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Introduection

In 1967, D. Sullivan [13] introduced a bordism theory based on
manifolds with singularities and successively N. Baas [3], [4] studied
and reformulated the theory so that it has been given a more accessible
ground.

This theory is considered as a natural generalization of usual bordism
theory, and for each given singularity class & ={P,, P,, ---}, a sequence of
closed manifolds, one obtains such a theory. Thus there have appeared
various interesting generalized homology theories.

For example, as Baas [4] shows, there exists a tower of homology
theories and natural transformations connecting complex bordism to ordi-
nary singular homology.

One of main problems with these theories has been to show whether
they are multiplicative or not (Baas [6]). And the purpose of the pres-
ent paper is to study this problem.

For convenience sake, we will restrict ourselves to the case of com-
plex bordism theory MU(Y"),( ) with singularity class .%’. In this theory

we introduce natural (external) multiplications (§ 3 and § 6)
L MU(S) (X, Y) QMUY ) (V, W)
SMU(S) e XXV, YXVUXXW)

which are “admissible” in an analogous sense of Araki-Toda [2], where

E={E, E,, ---} means a sequence of Morava’s manifolds E; one for each
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P; (§2).

Although these multiplications #p depend on E and primarily on
&, all of them are shown to be associative (Theorem 5.25).

As for commutativity we obtain an “obstruction” formula (Theorem
4.12). And for certain favoring cases where the obstructions vanish, #z be-
come commutative (§ 6). It follows, then, that the dual cohomology theories
MU(S)*( ) are multiplicative and hence the representing spectra MU
(&) become commutative ring spectra. Among them, we can show that,
the “integral” Brown-Peterson spectrum BP for an odd prime p (Brown-

Peterson [7]) is a ring spectrum (Corollary 6.7).

Added after completion of the manuscript of this paper.

In a recent issue of Izvestija Akad. Nauk SSSR, Ser. Mat. 39, No. 5
(1975), 1065-1092, the following paper appeared: O. K. Mironov, “Ex-
istence of multiplicative structures in the theories of cobordism with sin-
gularities” (in Russian).

Although our work has been done independently of his own, there
may be some overlaps in the results.

Mironov dealt with the same objects as ours, but in more than one
category of manifolds, i.e. with SO, U, SU and Sp structure respectively.
He used an inductive construction (on 7) for defining multiplications in
the bordism theories £,**( ) with singularity type D ,={Pi, -:*, Pa}.
(32, correspond to our .%,).

On this point his method seems considerably different from ours.
As for commutativity and associativity, he treats only the case n=1, in

the above paper, with detailed analysis for the mod ¢ theories.

§ 1. Baas-Sullivan Bordism Groups

Recall first some notions concerning manifolds with singularities and
the bordism theory based on such manifolds ([4]). Throughout this
paper, by manifolds we mean compact, weakly complex manifolds with

corners (see [8], [9] for manifolds with corners).

Definition 1.1. V is a decomposed manifold of type n, iff there
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exist submanifolds 9,V,0,V, :-+,0,V of codimension zero of the boundary
0V such that

oV=0,VUo,vy--Uoa.vV

where union means identification along common part of boundary.

Each 0;V is again a decomposed manifold by defining

0;VNo;V for j+#i
0;(0:,V) =
¢ for j=1,

and we can continue defining 0,(9;(0;V)) ete.
Let &,={P,, P,, -, P,} be a sequence of closed weakly complex man-
ifolds of (real) even dimensions. We call it a singularity class (of

weakly complex manifolds).

Definition 1.2. A manifold A is called an % ,-manifold, iff

i) to each ordered set w= (i, --*7;) of integersin {0, 1, :--, n}, there

associates a decomposed manifold (of type 7) A(w) such that
a) A(@)=A4,
b) there exist isomorphisms (of weakly complex manifolds)

P, xA@G,0) for igw
a(i; w): 0:A ()=~
for icw,
where P,=x and (7, w) denotes the ordered set (4, ¢, ***, ;) € {0, 1, -+, n},

c) A(0(w))=¢(0) A(w) for 0ES,,

here S, means the permutation group of the set w, and e(0) the sign
of 0, so that —A(w) means the negative of A(w), i.e. the manifold
A(w) with the opposite U-structure.

ii) for any (Z,7) < {0,1, :--,n} the following diagram commutes

a(i; )[0; idxa(j; (i,0)) .
8,0:A (0) ——— P, 0;A G, 0) ———————> PiXP; XA, i,0)
] LG id x au(i; (7, 0)) lTx’d, _
—5‘;6,A(a)) ——P‘,XaiA(],w) _‘-——‘-“-)_PjXPiXA(Z,],(J))
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where 7" is the twisting map and all of the maps are isomorphisms.

An %, manifold may be denoted by {A(w), @(i;w)}, or simply by
A, and the dimension of .%,-manifold A is defined to be that of the
ambiant manifold A (¢).

Definition 1.3. An isomorphism ¢: A— B between ¥ ,-manifolds
{A(w),a(E, 0)} and {B(w),B(,w)} is defined by a system of isomor-
phisms of weakly complex manifolds ¢(w): A(w)—>B(w) such that the

following diagram commutes

¢ (0)
A(w) — > B(w)

T ¢ () 0: T

0:A(w) ————— > 0.B(v)

aG;o) | dxota) LEG®

P,x A, 0) —— P, xB(, 0).
Let (X,Y) be a pair of topological spaces.

Definition 1.4. A singular & ,-manifold, (A4, f) in (X, Y) is given
by a system of pairs {(A(w),f(w))} such that

i) A={A(w), a(i;w)} is an ¥ ,-manifold,

i1) f(w): A(w)—X are continuous maps such that the following dia-

grams commute

a) ()
A(p)— XDY

T
T fG )\ [fO,w)

0:A ()
a(l; o) pr.
P,xA@G,0) — A, 0)
b) (o)

Al@)— X
id | / £(0(@))
e(0) A0 ()
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Definition 1.5. An isomorphism between singular & ,-manifolds
(A,f) and (B,q) in (X,Y) is given by an isomorphism ¢: A—B of

& ,-manifolds such that the following diagrams commute

f(w)
Al — X
rp(w)l /g(w).

B ()

Definition 1.6. A singular .%,-manifold (A4,f) in (X, Y) bords,
iff there exists a singular .%,-manifold (B, ¢) (we do not require ¢ (0, »)

to factor through Y) such that A(w) are submanifold of codimension zero
of B(w,0) and

g, 0] A(w) =f(0), ¢(,0) (B 0)—-AW?)CY

where A(w)° denotes the interior of A(w).
In particular, we define the “boundary” (8,4, 0,f) = (A(0),f(0))
of a singular %,-manifold (A4, f) in (X,Y) by

1-7 (0,4) (0) = A(,0), (0:f) (0) =f(,0).

Then (0,4, 0of) becomes a singular .¥”,-manifold in Y= (Y, ¢).

If 0,A=¢, A is called a closed % ,-manifold.

Now for the formation and basic properties of the Baas-Sullivan bor-
dism groups MU(%,) +(X, Y) we refer to [4]. We cite here the follow-
ing facts which will be needed below.

First of all, we have

Proposition 1.8 (Theorem 3.3 in [4]). The functor MU(S )«
( ) forms a generalized homology theory.

The group MU(S,) (X, Y) is considered as a (two-sided) MU, (pt)-
module in a canonical way, that is, in forming the usual product of a
closed manifold and an .%,-manifold.

For the next proposition, let ., ={P,, -+, P;, -+, P,} be the subse-
quence of &, obtained by deleting the 7-th singularity manifold P;. For

i€{l,2, -+, n}, define a homomorphism of degree p; (p;=dim P,):
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1-9 Bi: MU(SL2) (X, Y) > MU(SL%) (X, Y)

induced from the above multiplication by the element [P;] of MU, (pt.),

ie.

Bi[A,f1=[P;X A, fopr]
where [A,f] denotes the bordism class of (A,f). Further, let
(1-10) 7i: MU(S2) (X, Y) > MU(S,) (X, Y)

be defined by regarding %, -manifold A naturally as an .¥,-manifold
A with 0;A=4¢.
Finally the Bockstein operator of degree —p;—1

(1-11) 0 MU(S ) (X, Y) > MU (S « (X, Y)
is defined by
0[A, f1=[A@D,f(D].

Then we have Bockstein exact sequence.
Proposition 1.12 (Theorem 3.2 in [4]). The sequence
B: Te
= MU(F0) (X, Y) — MU (58 « (X, Y) — MU (S) (X, Y)

61: Bi
—MU(S8) (X, Y) —>

is exact.
For the coefficient group, we have

Proposition 1.13 (Theorem 4.1 in [4]). If the sequence {[P,], ---,
[P.]} of the bordism classes [P;], P;€.%,, constitutes a regular se-

quence in MU, (pt), we have an isomorphism
MU(S ) « (08) =MU, (2) / ([P4], -+, [Pa])

as an MU, (pt)-module, where the right hand side means the quotient
algebra of MU, (pt) by the ideal generated by [P,], ---, [P.].

Notations. The above homomorphisms f;, 7; and §; will be some-
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times denoted by Sp, 7p, and 0p, respectively, and the notations 0;,..,

:651612"‘6«;,‘, 6il-..ikA:A(i1"'ik) =A(Pi1"'Pi,¢) will be also used.

Remark. 1f singularity manifolds Q,, ---, Q, are bordant to P,, -+, P,
respectively, then the corresponding groups MU(Q;, -+, Q) «( ) and MU
(P, -+, P)4«( ) are isomorphic.

§ 2. Some Geometric Constructions and Basic Lemmas

Recall first a geometric technique due to Morava (cf. Johnson-Wilson
[10], Appendix).

Let P be a closed, weakly complex manifold of dimension p. Put
E0)=IxPxP

where I denotes the unit interval [0,1]. This manifold E(0) is to be
given the canonical weakly complex structure induced from that of P X P.
Define

2-1 0,E(0) =0E(0)=—(0XPXP)UQAXPxP)),
EA0)=—(O0XP)U@AXP), ¢(1;0): 0,E(0)=P x E(10),
where €(1;0) denotes the twisting isomorphism defined by

(¢,0,p) for i=0
21’ £(130) G, 5, ) =
(p,1,q) for i=1.
Here we have used the convention 91=(—0) J (1).
Then E(0) is a closed {P}-manifold of dimension 2p+1. Since MU
(P) 4 (pt) =MU, (pt) /([ P]) (Proposition 1.11) and the odd dimension part
of this group is zero, we can choose a {P}-manifold E with 8,E=E(0).
We will call such a manifold E Morava’s manifold for P and

sometimes denote it by Ep.

Lemma 2.2. Let E and E' be Morava’s manifolds for a fixed
P. Then E and E' determine a closed {P}-manifold b(E,E')=E|J;,
(—E') representing an element B(E, E') of MU(P)yy..(pt). Con-
versely, for any element f of MU(P),,..(pt) and any choice of Mora-
va’s manifold E for P, there exists another E' such that 3(E, E') =5.
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Proof. By EUw(—E’) we mean the manifold obtained from EJ
(—E’) by identifying the part E(0) with the corresponding part E’(0).
The first half of the lemma is obvious. For the second half, we note
that B(E, E) =0. For a given 3, choose a closed manifold B, of which
image in MU, ®%)/([P]) gives f. Take EU (—B) as E’, then we
have B(E, E") =85.

Now we will introduce several lemmas which are needful for our
purpose.

These lemmas aim to analyse the groups MU(Y,) « (X, Y), especially
for the case of singularity class %, having duplicated members.

Let &,={P, -, P,} be a sequence of closed manifolds as before,
and suppose P;=P;=P for some pair (,7), 1<i<j<n. Let % ={P,
.o, P, ---P,} be the subsequence .%,— {P;}.

Utilizing Morava’s manifold E for P, we shall define a homomor-

phism of degree p+1
(2-3) s =55 MU(S ) (X, Y) >MU(Y,) (X, Y)
as follows. Given a singular %% -manifold (B,g) in (X,Y), and put

(2-3) 5(B) =IXPxB | EXB())

with identification of isomorphic parts of boundaries:
IxPx9;B 0EX B(j)
\
~ | 1x1x8() |

id I
IXPxXP;xB(j) —> IXPXPxXB()),

here it should be noticed that we will make a convenience of labelling
parts of 0B as if B were an .%,-manifold with 0;B=¢. Thus 9;, B())

mean 0p, B(P;) respectively (See§1). Then s;(B) is regarded as an
& ,-manifold by defining
249 —0xPxB for k=i

Dusis (B) = 1xPxB % 0,EX B(J) for k=j

—IXPx0,BJ Ex9.B(j) for ki, /,
70
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—IXPxB(w) UEXB(w,j) for o®bi,Jj

—¢(0) (0xB(0)) for 0 (0) = (0’,7)
5i5(B) (0) = e(v) AXB(") U (=1)""EQ) xB(0”,j)

for () = (0”,7),

lw”|=length of w”,
5i(@) | IX P X B=goproj.
sy (@I EXB(F) =g () oproj.

Inspection shows this is well-defined. .

The following lemma follows directly from (2-4).

Proposition 2.5. Let ¥, and /¥ be as above, and suppose
P;=P;=P for some j, ji. Put p=dim P. Then the Bockstein long

exact sequence (Proposition 1.12) breaks in split exact sequences
Ti
00— MU (S), (X, Y) — MU (S2) (X, Y)

0s
(——_E:)MU(yn(i)l)L—zz—l X, Y) —0
sij

such that 0;s;= —1id.

This means, in particular, that the homomorphism {; in Proposition

1.12 vanishes for the present case. But, this implies, in turn,

Corollary 2.6 (2-4in [10]). For any singularity class /,={P,,
c, P}, the group MU(S,) (X, Y) is a module over the quotient ring
MU, () /([P], -+, [P.]). The module structure is induced from the
usual action of MU, (pt) (cf.Proposition 1.13).

Proposition 2.7. Under the same assumption as in Proposition

2.5, we have

i) 051:=7:0; for i), SiTe =TSy Sor k1, ],
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—id for k=i
i) Oesty=9q (@) * Sfor k=j
—si70% for k#i,j,
where
(2-8) (@) *:MU(F2) 4 (X) > MU(F9) 1 (X)

means the isomorphism induced by the transposition (ij) on the labels,

and hence, by the exchange of P; for P,, 0; for 0; and etc. (cf. (2-12))

Proof. The equalities are directly seen from (2-4), except for the

case k=j in ii). For this case, we observe from (2-4)

051 (B) =s54(B) (j) =1X B L]_Jo E() X B(j).

It will be sufficient to prove that (iZj)*B~s;(B) (j) as YY}-manifolds.
First note that 0E(1) =(0XP) U — (1 XP), hence E(1) is a {P}-
manifold of odd dimension in virtue of the assumption dim P=even (§1).
Let I, be a copy of the unit interval [0,1]. Consider E(1) UL, X P
with identification 0E(1)=—0(L; X P) (¢f. (2-1)). Then this is a closed
manifold representing an element of MU 4, (p¢) =0. Therefore there ex-
ists a manifold L such that 0L=E(Q) U, X P.

Construct
V=[0,e],XxBlU —LXB(j)
with identification of isomorphic parts of boundaries:
[0, e]l:x B —LxB(j)
U U
[0, e]: X PXB(j)~—[1—¢, 1], x PXB(J)
1)

v
(t, b, x) — (1_t’ ?, .Z')

where we assume 0<e<1l—e¢.
Put

0 V=— (0, X BUE(1) X B(j)) I (& XBU —[e,1—¢e]s X PXB(J)),
aiV:—[O’ E]1XPXB(j), aiV:¢,
0, V=—([0,¢e],X0.BUL X08,B(j)) for k0,147,
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where || means disjoint union.
We would like to omit to give the explicit forms of V(w).
Thus V is an %, ¥)-manifold and

0,V=—s4(B) (j) + (@) *B,

which was to be shown.

For the next proposition, we insert a small construction and a lemma.
Chose a Morava’s manifold E=Ep; for a closed manifold P.
Define

¢: I=[0,1]—1, by ¢(¢) =1—¢,
(2-9 T:PXP—->PXP, by T(,q) =(a,0p).
Then we have an isomorphism
(2-9)’ pXT: E(0)=IXPXP~—E(0)
and we construct a closed {P}-manifold

(2-10) a(Ey=E U E

oxT

from two copies of E, identifying the parts E(0)’s by the isomorphism
(2-9)".

The following lemma follows easily.

Lemma 2.11. Let E and E’ be Morava’s manifolds for the same
P. Then, we have

a(E) —a(E') =28(E, E), a(E) =[a(E)],
in MU(P)(pt). (See Lemma 2.2 for the definition of B(E, E’).)

Let now %, be as before and assume P,=P;=P, i<j, for some
7, 7 in {1,2,---,n}. Let 0= (4j) be the transposition. This induces a
canonical isomorphism

(2-12) (@) *: MU ) () =>MU@G(F ) (),

]
where 0(%,) ={P,, - P;---P;---P,}. Explicitly, for a singular .%,-manifold
(A,f) it gives
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(A, 1)~ (A%, f*) = (%A, ¢*f),
0. A* =0,,A, A*(0) =A(0(0)) and f*(0) =f(0(w)) etc.

Composing this isomorphism (Z7)* with the trivial identification.
(2-12)’ e MU@(F )« ( )=MU(S ) ()
induced from the obvious identification ¢(.%,) =%,, we have an involution
(2-12)” 7%= (i) *=to (i) *: MU(F) () —=>MU(L D)« ( ).

Then the following proposition is one of key lemmas in our method.

Proposition 2.13. Under the above assumption on & ,, we have

(D) *0; for k=i
i) 0x (G) * =9 @) *0: for k=j

(i7) *0% for ki, j,
ii) @) *- 1=s50:(1— () *) +a(E)) X 00,

on MU(S,)«( ). More explicitly, ii) means
(A% f*) = (A, )~
55 (A@D), f(@) = s (A* (D), f* (@) + (a(E)) X A(#), f(if) opr)
for a singular F,-manifold (A,f), where the last term means the
singular & ,-manifold defined by
0: ¢

0;
a(E;) xA@j) — 0wa(E) X A(ij) (cartesian product)

0r ~ a(E) x0:AGT) for ki,j.

In this proposition the assertion i) is easily verified {rom the defini-
tions of the terms involved there. (See (1-11), (2:-8) and (2-12)”.)

For the proof of the assertion ii), we have to prepare some lemmas.

Lemma 2.14. Under the same situation as in Proposition 2.13, we
have
(D *A— A~Ix (0;AUDA),
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where the right hand side means the ¥ ,-manifold defined by

0: ,—0x0:AU1x0,A

7,

Ix (0¢AU6,A) —_> —0X6;AU1X6¢A

0 Y —Ix0:(0:AU0,A) for ki, j

Proof. First replace A with A’=A(j[0,e] X0A, so that A’ has
a collared neighborhood of boundary and itself is isomorphic to A. Con-

struct IX A’ as an % ,-manifold:

8 {—0x(AU[0,e] Xx8A)U—-Ixex0, AUl
X (AU [0, €] x2,A)} U —Ixex (0:AUD,4)
0: » —0x[0,e]x0:;AUL1X[0, ] x0,A
IxA
%:—Ox[O,e]xa,AUIX[O,e]xa;A
0, > —0x[0,e] x0, AU —Ixexd:AU1x[0,¢] x0:4,
for k==0,7,j

Then, by inspection we see that (—A)U (@)*AU(—IX (0:AU
0;A)) bords IX A’ (See Definition 1.6).

Lemma 2.15. Under the same assumption as above, we have

IX (0;AU0,A) ~s5(A@) +5' (AW)) +a(E) X A®E)
where

(2-16) S(A) =IXPXA@G) U  EXA()

Fi(px1) 8,
is defined by identification
px1x1
—IXPXPxA@) — EW) xXA(i)

=

and it is considered as an & ,-manifold:
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0: _ 1xPxA()

9
(2-17) S (A()) —> —OxPXAQ) UNEX A ()

S

e > —IXPx0.AG) UEX0:A(F) for ki, j.

Proof. Since the detailed proof is considerably tedious, we will only
outline the proof. Let I, and I, be copies of the unit interval [0, 1],
and let E' and E” be copies of Morava’s manifold Ex.

Construct a “manifold”

W=LXLX (0,AU0A) ULX(E UTE”) X A (%)

with identification:

11><Iz>[< 0,0;A —0; X E7(0) X A (%)
(2-18) [l |
1L, XLXPXPXA()=0xIXxPXPXxA((7)

Exactly speaking, this could not be called a manifold. In order to
obtain a genuine manifold, we need a certain “thickening’ process in the

above attachment (2-18).

0¢A

|
1
N e 1xE X AG)
9.4 N S C==s-
|

R e S il (U
! A L,xE” x A(i)
T
0, L 1,
LxI,x (0.AUd,4A) Lix (E'UE") x A(%)

Figure 1
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But, for simplicity’s sake, we shall content with the pseudo-manifold W.

Now W is considered as an .%,-“manifold” as follows:
O W=I1XI,X0,(0; AU0;A) U —0, XL, X (0;AJ0;A)
U@ XLX0;AU -0 XE XA@E))U 0L XLX0;AU
—0, X E" X A7) UL X (E"UE”) X A(4f)
0:W=Ix0,X0;AU — I, X1, X0;A
O, W=IX0,X0;,AU —I; X1, X0, AU —LX0:(E'UE") X A(%)
0W=ILXLX0,(0;AU0;A) for k50,1i,].
And there are isomorphisms:
a) sg(A@R)=~1,XLX0;AU0XE X A(ji) COW
b) s"(A(N)=1L, XL X0;AU0; X E" X A(ji) CoOW
c) a(E;) X A(dj) =13 X (E’&JT E") X A(Zj) co,W.

In fact, the involved identifications will be seen in the following

commutative diagram

sE(A@G): IxPxAQG) U E'x A(ji)
ai ld ao
—IxPxPx A(ji) E’(0) x A(j2)
(2-19) 1xTx1 ox1x1 exT x1
—IXPxPx A(ij) E”(0) x A(ji)
0: 0o
S(A®G)): IxPxA®) U E” X A(ji).

Then Lemma 2.15 follows easily.

Lemma 2.20. In the above lemma, we have an isomorphism
s'(A)) ~—s5(A*(@)
where A*= (ij)*A.

Proof. Define the following map between s'(A(j)) and —s&(A*
(@) (cf. (2-4), (2-16), (2-17)):
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) ox1x1 B
S(AGY): Ix Px A() e— — I x Px P x A(if)—> E(0) x A(ji) —> E x A(ji)

1¢x1 ) l(pxlxl lzd lid
i
—sE(A*@): —IX P A*(@)«Ix Px P x A*(ji)— — E(0) x A*(ji)— — E X A*(ji)

This map gives the isomorphism in the lemma.

Proof of Proposition 2.13, ii). Lemma 2.14, 2.15 and 2.20 give
the desired proof.

§ 3. Multiplication in MU(%,).( )

Let ,={P, -+, P,} and 9,={Q,. -+, Q,.} be singularity classes as
defined in § 1. Recall that all P; and Q; are closed, weakly complex
manifolds of even dimensions.

Let (A, f) be a singular .%,-manifold in (X,Y), and (B,g) a sin-
gular 9 ,-manifold in (V, W). Put a=dim A and b6=dim B. Denote
by Lt L n=A{P1, -+, P,, Qi, -, Qn} the sequence obtained by juxtaposing
&, and I, in their proper orders (cf.[3]).

Definition 3.1. The cross product (A, f) X (B, g) is defined as the
singular (%, +9,)-manifold (AXB,fXg) in (XXV,YXVUXXW),
which is given by the following data:

0AXBU (—1)*AX8,B for i=0
i)  0.(AxB)={9,AxB for 1<i<n

(—1)*A X 0,_,B for n+1<i<n+m,
i)  (AXB)(0,3")=(—1)"*A(e") X B(e")

and

(AXB) (0,0”,0)=(—1)*"(A(«’,0)
XB(w") U (—1)*A(0") XB(0",0))
for o' C{1, -+, n}, 0" =, -, 5) C4L, -, m), (0" =1,
®" = (n+j, s n+41),

i) (fxg) (0,0") =Ff(w') xXg(®")
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and
f(,0) xg@”) on A(w,0)XB(”)
f) xg(w”,0) on A(w) xXB(w”,0)

(fx9) (0, 8", 0) =
for w’, w”, ®” as above.

Remark. We may also take {P;, Qy, P,, Q,, **+ Py, Oy, -} a8 S+ .
In this case, the above definition 3.1 should receive a change of labelling
in 0;, 0; etc.

The cross product induces a bilinear map
(3-2) X: MU(S ) o (X, Y) X MU ) (V, W)
SMU(S 4T ) ars XXV, YXVUXXW)
[A, f1X[B,g1=[(4,1) X (B,9)]
or a linear map
(3-2)’ X: MU(S) o (X, Y) QMU(L ) (V, W)
S>MU(SL + D) e XXV, YXVUXXW)

which are natural and compatible with the multiplication by elements of

MU, (p2).
Moreover the cross product is apparently associative:
(3-3) {(A, 1) X (B, )} X (C, h) = (A, f) X{(B,g) X (C,)}.

Hereafter, we consider the case of &, =.9,.
For convenience, denote by .¥,”={P,/, --, P,’} a copy of %, so that
P/=P,; for i=1,2, -, n.

Then we have endomorphisms

(3-4) mhi: MU(S,+S2)« () >MU(S "+ S ) ()
defined by
3- 4)’ 77-'1};‘ =1+ 5§§P¢'5Pi =1+ s;:.0;

where 1 means the identity map and E;= Ep, means a Morava’s manifold
for P, (See§2).

PN
i

Lemma 3.5. Let $9={P, -, P, .-, P, -, P} be the
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subsequence of &, which is obtained from ¥, by deleting its two

members P; and P;, i5~j. Then we have
sPiPi’OSPij’=——SPij'OSPtPi’

as homomorphisms: MU(L P+ L) «( )>MU(SL+ L) ( ).

Proof. Take an (%% +.%,’)-manifold C. It will be sufficient to
show that spp,sp,p, C is isomorphic to —spp,spp, C as an (n+S")-
manifold.

By (2-3)’, we see

(3-6) 5ppSppyC=L X Py X (L X Py X CU E; X C(Py))
UEX(—LXP;XC(P/YUE;,XC(P/Py))
and, on the other hand, exchanging the order of pastings we have
3-7 sp,pySppyC=LX P X (X PiX CUE;XC(PY))
UEX(—LXP;XC(P/) UE,XC(P/P/))
={LXP; XL XP,;xCU—E;xLXxP;xC(P;)}
U{LXP;XE,xC(P/) UE;XE,XC(P;P/)}.
Comparing this expression with (3:6), we have an isomorphism
3-8) G Spupe S, C= — 5pypySppyC
which is induced by the twisting maps:
(LXP;) X (L, XP;)—>(LXP;) XL X Py,
(LXP) XE,—-E,X(I;xP;), E;X(LxP;)—(I,xP;) XE;,
and
E, X E;,—~E; X E,

on the four pairs of corresponding parts in (3-6) and (3-7).

Proposition 3.9. The endomorphisms nh' in (3-4) satisfy

o T 0Ty Sfor isj
Tip'omy! = L
T Sfor i=j,
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that is, nhi, i=1, 2, ---, n, are mutually commutable idempotent endomor-

phisms of the group MU(SL '+ L) x( ).

Proposition 3.10. We have

wEodp, for ij
1) 6pi°7T11;J=

0 for i=j,
. » SP,P,'°7F11;i for i%j
11) 7:12€°Spjpjz= . .

0 Sfor i=j,
and

iii) Im 7 =Ker 0p,=Im 75, .

Proposition 3.11. Let 7: MU(S,)«( )>MU(S "+ ) ()
be the canonical monomorphism defined by the composition y=17p 7p,
of the monomorphisms yp, (See Proposition 2.5). Then we have a
direct sum decomposition of the group MU(SL,+L)«( ):

1) MU(S+ S )« () =Im T@(;Im SEipy)
where spp,: MU O+ S) () > MU+« ().
Moreover, we have

i) Imy=Imng, Kerzg=> Imspyp,, Tg=nh7h",
13

where E={E,, ---, E,} is the system of Morava’s manifolds E,.

Proof of the above three propositions. Propositions 3.9 and 3.10
follow from Lemma 3.5, Propositions 2.5 and 2.7 by easy calculations.
As for Proposition 3.11, the first half i) is obtained by iterated uses
of Propositions 2.5 and 2.7, i). To prove the second half, we first note that
(7pmh for i#j

ThH'Yp,= L
TP, for i=j.

Using this and Proposition 3.10, ii), iii), we conclude 7g|Im y=id, and

n
Kerzg= Y Im sfip, .
=1
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Thus we have proved the assertion ii).

Now, we have come to introduce multiplications in the bordism theory
MU(L D) ().

Let (A,f) and (B, g) be representatives of elements of MU(%,),
(X,Y) and MU(Y,)s(V, W) respectively. Let (AXB,fXg) be the
cross product of (A,f) and (B,g), which represents an element of MU
(Znt+ L) e XXV, YXVUXXW).

Let

7t MU(SL ) Yarn( ) MU (S 24+ S e ()
and

g MU(S 4+ ) () > MU(S 2+ S0 Yars ()
be as in Proposition 3.11.

Then, by Proposition 3.11, ii), there is a singular .%#,’-manifold
(A-gB, f-gg) in (XXV,YXVUJXXW) such that
(3-12) 7(A-gB, f 59) =ng(AXB, fXg),
or
[A-gB, f-gg]l=[r"eng(AXB,fXg)],

where E={E, ---, E,} is the system of Morava’s manifolds E; for P;
which were used in defining 75’ (See (3-4)7).

The bordism class [A- gB, f- gg] depends on the choices of the system
E of Morava’s manifolds, but, for a fixed E, it is uniquely determined
from the given bordism classes [A,f] and [B,g¢].

Thus we have defined a bilinear map
(3-13) g MU(S) (X, Y) X MUY ) o (V, W)
S>MU(L ) ars XXV, YXVUXXW)
or a linear map
(3-13)’ tr: MU(S,)o(X, Y) QMU (F2)(V, W)
S>MU(S ) e ( XXV, YXVUXXW)
by putting

tu([A,1]), [B,g]) =[A-gB,f gg].
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Theorem 3.14. Let .,={P,, ---, P,} be a singularity class.

Then, for any choice of system E={E,, ---, E,} of Morava’s mani-
folds E; one for each P;, there exists a natural multiplication g in
the bordism theory MU(Y,)+«( ):

HUp: J\([U(yn)n(X’ Y) ®]\/IU(yn)b(V7 TV)
> MU(S ) e o XXV, YXVUXXW)

which has the bilateral unit 1€ MU(Y,),(pt), the canonical image of
the unit element of the ring MU, (pt). Further the multiplication

Ug ts admissible in the following sense (cf. Araki-Toda [2]):

i) fp ts compatible with the usual multiplication by elements of
MU, (pt).
ii) For the boundary homomorphism 0, we have
JxOottg (xQy) =juttg (0.:xXy) + (—1) dim jerttr (xQ00y)
where
(YXV,YxXW)

. J1
J
(YXVUXXW, ) —> (YXx VUXX W, Yx W)
jz]
(Xx W, Yx W)

are the natural inclusion maps.

iii) For the Bockstein operator 0;, we have
7i0ite (xQy) = g (1:0:2Qy) + (=)™ “ug (xQri0wy), for i=1, ---n,
that is, the operations 71:0; are derivations.
iv) For £,yeMU(S)«( ), we have
Tiltg o (XQY) = /g (1:xR7:Y)
where E®={E,, --E;-E,} =E— {E}},
v) If one of z, v, z is the image of an element of MU, (pt), then

1e ((xQy) ®2)) = ug (zQ (Y®2)).

Proof. 1 (1Qx) =x follows directly {from the definition of #p. To
calculate yp(x&®1), take a representative (A,f) of an element x of
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MU(%).(X,Y). Note that
T ((A, ) X1) = (A, f) +5u:0: (A, ) = (A, ) + IXPX A7),
S(@)opr) ~0f (A, f) in MU(S+52)+(X, Y).
Since 7h,0%; =0%, 7wty for i=~j, we have
T (2 X1) =aje -+ omy(x X1) =03, -+0f (x X1) =1Xz'=7(z")

where z’ denotes a copy of x in MU(Y,).(X,Y) identified with MU
(Z)e(X,Y). It follows that

tg(@@1) =1 1g(xX1) =x.

Similar argument applies to the case when the unit 1 is replaced by
any element [M] of MU, (#¢). The assertions i), ii), iv) and v) follows
then easily and we will omit their proofs. For the proof of iii), we

deduce the following equations:
1710 ttp =100y =Tg “11.0:Th =15V 1: (01 + 05:0%)
=15 71::00 + 15 TE1:0:,
Tim (1:0:Q1) =7 1.0:
and

@
Y10

Tug (1Q71:0;) =7gr:i 0 =g
=7g @y By +7g @ 5,700

where mg® =nl-- 7wl -7}, is the composition of 7}, ji. Using Proposi-
tion 2.13 and the fact that 0% =id on MU(Y$%)«( ), and comparing

the right hand sides of the above equations, we have
77000 ttm — T1E (1:0:Q1) — 125 A&T:0:)
=15 (G57:0:—7:0: — si-7::0:04.)
= —1g®s5:. (050070 +71:0:0:) =0.

This proves the assertion iii) and the proof of the theorem is completed.

§ 4. Commutativity

Let %, be a copy of a singularity class .#,. Recall that in



MULTIPLICATIONS IN THE COMPLEX BORDISM THEORY 281

MU(S+%")«( ) we have the involutions

(41 GF=G)* MU+ S ( ) > MU+ ()
and also we have the isomorphisms

(4-2) 0*=(1)* MU+ S () > MU@0(S 2+ ) ().

These are related in the following forms
(4-3) 0% =to0;*

where ¢ is the obvious identification MU(S,+.%. ) «( )=MU(0;(Y,
+5))x (). (See (2:12)-(2-12)".)

In order to check commutativity for the product x- gy, £€ MU (%),
(X)), yeMU(Y,),(Y), we consider the following diagram

(4-4)

w1

X “om
MU(S ) o(X)GMU(5 )y (V) > MU a+ L) s (XX YY) — MUY 0 (XX Y)

Ga¥orr0gy* ¢ iii) ¢
: D MU+ 1) T M)
/ T, | ii) tr,
MUY (D)@MU(T ) o (X) s MUH 4 52 s (¥ X) S MUY )
g

where (z®y) = (—1)?y®x and T:Y X X—>X XY is the twisting map.
(See 3.11 for 7, 7@g.)

Lemma 4.5. The squares i), ii) and iii) in (4-4) are all com-

mutative.

Proof. The commutativities of ii) and iii) are trivial.
In order to prove the commutativity of 1), take representatives (A4, f)
and (B,q) of x&€MU(S,).(X) and ye MU(S,"),(Y) respectively.
Then we can define an isomorphism between (%, +.%,)-manifolds
in XXY:
T 0*(AXB, fXg) > ((=1)"BxA,To(gXf))
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0*(AxB) — (—1)®Bx A
= gxf
fxg YxX
/T
XxY

(4-6)

where 0*=0,%0---00,* and ¢’ is induced from the exchange of factors of
the original cartesian product A X B.
This means the commutativity of the diagram i) in (4-4).

From Lemma 4.5, it follows
47 (=D"Tu (v pgx) =(=1)*Ts (") ong’ (y X )
=(=D"") Terg Ty (yXx) = (1) Tomg 0% (x X)
= (") enged* (xXy)

On the other hand, we can compute in the following form. By
Prop. 2.13 ii), we have

G*(xXy) =x Xy + 5Bip0p, (1 —0:%) (x Xy) +a(Ep,) X0p,0p, (X y)
or simply writing,
(4-8) 0 (xXy)=x Xy + a(E’) X0 (x Xy) (modIm spp,)
for =1, -, n.
In virtue of the commutativities
(4-9) 0:*sppy =5p,p,0:° for i%j,
we deduce, from (4-8), inductively

(4-10) G*(xXy) =0 % (xXy)=zXy

n
+ 2 20 a(By) X XA (Eay) X Oty iy (XX Y)
= O e T

(mod é Im sp,p,”)

i=1
or by using 3.11, ii),

(4-11) o*(xxXy)=x Xy
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n
+ 208 20 Opeax X (@(B) X Xa(Ey) X 0tpsy)
k=1 1S53y <l Jipn
(mod Ker 7g)

where g = (—1)?7@-Dr+@-ksD,

Applying 77 'omy to the both sides of (4-11) and comparing (4-7),

we have

Theorem 4.12. For any singularity class &, of weakly complex
manifolds, the exterior multiplication pg(x@y) =z-gy in MU(L,) «
() satisfies

(‘DMT*(S"EI) — X gy

n
=2 & 2. Ospin® g (@ (Biy) X oo X (By) X 0ipy)
k=1 1<

= (_1)&‘(&—1)7...4-(@_,”_1)

where g, , a=dim .r.

§ 5. Associativity

We shall first deal with the case =1, ¥;={P}. For convenience,
put P=P’'=P” and consider the group MU(P, P, P"),( ).

The following idempotent endomorphisms
T = 7711; =1 + S_EPP/(?P, Tlag — 1 + sg,pﬁp,, T3 = 1 + Sgpnb\p

of MU(P,P’,P").( ) are similarly defined as in (3-4).

Lemma 5.1. Lety7: MU(P”)4( )>MU(P,P’,P"),( ) be the ca-
nonical monomorphism defined by the composition y=vpoyp. Then we

have a direct sum decomposiiion
1) MU(P,P',P") () =Im r®Im spp-PDIm 5p.pro75p,
and

i) Im y=Ker ;N Ker 0,(=Ker 0, Ker 0p.).
Proof. This is an easy consequence of Proposition 2.5.

Lemma 5.2.
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Im y O Im 7y, , Im 7O Im 757y .
Proof. A direct calculations plus Lemma 5.1, ii) prove the lemma.

Proposition 5.3.
Tp3Tl1 = M137T23 -
We will postpone the proof of this proposition.

Now let [A,f], [B,¢9] and [C,Z] be elements of MU(P),.(X),
MU(P")«(Y) and MU(P")4(Z) respectively. We have products

[A-zB,f 5g] in MU(P")4(XXY),
[B-:C,g-gh] in MU(P")x(YXZ), [(A-£B)-£C, (f-59) -zh]
and
[A-z(B-50), f(g-sh) ] in MU(P") (XX YXZ).

For simplicity, we will omit the mappings in the bordism classes

and only deal with manifolds.

In MU(P, P', P") (XX YXZ), we have
(5-4) 7[[A-zB]-sCl=7212[(A-5B) - sC] =7pmu[ (A-5B) X C]
=77 (A-5B) X C] =7tp[m1:(A X B) X C] =mumin[ AX BX C],
7[A-2(B-sC)1=71p1p[A-5(B-:C) ] =1pms[ AX (B-zC) ]
=7[ AXT(BXC)] =mmu[ AXBXC].

Then, by Proposition 5.3, we obtain

Theorem 5.5. The exterior multiplication pg in MU(P),( ) is

associative:

(- gy) 2= 5(y-52).
The next lemma plays a key role in the proof of Prop. 5.3.

Lemma 5.6. For [C,hA]e MU(P"),( ), we have
(stisq+shsE) [C, k] =m(a(Ey) X (13) *[C, h])
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(=ms(13) *(a(E) X [C, 1]))
in MU(P,P’,P")4( ). Here we are considering in the situation: S
={P, P', P’} with P=P'=P”, [C,h]€eMU(F ™), ( ). (See§2.)
Proof. Construct a {P”}-manifold

(5-7) W= 5135,C L‘g S23513C

with identifications shown in the following diagram:

(5-8)
SZ;C (Sgac) (3)
sussC=Lx PX (I x PXC U E:xC(3)) U Eix (ixCUE D) xC(3))
o\ 62 \
—O,XPXLxPxCU -0, XxPxE,xC(3)
&vlg(, L XxPx0,x PxCUE, x0,x PxC(3)
LxPx0;x PxCUE;x0,x PxC(3) ~|v
—0,x PXILixPXxCUJ —0,xPxE, xC(3)
61\ az/

suSsC=1I, x P X (lePxCaLaJ E,xC(S))aLg E,x (1, xCUE;(1) xC(3))
) s (s4C) (3)

where E;, E, are copies of the Morava manifold E {for P. The following

lemma follows easily.

Lemma 5.9.
513503C + 5335C~7 (W)
where 1(W) denotes the {P, P’, P"}-manifold W with 0, W=0,W=4¢.

Now 7(W) is considered as the union of two {P, P”}-manifolds U

and V as follows:

(5-10) n(W)= UaUa V, U=sU(E) s XCq, V=V(E)u» XC(3)

where
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(56-11) UE)=(LXPXLXPUEX1,) ';J (LXxPXILxPUE,x1,)),
with identification indicated in (5-8). Here U(E) is considered as a
closed {P”}-manifold such that
U(E)=(Q,XxPXLXPUPXE 1) X1,)
L‘pJ (L, XPXLxPUPXE,(1) X1,),

U=U(E) XC can be considered as a {P, P”}-manifold:

0, U=U(E) X9,C

0sU=0,U(E) xC.

Similarly we put

(5-12) V(E)=(LXPxE,UEXE,1)) U (LXPXEUE,xE(1)).
¢

We consider V(E) as a {P, P”}-manifold:
0L V(E)=—{(LXPXLXPXPE, X1, XP)
UW@LXPXLXPXPUE,x1,XP)}
$

0,V(E)=(1;XPX E,UPX E,(1) X E,(1))
Lg (1. XPX E,UPXE,(1) X E, (1)),
and V=V(E) XC(3) is the cross product of V(E) and C(3).
Note that
(5-13) 0L V(E)=-U(E).
By (5-10), we have, as {P, P”}-manifolds,
(5-14) n(W)~U+V.
By simple calculations, we have
[U]=75[U(E) & X Cay] — $[U(E) » X C(3)]
= (13)*[U(E) oy X C] = su[U(E) » XC(3) ],
and by using (5-13), we have
[VI=mu[V(E) ap XC(3) ] + 5[ U(E) » XC(3)].
But there is a unique element [v(E)] in MU(P”) 4 (pt) such that
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Ta[V(E) XC(3)]=ms[V(E)] X[C(3)]1=n[v(E)] X[C(3)],
and dim v(E) =3 dim P+ 3 is odd, therefore [v(E)] =0 in MU(P"),(pt).

From the above, we have

(5-15) nWl=[U]+[V]=ms(13)*[U(E) o X C].

Lemma 5.16. There is an isomorphism

U(E)=~a(E)=E UTE
(See (2-10) for a(E).)
Proof. From (5-11) and (5-8), we see

UE)=EX1LUIXPXLXP U LXPXLXP)JE,X]1,.
¢

The isomorphism in Lemma 5.16 will be visualized in the following figure:

LxPx0,xP
E1 X 12 \ El
8,Ud, *o,
U(E): ) o ~ ~a(E)
< 0, 0. -
y 02
—0,xPxLixP
—0,xPxLxP I, xPx0,xP
Figure 2

Now the proof of Lemma 5.6 follows from ILemma5.9, (5-15) and
Lemma 5.16.

Proof of Proposition 5.3. We shall prove, in MU(P, P, P")4( ),

ol — MysTas = (1 4 $p302) (1 4 51501) — (1 4 51501) (1 + 5550;) =0

or equivalently

(5-17) (%) =5130; — 51501 + 5230551201 — 513015200, =0 .
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Using Proposition 2.7, we have
(5-18) (*) = 5,501 — 51507 + S23 (12) *0; + 515523010 .
As for the first term of (5-18), we first note that
5= (28)*5,5(23) %,
and using Proposition 2.13 we have
(5-19) 51201 = (23) *513(23) *0; = 513 (23) *0; + 52302 (513 (23) *01 — 51201)
+ A (E) @ X 0505515 (23) *0; = 515 (23) * 0y — 55351302 (23) *0:
—5:3(12) *0;, + A (E) @ X 0203515 (23) *0, .
Putting (5-19) into (5-18), we have
(5-20) (*) =5:5((23) * —1) 01 + 5135550105 — 52351505 (23) *0;
+a(E) g X0,(13)*(23) *0, .
Using again Proposition 2.13, from (5-20) we have
(5-21) (*) = — (Sa513+ S13523) (23) *0:0, + 510 (@ (E) 0 X 0:0501)
+a(E) g X (13)*(23)*050; .
Then, by Lemma 5.6,
(*) = —ms(A3)* (@ (E) 0 X (23) *0501) + 515 (@ (E) 5y X 020501)
+a(E) g X (13)*(23) *0:0;
=—(A3)*(a(E) qy X (23) *050,) — 51501 (13) * (@ (E) oy X (23) *0s01)
+ 515 (@ (E) @ X 020501) + . (E) o X (13) *(23) *050;
= —53(13) * (@ (E) o) X 05(23) *050y) + s1s (@ (E) & X 020501)
= —sp(a(E)s) X ((13)*(23) * —1) 0,050, .
But, (13)*(23)*=id on Im 0,0,0;, thus we have
(*) =7os1, — M50 =0,

and hence we have completed the proof of Proposition 5.3.
We have come to prove the associativity of the external multiplica-

tions

b MU(S2) o (X) @MU (S )4 (Y) > MU(F ) ars(XXY)
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for general n=>1.

Let %, ={P,, -+, P,} be a singularity class as before and let .%,’
={P/, -, P/}, %" ={P,”, ---, P,”} be copies of .¥, such that P;=P;
=P/, 1<i<a.

Take up bordism classes

xEMU(S)o(X), yeMU(LY)o(Y), 2z€MU(S").(2).

Then we have the cross product (§ 3)
xXyXz in MU(SL+ S + L") arore (XX Y X Z).

Choose a system E={E, ---, E,} of Marava’s manifolds E; for P;.

Then, we have the endomorphisms
i E P b P _ E;
(5-22) =1+ SP:P,;’aPT;y =1+ SP:’Pt"(‘)\P’i’ Tp=1-+ SPiP;”b\Pi’
i=1, -, n,

in the group MU(P,, -+, P,, P/, -+, P/, P,”, -, P,”) + (XX Y X Z).

Lemma 5.23. For the above endomorphisms wi, nl, nl, we

have
i) whomd,=ndonl, for i#j,

li) ngaonfgzﬂ'%aoﬂgg fOT 7:21, e,

Proof. The first assertion is trivial, and the second assertion and

its proof are essentially the same as those of Proposition 5.3.

Let 7: MU(Y) () >MU(S + S +.9.")«( ) be the canonical

monomorphism as before. Then, by Lemma 5.23, we have
(5-24)  7((x-gY) - gr) = (o -oMay) o (Tho -+ o7y) (T XWX 7)

n—1

= (75omy,) o (Mo fomy ™) oo (Tyemiy) (X Xy X 2)

= (lyomss) o (7l tomys 1) o+ o (Mo Tas) (X Xy X 2)

= (7o +romy) o (Moo -+ omy) (x Xy X 2) =7(x- 5 (¥ - £2)).

Thus we have proved

Theorem 5.25. For any singularity class &, of weakly complex
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manifolds and for any choice of the system E, the exterior multipli-

cation pgy in MU(S) «( ) is associative.

Corollary 5.26. The dual cohomology theory MU(S)*( ) has
also associative multiplications compatible with the module structure

over MU* (pt).

§ 6. Conclusions

Corresponding to any singularity class %, =4{P,, .-, P,} of closed,
weakly complex manifolds and any choice of system E={E, :--, E,} of
Morava’s manifolds E; one for each P; we have obtained a natural mul-

tiplication
U MU(S) « (X, Y)YRMU (L) 5 (V, W) > MU (F,) « (X XV,
YXVUXXW)

which is admissible (Theorem 3.14) and associative (Theorem 5.25).
And, if the obstruction classes a(E;) or their canonical images in
the coefficient group MU(Y,) « ($¢) happen to vanish, then #g is commu-
tative (Theorem 4.12). We can consider such favoring situations cor-
responding to suitable choices of %, and E.
In the below, for convenience, we consider only the case when the

singularity class %, represents a regular sequence in MU, (pt).

Corollary 6.1. Let &,={P,, ---, P,} represent a regular sequence
in MU, (pt). Then any multiplication pg as above induces a unique
ring structure in the coefficient group MU ()« (pt) which is canoni-
cally isomorphic to the quotient ring MU, (pt)/([P.], ---, [P.]). (Cf.
Proposition 1.13).

For the next theorem, suppose «(E;)=0 (mod 2) in MU(Y,) « (1)
for £=1,2, ---,n. Then, by Lemmas 2.2 and 2.11, we can choose another
Morava’s manifold E;” in place of E; for each 7 such that a(E;)=0
in MU(Y,)+(®t). Thus we have.

Theorem 6.2. Let &, represent a regular sequence in MU, (pt).
Assume that every element of MU (S,)p,+2(Pt), pi=dim Py, is divisible



MULTIPLICATIONS IN THE COMPLEX BORDISM THEORY 291

by 2 for each i=1,2, -, n.

Then there is an external multiplication iy in the bordism theory
MU(SL) « (), which is admissible, associative and commutative.
Therefore the dual cohomology theorv MU(S,)*( ) is multiplicative
and the representing spectrum MU (S,) is a (commutative) ring spec-

trum.

Corollary 6.3. Assume that &, represent a regular sequence in
MU, (pt) and contain a member, say, P,=Z/2k-+1, the point set of
odd number of elements. (In this case MU(Y,)+( ) isa (Z/2k+1)-
module.)

Then there is an admissible, associative and commmutative multi-
plication in MU(Y,)+( ) (In such a case we shall call the homology
theorv MU(S,) () multiplicative), and so is the cohomology theory
MU(S)* (). (ef [2], [11D).

So far we assumed ., is a finite sequence, but this restriction will
be unnecessary and we can generalize, without difficulty, all the above
argument to the case n=oc0. In fact, if we take an infinite sequence
S ={P,, P,, ---} of closed, weakly complex manifolds as a singularity class,
the corresponding homology theory MU(Y).( ) can be defined as the
direct limit li_m’]\/IU (&)« () of the sequence

” T
MU, ( )——>MU ()4 ( ) — MU ()« ( ) —>

for the sections ¥,={P,, -+, P,} of &. Or, we may start, from the
outset, with singular .%-manifolds, just as in the case of singular .%,-

manifolds but for 2 unrestricted, and proceed as usual to defining bordism
theory (See Baas [4]).

Corollary 6.4 (Corollary 5.1 in [4]). If ={P, P,, -} repre-
sents a generating system {xi, x,, -} of the polynomial algebra MU,

(pt) =Z[z), 5, -+ ], 22=1[P,], dim x,=2n, Lthen we have
MU(T)«( )=Hy( .Z)

where the right hand side is the ordinary singular homology theory.
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If we take S ={Py, Ps, ***, Pui1, ***}, [Por1] =Tais1, k=0, as a se-
quence representing {x;, s, ***, Log+1, **} in MU, (pt) =Z[x; ,xs, -++], then
the coefficient group MU(Y) . (pt) vanishes in dimensions 474 2(I>>0)
and is isomorphic to Z[x,, x4, **, Za, *-*]. In such a case, we write also
MU(S) () =MUxy, x4, **+5 Ty, - px( ). Since dim a(Ey.;) =8k+4
+2 in this case, the images of A (Ey.;) in MU(Y) . (pt) are all zero.

So we have

Theorem 6.5. If & ={P, P;, -, Py, -} represents the subse-
quence {xi, Ty, ***, Tog+1, **+y Of the polynomial basis of MU, (pt) =Z[x,,
Zy+], then the homology theory MU(S) () =MULx,, x4y *+*y Zory =+ D
() is multiplicative, and so the cohomology theory MU(SF)*( ).

Similarly we have

Theorem 6.6. The cohomology theory MU xy |1k <kp<loo-)>*( )

is multiplicative.

Fix an odd prime p. Taking x;=u;.1, ty=wv;, =1, the Hazewinkel
generators of MU, (pt) ([16], cf. [15] and [17]), we can deduce, from
(51,

Corollary 6.7. The (integral) Brown-Peterson cohomology the-
ory BP*( ) = MU v|i=1>* () for an odd prime p is multiplicative and
the spectrum BP is a ring spectrum. (The adjective “integral” means
“not localized at p”.) And similarly for BP{v;, v, | i;<t,<--->*( )
and, in particular, K{n)>* ( ) =BP{v,>*( ), the connective extraordinary
K-theory, as well K{n)*( ) =(v,) k{n)>*( ), the periodic cohomology
after Morava ([10], [12]).
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