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Introduction

In the preceding paper [4], the author tried to classify (n — 2)-

connected 2n-manifolds (n^4) with torsion free homology groups up

to diffeomorphism mod92n by completely classifying the handlebodies

of «2f(2w-hl, k, 7t + l) (n^4) up to diffeomorphism. As remarked there,

the method is also applicable to the case of sufficiently connected odd

dimensional manifolds.

In this paper, we try to classify the simply connected (2n — l)-mani-

folds (/i §6) with non-trivial homology groups only in dimensions 0,

n — 2 , / i H - l , and 2n — 1, up to diffeomorphism mod02«-i by completely
classifying the handlebodies of Jf(2n, k, n+i) (n^6) up to diffeomor-

phism. The results arc listed up or given as theorems in the next

section. Those contain the results of Tamura [10] as a special case,

that is, as the case of type O. To classify the handlebodies of jf(2n, k,

n +1) (n ̂  6) up to diffeomorphism, we use Wall's classification theorem

[11], similarly as in [4].

Throughout this paper, notations are due to those of [4], and mani-

folds are connected, closed, and differentiate.

Results

Let M be a simply connected (2n — l)-manifold (n^6) satisfying the
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hypotheses

(Hi) Hi(M) = Q except dimensions f = 0, n — 2, n + 1, and 2n — 1,

(H2) M is (?x — 2)-parallelizable.1) (This hypothesis is satisfied if

ra = 0, 1, 5, and 7 mod 8.)

Let $: Hn~2(M; Z2)-»Hn+1(M; Z2) be Adem's secondary cohomology

operation associated to S'|S'* + S|iSf| = 0. We note that there is no in-

determinacy by the homological assumption of M. Let $: Hn~2(M)

xHn~2(M)-»Z2 be a bilinear form defined by 4>(x, y) = < $x2 U y2j

[M]2>, where the suffixes 2 mean that those are considered in the

Z2-coefficient and [M] denotes the fundamental class of H2n-i(M). It

will be clear in § 1 that $ is symmetric. So that the type of M is

defined as in [4]. That is, M is of type O if rank$ = 03 of type I if

<£(*, *)^0 for some xEHn~2(M) and rank $ = k (fe = rank Hn~2(M)\

and of type II if <£(x, x) = 0 for any xeHn~2(M) and rank$ = L M

is of type (O + I) if <£(x, x)^0 for some xeHn~2(M) and 0<rank0</c9

and of rjpe (O + II) if 0(x, x) = 0 for any xeH"-2(M) and 0<rank0</c.

M belongs to some type and the type is uniquely determined (See

Lemma 1.1 of [4].)

Theorem 1. Let M be a simply connected (2n — l)-manifold (n^

satisfying the hypotheses (H^, (H2). Then, M is represented mod02B-i
m ^ following tables 1, 29 awd 3.

In these tables, A^Bft denote the (n — 2)-sphere bundles over (n

spheres with the characteristic elements v>, f$eiin(SOn-^ respectively such

that 7i(a) = 0, 7i(jft) = l for n: nn(SOn-1)-»7in(S
n-2)^Z2 (n^6), the homo-

morphism induced from the projection. v( lj is the boundary of

w(*l\ where w(*1} is a handlebody of ^(2n, 2, n + 1) such that the

link /1(5D"1
+1xo)U/2(5D5+1xo)c:aD2n by the attaching maps /1? /2

has the non-zero linking element and the normal bundles of the spheres

S?+1, with hemispheres D f + 1 x o and D?+1 in D2n,i = l,2, have the

characteristic elements al9 a2e7cB(SOB_1) respectively such that nfai)

= 7i(a2) = 0. V\1} never has the homotopy type of the connected sum of
V*2/

the two (n-2)-sphere bundles over (n + l)-spheres (cf. [4], §8 and §1).

1) This means that M is parallelizable on its (n—2)-skeleton of a triangulation.
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is also constructed from (n — l)-disk bundles over (ra

spheres Af with the characteristic elements oc£, i = l, 2, by plumbing along
S^xS1, where there are imbeddings /,: S1 xS1-^SjI+1, i = l, 2, with the

trivial normal bundles framed so that those Pontrjagin-Thom maps yield

non-trivial elements of nn+1(S
n~l)^Z2, and then by attaching two 2-cells

with thickness D2n~2 and a 3-cell with thickness D2n~3 to the boundary.

(See [3] p. 494, p. 506.)

For an integer m^O, mAK9 mB^ m(Sn+i xSn~2), mvf*1} denote the

connected sum of m-copies of Ax, Bp, S
n+1 xSn~2

9 and V ^ 1 ] respecti-

vely. We put /c = rankH,,_2(M). If M is of type (O + I), ^f = rank0?

p = k — q9 and we fix the homotopy invariant q. If M is of type II,
k = 2r. If M is of type (O + II), 2r = rank 0, p = k — 2r, and we fix the
homotopy invariant r. If n^SOn-^) has several direct summands, for

example, if a, = a\+a2 , i = l, 2, we denote F ( a i ) by F( a£ ai ) .
\a2/ \al a2/

Table 1

*0*6)

4f-l

(/:odd)

4/
(f : even)

4/+1

(/: even)

4/ + 2(>^2)

6

Type O

^ = 2f=^> a: even ^0

A:^"4-^^"-2)

^4/*Q h\™\'^'~~ -*-/\*^ ^ *^ /? t7 -^ U, J.

.xf $( Jc — T^rs*""^"^ x S*" — ̂  ̂  /7 — 0 1

trr.M^lf*™-'. * AT0' '
Aa$(k— l)(Sn+1 xSn~2), a=Q, 1, 2, 4

^(S^^4)
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The homotopy groups nn(SOn_^ (n^6) are given as follows (Kervaire

[5], Paechter [8]) and are identified with those groups under some

bases (cf. §2).

n(£7)

*„(•«?,,- 1)

8s- 1 85 8s+l 8s + 2 8s + 3 8s+4 8s + 5 8s + 6

Z Z2 + Z2 Z2 + Z2 + Z2 Z8 Z Z2 Z2 + Z2 Z8

and 7i6(S05) = 0.

The type of a handlebody W of Jt?(2n9 k, n + l)(n^6) is defined by
the bilinear form A of the corresponding (H; A, a)-system. (See [4]

p. 222.) We have

Theorem 1'. Let Ax, Bft be the (n — l)-disk bundles over (n-

spheres associated with Aa, Bp respectively. In the above tables, if we

replace Sn+1 x Sn~2, Aa, Bft, v(*l\ and % respectively by Sn+1xDn~1,
- - /a \ \a2/
A-, BB, W[ l), and the boundary connected sum operation $, then Table

\a2/
1, Table 2, and Table 3 give the complete classification of handlebodies

of ^f(2rc, k, n + i) (n^.6) up to diffeomorphism.

Theorem 2. In Theorem 1, the representation of M is unique

mod02ii-i in eacn °f the following cases when

(i) M is of type O,

(ii) M is of type I, w^8s, and

(iii) M is of type (O + I), w^8s, and

(iv) M is of type II and n = 4t—l or 8s + 4 or 6,

(v) M is of type (O + II) and n = 4t-l or Ss + 4 or 6,
and especially, in the above (i)-(v),

(vi) when n = 4t—l or 6.

Corollary 3e Let n = 4t—l (t^2) and let M be a simply connected

(2n — l)-manifold satisfying (HJ, and (H2) if t is odd. Then M is

determined by Adem's secondary cohomology operation $: Hn~2(M\ Z2)

-»H"+1(M; Z2) and the Pontrjagin class Pt(M) up to diffeomorphism

mod02 l l_j.
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10 Proofs of the Main Theorems

Let M be a simply connected (2n — l)-manifold (n^6) satisfying the

hypotheses (HJ, (H2). Then there exists a handlebody W of J^(2n, k,

n + 1), where /c = rank//n_2(M), and a homotopy (2n — l)-sphere Z such
that M = dW$Z (Ishimoto [3], p. 509).

Let W=D2n \J { \j Df+1 x DT1} and let AiieZ2^nn(S
n-2)

{ft} «=1
be the linking element (Haefliger [2]) defined by //Sjxo) in

- f i ( S f x o ) if iVy, and defined by S;B in S2n-*--f£Sjxo) slightly moved

from f i ( S ' l x o ) if /=y. Let s^ef/"-2^; Z2), i = l, 2,..., fc, be the canoni-

cal generators which are dual to the homology classes (X-xSp2)e

/fB_2(<W; Z2), x f .63Djf+1 , SjT^SDjT1, respectively. Then we have the

relation ^>ij= <0si\j Ej9[mdW]2> f°r all i,j, where [5H^]2 denotes the
mod 2 fundamental class of H2n-i(dW', Z2) (cf. [4], Lemma 8.2 and

Remark 1 of p. 251). Let ^'. Hn+1(W)xHn+i(W)-^Z2^nn+i(S
n-i) be

the corresponding pairing of W and let {el9...,ek} be the canonical base

of Hn+1(W). Then the relation ^(e^e^S^ holds by Lemma 7 of

Wall [11]. So that, we have the following commutative diagram:

Hn+i(W)xHn+l(W) ,

where i# is the isomorphism induced from the inclusion map f and D

denotes the Poincare duality, (cf. Theorem 8.3 of [4]). Thus, the type

of W defined by the bilinear form A of the corresponding (H; A, a)-

system coincides with that of M. Therefore, we have Theorem 1 by

the complete classification of the handlebodies of J>f(2n9 fe, n + i) (n^.6)

up to diffeomorphism, which has been performed in the following sec-

tions, using Wall's classification theorem [11]. Theorem 1' is the collec-

tion of the results.

If the membrane W of M is unique up to difleomorphism, then also
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M up to diffeomorphism mod02 / I_1 . If Wb 1 = 1,2, are handlebodies of

type O of Jf(2n, fc, n + l ) (n^6) and if dWl is diffeomorphic to dW2

mod0 2 n- i» tnen ^i is diffeomorphic to W2, similarly as Theorem 9.1
of [4]. So that, if M is of type O, the representation of M in Table 1

is unique mod02/i-T
Let £, be an orientable (4t — 2)-plane bundle over the 4f-sphere

(t^2) with the characteristic element y eZ^7r4f_1(SO4f_2). Then, the

Pontrjagin class Pf(£) satisfies the relation Pt(£) = ±(c17)t /Z, where

(24 if t = 2,

Cl = l 2(2*- 1)! if t is odd ^3,

l(2*-l)! if t is even ^4,

and p, is the fundamental class of PIn+1(Sn+1; Z). For, since P£(c)

= Pt(%®s)=±c(Sy)' p. where c is the number defined in [4] (p. 254)

or [10] (p. 378) and S: nn(SOn-i)-»7in(SOn) is the suspension homomor-

phism, the relation is obtained by the fact that Sy=±y if t^.3 and

Sy=±2y if t = 2, which is known from the following exact sequence

!!/ II? II?
Z Z Z

where 7i4,_2(S04f_2)^Z4 if r^3, 7T6(S06)^0, and 5(1) = 2 if f^3. (See

[4] Lemma 2.1.)

Let n = 4t-l(t^2) and let W be a handlebody of 3f(2n, k, n + 1)

with the system (H; A, a). Then, similarly as Lemma 9.2 of [4], we

have oi=±-L<pt(W)9 > = ± _L < pr(3 W), i^( ) > , where /* is thec\ ci
isomorphism induced from the inclusion map /: dW=>W. If

= dW2%^2, where P^e Jf(2w, fe, n + 1), / = !, 2, and Si are homotopy

(2n — l)-spheres, there exists a homeomorphism g: dW^-^dW2 such that

g*(i(dW2)) = 'z(dW1) (Shiraiwa [9]). So that we know the uniqueness of

the representation of M mod 92n _ 1 when n = 4t — 1 (^2) (cf . Theorem

9.3 of [4]).

This completes the proof of Theorem 2. The corollary is clear from

the above.
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2e Calculations of d and ic

Let dn: nn+l(S
n~1)(^Z2)-*nn(SOn-1) be the boundary homomor-

phism in the homotopy exact sequence of the fibering SOn_1-^SOn-»Sn~1,

and let nn: nn(SOn_-L)-+nn(S
n~2)(^Z2) be the homomorphism induced

by the projection of S0n.1 to Sn-2 = SOn_1/SOn_2. We note that the

suffix 6V of dn and nn implies that we consider at 7TII(SOII_1), though

it is irregular use.

The groups 7rB(5Oll_1), which were calculated by Kervaire [5], are

given previously in the table. Using Kervaire [5] and Paechter [8],

we can find the bases of the groups Tr^S^-i) such that the following
relations hold under the identification of the groups, where 1 denotes

the (standard) generators of the cyclic groups Z2, Z8, and Z.

Lemma 2.1.

(i) d4t.,=d4t = 0 for t^L

(ii) d4t+1^Q for t^l, more precisely,

S8l+i(l) = (l, 0, 0)eZ2 + Z2 + Z2 for s^l,
and 38s+5(l) = (l, 0)eZ2 + Z2 for s^O.

(iii) d4,+2(l) = 4GZ 8 for t^2, and 36 = 0.

Lemma 2,2,

(i) 7r4r_1=0 for t^.3, and 7t7(l) = l

(ii) 7c4f7^0 for t^l, more precisely,

and 7i;8s+4(l)=l for s^O.

(iii) 7i4f+17^0 for t^l, more precisely,

rc8s+i(l> 0, 0) = 7t8s+1(05 0, 1) = 0, 7i8s+1(0, 1, 0) = 1, for s^!9

and 7u8s+5(l, 0) = 05 7r8s+5(0, 1) = 1 for s^O.

(iv)

Proof, These lemmas are obtained, except precise informations of

7i8s, 7r4r+1, and 34f+1, by the results of Kervaire [5], using the homotopy

exact sequence of the fibering SOn,l-*SOn-*Sn~l.

If n = 8s + 4 (s^l), the generator of nJ^SO^^ is unique. If n = 4t-l
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(f^l) or 4t + 2(t^.l), we need not choose a special generator of nn

($()„_!) since the lemmas remain valid for any choice of the generator

of nn(SOn^).

Let n = 8s(s^2). By Kervaire [5], there is the sequence

0 - >7i8s+1(Fw>m_8s+I)_i±>7i8s(S08s_,) - >n8s(SOm) - »0

which is exact and splits for z^4, s^2, where m is to be large. Since

^8S+i(^n,m-8s+4) = 0, 7c8s(S08s_4)^7r8s(SOm)^Z2. Let 0l be the generator

of 7i8s(SO8s_4) = Z2 and a>l be the image of Q± by the suspension homo-

morphism nss(SOSs-4)-*7i8s(S08s_1). Let \JL be the generator of n8s+1

(Vm,m-8S+i) = Z2 given by Paechter [8] and let £ = d*00- Then, {& o>J
forms a base of 7i8s(SO8s_1) = Z24-Z2 for s^2. We adopt this. Thus,

K8s(a>i) = Q, and 7T8s(0^0 since 7r8s^0.
Let w = 8, and let t>5 be the generator of the 2-primary component

of 7C8(S
5). We note that q*: ns(SO6)-+K8(S

5), the homomorphism induced

from the projection q: S06-»S5, is an isomorphism. It is well known

that 7r8(S07)^Z2 + Z2 is generated by the homotopy class (p7°?h) and
fsj.(^j1v5), where p1(c)cf = c - c f - c for Cayley numbers ceS7, c'eS6, r\n

= E5rj2 (r\2'- S3^>S2 is the Hopf map), and /: S06^S01 is the inclusion

map. We adopt {(p7°/77), /*(^*1v5)} as the base of n^SO-j). Then,

Let « = 4r+l( t^ l ) . Let {ju'l5 ii'2}9 {^Ll9 jLi2}, and /<i" be the generators

of rc8s+6(Fm>m_8s_3)^Z2 + Z2 (5^1), n4t+2(Vmtm^)^Z2 + Z29 and n4t+2

(Vmim-4t-i) = Z2 respectively which are given by Paechter [8], and denote,

both by //, the generators of 7r6(Km>m_3)sZ2 and 7r8s+2(Fmjm_8s+1)^Z2

(s^l) also given by Paechter [8], where m is sufficiently large and fi'l9

/^ correspond respectively to the generators 0"8S+4,40^8s+358s+6) (s = l)5

(Ur+i,3°^4r,4f+2) °f Paechter [8]. Then, examining those generators, we

know that pi(M/i) = 0, p*(n'2) = nl9 p'*(ii') = Hi> P*0*i) = 0, and p^2) = ^f\

where p'\ Fmjm_4f+1->Fm)m_4f , p: Vmtm-4t-> ¥„,„-*-! are the projections.
In the homotopy exact sequence of the fibering S04t-*SOm->Vmim_4t , let

f i = d*G*i) and ?2 = 0*0^2)-
If t = 2s + l (s^O), there are the following exact sequences
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z = 3, 4, 5, where m is sufficiently large. We adopt {£1? £2} as the base

of nSs+5(SOSs+4)^Z2 + Z2 (s^O). Then, we know the precise correspond-

ence of the homomorphisms

equivalent to p'% and p* respectively, where /', i are inclusion maps.

If £ = 2s(s^l), by Kervaire [5] we have the following sequence

which is exact and splits for s^2, i^3 and s = l, i^2:

0 - >w8.+2(7Mfm_8j+l)-^7c8,+ 1(S08,-l) - >nSs+1(SOJ - >0,

where m is to be large. Since TCSs+2(Vmim_8s+3) = Q for s^l and TT IO

(^m.m-6) = 0, we know that 7r8s+1(Sr08s_3)^7T8s+1(SOm)^Z2 (s^2) and

n9(S06)^n9(SOm)^Z2. Denote those generators both by 02 and let

cQ2e7T8s+1(SO8s) (s^l) be the image of 62 by the suspension homomor-

phism. Then, {£1, £2> ̂ 2) forms a base of 5T8S+i(^8s) = 2:2 + ^2 + ^2

for 5^1, and we adopt this. So that, by p* and p*, we know the

precise correspondence of the homomorphisms

where i', i are inclusion maps.

Thus, the precise correspondences of 84t+l and 7r4f+1 is known by

the following exact sequences

Z

I
0

and this completes the proof.

3,, Classification of Handlebodies of Type O

Let If be a handlebody of jf(2n, k y t i + l),n^6. W is of type O
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if and only if the bilinear form 1 of the corresponding (H; A, a)-system

is trivial. So that, classifying the handlebodies of type O up to diffeo-
morphism comes to classifying the homomorphisms a: H->7tw(SOn_1)

up to equivalence, where H is a free abelian group of rank k and the

homomorphisms at: H->7rM(SOw_1), / = !, 2, are equivalent if and only if

there exists an isomorphism /?: H-*H such that a1 = a2°/?.

Theorem 3.1. The handlebody W of type O of jP(2n, k, n+i)

^.6) is uniquely represented up to diffeomorphism as follows:

(i) // n = 4f-

where a eZ^7r4 f_j(SO4 r_2), fl^O, especially ae2Z,a^Q9 if t = 2.

(ii) In the case when n = 4t(t^2), if n =

(0,

(iii) In the case when n = 4t+l (^2), i/ n =

where (a, 0)eZ2 + Z2^7c8s+5(SO8s+4), anJ i/ n = 8s+l (s^

or »r=

where (a, 0, 6), (1, 0, 0), (0, 0, l)eZ2 + Z2 + Z2^7t8s+1(S08s).

(iv) In the case when n = 4t + 2(t^l)9 if t^29

where 0 = 0, 1, 2, 4eZ8^n4t+2(S04t+1), and if t = l,

W=k(S1xD5).



736 HlROYASU ISHIMOTO

Proof. Since snu(u?) = k(uh ut) = 0 for each basis element ut of H9

a(H) is contained in Kern, where S: 7Cn(S
n~2)-»rcw+1(S

rn~1) (n^6) is the

suspension isomorphism. KerTr is known by Lemma 2.2, and we can

simplify and characterize a by replacing the basis of H. Those are

similar to that of Theorem 3.1 of [4]. Only a difference is the case

when n = 4t + 2(t^2). In this case Ker7i = Z8. If a(lf)c:{0, 2, 43 6}^Z4,

the case is similar to [4]. If a(H) <£{(), 2, 4, 6}, there exists a basis

{ul9...9uk} of H such that aCii^l and a(u{) = 0 for i^2. So that we

have the result.

4, Classification of Handlebodies of Type I

In this section, we classify the handlebodies of type I of J^(2n9 k9

n + l)(n^6) up to diffeomorphism, that is, the (H; A, a)-systems of type

I with rank If = k up to isomorphism. If (H ; A5 a) is a system of type I,

there is a basis of H which is orthogonal with respect to A.

Theorem 4.1. Let n = 4f-l (f^2). // f^3, f/ie handlebodies of

type 1 of ^(2n9 k, n + l) do not exist. If t = 29 i.e. n = !9 the handlebody

W of type I of Jf(2n5 fe, n + 1) is uniquely represented up to diffeomor-

phism as W=kBc9 where c is a positive odd integer of n7(SO6) = Z.

Proof. The proof is quite similar to that of Theorem 4.1 of [4].

Theorem 482e // n = 8s + 4(s^l)9 the handlebody W of type I of

, fc, n + 1) is unique up to diffeomorphism and is represented as

W=kBl9 where leZ2^n8s+4(S08s+3).

Proof. We know that a(u/)=l for any orthogonal basis {v^ of H

since A(vi9 ^) = STcoc(t;I-)=l and nSs+4 is an isomorphism by Lemma 2.2.

So that, the (H; A, a)-system of type I is unique up to isomorphism.

Theorem 430 // n = 8s(s^l), the handlebodies of type I of

k9 n + 1) are uniquely represented up to diffeomorphism as follows:

( i ) f eB ( i . o ) ,
(ii) fcB(ljl),
(iii) (fc-l)5(1>0)HS(1>1)
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(iv) (fc-

where the characteristic elements belong to 7r8s(S08s_1) =

Proof. Let W be a handlebody of type I and (H; A, a) the cor-

responding system. Since S4t = Q by Lemma 2.1, a: £jF-+Z2 + Z2^7i8s

(SOss-i) is a homomorphism. By Lemma 2.2, 7^(1) consists of (1, 0)
and (1, 1). So that, W is diffeomorphic to a boundary connected sum

of some copies of S = S(lf0) and fi' = 5(1§1). Let a = (a(1), a<2>)9 a<'>
=IY>a (z = l, 2), where p£ is the projection of Z2 + Z2 to the i-th direct

summand. Then, using the homomorphism a(1), a(2), the (H; A, a)-

systems are classified up to isomorphism, similarly as in Theorem 4.5

of [4] (We note that Assertion 1, 2, and 3 of Theorem 4.5 of [4] are

shown by a<2>, a< 3> of a = (^l\ ^2\ a<3>).)

Theorem 4.4. // n = 8s + 5 (s^l), the handlebody W of type I of

, k, n + 1) is unique up to diffeomorphism and is represented as

W=kB(OJ), where (0, l)eZ2 + Z2^7T8s+5(S08s+4).

Proof. Since 38j+5(l) = (l, 0) and 7Ei,1
+5(l) = {(0, 1), (1, 1)}, the situa-

tion is quite similar to that of Theorem 4.4 of [4].

Theorem 4.5. // n = 8s + l (s^l), the handlebodies of type I of

n, fc, n+1) are uniquely represented up to diffeomorphism as follows:

( i ) f eS ( 0 ) l j 0 ) ,

(ii) fcB(0fi,i)>
(iii) (/c~

(iv) (fc-

where the characteristic elements belong to 7r8s+1(S'08s)^Z2

Proof. By Lemma 2.1 and Lemma 2.2, 38s+1(l) = (l, 0, 0) and
7r8s1+i(l) = {(75 1> ^)» 7» ̂  = 0 or 1}. So that the situation is quite similar
to that of Theorem 4.5 of [4].

Theorem 4.6. // n = 4f + 2 (f^l), there are no handlebodies of type

I of 3P(2n9 k, n+1).

Proof. Since 7T4r + 2 = 0 by Lemma 2.2 and A(uf, t;f) = sn(x.(vt) = 1 for
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any orthogonal basis {fj of H, there arises a contradiction for any
(H; 1, a)-system of type I i f n =

50 Classification of Handlebodies of Type

In this section, we classify the handlebodies of type (O + I) of

2n, fc, n + 1) (n ̂  6) up to diffeomorphism, that is (H ; 1, a)-systems of

type (O + I) with rankH = lc up to isomorphism. For a handlebody W

of type (O + I) of jtf (2n, k, n + 1) (n ̂  6) and the corresponding system

(H; A, a), g = rank A and p = k — q are the diffeomorphism invariants of

W, more precisely, the homotopy invariants of dW, We call rank A

briefly the rank of PF.

Theorem 5.1. Let n = 4t-l (f^2). // f^3, f/ie handlebodies of

type (O + I) o/ je(2n,k,n + l) do not exist. If t=2, i.e. n = l, the

handlebody W of type (O + I) of ^f(14, fe, 8) wit/i ra^A: ^ is uniquely

represented up to diffeomorphism as W=p(Ss xD6)%qBC9 p + q = k,> where

c is a positive odd integer of

Proof. Since n4t-l = Q (t^.3) we have the former half of the theo-

rem, and since 34f_1 = 0(t^l) the latter half similarly to Theorem 5.2

of [4].

Theorem 5.20 // n = 85 + 4(s^l), the handlebody W of type (O + I)

of «^(2n, /c, n + 1) with rank q is unique up to diffeomorphism and is

represented as W=p(Sn+1 x D^^qB^ p + q = k, where 1 is the generator

of uJ,

Proof. The handlebody of type O and the handlebody of type I

are unique up to diffeomorphism by Theorem 3.1 and Theorem 4.2.

Since W is the sum of such handlebodies, we have the result.

Theorem 5.3. If w = 8s(s^l), the handlebodies of type (O + I) of

Jt?(2n, k, n + i) with rank q are uniquely represented up to diffeomor-

phism as follows:

(i)
(ii)
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(lii) XS»+1 xD»-^(q-l)B(1^B^iy (<? = 2),
(iv) p(S^xD--^(q-2)B(1)0^2B(lii) (g = 3),

(v) l(0sl)^-l)(S»+1xD«-O^B(ls0)?

where p + q = k and the characteristic elements belong to

Proof. The proof is similar to that of Theorem 5.4 of [4].

Theorem 5.4 // w = 8s + 5(s^l), the handlebody W of type (O + I)

of J^ (2/t, fc, n + 1) w/Z/i ra#A; g /s unique up to diffeomorphism and is

represented as W=p(Sn+i xD'^^qB^^ , p + q = k, where (0, 1) eZ2 + Z2

Proof. By Theorem 3.1 and Theorem 4.4, a handlebody of type

(O + I) of JF(2n, k, n + 1) with rank^f has a representation such as p(SB+1

xD»-i)^S(0jl) or ̂ (1)0)KP-1)(^+1 x/)"-1)^^.!). Let K,-? Mp; t;r..?
vq}9P + <!L = k9 be the admissible basis of H which corresponds to the
latter representation. Then, a(u i) = (19 0), a(wf) = (0, 0) if i > 1 , a^) = • • •

= a(^) = (0, 1). Replace u^ by u\=u1+2v1. Then, by Lemma 2.1, a(wi)

= (0,0). So that, there exists an admissible basis {u\9 u2,~-9 up\ vl9---9 vq}

of H which corresponds to the former representation. This implies that

those representations are equivalent.

Theorem 5.5e // n = 8s + i (sjgl), the handlebodies of type (O + I)

of J^(2n, k, n+1) with rank q are uniquely represented up to diffeomor-

phism as follows:

( i )
(ii)

(iii)

(iv)

(v)
where p + q = k and the characteristic elements belong to n8s+l(SOSs)

Proof. Since d8s+1(l) = (l, 0, 0), Ker7i8s+1 is generated by {(1,0,0),

(0, 0, 1)}, and n^+i (!) = {(?, 1, ^); y, (5 = 0, or 1}, the proof is quite
similar to that of Theorem 5.4 of [4]0
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Since ft4f+2 = 0 (rg:l) we also have

Theorem 5.6. If n = 4t + 2 (t^.1), there are no handlebodies of type

(0 + 1) of

6* Classification of Handlebodies of Type II

In this section, we classify the handlebodies of type II of J>^(2n9 k,

^6) up to diffeomorphism, that is, the (H ; A, a)-systems of type

II with rankH = fc up to isomorphism. If (H; A, a) is a system of type

II with rankH = /c, then k = 2r and H has a basis symplectic with respect

to L

Theorem 6.1. If n = 4t-l (t^2), the handlebody W of type II of

n, /c, ft + 1) is represented uniquely up to diffeomorphism as

where k = 2r and deZ^n4t_l(SO4t-2)> especially de2Z if t = 2.

Proof. Since a4,_1=0 (f^l), a:H-^7c4,_1(SO4,_2)^Z(^2) is a homo-

morphism, and since S7ra(^) = 571^/^=0 and Ker7c7 = 2Z, we have the

theorem by Lemma 6.1 of [4],

Theorem 6.2. // n = 8s + 4 (s^l), the handlebody W of type II of

3SF (2n, k, n + 1) is unique up to diffeomorphism and is represented as

k = 2r.

Proof. Since 7r8s+4: 7r8s+4(S08s+3) = Z2->7i8s+4(S
8s+2) = Z23 s^i9 is an

isomorphism by Lemma 2.2, a(ef) = a(/j) = 0 for all i, j = l, 2,-°-, r. So

that we have the theorem.

Theorem 6.3. // n = 8s(s^l), the handlebody W of type II of

n, k, n + 1) is represented uniquely up to diffeomorphism as
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where k = 2r and (03

Proof. Since d4t = Q (t^l), a is a homomorphism. The image of a

is in Ker7i8s = o + Z2czZ2H-Z2 = 7r8s(S08s_1). So that we have the theorem

by Lemma 6.1 of [4].

Theorem 6 A // rc = 8s + 5 (s^l), the handlebody W of type II of

rc, k, n+1) is uniquely represented up to diffeomorphism as

where k = 2r and (

Proof. Since Ker 7i8s+5 = Z2 + Oc=:Z2 + Z2 = 7r8s+5(S08s+4) and 58s+5(l)

= (1, 0)eKer7r8s+5 by Lemma 2.1 and Lemma 2.2, we know that a(H)

c=Ker7T8s+5. So that a is regarded as a quadratic form over Z2, and is

classified by the Arf invariant. 2)

Theorem 6.5. // n = 8s + l (sg:l), the handlebodies of type II of

n, k, n + l) are uniquely represented up to diffeomorphism as follows:

where k = 2r, and (0, 0, 1), (1, 0, 0), (05 0, d), and (d, 0, 0) belong to

Proof. Since Ker 7r8s + ± = Z2 + o + Z2 c Z2 + Z2 + Z2 = n8s+ i(S08s) and

d8s+1 =(1, 0, 0)eKer7c8s+1, we know that a(If)c:Ker7r8s+1. So that, we

have the theorem similarly to Theorem 6.5 of [4].

Theorem 6.6. // n = 4* + 2 (*^1), the handlebodies of type II of

n, k, n + 1) are represented uniquely up to diffeomorphism as follows:

If t>2,

2) See, for example, Browder [1] p. 55.
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( i )

(ii)

(iii)

and if t=l, i.e. n = 6,

(iv)

w/zere fc = 2r awd £/?e characteristic elements 0, 1, 2, awd 4 belong to

Proof. Let (H ; A, a) be a system of type II with rank H = k = 2r,

and let {el9fi9...9 er,fr] be a symplectic base of H. If M^), ocCfiV"?

«(*r), «(£)}<= {0,2, 4,6} cZ8, then oc(H) c {0, 2? 4, 6} s Z4 since a4,+2 = 4

(^2) by Lemma 2.1. So the situation is quite similar to that of Theo-

rem 6.7 of [4], and we have the results (i)9 (ii).

If a(H)cf:{052,456}5 we may assume that {a ,̂ o(/i)} * {0, 2, 4, 6},

i = l f2,-,s,s^l, and (oC^), «C/})}c{0, 2, 4, 6},7 = s+l, s + 2,-f r. Per-

forming some elementary transformations to { e i 9 f y , we may assume that

(a(ef),oc(/f)) = ( l ,0) , i= l ? 2 r - ? 5 9 and (a(^)3 a(/J-)) = (0, 0), or (2, 0), or

(4,4), 7 = s+ l , s + 2,-,r. But, each pair (o(^), oC/})) = (2, 0) or (4,4)

can be killed using a certain pair (a(^), a(/f)) = (l, 0) by adopting the

new basis elements e'j = ej — 2ei,f'j=fj, or e'j = ej — 4ei,f'j=fj — 4fi. So

that, there exists a symplectic base {el5 /!,-••, e r , f r } of H such that each

pair (a(^.),a(/f)) = (0,0), or (1, 0), i = l, 2,.-, r. If (afa), a(/,)) = (a(ey),

a(/,)) = (l,0), ,V7, let «J = ̂  + 2C/i-/y),/i=/i-/7^} = ̂ -^ + 2(/|-/7), and

/;.=/,. Then, we have (a(e,)? </,)) = (!, 0), (a(^), a(/y)) = (0? 0).

Thus, if a(H)c):{0,2,4,6}, there exists a symplectic base {e'l9f
f
l9—9 ef

r9

/;} of H such that (a(^), a(A)) = (l,0), and (a(e'2), a(/'2))=-=(a«),

a(/J.)) = (0, 0). This implies that the corresponding handlebody is diffeo-

morphic to (iii).

If t = 2, we have (iv) since 7u6(S05)sO. This completes the proof.

7* Classification of Handlebodies of Type (O + II)

In this section, we classify the handlebodies of type (O + II) of
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2n, k, « + l) (n ̂ 6) up to diffeomorphism, that is, the (H; 1, a)-systems

of type (O + II) with rankH = /c up to isomorphism. For a handlebody

W of type (O + II) of j>F(2n, k, n + l) (n^6) and the corresponding system

(Hi A, a), 2r = rank A and p = k — 2r are the diffeomorphism invariants of

W, more precisely, the homotopy invariants of dW. We call rank A

briefly the rank of W.

Theorem 7.1. // n = 4f— 1 (f^2), ffce handlebodies of type (O + II)

o/ Jf (2ft, /c, n + 1) wff/1 raft/t 2r are uniquely represented up to diffeo-

morphism as follows:

(i) Aj(p

(ii)

where

In (i) anrf (ii), if t = 2 then a and d are even.

Proof. Since 54f_1=0, 7T4 f_1=0 (^3), and 7T7(1) = 1, the proof is

quite similar to that of Theorem 7.2 of [4].

Theorem 7.2. // n = 8s + 4(s^l), the handlebody W of type (O + II)

of Jf(2/7, /<:, fl + i) w/f /7 ra«/<: 2r /s unique up to diffeomorphism and is

represented as

Proof. If n = 8s + 4 (sgrl), the handlebodies of type O and type II

are respectively unique up to diffeomorphism by Theorem 3.1 and Theo-

rem 6.2. So that, we have the result.

Theorem 7.3. // n = 8s(s^l), the handlebodies of type (O + II)

of e^(2fi, fc, n + 1) wz'J/z ra/tfc 2r are uniquely represented up to diffeo-

morphism as follows:

(i) *(0.W*(P-1)(S"+1 xfl"-!)^ JJJ ) ,

(ii) KS"+ 1xD"
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where p + 2r = k and (0, ft), (0, l)eZ2 + Z2^TC8s(S08s_1).

Proof. By Theorem 3.1 and Theorem 6.3, the handlebody of type

(O + II) with rank IT has a representation such as

where (0, fo), (09 ̂ )eZ2 + Z2^7r8s(S08s_1) and p + 2r = k. Since S8s = 0, a

is a homomorphism, and a(H)cKer7r8s = {(03 0), (0, 1)}^Z2 for any

(H; A, a)-system of type (O + II). Let (H; A, a) be a system of type (O +

II) with rank 2r and let {u^---, up; e l 9 / l 5-°°, e n f r } be an admissible base

of H(p + 2r = k). If a(u1) = a(e1) = (0, I), let e'^e^ + u^ Then a(e\)

= (0? 0). So that, any case can be reduced to one of the following

three :

(1) a is the zero homomorphism.

(2) a(w1) = (0, 1) and a takes (0, 0) for any other basis elements.

(3) a(e1) = (05 1) and a takes (0, 0) for any other basis elements.

These three are independent. Because, if the case (2) is equivalent to

(3), that is, if there are the two admissible bases {w l 5 - - - 5 up; el9 /!,•••, er,

/rh{Mi.-,«;;«i,/i,-, «;,/;} of H satisfying (2), (3) respectively, then,
by Lemma 7.1 of [4], there exists an unimodular matrix T such that

(MI ,—, Kp, '*i , / i ,— , e'r,f
r
r}

t

p 2r

(M O \] p
T= (mod 2),

\* Lj}2r

and L is mod 2 symplectic. But, since a(2)(«J) = ^1=0 (mod 2), |M| = 0

(mod 2). This contradicts to |T| = 1. So that, the (H; /I, a)-systems cor-

responding to the above cases are independent up to isomorphism. This

completes the proof.

Let n = 4t+l(t^2). If t = 2s + l (s^l), then 38-+5(l) = (l, 0)eZ2

= Kss+s(SO8s+4), Ker7r8s+5^Z2 + 0, and so a(H)c=Ker7i8s+5 for any

(H ; A3 a)-system of type (O + II). So that, the situation is quite similar

to that of Theorem 7.3 of [4]. If t = 2s(s^i), then 58s+1(l) = (l, 0, 0)

), Ker7i85+1=Z2 + o + Z2, and so a(H)cKer 7C8&+1
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for any (//; A, a)-system of type (O + II). So that, the situation is quite

similar to that of Theorem 7.5 of [4]. Thus, we have the following

theorems.

Theorem 7 A // n = 8s + 5(s^l), the handlebodies of type (O + II)

of 3? (2n, k, n + 1) with rank 2r are uniquely represented up to diffeo-

morphism as follows:

(0 %o)^

(ii) p(S"+1 x

where p + 2r = k and (a, 0), (1, 0) belong to Z2 + Z2 = n8s+5(S08s+4).

Theorem 7,5, // n = 8s + l (s^l), the handlebodies of type (O + II)

of 3? (2n, fe, n + 1) with rank 2r are uniquely represented up to diffeo-

morphism as follows:

(i) p(Sn+1 xD"-1)^^, where W1 is a handlebody of type II

of JF(2n, 2r,

fin A *(0-n(s«+ ix/) ' ' -nw(u"" ' infr-iwfO O O N iy ii j •**-{ 1 0 0 ) \r ) \ ) \ n n n i \ ) \ f^ A O / *

fiift i n f D -n f s» + ixD»-nn^ " u "Ufr- iW O O O N iuu; ^(c.G,!)11^ iA-3 X1/ ) H r r \ jnn >*v ' V 0 0 0 y ;

(iv) ^ ( i . o^ (p - l ) (S - + 1 x l ) - - i ) t | »F l i ( r - l ) ^

(v) A^o^^co^^^P

p + 2r = /c anrf f/ie characteristic elements belong to Z2 + Z2

If n = 4^ + 2(t^l), the situation is slightly different form that of [4]

since n4t+2(SO4t+l)^Zs.

Theorem 7,69 // n = 4t + 2(t^l), the handlebodies of type (O + II)

of 3? (2n, k, n + 1) with rank 2r are uniquely represented up to diffeo-

morphism as follows:

(i)

(ii)
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(iii)

(iv)

(v)

(vi)

w/iere during (i)-(vi), t^29 p + 2r = /c, and £/ie characteristic elements

belong to Z8^n4t+2(SO4t+l), and

(vii) p(S7xD5)%rw(®\ p + 2r = k, if t = l i.e. n = 6.

Proof. Let t^2. Then 34,+2(l) = 4eZ8£7c4,+2(SO4,+ 1). Let (H ; A,

a) be a system of type (O + II) with ra/ifc 2r. If oc(H) c {0? 2, 4, 6}

( = Z4)cZ8;) then the situation is quite similar to that of Theorem 7.7

of [4]. So that, we have the results (i)-(iv). Let a(H ) * {0, 2, 43 6}

and let {H!,--, t/p; e1? /!,-••, en/r} be an admissible base of H. Then,

(a) *({ul9-,up})<t{0929496}9

or (b) oc({el5/l5-5^/r})ct:{0,25496}8

If (a)5 we may assume that ce^^i, oc(w^) = 0 for f^2. If (b)9 we may

assume that (a^J, a(/t )) = (!, 0) and (a(ej), a(/J-)) = (0, 0) for all y^2,
as in the proof of Theorem 6.6.

If (a) and (b), replacing ei by £1=^ — wl3 there is an admissible

base {u'i9-9u'p;e'l9fl9~.9e'r9fr} of If such that a(iii) = l, a(ii;) = 0 for

i^2, and (a(e'y), a(/})) = (0, 0) for all j. If (a) and not (b) i.e. oe({el9

/!,-••, en/J)c:{0, 2, 4, 6}, we may assume that a(M1) = l, a(M,-) = 0 for j^2

and (a(e7-), a(/J-)) = (0, 0), or (2,0), or (4,4) for all j by some elementary

transformations of symplectic bases. Then, by replacing ej or /j by

e'j = ej + lu1 or f'J=fj + mul (i, m: integers), there is also an admissible

base { u r
l 9 - 9 u t

p ' 9 e t
l 9 f r

l 9 ' " 9 e r
r 9 f f

r } of H such that ^'0 = 1, a(^)=0 for

f^2, and (a(e})9 a(/})) = (0, 0) for all j. If not (a) but (b), we may

assume that a(w1) = 0, or 2, or 4, a(wf) = 0 for i^>2, and (oc^), oc^))

= (l,0),(o(^),aC/i)) = (0,0) for j^2. Then, by replacing MI by 11^
= ui+2le1 (I: integer), there is an admissible base {uf

l9"-9 u'p; e\9f
r
l9-",

e'r9f'r} of H such that a(uj) = 0 for all i and (a^), a(/!)) = (l, 0),
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Thus, for any (H; A, a)-syslem of type (O-fll) with rank 2r, there

is an admissible base {«!,••-, up\ e l 9 f l 9 > ~ , er,fr} of H such that

(1) aCu^l, «(!!;) = 0 for /^2, and (a^.), a(/j)) = (0, 0) for all j,

or (2) a(iif) = 0 for all i, and (afo), «(/i)) = (l, 0), (a^), a(/,)) = (0, 0)
for j^2.

Now, we can show that the cases (1) and (2) are independent of

each other, using Lemma 7.1 of [4] as in the proof of Theorem 7.3.

So that, the two (H; A, a)-systems corresponding respectively to the

cases (1) and (2) are not isomorphic. Thus, we have the results (v),

(vi).

If f = l , since 7T6(S05) = 0, we have the result (vii). This completes

the proof.
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