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Global Solutions to the Initial Value Problem
for the Nonlinear Boltzmann Equation

By

Takaaki NISHIDA* and Kazuo IMAT*

Abstract

The nonlinear Boltzmann equation in the rarefied gas dynamics is investigated for
the gas molecules with the cut-off hard potential in the sense of Grad. The solution
to the initial value problem is proved to exist uniquely in the large in time and to
have the decay order of (1+#)~%* as t—>+oo for the small initial data in the space
H;sNL'(z; L*(v)). The decay order is improved to (142)~** by the additional
assumptions on the initial data.

§ 1. Introduction

The nonlinear Boltzmann equation in the rarefied gas dynamics for
the gas molecules with the cut-off hard potential in the sense of Grad
is given around the absolute Maxwellian state M= (27) ~** exp (— |v|%/2)
by the following: (cf. [2], [3])

@D 0 5 0) [0+ 30,07 2, 0) /0, =Lf +3T (£.F)
in t20, xR’ veR’
1-2) fQ, z,v) =fy(z,v) in xR’ veR’.
Here the operator L acting only on v is linear and nonpositive, i.e.,
LA, f)=0 for feD(L) and
Lf=0 iff fe {p;}ja={M",v;,M"", |v|"M""}
and it is decomposed as follows:

-3 Lf=-y(@f+Kf in L'(v),
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where y(v) is a monotone function in |v| and
1-49 0<yo=v (v) =v:(1+v]), and
1-5) K is a compact selfadjoint operator on L?(v).

The operator yI' (f,9) depends on v and is bilinear in f, g, and the
further properties are stated later.

The initial value problem (1-1) (1-2) is considered by Grad [3],
[4] locally in time, and by Ukai [12] in the large in time for the small
initial data which are periodic in x, whose solution decays exponentially
in £. Here we consider the pure initial value problem (1-1) (1-2) and
prove that the solution exists uniquely in the large in time for the initial
data fy(x, v) € Hy s L' (x; L*(v)) with the small norm in these spaces
and that it decays with the order of (1+&)~%* as £— + oo, where

A-6)  Hyn=A{f=f(z0); [ fln=sup A+ [oD"|f (-, ) ;< oo}

(1-7) H' is the Sobolev space of L:-functions in x with the /th L*

derivatives, and

1-8) LP(x;L*(v)) is the LPspace in x with the value in L?(v) and

”f”gp(x;m(u)): jv”f(x, ) ”g”(")dx .

The additional conditions on the initial data such that

2fo(z, v) € L (z; L*(v)) and Uf.,(x,vw,(v)dxdv:o, Ji=1,2, -5

improve the decay order to (1+%)~* as t—+oo. In order to get the
existence theorem and asymptotic decay of solutions, we use the argu-
ments in [3], [12] cited above and those in [1] where the linearized
Boltzmann equation is discussed about the fluid dynamical approximation,
and those in [5], where the decay of solutions in the whole space as

t—> L oo is considered for the Broadwell model of Boltzmann equation.
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§ 2. Linearized Boltzmann Equation

We summarize here some known rtesults about the linearized

Boltzmann equation,

@21 of (¢, x,v) /ot +v-0f /0x=Lf.

It is considered in the Fourier transform in x:

2-2) 0F @, b v) /0t=—ik-vf+Lf=Bf
in 10, ke R’ ve R’

Let k€ R® be a fixed parameter and consider the following operators in

L (v).

(2-3) B.,=—ik-v—y(v) +K,
(2-4) Ay=—ik-v—y(v),

where D(A,) =D (B,) = {feL*(v), A, feL*()}.

Since K is a compact operator, B, is considered as the compact per-

turbation from A,.

Proposition 1. B, generates the strongly continuous contraction

semigroup ¢®x on L*(v).
Proof. See [1], [9].
Definition. ¢ (B,),0¢.(B,) and ¢,(B,) denote the spectrum, essential

spectrum in the sense of Browder [11] and the set of isolated eigenvalues

with finite multiplicity, respectively.

Proposition 2. 0.(B,) Co.(4,) U{A=8+ir, f=—v(v), r=—k v
fOr V'Z)E.Ra}, G(Bk) :65 (Bk) UG,; (Bk)'

Proof. See [1], [8].

1t is wellknown (cf. [2]) that 0€0(B,) =0(L) is an eigenvalue
with multiplicity 5 and its eigenspace is spanned by {¢;}5_,, and that

Jj=1I
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the other eigenvalue of B, (if exist) are on the negative real axis such
that 0>thzZ---—>—vo.
Now let us parametize 2=fw where k=R, n e S?

Proposition 3. There exists 0>>0, 3,>0 such that for |k|<0
0a(By) N {Re 1> —Bi} = {a; (k) } -1,

where the perturbed eigenvalues o;(k) of 0 are smooth in k, |k|<0

and have the expansion
a; (k) =a;,1 () +a;, (6)* + a5, (°6) °*+ 0 (69,
where
a;:>0, j=1,2,.--,5.
The corresponding eigenfunctions are smooth in k and have the ex-
pansion
e; (k) =e;,0(0) +e;,1(0) (k) +e;,2(0) (GE)*+ -+,

and

(ej(_k)’el(k)>L2(v):61,ls jy l‘:l’ 29 '“’5'

Proof. In particular for the hard sphere molecule, the expansions
for a;(k) and e¢;(k) converge in k, |£|<0 and they are analytic in g
there. (cf. [7], [8]) For the general cut-off hardpotential, see [1].

Proposition 4.

(i) For any fixed B<vs,
sup |[K(A—A) -0 as r—+oo.
Rei>—8
kST
(ii) For any fixed B<v,, any fixed r>0,

sup |[K(A—A4,) =0 as [—>+o0.
Rel>-g

k=T
2] =t

(iii) For any fixed B<v, there are no eigenvalues of By in
{Re A= —f} for large |k|. And for |k|<Vr<+ oo, there exists c=c(r)
such that
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0a(Be) N {Re 1= — B C{|Im X[ =c}.
Proof. See [12]. (iii) follows from (i) and (ii).

If we note that the set ¢,(B;) in Re 1>—8(>—vy,) is continuous
in kR and so it is in 2= R*® by using the rotation in v for By, it
follows from propositions 3 and 4 that for any £k, |k|>>0>>0 there exists
B:>0 such that

-5 0s(Bx) C {Re A< — B3}

Theorem 1. There exists 0>0, $,>0, B.>0 such that the fol-
lowing (i) and (ii) are wvalid for any fD(B,).

(G) For any k, |k =0,

(2-6) e’Brf= lim — e™(A—By) ~fda

Fo>+oo 2m —B8y—ir

5
+ 2P (es (=B, f) mawes (B),
5=
where o;(k) and e;(k) (j=1,2,---,5) are the eigenvalues and the
corresponding eigenfunctions of B, in proposition 3.

(i) For any k, |k|=0,

@-7) eor— lim L (2= B -l .

rto0 20 J—Ba—ir

Proof. If we note that proposition 4 implies |(1—B,) f||—0 as
[Im 2| —>c0 for Re A==—B(>—v,), [1] gives (i) and (2-5) gives (ii).

Remark The first terms on the right hand side in (2-6) and (2-7)

can be rewriten in the form (cf. [12]);

lim —— j e*(A—By) ~Yfd
Bj—ir

r>+o0 2111

=" f 4 e f¢ lim — 1 j” er(A—A,) !
7400 217 J—ir

c(I-KQ—A) ) KQ@Q—A "Yfda
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=etA’ff+ e_ﬁjtZ (BJ" t)f ’
where |Z(8;, £)|=c independent of z. (j=1,2)

§ 3. Decay of Solutions for the Linearized Boltzmann Equation
Definition. H={f(x,v) € L’(z,v), (z,v) eR} CL*(z; L’ (v)),
jz { Pk, v) = (2m) je‘“‘"f(x, v)dz for feH}
=L*(k,v) CL*(k; L’ (v)),
H,={feH,|kl'f(k v) €H},
IF1e= [ Q@+ 1-)™17 G ) o

Definition. Boltzmann semigroup (cf. [1]).

¢Bf = (27) " j ¢* g5 P (b v)dk for f(z,v)cH.

Theorem 2. The solution of the linearized Boltzmann equation
(2-1) with the initial f(x,v) has the following decay estimate for
[=0,1,2, ---.

() Let f(z,v) e H,NL (x; L} (v)). Then
3-1 le”fl.=c (| fll: 4+ fllzsces z2wn) / A+ 2) 4

(i) In addition to the condition of (1) let xf (x,v) € L'(x; L*(v))
and

JJ% ) f(x, v)dxdv=0 for j=1,2,---,5. Then

3-2) le2f i =c (| Fll:+ 1 Fll ¢ z2om + |2 | 21z z2eon) / A+ 2) 4.
(ii) Let feH, |f& v)|m<c for any keR® and

J‘gbj(v)f(x,v)d'vzo for aaxeR® j=1,2,---,5. Then

(3-3) e fl=cSfl+ Slklpllf(k, zew) / A+ 2%

It is shown in [10] that the decay of solution to (2:-1) as t— + oo
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without the decay order for the hard sphere molecule.

Proof. Let us estimate

le*f 1= J‘ A+ &) e f (&, v) [12mdk

= + Jv :I+Il .
1k =<0 k| >0

By Theorem 1 (ii) and the remark to it,
Lsce s | Qo RIS (o) fnodk
For [k/<0 we decompose I as follows;

I= §12+Is

|k|=0

where I, and I; correspond to the first term and the second term in the
right hand side of (2:6) for ¢®*f respectively. Therefore using again

the remark to Theorem 1 we have

L= e~ (L+ kD) ™| F (R, ©) |22tk

1k]<0

LS [, @ B3 e ey (=B, Tk ) sroes B ol

<c* sup “f'(k, ) B J‘ ILIL /2
k<o kj<o

= flisreany/ A+ 2%, (a= mjin aj,2).
Thus we have for By=min{B,, Bz}
eIl ST+ L+ I,
= f1*+ & f s zean/ A+ D72

(ii) and (iii) are proved analogously. (cf. [5]). Q.E.D.

§ 4. Existence and Decay of Solutions for the Nonlinear
Boltzmann Equation

In order to get the existence and the decay estimate of the solu-
tions to the Cauchy problem (1-1) (1-2) we follow the line of [3] and
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[12], when the space of functions H, , for [, m=3 is used. (cf. (1-6))

Theorem 3. Let [, m=3
(1) Let the initial data fo(x,v) €H, . NL'(z; L*(v)) and put

Ev=|fuln+ j TACD I s

There exists a constant E, >0 such that for any initial data with E,
< E, the solution f(t) of (1-1) (1-2) exists uniquely in the large in

time and has the decay estimate,
I £ @l n=cE:/Q+2)""

(1) In addition let the initials satisfy zfy(x,v) €L'(x; L*(v)) and
[[o: @12 vy dzdv=0, j=1,2,,5.
Put Ey=FE,+ j]{xfo (%, 0) | awdz -

Then the decay estimate of the solution of (i) improves to

[ f @l n=cE:/(1+2)*".

Proof. In order to obtain the solution of (1-1), (1-2) we introduce

the iteration
4-1) (@) =efo+ f ey (f"1(s),f"(s))ds, n=1,2, .
0

'@ =0

in H,,CH, where ¢ is the linear solution operator in Theorem 2.
To prove the convergence of this iteration globally in time, we use

the integral equation
t

4-2) £ =e*fo+ J “2yg (s) ds
0

where v9 () =y (v)g (¢, x, v) is assumed to satisfy the conditions of
Theorem 2, (iii), and follow Grad’s and Ukai’s arguments ([3], [12]).

We use the operaters e'4f=e~"®f(x—tv,v) and a version of (4-2)
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t t
@3 FO=eit [ g rds j DK (5)ds
0 0

to estimate (4-2) in H,,. Using the property of K ([2], [3]) (4-3)
has the next estimates for 3=3/4,5/4

(4-4) A lls" <e l follow+ g lls™* + 1A 1la"
4-5) £l =e (Ul fall, s+ Nglls™ + 1 F U6, =1,

where ¢ means some positive constant and

Il £lle" = fg? A+ DOy,

IFlls= sup A+ LD
Iterating these inequalities j=0, 1, 2---m, we obtain

(4-6) A Ne"™=e (I folleym + Nglls™™ + 116" -

To estimate || f||s' we consider (4-2) in H,. By the aid of the inequality

:
@D A [
¢: independent of #,
Theorem 2 gives
4-8) I Fll'=e (E+ llgllss™ + sup (1+2)* (00) Mzsw)
=0

where E=E,, E, for §=3/4,5/4 respectively. From (4-6) and (4-8)
it follows that

4-9 Il Flle"™=aE+ & ([lgllz" + sup (1+ )" (W Mzw) s
=0

a,b: positive constants.
Now we can set g(@&) =I'(h(©#), h(¢)), h€H,, By virtue of [3] it
has the estimates

(4-10) I (&, &) " =c (IRl s"™)%,

(4-11) sup A+ W (hy 1)) N zaw=c sup A+ |vI (hy ) | 22 362y
t=>0

=c(llAllg"™)*
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Hence we obtain
(4-12) Il Flls ™ <aE+ be (|Alls"™)*.
This inequality shows that there exists a constant E, such that for any

E<E, the iteration (4-1) converges to the global solution in H, .
Q.ED.

Remark 1. While typing this work we received an abstract of
Prof. Ukai that contains the existence theorem of the global solutions
for the Cauchy problem of the nonlinear Boltzmann equation for the

hard sphere molecule with the small initial data having no fluid part.

Remark 2. We can get the global solution of (1-1), (1-2) with-
out the restriction feL'(x; L*(v)). To prove this remark, we have

only to note the facts

le““falli=cll fol.=el falls,n

and (4-7) for 3=0. Then the inequality (4-12) will become

Il £ll™™ =all folls,m + & (I Allla" ™) *.
Hence the iteration (4-1) gives the bounded (in ) solution in H,,,
I, m=3.
Moreover if we note that in this case the x-derivatives of the solu-

tion have the decay order as

|0r @ < cl| folls,s H 0} (@)
| 0x; 2,s= A+~ ’ dx;0x;

<0”fo||s,s
b 427

we can get the decay of the solution f(¢) in the norm of H,; by the

aid of the Nirenberg’s inequality®;
e () == (2 10%%/0x:02 ) ** (Jadl| o) **.
In fact we know that by the Lebesgue’s theorem
[€2folo,s—0 as t— -+ o0

and we have for the nonlinear part

& L. Nirenberg, On elliptic partial differential equations, Annali Scuola Norm. Sup.
Pisa, 13 (1959) 115-162.
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[l (@, @) lnds= [ 2L O as

< \r el f () ls,s- sups (L + [2]) ] £(5) [ v ds
D A+t—s5)"

< [F OIS QT fomdnfon” 4
—J A+z2—s)""

t
< j o Fullads/ L+ £ — )7 (1 +5)
0

=c| fulls,s/ A+ 2) .
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