Publ. RIMS, Kyoto Univ.
12 (1976), 169-189

On the Asymptotic Behavior of Solutions
of Semi-linear Wave Equations

By

Akitaka MATSUMURA*

Introduction
We first consider the following semi-linear wave equation in Part I:
(D ty,— du+mPu+gul® 'u=0

where m>0, ¢>0, p>1, x&R", 4=Laplacian. Recently, Glassey [1]
showed that if p is small (1<p=2 n=1; 1<p<1+4+2n"" n=>2), scatter-
ing theory is impossible for complex solutions of (1). We show in 1.1
Glassey’s result is also applicable even to real solutions. Segal showed
in [3] and [4] that scattering operator can be constructed for (1) if
p>2+2n"'. We show in 1.2 that the solution . (x, £) of the free equa-
tion [ (1) with g=0] to which a given solution #(x,¢) of (1) is asymp-
totic in a weak sense as ¢— + oo, exists if p>1+2n"!, n=>3.

In Part II, we consider the following semi-linear wave equation with

the first order dissipation:
(2) uy,—du—+u, +f(u, u,, V) =0.

We show the asymptotic properties of the solutions of the linear equation
[(2) with f=0] in 2.1 and those of the nonlinear equation (2) in 2. 2
and 2. 3.

Notation. We denote by L? the space of measurable functions #

on R™ whose p-th powers (1=7r=<_co) are integrable with the norm

Jular = ( [1u@i* dz) " Jul. = ess-supla (o),
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by C= the space of infinitely differentiable functions, by C{ the subspace of
C> consisting of functions with compact support in R" and by H* the
usual Sobolev space on R" with the norm

(52

2

lalle*= 2

la|<k

L2

where

« ||
<~Q,> =__.a_‘, |a|=a1+...+an.
0x 0x,™ - 0, "

Let X be a Banach space on R*. Then &,5(X) Du(x, £) means that u(-, £)
belongs to X for all fixed ¢z and u is k-times continuously differentiable
with respect to ¢ in X-topology. We denote grad u#= (0u/0x;, 0u/0x,, -,
0u/0x,) by Vu. In Part I, all functions are generally complex-valued,

but in Part II, all functions are real-valued.

Part I

§ 1. 1. Extention of Glassey’s Result

We consider the solutions of the Cauchy problem for the equation
(1). We take g=1 without loss of generality. In [1], Glassey’s result

is not valid for real solutions, because he assumes
Q) =T [wude+0.
Then we define the momentum P(¢) by
P(5)=Re [afudz
instead of Q(#). We denote the energy norm |-|. by
@l = [Guul+ Pup+milul) dz

We have the following theorem which is valid for both real and complex

solutions.

Theorem 1. Let u(x,t) be a C*-solution of equation (1) with
Cauchy data in C satisfying P(0)=£0. Suppose that
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1<p=2 if n=1, 1<p<Z1+2n7" if n=>2.
Then, there dose not exist any free solution v(x,t) in C° such that

() —v(2)|,—0 as t——+co.

Proof. We note the following energy equality holds: if # and v
are C solution of the nonlinear equation (1) and the free one respec-

tively, it follows that

®) [t 17l mfalz 2 jul?*) dz=const.
p+1

f(lu,|2+]V'v]2+m2|v|2)dx=const. for all £=0.

We first show that P(2¢) is a time invariant vector. Differentiating P (%)

with respect to ¢ directly,

‘%ﬁt): Re< jﬁtVut dx+ jﬂnVu dx)

e 2 a2 |p+1
fV(lutg Putt—mult ~— 2 >dx

Hence, we have
P(t) =P(0) for all £220.
Suppose that there exists a free solution v&C,® such that
() —v(2)|l—0, as t—>+oo.

Define
P.(t) = Re fwv dz .

We note that Py(#) is also time invariant vector from the same argument

as before. Then
P@) —Py(2) =Re{ j(ﬂ,—%t) Pu+v,Tu— Vo) dx} ,

by using Schwarz’s inequality

|P () — Po () =V ut] all e — vlle + el alle — 0] .
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Since |V#|.. and |v;|z. are bounded from (3) and
|le(2) —v(&)|.—0 as t—+ o0,

we have

|P() —Py(2)| —0 as ¢—+oo.

Hence, from P(¢) —Po(¢) =const., it follows
P(2) =P,(¢) =P(0) for all £20.

Then, the assumption P(0)=0 gives
0<|P(0)| = Re jw,hdﬂ:]—Re ijﬁ;dx]

Slvdelvlz. .

On the other hands, since v, is also free solution, we have from (3),

lv: (&) . =]lv.(0) ] for all 2Z=0.
Therefore, there is a positive constant ¢, such that
Ii'v(x, t)|’dx=c, for all £=0.

Let the data of the free solution v be supported in the ball |z|<k.
Then, by the support property and Hélder’s inequality, we have

0<e = J]v (z, ) |’dx= Lzl<k+tlv (z,t)|*dx

2/(p+1) (p—-1)/(p+1)
g( j|«a (z, t)["“dx) ( j 1 dx>
|z|<k+t

2/(p+1)
< const. t(P—I)/<p+1)n< j|«a (x, t)!”*‘dx) for all t=1

where p is as in equation (1). Thus there exists a positive constant ¢,

such that
j o (z, OPHdz=et="@D2  for all £>1.

We define

H(t) =Re j(m —pw)dz .
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Differentiating H(#) with respect to £,

’%‘H(t) =Re J‘ﬂ(dv—mzv) —7 (du—m*u—ulu|*") dx
=Re j\gululp—ldx
= f]v]"“dx—l—Re J'Tl[ulp"l(u—v)dx

+ florqur = o dz
>cp ORI T,
where
L= [follwpu—vldz, L= [lof lul~~lo]*|dz.

—n/2)

Recalling that our free solution v satisfies |v(2)|.=0(¢ as £—+ oo,

first for the special case p=2, =1 or 2, we have
L= j[vl]ul |4 — vldz<const. = [u] sl — v] 12

= o (s"@Dr%)

We now take the general case 1<p<1+2n' for n=>3 or 1<<p<2 for

n=1 or 2. Then, using Holder’s inequality, we have

L= [lelloi=2lul~lu—vldz

guvng,—l( j ]’v]zdx> ‘2"’”2< j!ul%x) “"”’2( jw—uvdx)w

<const, £"® D2y () —v &), =0 ("),

For I,, we have

L= [lorllal=~ ol ldz= [l oflul?= = [o]*~dz

<const. 7" 2|y () —v (8)|.=0 (&P D),

Thus both I, and I, satisfy the same estimate for sufficiently large £, and it
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follows that there is a positive constant ¢, such that

iH@ >0

dt

for large enough ¢, say ¢=7. Hence,
2T 27
HT) —H(T)zczj t‘”(p'”/zdtzcgj 1t >0, log 20 .
T T
However, Schwarz’s inequality gives
\H() | =|Re ja (ve—) + e (7 —7) dz|

=@ el @ —v@le.

Thus |H(2)] =0 as ¢—>+oo, so that |[H(2T)| +|H(T)| -0 as T— +co.
A sufficiently large choice of 7" in the inequality above yields the desired
contradiction and completes the proof. Q.E.D.

§ 1. 2. Remarks on Weak Dispersion

We consider the solutions of the Cauchy problem for (1) with initial
data u(x,0) =¢(x), u,(x,0)=¢(x). If n=3, for example, scattering
operator is constructed for p>>8/3 and impossible for 1<{p<5/3. For
5/3<p=8/3, we don’t know if scattering theory can be constructed,
but we can get the following weak result. We denote by B the positive
selfadjoint operator (m*I—4)'* in L? by <, >L? inner product, and by
Dj the domain of B as a Hilbert space relative to the inner product
{z,y>,={Bx, By>. Moreover, we denote by H the Hilbert space direct
sum of Dy and L? with inner product and norm <, Yu |-|x and by (§)

the element of H with component x in Dy and component y in L2

We define
U= ven=( ) v =)
we = <c—c-)j3tsljn tBS,iT:ng ) Kv@l= <— |u (t())|"—1u (t)) '

Then, we have the following
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Theorem 2. Let u(x,t) be a, E(H'NL®) NE (LY solution of
the equation (1) with Cauchy data ¢(x) s H'NL?, ¢(x)el’ Sup-
pose that

p>1+2n7", n=3.

Then there exists a unique free solution v(x, t) €& (HY) NEL?) such
that

U@ —V(@), W)X>y—0 as t—+ oo, for any Xe H.

Proof. This proof is almost similar to the proof of Theorem 4
in [3]. We note that energy equality (3) is valid also for u=&"(H"
NL*®) NENL?) and ve &L (HY) NEH (L) by using Friedrichs’ mollifier ar-
guments and that W(2) is the unitary operator on H, i.e. {W (&)X, W(¢) -
Y =KX, Yyy for all X, YeH. Now U(z) satisfies the integral equa-

tion
) U@ =WQ© U+ LtW(t—s)K[U(s)]ds.

We define S(¢) =W (—¢)U(¢) and represent by Z an arbitrary fixed ele-

ment in D, where
o |(5)eecr.vece)
From (4), S(¢) satisfies
St —S@) = J:W(—s)K[U(s)]ds.
Then we have
(S® =S, Z>a= [ KU, WS Znds.

Noting that W(£)Z is a free solution, say of the form (2%,), it follows
that

KS@ ~S@), Zyal=| [ <~ u (), 2.6)>ds

= [ [worizeiazas.
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Recalling that ||z,(s)|~=<const.(1+s) ™* and (3), it holds that if p=>2
13
KS@®=S@), 2ul= 1Ol [ Ol deas
< const. \r(l +5)7"* J‘lu )+ u(s)|? ' dx ds
o

t
< const, J A +s)"""ds,
o
and if 2>p>1+2n7"

2-p)/2
) s

<S@ =S@), 23ul = [ ( fwaz)"( [izlreraz

t
<const, j I[zc]lfo‘1< jlz;lzdx s
,

> @-p)/2

t
< const. f A+s)"e-b2gs
o

Therefore, if p>>1+2n"", n=>3 right hand sides are integrable, so that
) {S(@)—=S(),Z>4—0 as t,t'—>+o0.

Next, we can show that [S(2)|z is bounded because (3) gives

C) ISAa=IW (= U@ |a=|U(#) |a=const. .

Now, the fact that D is dense in H and (5) and (6) imply that there

exists a unique S,& H such that
S(8) =8y, Z>4—0 as t—+ oo for any ZEH.

Let V(2) be the free solution given by V(z) =W (#)S,. Then for any
Z in H,

U@ =V (@), W) Zyu={W(—)U(&) =W (=) V(8), Z)>u
={S() =8y, Z>—0 as t—>+oco.

Finally we show the uniqueness. Suppose that there exist the two differ-
ent free solutions V;, V, which satisfy the above conditions. From the

above arguments, we have
Vi(8) = Vo (), W(2) Z>y—0, t—>+ oo .
Taking Z=7V,(0) — V,(0),
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[Vi(2) — Va() |g—0, t—>+o0.

Since |Vi(£) — V(%) |z is constant, this contradiction implies V;=V,.
Q.E.D.

Part 1I

§ 2. 1. Solutions of Linear Problem
We consider the linear equation

) vy—dv+v,=0 xR, t=0
with
v(@, 0 =¢(2),
v, (x, 0) =¢ (x).
We can represent the solution of (7) as follows:
v(x, t) = Kixd + Kok .
Let R;(£,¢) be the Fourier transform of K;(x,t) (¢=1,2). Then R;

satisfies

da* d R _
(8) dtZRi+ dt Ri+ |§I Ri O >
(Rl(é, O) =0, Rz(é, 0) 21,
< d d
—-———.Rl ,0 =1, — N =V.
( R0 S RE0=0

We can solve (8) exactly, so that

2e~ Wt | Jl_:w <1
WL smh< 5 f>, i§]=§,

2e-Om . JATEFCT 1
WA s1n< 5 f>, IE[>E’

R2 (E; t) ='R1 (Es t) +R3 (6’ t) ’

R, 0=

e~/ osh (@t), e<l,
2 2

Rs(§,2) = o
’ —ap V4|EF—1 1
e cos<_2___t>, [€|>—2— .



178 AKITAKA MATSUMURA

Lemma 1. If fe L™ H™ 2 (1<m=<2), then

Ekf)| =e@+em = Fllin+ 1 lowms i)

373 ax>

> (K, <c A+ )= em=i= @ (| f | gt [ f i 1a1-1) -

H at ('ix
If fel™N HWAtiriell shen

(L) (2) o] Sy f gt 1 ey

H ot ax> (Keef >H Sc@ 4 mmemmE= DI (| i+ [ f s -

Here and hereafter ¢ denotes some constant.

Proof. We note that
©) 1A =Z1Flzm l+;1;=1, 1<m=<2,

where f denotes Fourier transform of f. We show lemma 1 only for
[(8/0¢)*(8/0x)* (K *#f)|l.. For the other cases, we can give proofs in

the same way. We use the following

&
(10) [eremraig < p-eon,
0

sup |é|fe ¥ <c(1+2)"** for all £=0
<|E|<o

which are easily verified. From (9), we have

der. %R GOMIG ”L

H ot 0x> (Kurf )H ‘

<| Ié!‘“'l%R(é,t)Hf(f)ldS .

We take a small fixed 0>>0 and divide the last integral into four parts:

J~= j + j + J‘ + j‘ EI1+Iz+Is+I4
€121 1/2<1¢1<1 <|€1<1/2 A

We estimate I,~1, as follows:

I <Ce_(1/2);j €] L+ v —1+4[¢] )’If($)|
1= leizt V4[EF -1
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oo e ma( (1‘_: :/jtll()l&;_ Y ) ( ngllél'gt”/””dé) -

X ( jlSI2[n/2]+2|“|+2i'f($)|2d$>1/2

éce—m”f”[n/zﬂiﬂa[ .

o sin ((¢/2) =1+ 41éT)
| =ce {1+1>|se}1>‘i/z< V_1+4E]

=cA+) e £z .

e sinh ((2/2) v1—4|¢]%)
|| <ce™ {1 +a<!sellls1zﬂ< i )

W [ir@rag)”

+ sup cOSh<—;?\/i———4l_$?>}”f“L2

8<161<1/2

Sce—(lﬂ)(l-—\/l_—“m_z)t”fnu

A= VI—4EPD &N F O] apmersvizies
< 5(1/2):( 1+V1-4[§[2)
Hii=e fmsa V1—4JEP &
] f A+ VI—ER IS PO omecormvizamm e
1o VI—4[EP

since —41&< -1+ VI—4[EP<—., * for i$i<%,
<c j g |+ 1alg=tll?| F(&)| dé + ce™t? J MGIES
1810 1§1<8

m(2i+|a|)+n—1 —115(9 k
([, lgimesen ae)”( (17 @)

e ( (17 @rag)”

<l+%=1 1§m§2>

m
Sc{@+g)-ermerrianmym| £,
<c(1+p)-mem=i-amial| £ .

Therefore, from the above estimates, we have

(Ki*f) ” =c @4 2) M= (|| £l o+ | f lense1eisiar) -
Q.E.D.

) Ge)
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Lemma 2. We suppose ¢(x) €C,”, ¢(x) €Cy>. Then the solution
of (7) satisfies

a [ a /D —im «
”(E) <_6%> v(®) ”coéc(l-}-t) @/ =i=AmE (|| Gllenm1 o4 a1+ @] 2s

+ @lenmsierer + Igllze) 5

((2) (L) 0w e+ pommimeme gl o+ ol

F 1@l 1ag-1+ gl zs) -

The proof of this lemma follows immediately from the lemma 1

taking m=1.

§ 2. 2. Solutions of Semi-Linear Equations
We consider the following semi-linear wave equation
2 sy —du+o,+f(u, w,Vu) =0,
u(x,0) =¢(z),
Lt (z,0) =¢(z).

We assume that f(2) =f(21, 2s, ***» Za+2) is C* function on R*** and satisfies
that, for |z|X1,

I/ (2)| =cl=|”

=clz*7*if min(k, p) >|alZ=1,

an (2)r@

1(%)”}@) <c if k=lal=p

where a= (aﬁ, Uy, oy an+2)’ P>1'

As to the estimates of composite function f(v(x, ?)), we have

Lemma 3. Suppose that feC™A ' (s=>[(A+[n/2]))/2]) satisfies
11) and v(=x, t) €EL(H™) . Then, f(v(x, t)) € E(H™3*) and
satisfies

12) [f(2) ||[n/2J+1+séc”v”gfzu"’"%nﬂjn+sh (”"’”[n/2]+1+:) Sfor p=2

_S_c”'v”?n/zjnwh (“'U”[n/z]+1+.y) Sfor p>1
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1f @) [ze=clvl& *?lolzfh (lvl.)  for 1=9=2, pg=2.

Here and hereafter, we represent by Z(y) some nondecreasing nonnegative
and continuous function on y=>0, and |v|. means 3, < sup| (8/0x)*v(x)|.
We omit the proof. (See von Wahl [5]). For the nonlinear term f,

we consider the three cases
case 1. f=f(w,),
case 2. f=f(u;,Vu),
case 3. f=f(u,u,.Vu).

If =1, we have the following

Theorem 3. (n=1) We suppose ¢(x), ¢(x) €Cy and
[Blle+e + Pl i + 1 Bllz +ld<e (£=0).

Furthermore, we suppose that f(z) €C'"* satisfies (11). Then, there
exists a small positive constant & such that the Cauchy problem for
(2) has a unique C*** solution for 0<Ye=eg, and p which satisfies the
following conditions, and we have

if p=2 for case 1 and 2 or p>3 for case 3

__0_ ! _Q_ ! << —min{(1/4) +i+(1/2) 7, ((1/2)+8$)p—1/2}
@ () (5wl =a oo

Jfor 0=i+j<2+%

(14) ” (i) ; <i> ’ u(2) ll < (14 £)~min{/D+i+ 0/, (/D +9p=17/2
ot ox o

Sor 0=i+;<1+k

if 2>p>1 for case 1, or 2>p>iﬁ2“1 for case 2

@15) ” (i) ' <i> ’ u(£) H < (1 + £)~min{@-D/A++A/D ) (@=1/4+9)7)
ot 0x 2

Sor 0=i+j=2+k

@ ) (2) e

Zc(1+ t)—min((p/4)+i+(l/2)i»((p—l)/4+ma}

o
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Sfor 0=i+;<1+k.
Here, s represents

1 for case 1,
s=41 for case 2,

\ 0 for case 3.

If #=>2, we treat only p—=2. We have the following

Theorem 4. (n=2) We suppose ¢(x), ¢(x) €C™ and
@lomrsas s+ @lomasnse + bl + [@leSe, 5= [B’/—Zzlil]

Furthermore, we suppose that f(z) € C™3*** satisfies (11) and p>2
for n=2 case 3, or p=2 for the other cases. Then, there exists a
small positive constant & such that the Cauchy problem for (2) has a
unique £ (HMH+0) N @ (HM™24%Y) solution for 0<Ve<e, and we have

H <i> ’ <i> au 6) “ < (1+ ¢)~mini/o+ira/mlal, (/2 +9p- (/)
0t/ \ox 2

for 0<i+|aj<3+k+ [%]

”<_@_>"<_a_>au (t) “ <c (1+t)_min((n/2)+i+(l/2)]a|,((n/2)+:)p-—('n/2)}
0t/ \ox o

Jor 0=i+|a|=2+F%.
Here, s represents

1 for case 1,
s=4% for case 2,
0

for case 3.

Proof of Theorem 3. The existence and uniqueness for local solution
are well known so that we show decay estimates which show a priori
estimates for global solution. Then we suppose the solution u(x, £) €C***

exists. u(x,t) satisfies the integral equation
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a7 4@ =00~ [ K- @@, 0, 1 @))dr,

where v(¢) is the solution of linear equation (7) whose Cauchy data are

equal to (2). Differentiating (17) with respect to Z, we have
t
18)  w(®) =v.(t) — j '50; L= D (), (), 40 (0) ) dr .

We only give a proof for the case 1, f=f(%,). For the other cases, we
can give proofs by almost the same way. We first note that for a, 5>0,

[[e—rene@rndrzeqrnmmen, max(e, 6 >1
that is shown in Segal [4]. From (18) and Lemma 2,
@ leiSee @+ 9+ ] (L) ks wa
Now, we suppose p—=2. Then Lemmal with m=1 gives

A9 @ lhaSce@+0) e A+ e=0 £ @)

+1F @ (D)) 1} dr .

Lemma 3 gives

LF Cate) Nls + 1S Cote) N s = ltal| 26274172 Cltte 1) -

Substituting the above into (19),

(0 lewsSee (240) > [t =0 0 (D) ool (2 o) e

putting M (£) =supoge<e (1+7) ¥, (%) s 15

<ce(1+8) " +ch(M(2)) L (At £—7) (1 +7) 2 (M(z))"de

<ce(1+8) " e (1+8) (M) ?h (M)
so that

M) <ce +c(ME))h(M()).

Therefore, there exists g such that M(z) <c for 0<e<{g, (cf [4]) so that
(20) ety (&) e n e (1 +2) ™.

Next, from (18) and Lemmas 1,2 and 3,
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e ()l Se (1) ™+ [+ 2=0) 0 (0) oo (s () )

1
<c(1+2) "¢ f (L+£—7) "2 (1+0) -7y .
0
Hence,

2D e () lox<c (1 +£) 7.

Furthermore, for 7=0, 1,

@ (5) (5) = (5) (%) 7~ [ (3) (&) wenae.
By Lemma 2, we have

” <%> i <a%> £10 Hméc (1 + £)-d-i-ami

“ <_gt—> i <b%> j” ® Hwéc (1 + )~ am=i=ami

By virtue of Lemmas1 and 3, we have

[

(2 (&) o] o

=c f (14— £)=OO=6=0m3| gy, (2 |8y () |11
substituting (20) and (21) into the above,
=c Jt(l 41— )" WH=I=ADI (1 4 )= CDPHIg
o
<c (14 £)~ ™R/ +i+A/D5 @/Dp=172)

for 0=<¢+;=<k+2.

Analogously, we have

S ) e

dr
éc (1 + t)—min((1/2)+i+(1/2)j, (8/2)p—1/2)

for 0=<7+;<Fk+1.

Thus, we can get the desired estimates (13) and (14) for 7=0, 1.

For
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=2, we have

(23) <_"”_>i<5@;>ju=right hand side of (22)

ot
ST Y1) oo}

Our problem is the last term. For the moment, we suppose that

o £V, seasor
524l ze0m0mw
for 0=i<i,.

Then, let’s show (13) and (14) for i=¢+1. From (8), it follows

s+2 s+1 -
<i> * Rl (5, 0) :i ]klmlzs+l_m, where /11,2: -1+ \/1_4|$[2 .
dt = 5

Hence, from (23) with i=¢,+1, we have

ig—1

215 G 1) movwe)]

L2

29—1
=c2,
§=0

(Z)

()"

‘i+j—2—s

p—1/ 4o
ck*l—5> <s§

><h<:§a1

<e(3
s§=1

) s
() #l..)

substituting (24) into the above
<c(1+£)~CPP A g (1 4 £)~min(/H+i+A/D5 O/2= /) |

In the same way, we have

i—2

S8 (2 5) ™ R

s=0

<c (1 +£)™n/n =+ /5 ¢Mp=ar)

Thus, (13) and (14) hold for i=z,+1 and this clearly shows that (24)
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holds for i=4Z,+1. Therefore, we can get the desired decay estimates
inductively because (24) is true for i=0,1 as we verified already.
If 1<p<2, Lemmas 1 and 2 give

t
oty (D) e+ =ce (1 +2) = +¢ L(l +&—1) TP (| f () l|n
+[ £ () llg+1) dr
Then choosing m as pm=2 in Lemma 3,
1
Sce (L840 [t 0O () [Eah (0 (2 o) d
0
We can get
et () [les1=c (A1 42) """, 0<eZe,
by the same method as before. The remainder is same as p=2.

Q.E.D.

We omit the proof of the Theorem 4 because we show it by the

same way as in the Theorem 3.

§ 2. 3. Special Case f=|u,|? 'u,, n=1
We consider the following equation
(25) utt_uzx+un+iut[p—1ut:0, zeR', p>1

with
u(x,0) =¢(x) eCy,

u(x,0) =¢(x) €Cy .

For this case, we can get the decay estimates without the smallness

conditions of ¢ and ¢. We first prepare the following

Lemma 4. Let u(x,t) be a CF solution of the Cauchy problem
Sor (25). Then

llote (2) oy llo2: (2) 220 @s t—+ o0
Proof. From (21), we have

(26) L Iuﬁ(r)dx dc<E, j(uﬁ(t) k() + ity (8)) dz=<E for t=0
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From (26),

where E is some constant that depends only on ¢ and .

=4 ["( [wide)  [uasadz)a

oy
=E £ Juﬁ(r)dx dr .

we have

! < jucz () dx) g < jutg (%) dx) ’

If this con-

Therefore, |u,(2)]||z. is asymptotic to constant as £— + oo,
stant is not zero, it contradicts (26). Thus we have

”u,‘(/)”u_)o as t— 4 oo,

Furthermore, from
t
wt @ = [ 2w de =2l @l @ 2,

we have
let; (£)]|z:—0 as £—+ 0.
Q.E.D.

We suppose that ¢(x) €Cy, ¢(x)eC” and p>1.

Thecorem 5.
Then, the Cauchy problem for (25) has a unique C® solution such

that; if p=2
”(i) 0 )j”“)“ <c(U+8)0==0m3  for 4 <2
ot L

0x

_Q_iij ” —(1/2y—i—(1/2) ] P
“<0t> <8x> 2(®)| Se(+oy OB for itj<1,
and if p<<2
‘ 0 ‘ 0 1 H —min 4)+i+(1/2) 7, -3)/4} ; 7
‘|<_a7> (0_x> u(t) w§6(1+t) W@/ +i+ADHP@+OM fop f4 j<[]

Proof. We only give a proof for p==2 because the reasoning for

p<<2 is almost the same. (18) and Lemmas1 and 2 give

L
et (D) 1=c (1 +8)"* +¢ j A+2=0) 7] ot " et
0
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+ “ qulp_lutULl} dr.
For this case, we use
[ol* vl =clvlo" vl » [[2[* " 0)n=[v]Z*|:
that are easily verified by the modified lemma 3. Therefore, we have
ot () (e (1 +2) 7™ +¢1(0, £)
where
t
1(0, ) = L(l +2—7) (ot (D) |22 + 2 () o) 122 () al| 22 (DIZ d .

Now, we divide I(0,¢) into I(0,£/2)+1(¢/2,¢) and define M(¢)
by

M (&) = sup (1 +7)"u, () |
1<t<t
It follows that

1 w2t o
I <o, Et) <c j (14 £ — ), (2) |nde
£\ -4 pame
<c (1 ¥ E> f (14 0)""M(c)de,

I(Stt)= sup_{lolz+ a2 2o

i
x j Q= ) M (@) dre
/2

t

<o(142) M@ sup_ (e () [+ e ) 12 (2 2
W)Lt

From the above estimates, we have
2
M@ <c+c j (1+7)“M(c)de
0

e sup {fla, () 27" + laee () [27%| e (2) || 2o} M ()
a/2t=rese

Then, by Lemma 4, the choice of sufficient large ¢, say ¢=7, gives

¢ sup {Jla() |27+ Jlue (2) 7"l () [l 2o} _S.% .

W/t

Therefore, we have
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M® <c+e f(l + O MM (Dde for all £=>T .
0

This implies
lloee (B) i< (1 +12) ™",

so that we can get the conclusion by the same way as in Theorem 3.

Q.ED.

The author wishes to express his sincere gratitude to Professor Yujiro
Ohya and Doctor Takaaki Nishida for their many suggestions and criti-

cisms.
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