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Intreduction

In the preceding paper [4], the author tried to classify (n-—2)-
connected 2n-manifolds (n=4) with torsion free homology groups up
to difftomorphism mod#,, by completely classifying the handlebodies
of #(2n+1, k, n+1) (n=4) up to diffeomorphism. As remarked there,
the method is also applicable to the case of sufficiently connected odd
dimensional manifolds.

In this paper, we try to classify thc simply connected (2n— I)-mani-
folds (nz6) with non-trivial homology groups only in dimensions 0,
n—2,n+1, and 2n—1, up to diffcomorphism mod#f,,_, by completely
classifying the handlebodies of #(2n, k, n+1) (n=6) up to diffeomor-
phism. The results arc listed up or given as theorems in the next
section. Those contain the results of Tamura [10] as a special case,
that is, as the case of type O. To classify the handlebodies of +#(2n, k,
n+1) (n=6) up to diffeomorphism, we use Wall’s classification theorem
[11], similarly as in [4].

Throughout this paper, notations are due to those of [4], and mani-
folds are connected, closed, and differentiable.

Results

Let M be a simply connected (2n—1)-manifold (n=6) satisfying the
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hypotheses

(H,) H{M)=0 except dimensions i=0, n—2, n+1, and 2n—1,

(H,) M is (n—2)-parallelizable.!) (This hypothesis is satisfied if

n=0, 1,5, and 7mod8.)

Let &: H"2?(M; Z,)-»H"'(M;Z,) be Adem’s secondary cohomology
operation associated to S3Si+S5252=0. We note that there is no in-
determinacy by the homological assumption of M. Let ¢: H* 2(M)
x H""2(M)—Z, be a bilinear form defined by ¢(x, y)=<dx,U y,,
[M],>, where the suffixes 2 mean that those are considered in the
Z,-coefficient and [M] denotes the fundamental class of H,,_;(M). It
will be clear in §1 that ¢ is symmetric. So that the type of M is
defined as in [4]. That is, M is of type O if rank¢$=0, of typel if
d(x, x)#0 for some xeH" 2(M) and rank¢=k (k=rank H" 2(M)),
and of type I if ¢(x, x)=0 for any xe H*" 2(M) and rank¢=k. M
is of type (O+1) if ¢(x, x)#0 for some xe H* " 2(M) and O<rank¢p<k,
and of type (O+11) if ¢(x, x)=0 for any xe H* 2(M) and O<rank ¢ <k.
M belongs to some type and the type is uniquely determined (See
Lemma 1.1 of [4].)

Theorem 1. Let M be a simply connected (2n—1)-manifold (n=6)
satisfying the hypotheses (H,), (H,). Then, M is represented mod®8,,_,
as shown in the following tables 1, 2, and 3.

In these tables, A4,, B, denote the (n—2)-sphere bundles over (n+1)-
spheres with the characteristic elements «, fen,(SO,_) respectively such
that n(¢)=0, n(f)=1 for =: x,(SO,_,)—>n,(S""2)=Z, (n=6), the homo-
morphism induced from the projection. V(Z;) is the boundary of
W(ai)’ where W( >xs a handlebody of s#(2n, 2, n+1) such that the
link f,(0D3*1t xo)Ufz(aD"+1 x0)<odD?" by the attaching maps fi, f
has the non-zero linking element and the normal bundles of the spheres
Syl with hemispheres D}*!1xo and D?*! in D27, i=1,2, have the
characteristic elements o, a, €7,(SO,_;) respectively such that (o)
=7(a,)=0. V<“1>never has the homotopy type of the connected sum of
the two (n—2)-sphere bundles over (n+ 1)-spheres (cf. [4], §8 and §1).

1) This means that M is parallelizable on its (z—2)-skeleton of a triangulation.
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W(i;) is also constructed from (n—1)-disk bundles over (n+1)-
spheres A; with the characteristic elements o;, i=1, 2, by plumbing along
S1xS!, where there are imbeddings f;: S!x S!->Srt! i=1,2, with the
trivial normal bundles framed so that those Pontrjagin-Thom maps yield
non-trivial elements of =,,,(S*"1)~Z,, and then by attaching two 2-cells
with thickness D2?"~2 and a 3-cell with thickness D2"~3 to the boundary.
(See [3] p. 494, p. 506.)

For an integer m=0, mA,, mBy, m(S"*! x S"~2), mV(oc ;) denote the

connected sum of m-copies of A,, By, S"*!1xS""2, and V( ) respecti-
vely. We put k=rankH,_ ,(M). If M is of type (O+I), g=rank¢,
p=k—gq, and we fix the homotopy invariant q. If M is of type II,
k=2r. If M is of type (O+Il), 2r=rank¢, p=k—2r, and we fix the
homotopy invariant ». If 7,(SO,_;) has several direct summands, for

1 g1
example, if o;=a} +ab, i=1, 2, we denote V<§;> by V(g% g%).

Table 1
n(=6) Type O
AF(k—1)(S"™1x §%2), @20
4t —1
t=2=— a:even =0
4t n+1 n—2
(t: odd) (S X 5m7%)
4 -
(t: even) A(o,b)#(k—l)(S'H'l XS” 2), b=0, 1
441 _
£ odd) Aofk—1)(S™ 1 x S"2),  g=0,
441 Ago.pfk—1)(S™1 x S*2),  a,b=0, 1
(¢: even) Ac1,0,008 40,0, ¥k —=2)(S"H1 x §"2)
4+2(22) | AFK=D(S™IXS72),  a=0,1,2,4
6 k(57 x 54)
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The homotopy groups n,(SO,_,) (n=6) are given as follows (Kervaire
[5], Paechter [8]) and are identified with those groups under some
bases (cf. §2).

n (27 lss—1 8s 8s+1  85+2 85+3 8s+4 8s5+5 8s5+6

TC"(SO,,_I) VA Zz+Zz ZZ+ZZ+ZZ ZS Z ZZ Zz+Zz ZS

3

and 74(S05)=0.

The type of a handlebody W of s#(2n, k, n+1) (n=6) is defined by
the bilinear form A of the corresponding (H; A, )-system. (See [4]
p- 222.) We have

Theorem 1. Let A, B; be the (n—1)-disk bundles over (n+1)-
spheres associated with A,, By respectively. In the above tables, if we
replace S"*1xS""2, A,, By, V(Zzl), and % respectively by S"t1xDn1
A, By, W(Z;), and the boundary connected sum operation 4, then Table
1, Table 2, and Table 3 give the complete classification of handlebodies
of #(2n, k, n+1) (n=6) up to diffeomorphism.

Theorem 2. In Theorem 1, the representation of M is unique
mod 0,,_, in each of the following cases when

(i) M is of type O,

(ii) M is of type I, n#8s, and n#8s+1,

(iii) M is of type (O+1I), n#8s, and n#8s+1,

(iv) M is of type Il and n=4t—1 or 8s+4 or 6,

(v) M is of type (O+11) and n=4t—1 or 8s+4 or 6,
and especially, in the above (i)-(v),

(vi) when n=4t—1 or 6.

Corollary 3. Let n=4t—1(t=2) and let M be a simply connected
(2n—1)-manifold satisfying (H,), and (H,) if t is odd. Then M is
determined by Adem’s secondary cohomology operation ®: H""2(M; Z,)
—-H"tY(M; Z,) and the Pontrjagin class P(M) up to diffeomorphism
mod 0,,_;.
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1. Proofs of the Main Theorems

Let M be a simply connected (2n— 1)-manifold (n=6) satisfying the
hypotheses (H,), (H,). Then there exists a handlebody W of +#(2n, k,
n+1), where k=rankH, ,(M), and a homotopy (2n—1)-sphere X such
that M=0W#ZX (Ishimoto [3], p. 509).

Let W=Dy {U Dy xDy} and let JyeZ,~m,(S"2) (n26)
be the linking é{e;nelﬂtl (Haefliger [2]) defined by fi(S?xo0) in S2*~!
—f(Stxo0) if i#j, and defined by Si* in S2"~1—f(S?x0) slightly moved
from fi(Stxo) if i=j. Let ;e H"2(0W; Z,), i=1, 2,..., k, be the canoni-
cal generators which are dual to the homology classes (x;xS! 2)e
H,_,(0W; Z,), x;€dD!*t, S+=2=0D?1, respectively. Then we have the
relation A;;=<®¢; Uej, [0W],> for all i,j, where [0W], denotes the
mod2 fundamental class of H,,_,(0W; Z,) (cf. [4], Lemma 82 and
Remark 1 of p.251). Let A:H, (W)xH, (W)-»Z,=mn,, (8" !) be
the corresponding pairing of W and let {e;,..., ¢,} be the canonical base
of H,;((W). Then the relation A(e;, e))=SA; holds by Lemma 7 of
Wall [11]. So that, we have the following commutative diagram:

Hn+ 1(W) X Hn+1(W)

i*xi*[ ~ RN
Hos 1(0W) % Hoy s OW) A
DxD I = ¢/
H"2(0W) x H"-2(3W) /

where i, is the isomorphism induced from the inclusion map i and D
denotes the Poincaré duality. (cf. Theorem 8.3 of [4]). Thus, the type
of W defined by the bilinear form A of the corresponding (H; 4, o)-
system coincides with that of M. Therefore, we have Theorem 1 by
the complete classification of the handlebodies of +#(2n, k, n+1) (n=6)
up to diffeomorphism, which has been performed in the following sec-
tions, using Wall’s classification theorem [11]. Theorem 1’ is the collec-
tion of the results.

If the membranc W of M is uniquc up to diffeomorphism, then also
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M up to diffeomorphism mod0,,_,. If W, i=1,2, are handlebodies of
type O of s#(2n, k, n+1) (n=6) and if oW, is diffeomorphic to oW,
modf,,_,, then W, is diffeomorphic to W,, similarly as Theorem 9.1
of [4]. So that, if M is of type O, the representation of M in Table 1
is unique mod®,,_,.

Let ¢ be an orientable (4¢1—2)-plane bundle over the 4t-sphere
(t=z2) with the characteristic element yeZ=~m,_,(SO4-,). Then, the
Pontrjagin class P,(&) satisfies the relation P,(£)= +(c,y)* i, where

24 if t=2,
c;=12Qt-1)! if tis odd =3,
I(2t—1)! if tis even =4,

and j is the fundamental class of H"*!(S"*!; Z). For, since P/¢§)
=P,((®e)=+c(Sy)- i where ¢ is the number defined in [4] (p.254)
or [10] (p.378) and S: n,(SO,_;)—n,(SO,) is the suspension homomor-
phism, the relation is obtained by the fact that Sy=+yp if t=3 and
Sy=+2y if t=2, which is known from the following exact sequence

Ta—1(804-5) 51y, (SO ) —> 74y - 1(84772) 2y, 5(S04,-5),
IR IR IR
VA Z Z,

where 74, 5(SO4-,)=Z, if t=3, 14(S06)=0, and d(1)=2 if t=3. (See
[4] Lemma 2.1.)

Let n=4¢t—1(t=2) and let W be a handlebody of +#(2n, k, n+1)
with the system (H; 4, ®). Then, similarly as Lemma 9.2 of [4], we
have oc=i—CIT<P,(W), >=i?11~<P,(6W), iz!( )>, where i, is the
isomorphism induced from the inclusion map i: dW=W. If oW,
=0W,#Y,, where W,es#(2n, k, n+1),i=1,2, and Y, are homotopy
(2n—1)-spheres, there exists a homeomorphism g: W, —0W, such that
g*(t(0W,))=1(6W,) (Shiraiwa [9]). So that we know the uniqueness of
the representation of M mod#@,,_; when n=4t—1(¢t=2) (cf. Theorem
9.3 of [4]).

This completes the proof of Theorem 2. The corollary is clear from
the above.
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2. Calculations of d and =

Let 0,:m,.,.(S" V)(=Z,)-»n,(SO,_,) be the boundary homomor-
phism in the homotopy exact sequence of the fibering SO,_;—S0,—S""1,
and let =,: 7,(SO,_,)-n,(S""2)(xZ,) be the homomorphism induced
by the projection of SO, , to S*"2=S0,_,/SO,_,. We note that the
suffix “n” of 0, and =, implies that we consider at ,(SO,.;), though
it is irregular use.

The groups =,(SO,_,), which were calculated by Kervaire [5], are
given previously in the table. Using Kervaire [5] and Paechter [8],
we can find the bases of the groups =,(SO,_;) such that the following
relations hold under the identification of the groups, where 1 denotes
the (standard) generators of the cyclic groups Z,, Zg, and Z.

Lemma 2.1.

(1) 04-1=04=0 for 121.

(ii) 0O441#0 for t=1, more precisely,
0ss+1(1)=(1,0,0€Z,+Z,+Z, for s=1,

and 0g,.5(1)=01,0€Z,+Z, for s=0.

(iii) 044,(1)=4€Zg for t=2, and 0¢=0.

Lemma 2.2.

(i) m4-1=0 for t=3, and n,(1)=1
(ii) 7w, #0 for t=1, more precisely,
ng(1, 0)=1, 750, 1)=0 for s=1,
and mgy.4(1)=1 for s=0.
(iii) 7441 #0 for t=1, more precisely,
fger1(1, 0, 0)=mg,,1(0, 0, 1)=0, 7g,..,(0, 1, 0)=1, for s=1,
and Tgeys(1, 0)=0, mg,, 50, 1)=1 for s=0.
(iv) 744,=0 for t=1.

Proof. These lemmas are obtained, except precise informations of
Tge Tar+1, and 0444, by the results of Kervaire [5], using the homotopy
exact sequence of the fibering SO,_,—S0,—»S" 1.

If n=8s+4 (s=1), the generator of 7,(SO,_,) is unique. If n=4t-1
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(t=1) or 4t+2(t=1), we need not choose a special generator of m,
(S0,_,) since the lemmas remain valid for any choice of the generator
of n,(SO,_1).

Let n=8s (s=2). By Kervaire [5], there is the sequence

00— g4 I(Vm,m—8s+1)£> Tg(SO0gs— 1) — 75(SO,,)—0

which is exact and splits for i<4, s=2, where m is to be large. Since
Tgs+ 1(Vim—ss+4) =0, Mg(SOg,_4) = 1g(S0,)=Z,. Let 0; be the generator
of 7g(SOg,_4,)=Z, and w, be the image of 0; by the suspension homo-
morphism 7g(SOg,_,)—75(SOg,—,). Let p be the generator of mgg,,
(Vm-sgs+1)=Z, given by Paechter [8] and let £=0,(u). Then, {¢ w,}
forms a base of 7g(SOgs_1)=Z,+Z, for s=2. We adopt this. Thus,
g (w,)=0, and 7g(£)#0 since mg #0.

Let n=8, and let vs; be the generator of the 2-primary component
of ng(S°). We note that g,: ng(SO¢)—7ng(S?), the homomorphism induced
from the projection q: SO¢—S>, is an isomorphism. It is well known
that 7mg(SO,)xZ,+Z, is generated by the homotopy class (p,on;) and
i(qzlvs), where p(c)c’=c-c¢’-¢ for Cayley numbers ceS7, ¢ eS°, 5,
=E%n, (n,: S3—S? is the Hopf map), and i: SO4—SO, is the inclusion
map. We adopt {(p;on4), ix(q5'vs)} as the base of ugz(SO,;). Then,
mg(ix(g3%'05))=0, and mg((p7°17))#0 since mg#0.

Let n=4t+1(t=1). Let {u}, u5}, {it1, 42}, and u” be the generators
of wgsr6(Vim—ss-3)=Z2+Zy (52 1), gr s 2(Vium-a)=Z,+Z;, and w4y,
(Viem-ar-1)=Z, respectively which are given by Paechter [8], and denote,
both by u', the generators of we(Vim-3)=Z, and 7ggy(Vym—ss+1)=Zs
(s=1) also given by Paechter [8], where m is sufficiently large and y/,
u; correspond respectively to the generators (iggiq,4°0g5+3,8s5+6) (S=1),
(i4r+1,3°M41,41+2) of Paechter [8]. Then, examining those generators, we
know that pi(u))=0, pi(u)=p PR() =41, Ps()=0, and pu(u,)=pn",
where  p': Vym—ar+1= Viam-at» P2 Vym-ar=>Viam-ae—1 are the projections.
In the homotopy exact sequence of the fibering SO,,—S0,—-V,, ,_4, let
$1=04(uy) and &, =04(p,)-

If t=25+1 (s=0), there are the following exact sequences

O«
0="g+6(S0p) — Mg+ 6(Vinm—85-1) = Tes+ 5(SOgs+) — Mg+ 5(SO,) =0,
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i=3,4,5, where m is sufficiently large. We adopt {&,, £,} as the base
of 7ge15(SOgsra)=Z,+Z, (s=0). Then, we know the precise correspond-
ence of the homomorphisms

Tge+ 5(SOgg4 3)—— s 5(SOgg 4 4) > Mg 5(SOgg 1 5)

equivalent to pl and p, respectively, where i’, i are inclusion maps.
If t=2s(s=1), by Kervaire [S] we have the following sequence
which is exact and splits for s=2,i<3 and s=1, i<2:

0—_)7!8s+2(Vm,m—8s+i)ﬂ"n8s+ 1(80g5_ ) —> 1554 1(SO0,,)—0,

where m is to be large. Since 7mgeyy(Vym-ss+3)=0 for s=1 and m,,
(Vum-6)=0, we know that mg, (SOgs—3)=mger1(S0,)=Z, (s=22) and
9(S04)xo(SO,)=Z,. Denote those generators both by 6, and Ilet
W, ETgg11(SOg,) (s=1) be the image of 6, by the suspension homomor-
phism. Then, {¢,,¢&,, w,} forms a base of ng., (SOg)=Z,+Z,+2Z,
for s=z1, and we adopt this. So that, by pi and p,, we know the
precise correspondence of the homomorphisms

Tgst1(SOgs— 1)i‘> Tgs+1(SO0gs) 2> Mg 4 1(SO0gs1 1),

where i’, i are inclusion maps.
Thus, the precise correspondences of 0., and m,.,; is known by
the following exact sequences

T4r41(S044-1)
0— 7T4tz+2(5““)a4—ti>1 T4+ 1(804) 257 4111(804,41)—0,
Il ’

Z,

T4t +1
T4 (S* )2 Z,
and this completes the proof.

3. Classification of Handlebodies of Type O

Let W be a handlebody of +#(2n, k, n+1),n=6. W is of type O
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if and only if the bilinear form A of the corresponding (H; A, a)-system
is trivial. So that, classifying the handlebodies of type O up to diffeo-
morphism comes to classifying the homomorphisms o: H-n,(SO,_;)
up to equivalence, where H is a free abelian group of rank k and the
homomorphisms ¢o;: H-n,(S0,_,), i=1, 2, are equivalent if and only if
there exists an isomorphism h: H—H such that o =o,oh.

Theorem 3.1. The handlebody W of type O of #(2n, k, n+1)
(n=06) is uniquely represented up to diffeomorphism as follows:

(i) If n=4t—-1(t22),
W=/‘1'ah(k_])(5'n+1 XD"—I),

where aeZ=m,_ (S04, _,), a=0, especially ae2Z, a=0, if t=2.
(ii) In the case when n=4t (t=2), if n=8s+4(s=1),

W=k(Sn+1 an—l),
and if n=8s (s=1),
W= ’Z(O,b)h(k— 1)(S"+1 X Dn_l),

where (0, b)€ Z,+Z, 271 (S0g,-1).
(iii) In the case when n=4t+1 (t=22), if n=8s+5 (s=1),

W=A4,08(k—1)(S"*1 x D"~ 1),
where (a,0)eZ,+Z,2ng,, 5(SOgs14), and if n=8s+1 (s=1),
W=A4,0ni(k—1)(S"*1 x D"~ 1),
or W=A40,0)840,0,1)8(k—2)(S"*1 x D""1),

where (a, 0, b), (1,0,0), (0,0, )eZ,+Z,+Z,=27ng,, (SOgy).
(iv) In the case when n=4t+2 (t=1), if t=2,

W=A4,8(k—1)(S**! x Dn—1),
where a=0,1,2,4€Zg27n4, (S04 +1), and if t=1,

W=k(S" x D%).
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Proof. Since smou;)=A(u;, u;)=0 for each basis element u; of H,
o(H) is contained in Kerm, where S: 7,(S* 2)—m,,(S"" 1) (n=6) is the
suspension isomorphism. Kerz is known by Lemma 2.2, and we can
simplify and characterize o by replacing the basis of H. Those are
similar to that of Theorem 3.1 of [4]. Only a difference is the case
when n=4t+2 (t=2). In this case Kern=Zz. If ao(H)<={0, 2,4, 6}~Z,,
the case is similar to [4]. If a(H)<E{0, 2, 4, 6}, there exists a Dbasis
{uy,...,u} of H such that a(u,)=1 and a(u;)=0 for i=2. So that we
have the result.

4. Classification of Handlebodies of Type I

In this section, we classify the handlebodies of type I of s#(2n, k,
n+1) (n=6) up to diffeomorphism, that is, the (H; A, «)-systems of type
I with rank H=k up to isomorphism. If (H; 4, a) is a system of type I,
there is a basis of H which is orthogonal with respect to A.

Theorem 4.1. Let n=4t—1(=2). If t=3, the handlebodies of
type I of o#(2n, k, n+1) do not exist. If t=2, i.e. n=7, the handlebody
W of type 1 of #(2n, k, n+1) is uniquely represented up to diffeomor-
phism as W=kB,, where ¢ is a positive odd integer of mn,(SO¢)xZ.

Proof. The proof is quite similar to that of Theorem 4.1 of [4].

Theorem 4.2. If n=8s+4 (s=1), the handlebody W of type I of
H#(2n, k, n+1) is unique up to diffeomorphism and is represented as
W=kBl, Where 1622§n85+4(508s+3).

Proof. We know that a(v;)=1 for any orthogonal basis {v;} of H
since A(v;, v;))=snmo(v;)=1 and mg,, is an isomorphism by Lemma 2.2.
So that, the (H; 4, a)-system of type I is unique up to isomorphism.

Theorem 4.3. If n=8s(s=1), the handlebodies of type I of #(2n,
k, n+1) are uniquely represented up to diffeomorphism as follows:

(1) kB(I,O)’

(ii) kB,1y

(i) (k—1)By,0)By,1y (k22),
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(iv) (k"z)E(l,O)hZBu,n (k=3),
where the characteristic elements belong to mg(SOg,_)=Z,+Z,.

Proof. Let W be a handlebody of type I and (H; A, o) the cor-
responding system. Since 04,=0 by Lemma 2.1, o: H-Z,+Z,~mg,
(SOg4,_,) is a homomorphism. By Lemma 2.2, nzl(1) consists of (1, 0)
and (1, 1). So that, W is diffeomorphic to a boundary connected sum
of some copies of B=B, and B'=B;;. Let a=(al), a®), ab
=ppa (i=1, 2), where p; is the projection of Z,+Z, to the i-th direct
summand. Then, using the homomorphism oD, «(®), the (H; A, a)-
systems are classified up to isomorphism, similarly as in Theorem 4.5
of [4] (We note that Assertion 1, 2, and 3 of Theorem 4.5 of [4] are
shown by a(®, a3 of a=(alV), a®), al3)))

Theorem 4.4, If n=8s+5(s=1), the handlebody W of type 1 of
H(2n, k, n+1) is unique up to diffeomorphism and is represented as
W=kB.1), where (0, 1)€Z,+Z,=mg,, 5(SOgs44).

Proof. Since 0g.4s5(1)=(1,0) and =zl s(1)={(0, 1), (1, 1)}, the situa-
tion is quite similar to that of Theorem 4.4 of [4].

Theorem 4.5. If n=8s+1(s=1), the handlebodies of type I of
H#(2n, k, n+1) are uniquely represented up to diffeomorphism as follows:

(i) kB(O,l,O)s
(ii) kB(o,m)s
(iii) (k_l)E(O,l,O)hB(O,I,I) (k=z2),
(iv) (k_z)B(O,l,O)hzg(O,l,l) (k23),

where the characteristic elements belong to mg,, (SOg)=Z,+Z,+Z,.

Proof. By Lemma 2.1 and Lemma 2.2, dg.,,(1)=(1,0,0) and
gl (D={(y, 1, 8); y, 6=0 or 1}. So that the situation is quite similar
to that of Theorem 4.5 of [4].

Theorem 4.6. If n=4t+2 (t=1), there are no handlebodies of type
I of ##(2n, k, n+1).

Proof. Since m4.,=0 by Lemma 2.2 and (v, v;)=sna(v)=1 for
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any orthogonal basis {y;} of H, there arises a contradiction for any
(H; 2, a)-system of type I if n=4t+2, t=>1.

5. Classification of Handlebodies of Type (O+1)

In this section, we classify the handlebodies of type (O+1) of
H(2n, k,n+1) (n=6) up to diffeomorphism, that is (H; 4, a)-systems of
type (O+I) with rank H=k up to isomorphism. For a handlebody W
of type (O+I) of #(2n, k,n+1)(n=6) and the corresponding system
(H; 4, a), g=rank A and p=k—q are the diffeomorphism invariants of
W, more precisely, the homotopy invariants of oW. We call rank A
briefly the rank of W.

Theorem 5.1. Let n=4t—1(t=2). If t=3, the handlebodies of
type (O+I) of #(2n, k,n+1) do not exist. If t=2, ie. n=7, the
handlebody W of type (O+I) of (14, k, 8) with rank q is uniquely
represented up to diffeomorphism as W=p(S® x D%)tqB,, p+q=k, where
¢ is a positive odd integer of n,(SOg)=Z.

Proof. Since m4.-,=0(=3) we have the former half of the theo-

rem, and since 04-,;=0(t=1) the latter half similarly to Theorem 5.2
of [4].

Theorem 5.2. If n=8s+4 (s=1), the handlebody W of type (O+1)
of ##(2n, k, n+1) with rank q is unique up to diffeomorphism and is
represented as W=p(S"*1 x D"~1)uqB,, p+q=k, where 1 is the generator
of n,(S0,-,)=Z,.

Proof. The handlebody of type O and the handlebody of type I
are unique up to diffeomorphism by Theorem 3.1 and Theorem 4.2.
Since W is the sum of such handlebodies, we have the result.

Theorem 5.3. If n=8s(s=1), the handlebodies of type (O+I) of
#(2n, k, n+1) with rank q are uniquely represented up to diffeomor-
phism as follows:

(i) p(S™*1x D" 1)agB o),

(i) p(S"**xD" 1)agB,y),
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(i) p(S"*txD"H)a(g—1)B(1,0)4B,y (422),

(iv) p(S"*'xD"1)4a(g—2)B(1,0)42B(1,1y (4Z3),

(v) Z(o,l)t‘(P"l)(S"H XD"_l)hun,op
where p+q=k and the characteristic elements belong to mg(SOgs-1)
~Z,+Z,.

Proof. The proof is similar to that of Theorem 5.4 of [4].

Theorem 5.4. If n=8s+5(s=1), the handlebody W of type (O+1)
of #(2n, k, n+1) with rank q is unique up to diffeomorphism and is
represented as W=p(S**'xD"")ugB ), p+q=k, where (0,1)eZ,+Z,

=g+ 5(SO0gs+4)-

Proof. By Theorem 3.1 and Theorem 4.4, a handlebody of type
(O+1D) of s#(Q2n, k, n+1) with rankq has a representation such as p(S*+!
x D"=1)agB 4y OF A(1,0)8(p—1)(S"* 1 x D"~ 1)aqB g 1y. Let {uy, -, uy; vy-er,
v}, p+q=k, be the admissible basis of H which corresponds to the
latter representation. Then, o(u,)=(1,0), a(u;)=(0, 0) if i>1, a(v)="--
=a(v,)=(0, 1). Replace u; by uy=u;+2v,. Then, by Lemma 2.1, a(u})
=(0,0). So that, there exists an admissible basis {u’, Uz, =+, u,; vy, +, U}
of H which corresponds to the former representation. This implies that

those representations are equivalent.

Theorem 5.5. If n=8s+1(s=1), the handlebodies of type (O+1)
of #(2n, k, n+1) with rank q are uniquely represented up to diffeomor-
phism as follows:

(i) p(S"*1xD"~1)aqBo,1,0)>

(ii) p(S™*1xDn=1)agBp 4 1y,

(i) p(S"*! x D"=1)u(q—1)B(o,1,0)B(0,1,1) (gz2),

(iv) p(S"*'x D"~ 1)8(q—2)B(0,1,092B0,1,1y  (4Z3),

(V) A,0,08(p—1)(S" x D" 1)4gBo 1,0y
where p+q=k and the characteristic elements belong to mg.,(SOg;)
>Z,+2,+Z,.

Proof. Since 0g,.,(1)=(1, 0, 0), Kerng,,, is generated by {(1, 0, 0),
0,0, 1)}, and =wgl ()={(y, 1,9);7,0=0, or 1}, the proof is quite
similar to that of Theorem 5.4 of [4].
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Since 74,4 ,=0 (¢=1) we also have

Theorem 5.6. If n=4t+2 (t21), there are no handlebodies of type
(O+D of s#(@2n, k, n+1).

6. Classification of Handlebodies of Type II

In this section, we classify the handlebodies of type II of s#(2n, k,
n+1) (n=6) up to difftomorphism, that is, the (H; A, a)-systems of type
II with rank H=k up to isomorphism. If (H; A, «) is a system of type
II with rank H=k, then k=2r and H has a basis symplectic with respect
to A

Theorem 6.1. If n=4t—1(t=2), the handlebody W of type Il of
H(2n, k, n+1) is represented uniquely up to diffeomorphism as

0
W=W(g’)u(r—1)w<0>, d=0,
where k=2r and de Z=n,_,(S0,4,_,), especially de2Z if t=2.

Proof. Since 04.1=0(t=1), a: Honyy (SOy-,)=Z(t=2) is a homo-
morphism, and since sna(e)=sna(f;)=0 and Kerm,=2Z, we have the
theorem by Lemma 6.1 of [4].

Theorem 6.2. If n=8s+4 (s=1), the handlebody W of type Il of
H#(2n, k, n+1) is unique up to diffeomorphism and is represented as
w=rw( ), k=2r.

Proof. Since gy 4t Mgesa(SOss+3) =2, Mgs44(S3F2)=Z,, 521, is an
isomorphism by Lemma 2.2, a(e)=a(f})=0 for all i,j=1,2,---,r. So
that we have the theorem.

Theorem 6.3. If n=8s(s=1), the handlebody W of type Il of
H#(2n, k, n+1) is represented uniquely up to diffeomorphism as

W=W<8‘6’>u(r—1)w(88
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where k=2r and (0, d)eZ,+Z,>7ng (S0gs_ ).

Proof. Since 04,=0(t=1), « is a homomorphism. The image of «
is in Kerngg=0+Z,cZ,+2Z,=ng(S0g,_;). So that we have the theorem
by Lemma 6.1 of [4].

Theorem 6.4. If n=8s+5(s=1), the handlebody W of type II of
H#(2n, k, n+1) is uniquely represented up to diffeomorphism as

do ) 00
W=W<d0>h(;—1)W<00>,
where k=2r and (d,0)eZ,+Z,~7ng,,5(S0g4+4).

Proof. Since Kerngyy s=Z,+0cZ,+Z,=mg,,5(S0gs+4) and 0Oggys(1)
=(1, 0)eKermg,, s by Lemma 2.1 and Lemma 2.2, we know that w«(H)
cKermg,,s. So that « is regarded as a quadratic form over Z,, and is
classified by the Arf invariant.?

Theorem 6.5. If n=8s+1(s=1), the handlebodies of type Il of
H(2n, k, n+1) are uniquely represented up to diffeomorphism as follows:

(i) W(jgg)n(r_nw(ggg),
) 0 0
(ii) W<80(11)h(r—1)w(088>,
001 100 000
(iii) W(00d>hW<100>h(r—2)W(000),
where k=2r, and (0,0, 1),(1,0,0),(,0,d), and (d,0,0) belong to

Zy+Z,+Z,27gs. 1(S0sy).

Proof. Since Kerngg,=Z,+0+Z,cZ,+Z,+Z,=mg,,(S0g) and
0ss+1=(,0,0)eKermg,,,, we know that a(H)cKermg,, ;. So that, we
have the theorem similarly to Theorem 6.5 of [4].

Theorem 6.6. If n=4t+2 (t=1), the handlebodies of type II of
H(2n, k, n+1) are represented uniquely up to diffeomorphism as follows:
If t=22,

2) See, for example, Browder [1] p. 55.
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(i) w(g)n(r—l)w<8), d=0, 4,
G w(3)ae-nw(g),

(iii) W( é) B(r— 1)W< g )

and if t=1, i.e. n=6,
@iv) rW<8>,

where k=2r and the characteristic elements 0, 1,2, and 4 belong to
Zg 2Ty 2(SO0441)-

Proof. Let (H;l,a) be a system of type Il with rank H=k=2r,
and let {e;, fi,..., . f,} be a symplectic base of H. If {a(e,), a(f1),-:,
ole), o(f)}<={0, 2,4, 6}=Zg, then o(H)<={0,2,4,6}=Z, since 04,,=4%
(t=2) by Lemma 2.1. So the situation is quite similar to that of Theo-
rem 6.7 of [4], and we have the results (i), (ii).

If o(H)4{0, 2, 4, 6}, we may assume that {a(e), a(f)} £ {0, 2, 4, 6},
i=1,2,---,5,5=21, and {a(e)), a(f)}<={0, 2, 4, 6}, j=s+1, s+2,---,r. Per-
forming some elementary transformations to {e;, f;}, we may assume that
(a(e), a(f))=(1, 0), i=1, 2,---, 5, and (a(ey), a(f)))=(0,0), or (2,0), or
4,4), j=s+1,s+2,--,r. But, each pair (a(e;), «(f}))=(2,0) or (4,4
can be killed using a certain pair (x(e;), a(f;))=(1, 0) by adopting the
new basis elements ej=e;—2e;, f;=f;, or e;=e;—4de, f=f;—4f.. So
that, there exists a symplectic base {e;, f;, -+, €., f,} of H such that each
pair (a(e), a(f)=(0, 0), or (1,0), i=1,2r If (x(e), A(f)=(xle),
alfN=(1,0), i#j, let e;=e;+2(fi—f), fi=fi—f; ej=e;—e;+2f;i—f), and
f5=f.. Then, we have (a(ey), a(f))=(1, 0), ((e;), a(f;))=(0, 0).

Thus, if a(H)4{0,2,4, 6}, there exists a symplectic base {e}, f, -, e},
fi} of H such that (a(e}), a(f1))=(1,0), and (x(e3), a(f%))="-=(ale;),
a(f1))=(0, 0). This implies that the corresponding handlebody is diffeo-
morphic to (iii).

If t=2, we have (iv) since n(SOs)=~0. This completes the proof.

7. Classification of Handlebodies of Type (O +1II)

In this section, we classify the handlebodies of type (O+1I) of
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H#(2n, k, n+1) (n=6) up to diffeomorphism, that is, the (H; A, «)-systems
of type (O+1I) with rank H=k up to isomorphism. For a handlebody
W of type (O+11) of #(2n, k, n+1) (n=6) and the corresponding system
(H; 4, o), 2r=rank A and p=k—2r are the diffeomorphism invariants of
W, more precisely, the homotopy invariants of oW. We call rankA
briefly the rank of W.

Theorem 7.1. If n=4t—1(t=2), the handlebodies of type (O+1I)
of #Q2n, k, n+1) with rank 2r are uniquely represented up to diffeo-
morphism as follows:

(i) Z,,h(p—])(S”“xD"“)hrW<8), az0, p+2r=k,
where aeZ=n,,_ (S04 _,).
(ii) p(smxD'l-l)uW(g)q(r—l)w@), d>0, p+2r=Kk,

where de Z=n,,_ (S04 —,).
In (i) and (ii), if t=2 then a and d are even.

Proof. Since 04_;=0, n4_;=0(t=3), and =n,(1)=1, the proof is
quite similar to that of Theorem 7.2 of [4].

Theorem 7.2. If n=8s+4 (s=1), the handlebody W of type (O+1I)
of #(2n, k, n+1) with rank 2r is unique up to diffeomorphism and is
represented as

W=p(s i x Dm0srw( ), pr2r=k

Proof. If n=8s+4 (s=1), the handlebodies of type O and type II
are respectively unique up to diffeomorphism by Theorem 3.1 and Theo-
rem 6.2. So that, we have the result.

Theorem 7.3. If n=8s(s=1), the handlebodies of type (O+II)
of #(2n, k, n+1) with rank 2r are uniquely represented up to diffeo-
morphism as follows:

(1) Aropi(p—1)(S"+! x D"-l)urw( 00 )

Gi)  p(S™! x D"‘l)hW<8(l)>h(r—l)W<88>,
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where p+2r=k and (0, b), (0, )eZ,+Z,=nz(S0s,_,).

Proof. By Theorem 3.1 and Theorem 6.3, the handlebody of type

(O+1I) with rank 2r has a representation such as

Ao i (p—1) (51 an-l)nW<8g> n(r—1)W(88

where (0, b), (0, d)eZ,+Z,~ng(S0Og,_;) and p+2r=k. Since 0g,=0, a
is a homomorphism, and «(H)<Kerng,={(0,0), (0, 1)}~Z, for any
(H; A, o)-system of type (O+1I). Let (H; A, ) be a system of type (O+
ID) with rank 2r and let {u,---, u,; ey, f1,+*, ¢, f,} be an admissible base
of H(p+2r=k). If a(u)=a(e,)=(,1), let e)=e;+u,;. Then afe})
=(0,0). So that, any case can be reduced to one of the following
three:

(1) o is the zero homomorphism.

(2) a(u)=(0, 1) and « takes (0, 0) for any other basis elements.

(3) oafe;)=(0, 1) and « takes (0, 0) for any other basis elements.
These three are independent. Because, if the case (2) is equivalent to
(3), that is, if there are the two admissible bases {u;,-, u,; e, fi,*, e,
Sobs {u'ssees uys €y, [0, ey, fr} of H satisfying (2), (3) respectively, then,
by Lemma 7.1 of [4], there exists an unimodular matrix T such that

(u,la“'n u;; e’ls f,ls'“a e;, fll')tzT(ula"', Uy €1, fla"'a € fr)ts

'0'“>} »
(mod 2),
L/} 2r

and L is mod2 symplectic. But, since a((u})=t;;=0 (mod 2), |[M|=0
(mod2). This contradicts to |T|=1. So that, the (H; A, a)-systems cor-
responding to the above cases are independent up to isomorphism. This
completes the proof.

Let n=4t+1(t=2). If t=2s+1(s=1), then 05,4 5(1)=(1,0€e Z,+Z,
>7g.45(S0gs14), Kermgo s=Z,+0, and so a(H)cKerng,,.s for any
(H; A, o)-system of type (O+1II). So that, the situation is quite similar
to that of Theorem 7.3 of [4]. If t=2s(s=1), then dg,,,(1)=(1,0, 0)
€Zy+2Z,+2Z,2nq4,,(S0s), Kerng,, ;=Z,+0+Z,, and so a(H)cKer g,
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for any (H; A, «)-system of type (O+1I). So that, the situation is quite
similar to that of Theorem 7.5 of [4]. Thus, we have the following
theorems.

Theorem 7.4. If n=8s+5(s=1), the handlebodies of type (O+1II)
of #(22n, k, n+1) with rank 2r are uniquely represented up to diffeo-
morphism as follows:

(i) Agoyi(p—1)(5"! x D"‘l)hrW< 88) ,

Gi)  p(S™1 x D"‘l)hW<}8>h(r—1)W<88>,
where p+2r=k and (a, 0), (1, 0) belong to Z,+Z,~=ng,.5(SOgss4)-
Theorem 7.5. If n=8s+1(s=1), the handlebodies of type (O+1I)

of #(Qn, k, n+1) with rank 2r are uniquely represented up to diffeo-
morphism as follows:

(i) p(S**1xDr=1O)aWw,, where W, is a handlebody of type 11
of #(2n, 2r, n+1),

- _ _ 0 000
(i) A1,0,008(p—1) (S 1% D» ‘)”W(gog)““‘”W(ooO’

(i) A o,n8—1 (s x D=1aw( 400 ) s—w( §90),
) Auonio-De s 499 )sr-nmw(399),

_ - , _ 0
(V) A,0,0840,0,0)8(p—=2) (8" x D 1)M/V<880>’

where p+2r=k and the characteristic elements belong to Z,+Z,+Z,

= 7ge+1(SO0gy).

If n=4t+2 (t=1), the situation is slightly different form that of [4]
since 74,4 5(S04r41) = Zg.

Theorem 7.6. If n=4t+2(t=1), the handlebodies of type (O+1I)
of #(2n, k, n+1) with rank 2r are uniquely represented up to diffeo-
morphism as follows:

(i) p(s"+1an-l)hW(g)h(r—nW(g), d=0, 4,

Gi) Ab(p—1)(S™! x D~ 1)hrW< 0 > ,
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(iii) p(S"“xD"‘1)hW<(2)>h(r-—l)W(8>,
(iv) Zzh(p——l)(S"“xD"“)hrW(8),
(v) p(S"“xD"‘l)hW((1)>h(r—1)W<8>,

(vi) A b(p—1)(S™1 x D"'I)hrW<g),

where during (i)—(vi), t=2, p+2r=k, and the characteristic elements
belong to Zg=m4,,(S044+,), and

(vii) p(S?xDS)nrw(g), p+2r=k, if t=1 i.e. n=6.
Proof. Let t=2. Then 0,,,(1)=4€Zg=mn,,,(S0,.,). Let (H; 4,
«) be a system of type (O41I) with rank 2r. If o(H)<{0, 2, 4, 6}
(=Z,)cZg, then the situation is quite similar to that of Theorem 7.7
of [4]. So that, we have the results (i)-(iv). Let «(H)d{0, 2, 4, 6}
and let {uy, -, u,; ey, f1,++, e, f,} be an admissible base of H. Then,
@  o{uy,, up) 40, 2, 4, 6},
or (b) afey, fi,+s € 1) {0, 2, 4, 6.

If (a), we may assume that a(u,)=1, a(u;)=0 for i=2. If (b), we may
assume that (a(e;), 2(f1))=(1,0) and («(e;), a(f;))=(0,0) for all j=2,
as in the proof of Theorem 6.6.

If (a) and (b), replacing e, by ej;=e;—u,, there is an admissible
base {u'y,-, uy; ey, f1,, e, fr} of H such that a(u))=1, «(uj)=0 for
iz2, and (a(e}), a(f})=(0,0) for all j. If (a) and not (b) ie. a({ey,
fir e [, {0, 2, 4, 6}, we may assume that ou,)=1, a(u;)=0 for i=2
and (x(e;), a(f))=(0, 0), or (2,0), or (4,4) for all j by some elementary
transformations of symplectic bases. Then, by replacing e; or f; by
e;=e;+lu; or fi=f;+mu, (I, m:integers), there is also an admissible
base {u,-, up; ey, f1,+, e, fry of H such that a(u})=1, a(uj)=0 for
iz2, and («(e}), «(f}))=(0,0) for all j. If not (a) but (b), we may
assume that o(u,)=0, or 2, or 4, x(u;)=0 for i=2, and (x(e,), x(f))
=(1, 0), («(ep), a(f))=(0,0) for j=2. Then, by replacing u; by u}
=u,+2le, (l:integer), there is an admissible base {u',---, u,; ey, f1,,
e, fi} of H such that ou})=0 for all i and (a(e,), a(f1))=(1, 0),
(a(e)), a(f)=(0, 0) for j=2.
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Thus, for any (H; A, a)-system of type (O+1I) with rank 2r, there
is an admissible base {uy, -, u,; ey, f1,°**, e, f,} of H such that

1) a(u))=1, o(u))=0 for i=2, and (aley), o(f))=(0, 0) for all j,
or (2) a(u)=0 for all i, and (a(e,), a(f1))=(1, 0), (a(e;), a(f}))=(0, 0)

for j=2.

Now, we can show that the cases (1) and (2) are independent of
each other, using Lemma 7.1 of [4] as in the proof of Theorem 7.3.
So that, the two (H; J, a)-systems corresponding respectively to the
cases (1) and (2) are not isomorphic. Thus, we have the results (v),
(vi).

If t=1, since 74(SO5)=0, we have the result (vii). This completes
the proof.
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