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Existence and Stability of Almost Periodic
Solutions in Almost Periodic Systems

By

Fumio NAKAJIMA*

§ 1. Introduction

We shall consider the existence of almost periodic solutions of the

almost periodic system of the form
(1-1) Zi=> ay; )z (-=d/dt) for 1<i<n,
j=1

where x; are real, k is a positive integer and a; () are almost periodic
functions of ¢£. Under some conditions on a;;(#), Theorem 1 shows that
the trivial solution of the first approximation of system (1-1) is uniformly
asymptotically stable in a subspace II of R" (see Definition 2). Using this
fact, we obtain a nontrivial almost periodic solution of system (1-1) which
is uniformly asymptotically stable in a compact set £ and whose module is
contained in the module of a;(#). This is shown in Theorem 2.

Especially, in the case where a;;(¢) in system (1-1) are constants,
the system governs one of mathematical models of gas dynamics (cf.
[2,p.104]) and has been studied by Jenks [4]. One of Jenks’ results is
a special case of Theorem 2.

We denote by R" the real Euclidean sn-space. Let R= (—o0, o0)
and R"=[0, ). For x in R", let |x| be the Euclidean norm of x and

z; be the Z-th component. We let

D={zeR"; x;==0 for 1<:<n}

HQZ{JCED;éxiZI}
i=1

and
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H={xeR”;ixi=0}.
i=1

For a continuous function f(#) on R with values in R", H(f) denotes

the set of all functions ¢(#) such that for some sequence #,
S(t+¢)—9() in R as k—oo,

where the symbol“—”" stands for the uniform convergence on any compact

set in R. Clearly fe H(f).

Definition 1. An 7z Xz matrix A(£) = (a;(2)) is said to be irreduci-
ble if for any two nonempty disjoint subsets I and J of the set of »
integers {1,-+-, n} with IJJ={1,-+-, n}, there exists an Z7in Jand a jin J
such that

a;(2) #0.
In the case where A(%) is scalar, A(¢) is said to be irreducible if A (%)
#0. Otherwise, A(#) is said to be reducible, and we can assume without

loss of generality that A(Z) takes the form of

40-(2 5)

where B(Z) is zero or a square irreducible matrix.

We shall define stability properties. Here we denote by x (¢, 2, x,)

the solution of system (1-1) with initial condition (%, x,).

Definition 2. Let x(#) be a solution of system (1-1) defined on R
and K be a subset of R™

(i) x(¢) is said to be uniformly stable (#. s for short) in K on
R™ if for each €>0 there exists a §(¢) >0 such that

|z (2) —x (2, t, 20)| <& for t=1¢,

whenever x,€ K and |z (%) —x,|<{0(e) at some % in R™.

(i) x(¢) is said to be uniformly asymptotically stable (u.a.s for
short) in K on R" if it is #. s in K on R™ and if there exists a 0,>0
and, for each ¢>0 there exists a 7°(¢) >0 such that

|z (2) —x (2, ty, 2,)| <& for t=£,+T (e)

whenever z,€ K and |x (%) —x,| <0, at some %, in R,

(iii) x(#) is said to be u. a.s in the whole K on R" if itis z sin



ALMOST PERIODIC SYSTEMS 33
K on R* and if for each €>0 and >0 there exists a T'(¢g,7) >0 such
that
|x(2) —x (2, ty, 2o)| <& for t=t,+T (e, 7)
whenever x,€ K and |z (%) —x,|<r at some £, in R".
When R™ in the definitions (i), (ii) and (iii) is replaced by R, we
say that x(¢) is #.sin K on R, #.a.s in K on R and w.a.s in the

whole K on R, respectively. Clearly Definition 2 agrees with the defini-

tions of the usual stability properties in the case where K=R"

§ 2. Linear Systems
Consider the system
2-1) t=A(t)x, x€R",

where the # X7z matrix A(2) = (a;;(¢)) is bounded and uniformly contin-
uous on R. We shall state a generalization of one of Jenks’ result
(Corollary 3 in [4]).

Theorem 1. Assume that system (2-1) satisfies the following

conditions;
@ 2 ay(®) =0 for 1<j<n,
i=1

() ay(®)=0 for isj,

(iii) each element in H(A) is irreducible.

Then the trivial solution of system (2-1) is w.a.s in Il on R.

To prove this theorem, first of all we shall prove the following

lemmas.

Lemma 1. Consider the n-system z;=f;(t,x), 1<i<n, where
fi(t, ) is continuous on RXR", and assume that the initial wvalue

problem has a unique solution.

@) If S)fi(t, z) =0, then the set I is invariant.
i=1

an) If fi(¢, ) =0 for ;=0 and all x;=>0, then the set D is
positively invariant, and in addition, if Y i1 fi(t,x) =0, then the set
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2 is positively invariant.

The proof of the above lemma is obvious (for example, see [5, p.
2707). Obviously the assumptions in (I) and (II) hold for system (2-1)
satisfying conditions (i) and (ii) of Theorem 1.

Lemma 2. The trivial solution of system (2-1) is u.s in II on
R and also u.s on R, if conditions (i) and (it) in Theorem 1 are
satisfied.

By using theorems in [3, p. 58], we can easily prove Lemma 2.

Lemma 3. If each element in H(A) is irreducible, then the each
element in H(A), say B(t) = (b;(¢)), has the property that for any
two nonempty disjoint subsets I and J of the set of n integers {1,---,n}
with IUJ={1,-+-,n}, there exists an i€l and a jEJ such that

lim |64y (2)] #0..

Proof. Suppose not. Then there exists a B(¢) = (b;(¢)) in H(A)
and two nonempty disjoint subsets I and J of {1,---, #} with IUJ={1,--,
n} such that

lim 4;;(¢) =0 for all i1 and all jeJ.

t—>—ca
Since B(%) is bounded and uniformly continuous on R, there exists a

sequence Zy, t;—>—o00 as k—oo, such that
B(t+12)—C(t) in R as k—oo,
where C(¢) = (ci;(2)) € H(A). Clearly
¢y (8) :,}EE bi;(t+t) =0 for t€R and i j=J.

This shows the reducibility of C(#). This contradiction proves the lemma.

Lemma 4. Assume that conditions (ii) and (iii) in Theorem 1
are satisfied for system (2-1) and consider the system
(2-2) t=B(t)x, Be H(A).
Let x(t) be a nontrivial solution of system (2-2) such that

x(@)eD on R.
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Then there exists a constant ¢>0 such that

z:(8)/|x (&) |=c for teR and 1<i<n.

Proof. First of all, letting x(¢) = (x,(2),--+,x,(2)) be a solution of
system (2-2) such that z(z) €D on R, we shall show that if x;(%) =0

at some % < R, then

x;(2) =0 for all £<y4,.
Since x;(¢) satisfies the equation

Z:=by; (2) x: ‘1‘;5 by () x;,
where (b;;(2)) =B(2), and since ;4 by (2) 2,220, we have
(2-3) Z:(2) Zbis (2) :(2),
which implies

22 (8) <4 (2) exp( fbﬁ(s) ds> for 1<t, .
Thus we obtain
z;(2) =0 for <3,

because x;(¢,) =0 and z;(#) =0 on R.
Now suppose that Lemma 4 is not true. Then for some B in H(A),
the corresponding system (2-2) has a nontrivial solution x(¢), z(¢) € D on

R, such that for some sequence £,
(2-4) z:(t) /| (8:) | >0 as k—oo .
Setting ¢ (2) =x(t+t) /|x ()|, ¢ (2) satisfies
=B+ t)x
and
¢(2) €D on R, |¢.(0)]=1.

Since the sequence {$;(0)} is bounded, {¢,(#)} is uniformly bounded
and equicontinuous on each finite interval in R, and hence Ascoli-Arzela’s

theorem gives us a convergent subsequence of ¢, which is again denoted
by ¢, such that

or(t) >y(¢) in R for some function y(z) as k—>oo .
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We can also assume that
B(t+1t)—C(t) in R as k—oo,
where C(2) = (¢;(¢)) € H(A). Therefore, y(¢) is the solution of the

system
(2-5) y=C®)y,
y() €D on R and |y(0){ =1. Moreover (2-4) implies that y,(0) =0.

Thus, as was proved above, we have
() =0 for 0.

For this v(#), we define two subsets I and J of {1,---,n} by I
={1<i<n;y;(#) =0 for t<N,, where N; may depend on v;(#)} and
J={1<i<#n;9:;(¢) >0 on R}. Then IUJ={1, -+, n}, {1} I and J+£0
since y(#)=~0. By Lemma 3,

(2-6) lim [€i0.3,(2) |70 for some 4,1 and some j,=J.
t—>—o0
Now the 7,-th equation of system (2:5) takes the form of
S’in(t) = Z cin.k(t)yk (t) + Z Cia.k(t>yk(t)’
kel keJ
and hence
27 Zcio.k(t)yk(t)zo for ¢<{min N;,
kcJd el

because of the definition of the set I. Since each term in the left hand

side is nonnegative, all of them are equal to zero. Therefore
Ciyio (B) 5, (2) =0 for t<1}161;1 N;,
which implies, by (2-6),
v;,(£) =0 at some ¢,.

This contradicts the definition of the set of J. The proof is completed.

The following proposition is an immediate result of Lemma 4.

Proposition 1. Under conditions (ii) and (iii) in Theorem 1,

system (2-2) has no nontrivial solution x(t) such that
x(2)€0D on R,
where 0D={x€ D;x;=0 for some 7, 1=i<n}.
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Lemma 5. Consider a nonhomogeneous system corresponding to
system (2-1)
(2-8) z=A@)x+f(2)

and assume that A(t) satisfies all conditions in Theorem 1. If f(¢)
is bounded and continuous on R* with values in R" and if the in-
tegral of i, fi(¢) is bounded on R™, then all solutions of system
(2-8) are bounded on R™.

Proof. It is sufficient to show that (2:-8) has at least one bounded
solution on R*, because the trivial solution of (2:1) is uniformly stable

by Lemma 2. We shall consider the system with real parameter ¢
(2-9) z=A@)x+ef(t)

and show that for a sufficiently small e, system (2-9) has a bounded
solution on R*, which implies the existence of a bounded solution on
R* for system (2-8) by replacing x in (2-9) with x/e.

For a 0<<0<<1/4/n and for the n-vector e each of whose components
is 1, let D’ be a convex cone defined by

D' ={zeR";{e, z)=|e|-|z| -0},

where ¢, > denotes the inner product and |z|*=<{x,z)>. Then clearly
DcD’. Every solution x(¢) of (2-9) satisfies

d n N n .
Et—iﬁﬂxf(t) =e 2 fi(®)

because of condition (i). By integrating the both sides,

n

3T 2,(8) =¢ :ifi(s)ds—{—l for z(0) 2.

i=1

When z(¢) € D’, we have

3 wu(8) =< (), =l ()] Jel -,
and hence

(2-10) A—eM)/le|<|z ()| =A+eM)/(le|-0),

where
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M=sup tzn:fi(s)ds.

>0 Jo i=1

Therefore, in order to show the boundedness of x(¢) with x(0) in £,
it is sufficient to prove that x(¢) €D’ on R* if ¢ is sufficiently small.

Now suppose that for each solution z.(#) of (2:9) with z.(0) in
2, there exists an s;>0 such that

x:(se) €0D’ .
We can assume that

ze(¢,) €0D at some 2, 0=2.<s

and

z: () €D —D for t.<t<s.,

where 0K and K denote the boundary and the closure of the set K,
respectively. If we set v (2) =x.(¢+¢:), ye(¢) is a solution of the system

y=A(+t)y+ef(E+¢t)

such that y.(0) €0D, y.(t;) €0D’ at t,=s.—£>0 and y. () €D —D
for 0<#<r.. Thus, by (2-10),

(A—eM)/le|]<|ye (D=1 +eM)/(le]-0) for 0=<t<r..

The same argument involving Ascoli-Arzela’s theorem as in the proof of

Lemma 4 enables us to assume that

ye(£) >z (¢) in R for some function z(z) as ¢—0

and
A(t+¢t)—>B(¢) in R for some B(¢) in H(A) as e—0.

Therefore z(2) satisfies £=B(¢)z and clearly, for r=lim r,

&0

(2-11) z(t) e D' —D for 0<t<t
and
(2-12) 1/lel=|z(@®)[=1/(le]-0) for 0=:t<r.

Moreover we have 2(0) €D, which implies by Lemma 1 that
z(t)€D on R".
" From this and (2-11) it follows that

(2-13) 2(t)eDND —D=03D for 0<t<rt.
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Now we show that r=oco. In fact, if v<{co, we have
ve (te) =>2z(7) as €—0.
Thus 2(t) €0D’ because y.(t.) €0D’, and hence
z(t) €D’ N oD = {0},
which contradicts (2-12). Therefore (2-12) and (2-13) hold for r=co.

Moreover this enables us to assume that
1/lel<iz(0)| X1/ (Je]:d) for all teR
and
z(t) €0D for all teR,

because H(B) is compact in the sense of the convergence “—”. This
contradicts the conclusion in Proposition 1. This proves that x(¢) € D’

on R if ¢ is sufficiently small. The proof is completed.

Lemma 6. If for each B in H(A), the trivial solution of the

system
t=B()x

isu.s on R and u.a.s on R*, then the trivial solution of system
(2-1) is w.a.s on R.

Proof. Let x(¢,t,x,) be the solution of (2-1). Since the trivial
solution of (2-1) is #.s on R, as is seen from Definition 2,(ii) it is

sufficient to show that for each &¢>0 there exists a 7'(¢) >0 such that
|z (2, &, 20)| <O () for some £, £,t<t,+T (),

whenever £ R and |x,|<0,=0(1), where 0(-) is the number in Defini-
tion 2,(i).

Now suppose that there exists an ¢>0 and sequences {#} in R and
{x;} in R" such that [x.|=0, and

|z (2, ty, )| =0(e) for all 2, £,<t=¢ +k.
Since |z;|<<0,=0(),

0(e) |z (2, tyy ) | <1 for £, <ttt k.
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Setting ¢, (2) =x (¢ + ty, ty, Tr), $(2) satisfies

T=A+t)x
and

0(e) =[x () |<1 for 0=<zt<k.
We can assume that

¢:(t) =y (z) in R* for some function y(z) as k—oo0
and
A(t+t)—B(z) in R for some B(z) in H(A) as k.
Therefore y(¢) is a solution of the system
(2-14) y=B()y
and
0(O=ly(®|=1 on R".
On the other hand, we have
y(£) >0 as t—oo,

because the trivial solution of (2-14) is u. a.s on R*. Therefore there
arises a contradiction. Thus the proof is completed.
Now we are in position to prove Theorem1l. On the set II which

is invariant for system (2-1), the system is written as the (#z—1)-system
(2-15) 2 =A"(t)x’
where '’ = (xy, ***, Zp—y) ER™ and A’ (2) is an (n—1) X (—1) matrix

whose (i,7) element is given by ay(£) —ai,(2) for 14, j<n—1.
First of all we shall show that for each B’ in H(A’), the system

(2-16) =B )z

has an exponential dichotomy on R, and as is well known (cf. [6]), it

is equivalent to show that the system
(2-17) 2’ =B (t)x' +f (¢)

possesses at least one bounded solution on R* for any continuous bounded
function f'(£) on R*. For each B’(¢) in H(A’) there corresponds some
B(t) = (by(2)) in H(A) such that the (i,j) element of B’(¢) is equal
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to by (£) —bin(2) for 1<, j<n—1. For f (¢) =(fi(®), -, far (), let
g(t) be defined by

9:(8) =£1(2) for 1<i<n—1,
0.() = =5 fu(8).
Obviously ¢g(2) and the integral of >)i,¢:(2) (=0) are bounded on
R*. Applying Lemma 5 to the #z-system
(2-18) z=B()xz+9(2),
we obtain the bounded solution x(#) on R" with x(0) =0, and

(d/dt) 3 7.1 x:(£) =0 which yields

eixi(z):o.

Hence we can verify that £’ (£) = (x,(2), ***, Zn-1(£)) is a bounded solution
on R* of system (2-17).

The exponential dichotomy of (2-16) implies further that the trivial
solution is #. a.s on R*, because the trivial solution is #. s on R by
Lemma 2. Therefore it follows from Lemma 6 that the trivial solution of
(2-15) is #. a. s on R, i.e., the trivial solution of (2-1) is . @. s in I
on R. The proof is completed.

§ 3. Nonlinear System

We shall consider the nonlinear almost periodic system of the type
3-1) ;=27 ay(8)g;(x;) for 1=i<n,
j=1

where A(£) = (ay(2)) is almost periodic function of ¢ with conditions

@) > ay(2) =0 for 1<j<n
i=1
and
(i) a; (£) =0 for i54j.

In addition, assume that g;(#) are continuously differentiable for #=>0,
gj(()) =0 and (]j(u)>0 for u>0.
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Theorem 2. Under the assumptiions above, system (3-1) pos-
sesses a nontrivial almost periodic solution in 2 whose module is
contained in the module of A(t). In addition to the assumptions
above, if A(t) is irreducible, then the above almost periodic solution
is unique in @, which remains in £° on R, and it is u.a.s in the
whole £ on R, where °={xcQ; x;>0 for all 7, 1<i<n}, and if A(z)
is reducible, then at least one of the above almost periodic solutions
p(¢) satisfies that p(t) €08 on R, where 02 ={xs8;x;,=0 for some
7, 1<i<n}.

Remark. As will be seen from the module containment, the above
almost periodic solution is a critical point in the case where A(¢) is a
constant. Hence Theorem 2 is a generalization of one of Jenks’ results
(Theorem 2 in [4]).

To prove the theorem, first of all we shall prove the following

lemmas.

Lemma 7. Consider the linear system
(3-2) Z=M(t)x
and its perturbed system
(3-3) r=M)x+f(¢, x),

where M(t) and f(t,x) are continuous with respect to its arguments,
respectively, and f(t,x)=o0(|x|) uniformly for t€R. Assume that
the set Il is invariant for both systems (3-2) and (3-3). If the
trivial solution of system (3-2) is u.a.s in II on R, then the trivial

solution of system (3-3) has also the same stability property.

Proof. Let x’'=(xy,"+",x,-1) for x=(xy, -+, x,) ER". Then there

are positive constants ¢; and ¢, such that
(3-4) ol |Z|x|Zc,|x’| for z in IT,

because x,= — (x;+ - +x,-1). On the set I, systems (3:2) and (3-3)

are written as

(3-5) & =M (t)x’
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and
(3-6) =M (B)x' +g (¢, x")

respectively, where the (7,7) element of M’ (2), 1<z, j<n—1, is given
by my () —mi, (2) for M(2) = (my;(2)) and ¢ (¢, x2") =o0(|z’]) uniformly
for € R. Inequality (3-4) shows that the trivial solution of (3-2) is
#.a.s in II if and only if the trivial solution of (3:5) is u. a. s, and we
have also the same equivalence between (3-3) and (3-6). As is well
known, if the trivial solution of (3-5) is u. a. s, then the trivial solution
of (3-6) has also the same stability property. Thus our assertion is
clear.

The following lemma is obtained by the slight modification of Seifert’s
result [8].

Lemma 8. Consider the almost periodic system
3-7) z=f(t,x), t€R, xR",

where f(t,x) is almost periodic in t uniformly for x€ R" and for
a constant L>0, |f(¢, ) —f(¢, v)|<Lix—y! for t€R and x, ys L.
Assume that the set £ is positively invariant for system (3-7) and
all solutions in 2 on R are u.a.s in £ on R. Then the set of such
solutions is finite and consists of only almost periodic solutions ¢+, ¢m

which satisfy

|6:(2) —¢; (&) =B on R for i5~j and some constant 3>0.

Now we shall prove Theorem 2. Since the last statements of The-
orem 2 are alternative, under each assumption of these satements we shall
prove the existence of almost periodic solutions in £ and the module
containment.

First of all, we shall consider the case where A(#) is irreducible.
Since system (3-1) satisfies the conditions of Lemmal, the set £ is
positively invariant, namely, y(¢) €2 on R* for a solution y(#) of (3-1)

with y(0) €£, and furthermore we can assume that
y()ef on R

because of the almost periodicity of A(#). We shall show that this
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y(¢) is #.a.s in £ on R. If we set x=y(¢) +z in system (3-1), then
z€Il for x in £ and

38 H=Rayd D)z +o(l) for 1<i<n,

and I is invariant for the above system. Considering the first approxi-

mation of system (3-8)
(3-9) g=M(t)z,

where M(2) = (my;(2)) is defined by my;(2) =ay;(£)§;(v;(2)), condition
(i) implies that II is also invariant for (3-9). Then, by Lemma 6, if
the trivial solution of (8-9) is shown to be #. a.s in II on R, then the
trivial sclution of (3-8) has the same stability, and consequently y (%) is
#.a.s in £ on R. Therefore it is sufficient to show that the trivial
solution of (3:9) is #.a.s in I on R.

Clearly M(#) is bounded and uniformly continuous on R, and we

have

3 (8 =3 ay (D6 (3 () =0 for 1<j<n
and
(3:10) iy (£) =ay (4,3 (9)) 20 for i)

because of conditions (i) and (ii), respectively. Thus M(#) satisfies con-
ditions (i) and (i) in Theorem 1. Condition (iii) of Theorem1 will
be verified in the following way. Applying the same argument as in the
proof of Lemma 4 to system (3-1), we can see that there exists a constant
¢>0 such that

(3-11) 1>y,(¢) =c for t€R and 1<i<n,
and hence there is a constant ¢’>0 such that
G:(y;(£))=¢’ for tER and 1<i<n.
Therefore, (3-10) implies
my; (8) =c'ay(t) for ij,

which guarantees that each element of H (M) is irreducible, because A (%)

is irreducible and almost periodic. Thus it follows from Theorem1 that
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the trivial solution of (3-9) is #.a.s in Il on R, i.e., all solutions of
system (3-1) in £ on R are #.a.s in £ on R. Therefore Lemma 8
concludes that system (3-1) possesses an almost periodic solution in £
which remains in £° by (3-11), and the set of solutions in £ on R is

finite and consists of only almost periodic solutions ¢, *-, ¢, which satisfy
$:(t) —¢;(¢)| =8 on R for is~j and some constant §>0.

Next we shall show that there exists a 7>0 such that each solution
x (¢, ty, x,) of (3-1) with x,€ £ satisfies that for some ¢; and the constant
0o of Definition 2, (ii),

|z (2, to, 15) — &5 (2)] <8y at some ¢, L, et +T,
which implies
(3-12) |z (2, 2y, ) —¢;(£)| >0 as t—>o0,

because ¢; is #.a.s in £. Suppose that this is not true. Then there
exists a small constant a>0 less than 8 and sequences {#} in R and
{z;} in £ such that

|z (2, t, ) —0;(8)| = for all tE[#, t,+£] and all j, 15 7<Sm.

Since f(¢,x) is almost periodic in £, we can choose a sequence {7:},

ty+k/2<t,<t;+k, such that
f(t+7 ) —=>f(3,2) in RX 8 as k—oo.

If we set ¢;(2, k) =¢; (¢ + 1) for 1< 7<m and Yn+1 (¢, k) =2 (E+Th, trr L) >
these m+1 functions ¢; (¢, k) satisfy

r=f(t+7, x)
and
G (2, k)8 on R for 1<j<m,
Pms1 (L k) €2 for t=—k/2=8— 1,
because (Yp+q (8 —7r, k) =2, 2. Moreover,
[¢; (0, &) —¢;(0, k)| = for i4j, 14, j<m+1.

We may assume that ¢;(z, &) =¢;(£) in R for some function ¢, 1<j<m
+1, as k—oo. Therefore ¢; (j=1,-:-,n) are solutions of system (3-1),
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because f(¢+71;, x) =>f(¢,x) in RX® as k—oo, and
(D) eQ on R for 1<i<m+1
[¢;(0) —¢: (0) | >« for i4j, 1=<i, j=<m+1.

which shows that system (3-1) has m +1 distinct solutions in £ on R.
This is a contradiction. Therefore, ¢;(¢) is #.a.s in the whole £ on
R, if the uniqueness of ¢; is shown.

Now we shall prove the uniqueness of ¢;. Suppose ¢,5=¢; for j==2

and set
S ={x,e2;|x(¢2,0,2)) —$:(£)] >0 as £—o0}
and
Sy=A{x,€8; |x(¢ 0, x,) —¢;(2)| >0 for some ¢, j==2, as t—>oo}.

Then S, and S, are open sets in £, and moreover these sets are nonempty
and disjoint, because |¢,(2) —¢;(¢)|=c on R for j=2. On the other
hand, (3-12) shows that £=S;S,, which contradicts the connectedness
of £. Thus the uniqueness of an almost periodic solution is proved, and
moreover, as is seen from [7], this uniqueness guarantees the module
containment of the almost periodic solution.

Now consider the case where A(z) is reducible. We can assume
that A(#) takes the form of

* 0
A0 = 50)

where B(2) is zero or a square irreducible matrix of order m, 2<m
<n—1. If B(2) is zero, system (3-1) obviously has the constant solution
p(¢) in 08 such that p;(#) =0 for 1<i<n—1 and p,(¢) =1. In the

latter case, if we set in system (3-1)
x,=0 for 1<k<m—n and y;=Z,_ps; for 1i<Sm,
then system (3-1) is reduced to the lower dimensional system
(3-13) inZl by (£)g; (v;) for 1<ism,
=

where B(t) = (8;;(¢)). Since B(Z) is irreducible, the above system
(3-13) has an almost periodic solution y(z) such that
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y;(£)>0 for 1<i<m and 2] y;(¢) =1
i=1

and furthermore the module of y(#) is contained in the module of B(%),
i.e., of the module of A(#). Thus, system (3-1) has an almost periodic
solution p(¢) in 02 on R such that p;(¢) =0 for 1<:<<n—m and p;(¢)
=Y nim(2) for n—m+1<i<n. The proof is completed.

Acknowledgement

This work was partially done while the author was visiting Research
Institute for Mathematical Sciences in Kyoto University. The author wish-
es to thank Professor M. Yamaguchi for his invaluable advice and sug-

gestions.

References

[1] Amerio, L., Soluzioni quasi-periodiche, o limitate, di sistemi differenziali non lineari
quasi-periodiche o limitate, Ann. Mat. Pura Appl., 39 (1955), 97-119.

[2] Carleman, T., Probléms Mathematiques dans la Théorie Cinetique des Gaz, Publ.
Sci. Inst. Mittag-Leffler, 1957.

[31 Coppel, W. A., Stability and Asymptotic Behavior of Differential Equations,
Heath Math. Monog., 1965.

[4] Jenks, R. D., Homogeneous multidimensional differential systems for mathematical
models, J. Differential Equations, 4 (1968), 549-565.

[5] Krasnoselskii, M. A., Positive Solutions of Operator Egquations, P. Noordhoff LTD,
The Netherlands, 1964.

[6] Massera, J. L. and Schiffer, J. J., Linear differential equations and functional
analysis, I, Ann. of Math., 67 (1958), 517-573.

[7] Montandon, B., Almost periodic solutions and integral manifolds for weakly
nonlinear nonconservative systems, J. Differential Equations, 12 (1972), 417-425.

[8] Seifert, G., Almost periodic solutions and asymptotic stability, J. Math. Anal.
Appl., 21 (1968), 136-149.






