shall show for 1<a<fi<+o and —co<a’'<f’<—1 that

4D EP-ENLN=|

ﬁ”f;(")”.%ﬂ(sﬂ'zdr ;

asSVr2+1g

(4.3) (E(B)—E@)NS, )= S

”f:f(")”.%ﬂ(sﬂ'zdr
-B’'SVr2+1s-a’

and
(4.4) ((E(1)—E(—1-0))f, f)=2jl(f, oI,

from which our assertion (with the upper sign) follows, if we bring
oo, B, B to +1, —oo, +00, —1, respectively ((4.1) with the lower
sign is similarly obtained). To prove (4.2) we make use of

1/2E(B) + EB—0))f, ) — 1/2(E@+ E@—0)f, )
= lim [\ Reu+ims-RGu=ins, fran.

Since (E(A)f, f) is (absolutely) continuous with respect to A in (—oo,
—1) and (+1, + ) (see Proposition 2.1), we have, using the resolvent
equation R(z,)— R(z,)=(z,—z,)R(z,)R(z,), that

(45) (B~ EO)S, )= lim | 200 (RGu=in) RGu+ ), )

=L tim iR+ inf12du= L 1im \"n| Rz +infl12d
=——lim Nl R(u+in)fll*du= olim nlR(u+imfil*du .
ni0 Ja 7i0 Ja
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Now let us select a non-negative C¥-function p(x)=y(|x]) such that

=1, \/ozz—l—éé[xlg\/ﬁz——l-{-&,

'))(X) =0’ |xl§\/zx2—l—25,

IIA

, otherwise,
where ¢ is a sufficiently small, fixed, positive number. Then we have
1 . ﬂ —_/..\ 2 ﬂ '—/.\. 2
@5)=—tim {0 | |\7RGu+ mf12du-+n( |V T=9 RGu-+in)7 |dp
=L tim (I, () + L,(n) .
ni0

We shall derive

tim 1,(n) = 1750z ordr,
110 B

(4.6) rEVriT
lim () =0.
nio0

First we prove that limI,(y)=0.
ni0

Set u=u(u, n, f)=R(u+in)f, so that
4.7 (Ho—p—inu=f-Qu.
On the other hand it follows from Propositions 2.2 and 2.3 that

4.8) 1Qu(u, n, Nl 2= Cull fll?

where the constant C; does not depend on p+ined.(a, f). Therefore,
taking the Fourier transforms of both sides of (4.7) leads us to

| JT=7RGu+im I =] /T=7a]

= V1= QA 7o) - )|

=Gl flezs

where C,=C,(2, f) is independent of u+ineJ (o, f) as a result of our
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choice of yp(x). Hence we obtain
B
1) =n{ =R+ inf |du=nCoB=D| S22,

which shows hmIz(n) 0.
To study I 1(;1) we prepare a proposition (see Ikebe [7], p. 25, where
the same result appears).

Proposition 4.3. Let f(u,n) be a continuous function defined on
[, B]1% [0, 7ol (¢<pB, 1o>0). Then the following relation holds;

0, A>p or i<a

1 . (8 1 ) 40 ,_
Tgllfggamf(ﬂ, mndu= B I A=o or B

f(1,0) ,a<i<p.

Let us return to the proof of (4.6). From Lemma 3.10 we get

I/ R@u+inf |2

=(277~')_3S: _Zp:n T _;/1)) “in A¥(u—in, r)f | Lasyrdr
=03 |ty 1A e—in D2
NCEs e CHOE Y E

where we have used
(A*(Za nf, Az, r)f )22(5)—(14*(2 nf, A*(Zs nf ),72(5)—0

which follows from (1.2) in §1 and (3.15) in Lemma 3.7. In view of
Proposition 4.3 and Lemma 3.8 we have

4% (p—in, r)f”.%ﬂ(S)d.u —0

(nl0)

8
n
Sa r2+14+w?+n?
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and that

B .
ST M e in, A1

is uniformly bounded for 0<n <1 and resuppy, and converges to
TL'“A:(\/I'Z'{‘I—OI., r)f”_ZgZ(S), a<\/r2+l<ﬂ
{ 0, Jr2+i<a or (/r2+1>p

as 710. Therefore we obtain from Fubini’s theorem and Lebesgue’s
convergence theorem that

lim I, (1)
nl0

+o . .
= (271)‘3&0 'y(r)rzdrlﬂllm 45 (e —in, r)fll %2

2 A

T A in O

- ng | 7| Zagsyr2dr
a<Jr2+1<g

The argument for (4.3) is almost the same as the above. (4.4) reduces
to the well-known Parseval’s equality of Fourier series. Q.E.D.

The above result shows us that

178002= “17 5012 rdrIf12: - ©0=p, )

for fe £2. Since %2 is dense in #2, there exists a bounded operator
% in #2 such that

4.9)  ZFN(o)=(TEM)(@)=QCr)2(Fi()*/)(@) (weS)
for fe #2.

Theorem 4.4. Z%* is a partially isometric operator on ¥? with
the range in Y, %? such that
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(4.10) 1Z5 fll=1d=EQDSI, 1Z5fl=1E(—1-0)f]

for fe £2, or equivalently

“4.11) (ZEy*Z:=1—-EQ1), (ZfH)*Zt=E(-1-0).
For fe 2

(4.12) llfll2=IIZ,itfl|2+IIZ,?fIIZ+ZJ_I(ﬁ epI?,
.13) [=@EIZE [+ @ ZE T+ U 00

Let g be any £2-function with compact support not containing the
+

origin. Then the #L,-valued Bochner integral S FE@r)g(r-)r2dr
0

exists and belongs to %2, satisfying
(4.14) (Z2)*g =(2n)‘3/2S+mF§(r)g(r Yr2dr.
0

Proof. Since #? is dense in %2, we have from (4.2), (4.3) and
(4.4) that

IT=EM)fI=IZ5fl, IE(=1=0)flI=1Z3 fI
and

ICE)—-E(-1-0)f|>= ;l(f, ®)?

for fe#2.  (4.10)-(4.13) follow directly from these relations. As
(FE@P))(w) (fe £2) is in ¥,#2 by Lemma 3.7, the range of Z% is in-
cluded in ,%2, for the range of a partially isometric operator is closed
(see Kato [9], p. 258). In order to prove our last statement (4.14) we
have first to see that the integral exists. For the strong measurability
we need only to assure the weak one by means of Proposition 3.6,
(1), for s#1, is separable. For each fe %2

FF@gr), Ne2=g(r ), Fy)*Nensy (>0

is a Lebesgue measurable function with respect to » by virtue of Corol-
lary 3.9. For fes#;! there exists a sequence {f;}=.%2 such that
”f“fj”;r;l —0 (j» ). Then
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(9@r), FE()* g =}1330 (g@r), FEO)*f )z

is measurable as a limit of measurable functions convergent almost
everywhere on (0, + o). Thus we have proved the measurability. Since
the compact support of g has no intersection with the origin, we obtain

+oo +o0
[ 1P g0, rdr sconst. | g )] sngrdr

=const. |g]l 2,

where the constants depends on the support of g. This guarantees the
+

existence of the Bochner integral ngvi(r)g(r-)rzdr. Then (4.14) is
0

seen from
Ztf, =% 9

=@ry 2 ER S, g0 o

=, (zn)-B/ZS:”Fs(r)g(r-):-Zdr)yz
for fe 27. Q.E.D.

ZF and ZF have the following integral representation with generalized
eigenfunctions.

Theorem 4.5. Let X={y;};-;,, ..
of Q(x). Then there exists a 4x4 matrix ®*(x,r, w) such that

» be the set of all the singurarities

(4.15) Fvi(r)h=g B (x, r, )h(@)do

s
for he £2(S). ®E(x,r,*) consists of L2(S)-components, locally Holder
continuous in L2?(S) with respect to xeR3—2X and uniformly bounded
in L%2(S) for aLr<B(0<a<fB<o0). Z%* is written as

(4.16) @t N )=@ay 22 @3, 1, Y

for fe £?% with compact support in R3—3%. &*(x, r, ®) may be called
generalized eigenfunctions in the following sense:
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4.17) (Lo+ Q(x))S;Pi‘(x, r, w)h(w)dw

=1, /r2+1 Ss¢i(x, r, @)h(w)dw

for any he £%(S).

Proof. Let us take an arbitrary y(x)e CF(R3—2) such that y(x)=1,
xelJ, for a positive number a, where

J,= {xeR3; | x| Z<a and 11;1?; [x=y;l= %} .
We recall the definition
F ¥(nh=A(t,\/r2+1F0i)h
—(I—R¥(z, /7% ¥ 1)Q)Ssq>9(x, roh(w)do

for he 22(S). Multiplying the above equation by p(x) and operating
L,, we have

(4.18) Lo(yF(r)h)
=9{7,//T2+1-0(0)+(Q(x) —7,\/r* + DR¥(t,/r* + 1)}

F3(nk,

S B0(x, ro)h(w)do+ -1 > o,
S v i i j=1 Jax_,

and, consequently,
ILo(YFEh)| 2= C, | Al 22(S)

for a<r=<pB, where C, is independent of he %3(S) and a<r=<pf. We
operate L, again to (4.18) and use the differentiability of Q(x) except
on X. Then we have in the same manner

(4.19) ILGFFrM] 222 Cal bl 22, -

Sobolev’s imbedding theorem (Proposition 3.1, (2)) and LZ=-4+1
imply that
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(4.20) I((FE(PR) ()| £ C3lYFE()R]| 52 Cyll bl o2s)
and
(4.21) [(F5(r)h) (x) = (FE(rh) (x| £ Cs(0)x — X'°[| ]| 25

for x,x'eJ,asr=f and 0<0<1/2. It follows from (4.20) that the
mapping

h— (FF(Nhu(x)  (m=1,2,3,4)

is a bounded linear functional on #2%(S) for each xeR3—2 and r>0,
z,, denotes the m-th component of z. According to Riesz’s representa-
tion theorem there exists a vector ¢@f,(x,r, )e£L?(S) (xeR3-2, r>0)
such that

(4.22) (FEO)= | <h©), En(x, 7, 0)>do.
S

So we set
(p\:’t,l(xs r, (U)
(pvi,Z(xi r, (l))

PE(x,r, )=

q)\:’t,3(x5 r, CO)
¢$,4(xs r, (D)

which yields (4.15). (4.20) and (4.22) give us that

[ Jott n ordo= 3 oEatx, 7, 0)Pdo
S m=1JS§

4 1/2
= 3 FO0E05C(| 1036 1, 0)17do)
m=1
(xeJ, asSr=p).
Therefore we have

(4.23) |PE(x, 7, ')”.?2(8)§C6

for xeJ, and a<r<pf. Similarly we get from (4.21)
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(424) ”qu(xs r, )— ¢3:(x’, r, - )IIZZ(S)é C7(9)lx"—x,1f’l

for x, x'eJ, and a<r=<p (the idea of the above proof is due to Agmon
[2], Lemma 2.1). In order to see (4.16) we take any fe %2 with com-
pact support in some J,. Then we have

425 FEOh Ne=(] 030, r )Mo, 1) |

=(n _o¥cer, yeodx)

Z4S)

where we have used Fubini’s theorem, which is possible because

[} ot 7, o)l @) 1 (ldads

Sl _sup [0, 7, s |f(ldx<+00.
xesuppl ] R3
Thus we obtain
(23 1)) =@ FE 0 =uy 22 05(x, v, Y ().
R
(4.17) is seen by substituting 7,./r>+1F0i for z in (3.4):
(426 (Lo+ 00| P¥Cx r, )h(@)do

=(Lo+ Q) FE(r)h=(Lo+Q(x)A,(t,\/r*+1F0i, h
=1,/r?+14,(t,\/r?+1F0i, r)h
=1,\/r?+ lgsdivi(x, r, @)h(w)dw .

Thus the proof is complete. Q.E.D.

§5. Orthogonality Eigenfunctions

Theorem 5.1. The image of the patially isometric operator Z*
on Z? coincides with y, 22,
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Proof. We shall give the proof for Z; alone (the other operators
can be treated similarly). We know in Theorem 4.4 that the range of
Z} is contained in y,#%. To prove that Z} maps onto ¥,%2, it suf-
fices to verify

(5.1) g=Z;(Z})*g

for every gey,#2. If we assume the contrary to (5.1), there would be
gEey,#? such that

(5.2) h=g—Z;(Z})*g #0.
Then let us put
h(x), I/n<|x|<n
=(Z3)*h,,  h(x)= {
0, otherwise .
Since h, tends to h in #2 as n—o0, we have from Theorem 4.4
(5.3) $u=(Z3)*hy, — (Z3)*h=(Z})*g —(Z3)*Z;(Z})*g
=(Z;)*g—(2;)*9=0.

Now we shall consider the following integral

2
S.(2)=@n)" wg Fi(hy(r)——t o dr

Jri+l-z
=n)-32\" F+ Y 1
(2m) SI/"Fp(r)h(r o e
where Imz#0. S,(z) satisfies
(5.4) (Lo +0Q(x)—2)Sy(2) =S5,

Indeed, it follows from Corollary 3.4 that

((Zn) 3/251 F(h(r) o, (L0+Q—Z)go>

\/+1

r2
=ens2f ((Lote-aF;ener), (D)\Wl_:z— dr
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n

=@ (" (EOhe), oytdr= (s, 0)

for p e #%. Proposition 2.3 and (5.4) yield
(LO - Z)Sn(z) =- QSn(Z) + S, € 32’

which means that S,(z)es#! and S,(z)=R(z)s,, We notice here that
S,(z) converges to 0 in #2? as n—oo, because of (5.3). Let us take
an arbitrary compact set D in R3—X. Then we obtain from the above
fact

(5.5) lim SDS,,(z)dx 0.

On the other hand we have

n

"2 + .
1/n\/_—_rT~H = drgDFp (»)h(r-)dx .

(5.6) SDS,,(z)dx=(2n)-3/ZS
(4.16) in Theorem 4.5 and (4.25) in its proof shows that
(§ F0he ) =300 020
=(2m)¥ 2§S<h(rw), @Zi)o)>do  (j=1,2,3,4),

where x; is a vector-valued function such that the j-th component is
a characteristic function of D and the other components equal 0 identical-
ly. This implies that

S+w|S F;(r)h(r')dx! r2dr<+o0.
0 D
Thus we can take the limit of (5.6) as n—oo, and obtain

+o0 2
5. S A— S + Ndx=0
.7 SO NGaa et AR CL L
for Imz~0. Putting z=A4ie into (5.7), integrating over [a?+1, f2+1]
with respect to A (0<a<p) and making ¢ |0, we have, from Proposition
4.3, Fubini’s theorem and Lebesgue’s convergence theorem,
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+oo 2ie

e e A ML

0=1im

SJﬂ2+1
el 0

a’AS

Vaz+1

tos ., (VBZ+1 Die > S
= dAr*dr\ Fi(r)h(r-)d
So (&?SJ — (JrE+1—2)2+¢2 rear b 5 (Dh(r)dx

=2niSﬂ rzdrSDF;(r)h(r )dx .

Hence we obtain

(5.8) Fi(0h(r-)= A2 +1—0i, Dh(r-)=0

for almost every r>0. Now we define
u(x, r)= Ssqz;}(x, roh(ro)do,

which belongs to <!, for a.e. r>0(a.e.=almost every) in view of
Proposition 3.2. Then u(x, r) satisfies

(5.9 Lou=./r*+1u

for a.e. r>0. On the other hand it follows from (5.8) and the de-
finition of A4, that

u=R(\/r?+1)Qu,
that is, u(x, r) is the limit of
u(r)=R(/r?+1—ie)Qu

as ¢l0 in the topology of 1, wu,r) fulfills, from the above de-
finition,

Loua——(\/r2+1—ic)ug=Q(u-—u£),
and, as a result of Proposition 2.3,
Qu—u)—0 in 22 (¢l0).

Then we can prove u(-,r)e#? for r>0 by the same argument as
appears in the proof of Theorem 4.1 of [15]. In view of (5.9) we see
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u(x, )=0 for xeR3® and a.e. r>0. Thus we obtain from (1.3) and
h=y,h

h(x)=(2r)~3/2Li.m. S(fpg(x, &)+ 0(x, ENh(E)dE
—(2n)-3/Lim. qug(x, OhE)de

=(2n)~3/21.i.m. S+wu(x, Nr2dr=0
(V]

which contradicts our hypothesis (5.2) (h#0). (The above proof is
along the line of Ikebe [8].) Q.E.D.

Theorem 5.2. fe .#2 belongs to the domain D(H) if and only
if JVIEP+1(ZEf)(E)e 2 (v=p and n). For fe D(H)

(5.10)  Hf=ZH VP +UZ; NO}+EZH* = VIEP +UZE (O}

+ 21 9005

(.11 (ZEHS) () =1,/ EP+1(ZE ) (©).

Proof. An application of (4.2) and Theorem 4.4 gives

((E(B)— E(@))f, f)=$ IZ5 ) (r Nz syr?dr (1<a<f<+00)

and, therefore,

(.12) B IP= a0 = D ZEN W=Dl s

for u>1 and fe #2. The above fact (5.12) implies

G13) a2 wdEwse =i+ oiEsn e

for fe D(H). Therefore it turns out that
JIEP+HIEZEN Qe 27

for fe D(H). Similarly we have
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VIEP+IZEN) (O eg?
for fe D(H). Thus the ‘“‘only if” part of our first assertion is proved.
Before proving the ‘‘if” part, we show (5.10) and (5.11) for fe D(H).
It follows from a calculation similar to (5.13) that

(- EQ)H], g)=§ JIEPFI<ZE], ZEg>de

n3

for fe D(H) and ge %2. Noting that /[&]2+1(ZF f)(&)e £? for fe D(H)
we have

(5.14) (= EQ)Hf=(ZE*{JIE2+ UZ5 ) ()}
for fe D(H). In thc samc manner we obtain
(5.15) E(— 1= Hf=(Z)*{— VIE* +1(Z5 £)(©)}

for feD(H). According to the expansion theorem for Fourier series
we have

(5.16) (E(D)— E(— L-0)Hf= 3 (Hf, <P,-)(P,~=Zj(f, Hoj)p;

= JZﬂj(fa ‘Pj)(l’j .

for fe D(H). Thus (5.10) follows from (5.14), (5.15) and (5.16). Since
Z¥ and ZF are partially isometric operators with the initial sets (I
—E(1))#? and E(—1-0)#2, respectively, as a result of Theorem 4.4,
we have

Z3(Zyyr=Z3(Z5)*=0,
Therefore (5.11) is verified from (5.1) and (5.10) as
ZEHf=ZF(ZE) o, JIEP+ UZF ) Oy =7, E>+1UZE N (©) .

Finally we prove that fe %2 is contained in D(H) if /|€]?+ 1(ZEf)(&)
€ %? (v=p, n). Let

(5.17) Af=@ZH*{JIEP+1ZE N} +ZEHH—VIEP+UZENH (O}

+ Zjﬂj(fs P)P;
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for fe £% such that /|2 + L(ZEf)(&)e £2 (v=p, n). Since
I JZﬂj(fa Pl = JZl(f, eHIP=IfI?

for fe #% (because of |u;|<1), the third term in the above definition
(5.17) makes sense in #2. From the definition, H is obviously a sym-
metric operator in %2, Moreover, the domain D(H) includes D(H),
as has been seen at the beginning of our proof. Therefore, H is a sym-
metric extension of the selfadjoint operator H. Hence H must coincide
with H (see Yosida [16], p. 350). Q.E.D.

Remark 5.3. For every real t

e'tllf=(Zy)*{e"VIeP+ (Z7 ) (O} + (Z){e ' VIePT1(ZE ) (E)}

+ ;e“'“(f, ?)9;
for fe 2, where e'tH= Se“ldE(A).

The proof of the above remark can be given along the same line
as the proof of Theorem 5.2.

§6. Wave and Scattering Operators

The wave operators are defined as

Q, =s- lim eitHe itHo
t—=+too

when the right-hand strong limits exist. Then S=Q%Q_ is called the
scattering operator. According to Kato [9], Theorem X-3.2, the wave
operator, if it exists, is isometric with the final set included in (I—E(1)
+E(—-1-0)22.

The following proposition is proved by Prosser [11].

Proposition 6.1. Let Q(x) be a 4x4 matrix-valued function such
that its components are locally in L*(R3), and

|Q(x)|§(—II"-‘l’i;-sl%ﬂT (1x] = R, h>0).
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Then if f(x) is infinitely differentiable with compact support,
6.1) S+w||Qe‘“”°f|]dt< +o .

In consequence of the above proposition and Theorem X-3.7 in Kato
[9], the wave operators Q. exist for our Dirac operator satisfying the
condition (A) in §2. Our goal in this section is to show

Q. f=(Z) Ly f+(ZD*Z S

for every fe %2, and that the scattering operator is unitary. To this
end we prepare several lemmas.

Lemma 6.2. Let us define
Wy f=(Z5)* 23 [+(Z3)*Z3

for fe %2, Then W. is an isometric operator from £?* onto (I—E(1)
+E(—1-0).22, satisfying

(6.2) Z=79W% (v=p, n)
(6.3) W H=HoW*
(6.4) W gttH = gitHo /% | —0<t<+00.

(T he isometric operator W, is called the stationary wave operator.)

Proof. Since ZX(ZF) are partially isometric operators with the
initial set ([—E(1))#?(E(—1-0)%¢2) and the final set y,%2(y,2£?),
W. are isometric operators, that is,

IWe fI2=WZ)Z3 fI? + W(ZY*Z f1I?
=1ZfIP+IZ2 12 =111
Furthermore we have
Wi=(Z)*Zy +(Z)*Z5,

ZOWY=Z0(ZQ) 2 + 2202 =23
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In order to prove (6.3) we make use of Theorem 5.2 to get

WEHf=(Z)*ZF Hf +(Z)* Z 3 Hf

=ZIHVIEP+UZE (O} —EI*VIEP+UZENH ()
=ZO*VIEPFUZ2WE ) (O} =D VIEP+1ZW, ) (9}
=H,WLf

for fe D(H), which gives W¥HcH W%. The other inclusion is obtained
by an application of Theorem 5.2 again. If W% f is contained in the
domain D(H,)=s1(R3), then

VEPHIZEN O =EP+1ZYWEife L2 (v=p, n),

which implies fe D(H) by means of Theorem 5.2. Hence we have
D(H,W¥)cD(W%H). Thus (6.3) is proved, and (6.4) is a well-known
consequence of (6.3) (see the proof of Theorem X-3.2 in Kato [9]).

Q.E.D.

Lemma 6.3. Let f belong to D(H,). Then
2 QeI IR ()f = iQe IS in 7

for Imz#0 and —oo<t<+o0.

The proof of the above lemma is given by straightforward calcula-
tions in view of Proposition 2.3.

Lemma 6.4. For any real A such that |A|>1
R*(A)=R5(H)—R*(DORF(A).

Proof. The lemma is almost trivial from Propositions 2.2 and 2.3
and the (second) resolvent equation

R(z)=R(2) — R(2)QR(2)

for non-real z. Q.E.D.
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The following lemma is evident from Lebesgue’s convergence theorem.

Lemma 6.5. Let ¢(s) be an integrable function on [0, + o0).
Then

lim S' o(s)ds=lim S”’e-es(p(s)ds :
0 el0JO

t—+wo

Theorem 6.6. W, (defined in Lemma 6.2) coincides with the wave

operator Q4, i.e.,

W, =s-lim eitHe itHo
t—>+o

Proof. It is enough to show W%*Q,=I, because then, by Lemma
6.2,

Since
d _un —itHo o itH —itH ioitHO) ,—itH
——e'tlle f=jel" M (H— Hy)e ""Hof=jeitHQe~itHo

dt

in £2 for every fe D(H)=D(H,), we have
(6.5) (WieitHe o f, g)— (WX f, g)=i3;(Wie"s”Qe"'s”°ﬂ g)ds
for fe D(H) and ge 2. Lemma 6.2, (6.4), yields

(6.5)= iS;(eiSHOWiQe"'SHOf, g)ds.

By Remark 5.3 and (6.2) in Lemma 6.2 the above integrand can be
changed into

(MW 1Qe™51ef, g)

= X ((Z)*{etnsV e+ 1(ZYWEQe M of)(8)}, 9) o2

vV=p,n

=y Sna<eirvs\/|g|2+1(Zer—isHof)(é)’ (Z99)(&)>dé .

v=p,n
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Hence we have

(6.6)  (WiettfemitHof, g)—(Wif, 9)

_—.ig;ds > Sns<ei:vs~/1¢“|z+1(2¢ QeisHof)(&), (Z°9)(E) > dE .

v=p,n

Take the limit of (6.6) as t—oo. Then we see from Lemma 6.5 that
WiQ.f, 9)—(Wif, 9)

= lim i {""emds T | <o (2506 o)), (289)(©)> d

el0
R +o +o . [

=1limi T | "2 ar( " (Zi0e st el T-t0 1, (Z99)(r)) syl
el v 0

where we have used Fubini’s theorem. Let us recall the definition
(4.9) of Z#, and note Qe isHofe ¥2 for feD(H,), because of e isHof
€ D(H,) and Proposition 2.3. Then we have

Q. f, 9)—(Wif, 9)
=lim i2m)=*/2 % SM’Z""Yw((Ft(r))*Qe—“("o‘wfl =i f,
el v 0 0
(Z29)(r)) g2(s)ds
for fe D(Hy) and ge #2. Lemma 6.3 yields that
Wi, f, 9—(Wif, 9)
. +o0 +o0 d
= —timen225( a4 (Frer
£l0 v.Jo o ds
TtV =R (1, \ /12 + 1 +ie) f, (299) (r*)) zxs)ds
=lim Q)22 £{ “(FH0) QR FPF T+ 16)S, Z30) (- Narnsyrdr
el v
Since
I3 ()*QRo(1, /1 +1+18) f || g2(5) S Cla, D) fl 2

(O<asrsb<+w,0<exl)
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by virtue of Lemma 3.8, we obtain

67 (W12, 9)-(W2f g)
=@ny 222 { (FH ) ORI DL, @99) (Do

for fe¥%<DHH)NL? and Ge?PR3—-{0}). It follows from the
definition of W, that

68)  (Wif, 9)=(ZZ)'ZL 9)=2(Z3), Z39)
a2 2] (FIONS, @39 Vesrdr
for fe #2 and ge #2. (6.7) and (6.8) are combined to show
(W39, £, 9) =02 £ | “(F0) -+ ORS(, /P H D,
(Z(v)g)(r'))yl(sﬂ'zd"v
Corollary 3.9, Definition 4.1 and Lemma 6.4 give that
@m)=3 2 ((Fr)*(f+ QRE(T, /2 + 1))
=y, (r )UF ) () +(FORE(z, 2+ D) (r-)}
¥, (r ) (FOR* (2, /T2 + 1) (f+ QRY(7,\/r2 + D)) (r+)
=y (r)(F (),
where & denotes the Fourier transform. Thus we have finally
(W22, £, )= “Wr )] ), (Z30) (- Dsoyrdr
=L, = 9)

for fe#® and §e¥ZR>—{0}). As #¥® and #P(R3—{0}) are dense in
L2, we have W#Q,=I. A similar argument applies to show W*Q_
=JI. Thus we have completed the proof. Q.E.D.

Theorem 6.7. The scattering operator is unitary.
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Proof. Since the image of the isometric operator W_(W,) is (I
—E(1)+E(—1-0))#2? and the adjoint operator W% (of the isometric
operator W,) maps (I—E(1)+E(—1-0))#2 onto #? in consequence
of Lemma 6.2, the scattering operator

S=Q¥Q_=WiW_
is unitary. Q.E.D.
In concluding this paper we give the final remark.

Remark 6.8. One of our assumptions on Q(x) (in §2)

@.3) S 10(0)[Pdx < + co
|x|=Ro
for some p>3, can be replaced by a somewhat weaker condition

10(»)|?
’ S =l dy <4
(a-3) xeBI;I:HSh—y]gl Ix—yl”" Y +

for some 0<6=<1. The condition (a.3) is assumed in the present paper
and [15] merely to obtain

|L0u|2dx+C£S lu(x) | 2dx

Rg+1

02y, l0u1%xs],

for any &>0 and wuesf!(Bg,+;)- Evans [5] in his Lemma 7 (which
came to the author’s attention after the completion of [15]) proves (2.2)
under the condition (a.3)’. Therefore all our assertions hold without

Ro+1

any modifications, supposing the conditions (a.1), (a.2) and (a.3)’.

Acknowledgement. The author wishes to express his sincere gratitude
to Prof. T. Ikebe and Prof. Y. Saito for their enduring encouragements
and valuable instructions.

References

[1] Agmon, S., Lectures at the Oberwalfach symposium on mathematical theory
of scattering (1971).
[2] Agmon, S., On kernels, eigenvalues, and eigenfunctions of operators related to



[31]
[4]

[5]

(61l

[71

[81]

[91
[10]

(1
[12]

[13]

[14]
[15]

[re]

DIRAC OPERATORS 689

elliptic problems, Comm. Pure Appl. Marth., 18 (1965), 627-663.

Eckardt, K.J., On the existence of wave operators for Dirac operators, Manu-
scripta Math., 11 (1974), 359-371.

Eckardt, K. J., Scattering theory for Dirac operators, Math. Z., 139 (1974),
105-131.

Evans, W.D., On the unique self-adjoint extension of the Dirac operator and
the existence of the Green matrix, Proc. London Math. Soc., 20 (1970), 537-
557.

Hille, E. and Phillips, R.S., Functional analysis and semi-groups, Amer.
Math. Soc. Coll. Publ., 31 (1957).

Ikebe, T., Eigenfunction expansions associated with the Schrodinger operators
and their applications to scattering theory, Arch. Rational Mech. Anal., 5
(1960), 1-34.

Ikebe, T., Orthogonality of the eigenfunctions for the exterior problem con-
nected with —4, Arch. Rational Mech. Anal., 19 (1965), 71-73.

Kato, T., Perturbation theory for linear operators, Springer, Berlin, (1966).
Mochizuki, K., On the perturbation of the continuous spectrum of the Dirac
operator, Proc. Japan Acad., 40 (1964), 707-712.

Prosser, R. T., Relativistic potential scattering, J. Mathematical Phys., 4 (1963),
1048-1054.

Sobolev, S. L., Applications of functional analysis in mathematical physics,
Amer. Math. Soc., Providence, (1963).

Thompson, M., Eigenfunction expansions and the associated scattering theory
for potential perturbations of the Dirac equation, Quart. J. Math. Oxford
(2), 23 (1972), 17-55.

Titchmarsh, E. C., On the completeness problem for the eigenfunction formulae
of relativistic quantum mechanics, Proc. Roy. Soc. Ser. A, 262 (1961), 489-502.
Yamada, O., On the principle of limiting absorption for the Dirac operator,
Publ. RIMS, Kyoto Univ., 8 (1973), 557-577.

Yosida, K., Functional analysis, Springer, Berlin, (1968).






