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Higher-Order Approximate Solutions of Neumann
Problems by Isoparametric Finite Element Method
with Relevant Lumping Operator

By

Masahisa TABATA*

§ 1. Introduction

In 1966, Friedrichs and Keller [1] proposed a generalized finite
difference scheme for the Neumann problem. Today, their method can
be regarded as a finite element method using the piecewise linear “cha-
peau” bases. From the viewpoint of computations, however, their method
is not convenient enough, except the case of a polygonal domain, since
it requires to perform all the integrations which appear in obtaining Ritz
coefficients and right-hand sides of determinate linear equations, in an
exact domain and on an exacl boundary.

The purpose of this paper is 1o consider a higher-order approximate
procedure for the Neumann problem in an approximnate domain, using
isoparametric finitc elements. This forces us to change slightly the data
functions to guarantee the solvability of the determinate linear system.
We shall study some kinds ol crrors, vwhich are caused by the selection
of the basis functions (approximation crrors), by the chunge in domain,
by the approximation of data [unctions and by the change of data {functions
for the solvabilitv. FErrors caused by the selection of the basis functions
are, ol course, inevitable. Tt is desirable that errors due to other reasons
mentioned above do not destroy the order of accuracy which the basis
functions could achieve. In this sense, it appears to be reasonable to
expect that, when the boundary 77 is curved, the optimal order of accuracy
can be achieved by the use of isoparametric technique. Also, we may

apply the lumping technique to the body force term f, which mav simplify
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the computation of the inner product including it. QOur main conclusion
is that the scheme using the isoparametric elements guarantees the optimal
order of accuracy in H'mnorm, and that it may not be destroyed by the
introduction of a class of lumping operators. L*estimates are also ob-
tained using Nitsche’s trick [2]. Our results can be extended also to
the Dirichlet problem straightforwards.

Strang and Fix [8] have discussed the error due to the change in
domain for the equation —4u -+« =f with the Neumann condition, in which
there is no problem on the solvability of approximate equations. With
regards to the Dirichlet problem, Ciarlet and Raviart [4], Nitsche [3], and
Strang and Verger [7] have investigated the effects of approximate bound-
ary conditions. Numerical integrations, which may produce errors of dif-
ferent type, are also taken into account in [4]. Aubin [10] has discussed
external approximations from the theoretical standpoint. The lumping
operator in this paper may also be considered as one of them.

In § 2, we introduce the problem. In § 3, we obtain general error
estimates for approximate solutions with a lumping operator in an approx-
imate domain. In §4, after the isoparametric finite element procedure
and the relevant lumping operator are described in detail, the convergence
orders are obtained in terms of the maximum side-length of the triangles.
Although the isoparametric finite elements we treat here are of Lagrang-
ean type only, it may be clear that we can extend the results to the
case of elements of Hermitian type. In the last section, we show some
examples. For the results of the numerical experiments of these exam-

ples, readers are referred to [12].

§ 2. Preliminaries

The problem we consider is
f —du=f in 2,

] d_”zf on [,

dn

@1

N

where £ is a bounded domain in R? and I is its boundary. We assume

that I" is sufficiently smooth and that it is expressed as

(2-2) I'={(X(®,Y(®); X(®*+Y ()*=1}.



ISOPARAMETRIC FINITE ELEMENT METHOD 299

In (2-1), 4=0%/02+0%/0y" and n refers to the outer normal to I
Let H™(8) denote the usual Sobolev space with the norm given by

172
“””m,ﬂ = {Z}«]Sm j; iDaHIzd.I'dy} .

Here = (ay, a,), and «; and &, are non-negative integers such that

0'%'u

lel=c,+a, and Dy=—""_,
axalayaz

H(®) is also denoted by L*(2). Similarly, H™(I") and L*(I") are de-
fined to be the Sobolev spaces defined on I'. Here and later, ¢ indicates
a generic numerical positive constant, independent of 4, %, f and g, which
may be different at different places. (/i is a parameter depending on a
subdivision of 2.)

An approximate domain £, is obtained as a union of finite elements.
(£, is not always a polygonal domain. For details, see §4.) Let {P;}¥,
be all the nodal points in 2, Let S(2,) be a subspace of H'(2,)
spanned by {@;(z, ¥)}¥:, such that

(2-3) $:€C(2) NH'(2,),

(2-4) $:(Py) =0, for i,j=1,-, N,
and

(2-5) Méi=1 in 2,.

Let T(£,) be a subspace of L*(£2,) spanned by {@:(x,v)}is (N:<N;)
such that

(2-6) ¢ L*(2,)
and
2-7 di=1 almost everywhere in £2,.

We define two linear mappings P and Q from C(£,) into S(£,) and
T (£2,), respectively,

P:C(82,)—>S(£2,) such that
(2-8) Pu=3"u(P)é.,
Q:C(2,) —~T(8,) such that
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(2-9) Qu=3""u(Q) ¢,
where {Q:;}72 is a subset of {P;}7,. Q is called a lumping operator
associated with P.
Remark 2.1. For ¢, the condition as (2-4) is not required.
Remark 2.2. If we take ¢;=¢; and Q;=P, (=1, ---, N,=N,), then
Q=P
Remark 2.8. P*=P and QP=0Q.
Remark 2.4. We assume that I, (the boundary of £,) approximates

I’ so naturally that the following conditions are satisfied:

i) There exists a bounded domain £ such that 2c £ and thiz' for
all 7,

ii) for any f& H'(8,), there exists a f= H'(#) such that

(2-10) 1/ la=<c|flli.e, for i=0,1,

and

iii) for any fe H'(£,), it holds that

(2-11) 1 T, rn=cllf 1. 2, -

These conditions may be satisfied when £ is approximated by a polygon
2, whose vertices are all on I, or when isoparametric finite element
procedures are used.

We use the following notations throughout this paper:
(f.0) = jfgf-v dzdy for f.veLl*(@),
a(u, v) = (0u/0x, 0v/0x) + (Qu/dy, 0v/0y) for u,veH'(R),
[g,v] = j;g-»udz for g, ve LI

and

\Vu| = {|0u/0x|*+|0u/0y|?}* for ue H*,

and we define (f,v);, a,(u,v) and [g,v], by replacing £ and I with
2, and I', in (f,v), a(u,v) and [g, v], respectively.

§ 3. General Error Estimates for Approximate Solutions

In order that a solution of (2-1) exists, the condition on f and g,
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(3-1) (L, +1[g,1]1=0,

is required. Conversely, if /" and ¢ satisly (3-1) and have appropriatc

smoothness, a solution exists in H™(#) uniquely under the condition
(3-2) (u,1)=0,

for some m. Let LZEH”‘(g) be a smooth extension of # such that
(3-3) 2] 2 =cllet] . o

and #, be #—Fk;, where

(3-4) ky= (i1, 1) 1/mes(£2,).

We give two functions fa& L*(2,) and y,& L*([,). which may approxi-
mate f and ¢ in some sense. (An example of f; and g, will be given
later in Theorem 4.1.) Let f; be f,—Fk, where

(3-5) ke={(fa, Dn+[gu 11a} /mes(&Zs).

The finite element solution of (2-1) and (3-2) is defined to be the
function #=S(2,) such that

(3-6) an(it, §) = (f, QB+ [gas @1s for V4 S(R)
and
3-7 (i, 1),=0.

Theorem 3. 1. We assume that I'y is « natural approximation of
I" in the sense of Remark 2.4. Further, we assume (2:3), (2-4) and
(2-5) for S(8,), and (2-6) and (2-7) for T(2,). Then, the systcin
(3-6) and (3-7) has a unique solution @ in S(8R,), and

(3' 8) ||u - a”!,.o,. éc{]k1| -+ ”Pﬁ - ﬁ”l,ﬂh - (ik:’] + ”f( + 41’7”0,_@,,)

NQ@—=P#) o, | ({42, T—=Q) (4= Pi))sl

Hﬁ——Pﬁ”l,gh ||12“P'Z7nx,ﬂh

b
0, 1"y

where n, refers to the owter normal to [

_du
dn,,

+

Ja

For the proof of Theorem 3.1, the following lemma is used.
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Lemma 3.1. Let E(R) be a subspace of H'(R) such that
E@)={ucH'(2); (u,1) =0}.

Then, {a(u,u)}"* is equivalent to |u|,. in E(2).

Proof. It is sufficient to show
(3-9) o, e=cluls for YucE(2),
where |u|,={a(u,u)}"?. Let k be any constant. It holds that
(u, ) = (u, u—k) <[edlo, o e — koo for vucsE(LQ).
Then we have
letll. s=<inf |lze— k. a=cl el 4 .
Here, the last inequality follows from the fact that |«|, is equivalent to

the usual norm of the quotient space H'(R)/P, where P, is the set of
all the constant functions. (See [11].)

Proof of Theorem 3.1. (3-6) forms N, linear equations,
(3:10)  an(@, ) = (£, Qb)n+ [gn $id for i=1, - N;.
Summing up these IV, equations, we obtain a trivial relation
(3-11) an(@,1) = (f;, Da+ 94,11, =0
from (2-5), (2-7) and (3-5). Therefore, the system (3-6) and (3-7)

is not overdetermined. Suppose that there exists a nontrivial solution

@ for f4=g,=0. Then,
(3-12) a,(#,2) =0 and (#,1),=0.

These conclude =0 by Lemma 3.1, which is a contradiction. This shows
that the system (3-6) and (3-7) is solvable for any data f4 and g4 and
that it has a unique solution in S(£,).

Let us prove (3-8). First,

(3-13) |2 —21, 0, <] d — |1, 0, +cl il
By Lemma 3.1, we have

(3-14) & —wlf e,/cZan(@—u, & —u)
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=a,(4—7%,%—1u)
=a,(u—u, Pu—un) +a,(d—u, 4— Pi).
Each term of the right-hand side is estimated as follows:
(3-15) |1st term|=|& —#|s,0, | P%— %1, »

(3-16)  |2nd term|=|(f,, Q@ —Pa))r+ |04, &— Pu],

— (— 4z, ﬁ—Piz)h—[dﬁ ,ﬁ—Piz]
dn;,

13

=1+ 42, Q@ —Pu))wl + | (da, T—Q) (u—P) )4

dx 5
+![g“— d ’u“P“]n

2y,

=1+ A%llo,0,|Q @ — P |lo,0, + | (47, I—Q) (& —Pu)) 4|
du

7y

+c||0a—

& — Pall,q, .
0,1y

Combining (3:13) ~(3-16) aund the trivial inequality
(3-17) lw— Pit|y, o, <\ — @lls, 2, + |2 — P.0, ,

we obtain (3-8). This completes the proof.
Let us estimate ||Z—7%oq,, using Nitsche's trick. Let e be #—%

e H'(2,), e H'(2) be a smooth extension of e such that
(3-18) el s<<clelia, for i=0,1,

and e, be —k, where

(3-19) = (1, 2) /mes(2).

Let we H*(2) be the unique solution of

/ —./lw:(11 in ;.Q,
dw .
. = n [,
(3:20) n o
(w,1) =0,

and @we H*(2) be a smooth extension of w such that

(3-21) @], a=cl|w0]e. o -
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Theorem 3.2. In the same assumptions of Theorem 3.1. the

following estimate (s obtained,

@2 2l Sofleo TPt (1t o, + B
[@ha,
<108, | (UnP= D@l d |
15112, e, |ll2., ! dny 0.
P — [g“_ iﬁ ﬁ’] J,
X ” wN_wHI‘p" :nh t +— ! +Jz+'/€3i}s
(@, [@ho (@,

where  Ji=[g 0, |\VE|\Vw|dzdy +[g, olVe|\V®|dxdy and J,=|eloe,-e
+[&lo. a-2,, -

Proof. From (3:20) and (3-21), we obtain

(3-23) @l 5, <cleiln.o
and
(3-24) lesls,e= (e1, —4w)

=a (e, w)

:ah(ela @_Pﬁ) ’L'ah(eh P'ﬁ/j) _J‘_ (Vé’ Vw)i?—-@h

— (Ve, V'lz’.j)gh__g .
Each term of the vight-hand side is estimated as follows:

(3-25) [1st term|=|lells,e, /@ — P10,

(3-26)  |2nd term|= !( fo. OP@) n++ [94, P&]n

—(—Aﬁ,Pﬁz)h—[jﬁ ,Pw] |

o dal
=| (i + 47, 0@)u+ (47, (P-Q) @),

+[g,1— dz ,Pw—fo] +[g,,— du w]
d. n n

Ay 7y

=c|fi+ Aﬁllo,thQﬁ)llo,gu + | (4%, (P—0Q) @) 4|

velg, 27 i du ,ﬁ;]
dny o1y dny, R

Ja

P& — @, +| [gA—

b
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o
o
[

and

(3-27) [3rd term+4th term| <., .

Combining (3-23) ~(3-27) and the inequality

(3-28) lello. 2, =120 +c 2
Slleilo.o+c{Js+ A},

we obtain (3-22). This completes the proof.

§ 4. Isoparameliric Finite Elements and

Relevanl Lumping Operators

We shall illustrate the isoparamelric finite element procedure. Let T}
be a closed fundamental triangle with vertices A,(0, 1), A,(0, 0) and A,(1, 0)
in (& 7)-plane. In T, there exist £ fundamental nodal points, A, i
=1, ---, k, including the three vertices. Let {};(&, 7)} %, be a set of real
functions defined in 7} such that
i) 0, €C(Ty) NH (TY), where Ty is an interior of Ty,
i) Oi(Ay) =0y for 4, j=1,-, k,
i) Yhde=1,

iv) there exist two scts of rcal numbers {a;}f; and {8} 5, such that
;b =5 . I O
2haap=¢ and 205 8ii=7,
V) ¢;=0 on any side which does not contain A;, and
vi) the set {(A, $:); A; is on the side of Ty} is symmetric with

respect to the barycenter of T, ie., if A;= (A5 4T, ()
=03 (A, 4es 2) T) by the barycentric coordinate expression and A,°2;’
1t =0, then (SA%, $:(S7’2)) coincides with some nodal point and
its corresponding function, where S is any 3 X3 permutation matrix.

We triangulate £ to obtain the set of closed triangles {4;}¥7% and the

set of vertices {P;} ¥, such that

i) P,eq.

i1) 4;M4d; is empty or equal to a common completely overlapping side,
for any i=5j.

1) il}f {minimum angle of 4;} =c.

and
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all vertices of the polygon U¥74; are on I

With each triangulation, /2 is associated as follows:

h=max {maximum side-length of 4;}.
i

{4;} Y7 consists of two types of triangles, i.e., interior triangles and bound-

ary triangles. An interior triangle has at most one vertex on I' and a

boundary triangle has just two vertices on I'. We add required nodal

points {P;}y,,1 in @ so that there exist % nodal points {B/}%, in a

neighbourhood of each triangle J; satisfying the following four conditions.

i)
ii)

iii)

iv)

{B/}k_, is a subset of {P;}¥:,.

B, BY and By are vertices of ;.

For the interior triangle, B/=B/ for i=4, .o k, where B/ is a
point which has the same barycentric coordinates as A;.

For the boundary triangle, B/ and By are on I". (B is in £.)
BijZEij for all A; lying on A;A; and A,A;. For each A; on
A A, B, is taken on [I" near the point C/, which is on I" and

satisfies

/\. /_\ — —_—

sjcijf CijBlj:A3Ai: AA,,
where B/C/ is the length from B/ to C;/ along I'. Each B/
of the other nodal points is taken at the position which B/ occupies

after adding an appropriate small shift to Eij. (This shift is chosen
so that (4-1) may hold.)

With each 4J;, the mapping F; {rom 7, into R® are associated as follows:

Fj = Zi';lBij{b\i .

Let {K;}7Z, be the set of finite elements, where

K;=F(Ty),

and &£, be an approximate domain of £ such that

£,=an interior of UJ%,K;.

Remark 4.1. For interior elements, it is clear that

F;=Bj7+B/(1—&—7) +B{& and K;=4,.

Therefore, the Jacobians of F; for interior elements are constant.

Let S(£,) be a N, dimensional subspace of H'(f£,) spanned by
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{pi(x, )} 2. Here
bi=240P, BN (F;™) in K,

where 6(P;, B/) =1 il P,=B/ and =0 otherwisc. It should be noted
that ¢; satisfies the conditions (2-3), (2-4) and (2-5). Let P be an
interpolating operator from C(£,) into S(2,) defined by (2-8). As the
boundary is smooth, there exists a one to one correspondence v from I’
onto I, such that P(z)-y(P(¢)) is normal to I" for P(¢) = (X (), Y(¥))
el’. Let (6(2),e(?)) be the components of the vector ¥(P(2)) —P(2)
and A(z) be its length.

Then. we say that an isoparametric finite element procedure is of
order a. if the following four conditions are satisfied:

i) For any fe H**'(#)NC(2) and i=0,1,

4-1) I(I=P) flli e, =ch®*"* 7 flla ., -
i) For any fe H*(2)NC(D).
(4-2) [(I=P)fllo. o, <ch®||lf|a s, -

i)  For i=0,1,

p
(4.3) Ié}k(,t)*léc'h‘“—lﬁi.
I de

iv) For any ve H**(%),
(4-4) [(L=P)vlo.r,Zch" "2 51ga 1| D0l ry -

Next, we define the lumping operator Q. Let {§;(&, 7)}5_, be a set
of real measurable functions defined in T, such that
i) g€ LN(Ty"),
i) ¥ 0;=1 alimost cverywhere in T,
and
iii) the set {A;; A, is on the side of T, and ¢,5=0} is symmetric with
respect to the barycenter.

Renumbering the nodal points which belong to
{P;; 3B/ such that B/==P; and ¢ %0, i=1, -, Ny},

we obtain {Q;}¥:,. Let T(2,) be a subspace of L*(£,) spanned by
{¢:(x,y)} 2, where
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4-5) $:=3810(Q: BNF.(F;™) in K;.
T'(8,) satisfies the condition (2:6) and (2-7). Let Q be a linear oper-
ator from C(@,) into T (2,) defined by (2-9). We call Q a lumping

operator of type (B,7) associated with P, if the following two conditions

are satisfied:

i) For any fe H'(2) NC(@),

(4-6) I(I=Q)fllo.en <ch'| fl:s.0,
are satisfied for z=1 if /=0 and 7=1,2 if f=1.
i) There exists a continuous linear operator R, from C(7,) into

C(T,) such that,
a) for u, velC(T,),
4-7) (Ro'v; (Py—Qy) ) To:09
where Pau=3F u(A;)d; and Qu=3F (A,
b) for any fe H**(2) NC(HD),
(4-8) [(=R)flo.en=ch®"!| fllgs+1.04 5

where R is a linear mapping from C(£,) into L*(£,) such that

(4-9) Ru= (Rue(Fy)) (F;™) in Kj,

and

c) there exists a continuous function H;(§,7) for each boundary

element K; such that

(4-10) | H; (&, 7)) | <ch™™*

and

(4-11) (&, —H;(§, 1) Row, (Po—Q0)w)7,=0 for u, veC(T,),
where J;(&,7) is the Jacobian of F,.

Theorem 4.1. In (3:6) and (3:7), we use the isoparametric
Jfinite element procedure of order «(=1) and the lumping operator
of type (B8,7) (B=0). Assuming f€C(2), gC{I") and (3-1), we
take f,=Pf and g4,=Pg. Then (3-6) and (3-7) has a unique solution

and the following estimates hold:

(4-12) |2 —aly, o, =c{h"(|tllasz.o+ |t o) + A Ztdllgrs,0+ R *ulls. o}
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and
AR ety s,0 -+ A5 s, 0 + BTty 0}
if =0,
(4'13) ”ﬁ_ﬁuo,!zné )
AR Matllars,o + A5+ ] a0 + AT s, 0}
if =1,
where @ is a smooth extension over § of the smooth solution u of
2-1).

Remark 4.2. From the condition v) of ¢;, Pg is well-defined on I,.

Remark 4.3. If Q=P, Q is of type (&, ). This is shown by
taking Ry=P, and H;=0. Then, (4-12) and (4-13) are reduced to

(4-127) |7 — 2] 0, <" ([tt]laro. 0+ [#lls. 2)
and
(4-13) & —t)o,0,<ch™ it grs,0 -

Proof of Theorem 4.1. We can estimate each term of the right-
hand side of (3:8) as follows:

(114) |l Seh™ uls.

(415) P2 =0, Sl

(416) [l e el

(4-17) Lo+ ooy STl

(418) 10— Pi)oap/t— Pt o, e

(419) | (am, (1= Q) (a=Pw)al /= Pt oy e U0l
S

and

(4-20) O = e

(4-12) follows from these inequalities. (4-15) and (4-17) are direct
consequences of (4-1) and (4-2). (4-14) and (4-18) are proved easily.
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For (4-16), it holds that

A% dxdy
iy

2n

4-21) h= {(fﬁzm, 15— L_ghfdxdy— j

g0 1]a—[0, 1]} /mes 2.

The first three terms of the right-hand side of (4-21) are bounded by
ch®t]qres ch®Mulls and ch® |uls. To estimate the last two terms we use
the functions 6(Z) and =(2). From (2-2), it holds that

() =2()Y (#) and e(r)=—2()X(2).
We introduce v(x,y) which is defined in & as follows: In a neighbour-
hood of T,
__0u ; 0w ;
(4-22) v(z,y) =—(z,nY @) ——(z,9) X (@),
0x 0y

where (x—X(¢),y—Y(#)) is the normal to I, and v(x,y) is extended
smoothly over £. It is easy to see that v(x,y) is equal to ¢ on I.

Now we have

(4-23) [Pg,1]n—[9,1]=[(P—D)v,1].

+ Lv(»(P(t))) V(XL (V48— L ar

S RUGGONETCION =S

Using the following inequalities,
I[(P=D)v, 11, =c|(P—I) vl},0, <ch®|t]s,
V(X +8)+ (¥ +8) —1|Scher,

and

P ®®) —v @) =T &0, v+e) -, 1Y)

N o,y - nx
oy Oy

9

we estimate each term of the right-hand side of (4-23) by ch®|u)srs,
ch®uls and ch*Yul,. For (4-19),
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(4-24) (da, (I-0Q) (@—Pu))n=(I—R) b, (I—Q) (@ —Pu)),
+ (Rdz, (I-Q) (2—Pu))» .
Each term of (4:24) is estimated as follows:
(4-25) [st term| <[[(I—R) ditfo.o,| (I —Q) (2= Pir) |2,
=ch’ s ollt = Pz, ,

and

(4-26)  |2nd term|=|3" j RA%- (P—Q) (a— Pa)dxdy
Kj

=3 [ R (Pi= 00 G~ Pr)T (6, sy

I

S j Rodit- (P~ Qo) (@~ Po) H; (8, 7) dsdn{

IA

max<

R‘,Aﬁ!@f (5;7)1)

1
'\/_2. \/ ']f (Sa 77)

X X [ 1e=0y @-Pw e asam|”

=clull ™ * {221 (P = Q) (2= P) fo.e,
<clul k72— P, .

where 'z means the summation over all the boundary elements. Here

we have used
(& ) | =ch® and {31} <ch7'.

(4-19) follows from (4-24), (4-25) and (4:26). For (4-20), with
(4-1) and v(r,y) of (4-22), we obtain

— di | di |
4'2/ 04— ! < P - k + - |
( ) \I\JA dmy lo.rn ™ 1£0=2lo.r ;Hw dn, 0.1

=c{hullare+ 2aels} -

Let us prove (4-13). This is concluded from (3-22) with (4-12),
(4-20) and the following estimates:

(4-28) 1Pt — @i, 0,/ | e, =,

(4-29) [+ datllo, o, e h ot s
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(4-30) Vhol <ch™ et ass + [z},
(4-31) 1Q @y, o,/ 0], 0. =c ,
(4-32) | (42, (P—Q) @)l /[, 2,

R ull s+ AT ully i B=0,

AR ullgrs+ APl i B=1,

(439 00=-25 3] | 1.0, Seh s,
(4-3) T/l 0, S e

(4-35) L=ch“""el,a, ,

and

(4-36) | ek {0, + it

(4-28), (4-29), (4-31) and (4-34)~(4-36) are shown easily. (4-32)
is proved by the same way as (4-19) in the case §=0. In =1, using

the inequality
“ (P— Q) 'Z’f’no,ﬂhén (I_P) 'ﬁ)”o,gh + ” (I— Q) 72/)”0.!“
échzn'f()“z,.@h >

we obtain (4-32). For (4-33), it holds that

(4-37) [g,.— jz,w]h={[94,z7}]n—[a, w]}
+{(—=dz, @)r— (f, w)} + {—a (@, ®) +a(u, w)}.

The second and the third terms are bounded by c¢/i®"|uls|®|, 0, and

ch® Yutlls|@|s, ,, respectively. The first term is divided into
(4-38) [(P—=Dv, @]+ {[v, ®]n—[v, w]}.

The second term of (4-38) is bounded by c/®"|u||%]s 0, similarly in

(4-23). For the first term of (4-38), using (4-4), we oblain
(4-39) IL(P—Dv, @] < (P—=DVlo.r,|@lp.r,
=ch*" 2 iz i D™l 1| @ o,

< ch*jet]ars, ol @), g, -
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From these estimates [ollows (4:33). Using the same argument as
(4-39) to estimate the first term of the right-hand side of (4-23), we
obtain (4-30). This completes the proof.

e

§ 5. Examples

Now let us consider some examples of P and Q

Example 5.1. Let »=3, and {$:}1_1 be taken as follows:

$r=7,

[/;?:1_"5_"777
and

(/P\szf-

These are the usual piecewise linear bases. (4-1)~(4-4) are satisfied
for @=1. Then, three kinds of Q may be considered. The first {¢,;}}1

is as {ollows:
¢,=11in S, and =0 otherwise,

¢,=1 in S, and =0 otherwise,

and

¢;=1 in S; and =0 otherwise,

where S, is the quadrilateral with vertices A;, A, G and A, and S, and

S; are taken similarly. (Sece Fig. 5.1.) The second case is:

Fo=F==

3
In these cases, Q is of type (0, o) by taking
(5-1) Rou:2y (&) dzdy .
7,
In fact, as J;(&,7) is constant for each j and
(6-2) L di—¢)r=0 for i=1,2,3,
we may take F(§,7)=0. Therefore, we obtain

(5-3) la—lho,=OW) and |@—ulse, =0 ).

The third case is:
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ai:(:b\i {for Z:1, 2, 3.

Then (5-3) is valid from (4-12’) and (4-13").

Az e " As

Fig.5.1. Fundamental Triangle. Fig.5.2. Curved Element.

Example 5.2. Let 2=6. Let A,, A; and A be taken at the mid-
points of A;A,, A,A; and AA,, respectively. {(7;1} §_, is as follows:

$r=7(27—-1),

go=A—E—m{1-2(6+n},

$s=€(26 1),

‘2’\4:477(1—5_77)-

Po=4(1—E—17),
and

$s=467.
These are the usual piecewise quadratic bases. By is taken on I" in such
a way that B{B¢ is perpendicular to B{B’. Then, (4-1)~(4-4) are
satisfied for a=2. (See [6] for (4-1) and (4-2).) The Jacobian of
F; for the boundary element K is
(5-4) Ji(§, 1) =coteaf+an,

where

co=(Zs—x3) (y1—y2) — (&1 —22) (5—2),

/ -+ T
C1:4{($3“‘$2) kye_‘yl—;——yi> - <1's—x1 zx“> (3’3_3’2)}’
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52:4{<x6—ﬁ:}2_—xi) (y1—2) — (21— x2) <ys—%>}.

and (x; v;) is the coordinates of B for 7=1, «--,6. Four kinds of Q
are considered. In the first case {¢;}i, is as follows:

al _JI?:Q/T.%"O s

¢:=1in S, and =0 otherwise,

¢s;=1 in S; and =0 otherwise,
and

¢s=1 in S; and =0 otherwise,
where S, is the triangle with vertices A;, A, and G, and S; and S, are
taken similarly.  In the second cuse,

1

@2(0_2:@:0 and 64:(25:5625‘ '

In these cases, taking R, of (5-1) and H;=c¢,§+c7 from (5-4) {or the
boundary element, we find Q to be of type (0,0). Therefore, we obtain

(5-5) |2 =l o, =0 and [@—illpe,=O ().

In the third case,

— 1 3
¢1:_“—5“+T77,
_ 2 3
¢2”‘E'—_‘$_E‘77’
- 1, 3,
(1)3:—~£_—)——+—§;‘,
— 3
):-___,___59
2 5 b
_ 3 4
¢M—E_T_;Ov
and
— 1 4, 4
A

Taking R, equal to P, of Example 5.1, and H, being the same as the
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first and the second cases, we find Q to be of type (1,0). This is shown
by (5-2) and

(5-6) .= ) r,=0 and (7, $i—¢d.)r,=0 for i=1,---,6.

Therelore, we obtain

-7 | —l,,e,=O(h") and |@2—7lpe,=O0O").

In the fourth case,

gi=¢; for i=1, -, 6.

From (4-12’) and (4-13"), we obtain (5-7).
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