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On the Cauchy Problem for Weakly
Hyperbolic Systems

By

Hideo YAMAHARA¥

§1. Introduction

In this paper we consider the &-well-posedness for the Cauchy prob-

lem of the first order system:

-1 M[u]=§t—u—jzl_:1A,-(x,t) 0y B(z,Hu=f(z,1),

axj
(x, ) e2=R,'x[0,T],
u(z, ty) =uy(x), 0=4,,<<T,

where the coefficients A;(x, t) and B(x, 1) are (m,m) matrices whose
elements belong to the class B (2) (in the sense of L. Schwartz [8]).

As is well-known, for the &-well-posedness of (1-1) the character-
istic roots A (x, ¢; &), (1=1,2, -+, m) (the roots of det (v1—Y % ,A;(x, £)
£)=0) must be real at any point (x,t;&) €2 X R (S. Mizohata [4],
P. D. Lax [2]). Moreover, under the assumption that the roots 4;(x,
t; &) have constant multiplicities, the matrix A(x, ¢;&) =Y % 4;(x, )&
must be diagonalizable at any poit (z, £;£) for the problem (1-1) to be
E-well-posed for every lower order term B(x, ) (K. Kajitani [1]).

Now we consider the case that A(x, ¢;€) is not diagonalizable. To
discuss such a case V. M. Petkov has used the method of asymptotic
expansions ([9], [10]). Quite different from his, our approach to this
problem is much due to the so-called energy estimates (see S. Mizohata
[4], S. Mizohata and Y. Ohya [6], [7]).

The results of our present article can briefly be stated as follows.
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Under the assumptions of constant multiplicity and of constant rank on
the operator (see (2:1)~(2-3)), we have obtained a necessary and suffi-
cient condition for the Cauchy problem (1:1) to be &-well-posed. It
takes the form (C.B) in terms of eigenvectors and corresponds to the
so-called Levi condition for single operator case.

In the preceding paper ([11]), only the outline of our arguments

are given. The purpose of this paper is to give more detailed proofs.

§ 2. Levi’s Condition and an Energy Estimate

As indicated in § 1, throughout this paper we assume the followings:
(2:1) The multiplicities of the characteristic roots are constant and at

most double, more precisely
det(cI—A(z, 1) =T (-~ Az, :6)* TT (c=4(=, ;).
i= j=s

(2-2) The characteristic roots A;(x, £;§) are real and distinct for (=,
;8 el X (RMN{0}) and i=1,2, -, m—s, moreover inf Qliléil(x, t;8)—4
(@, )2, [€]=1
i+
(x, t;6)[ >0.
(2-3) For i=1,2,---,s, rank(L;(x, ;) [—A(x,¢;6)) =m—1, inde-
pendently of (x, £; &) €82 X (RA\{0}).

From these assumptions, we have

Proposition 2.1. Suppose (2-1)~(2-3), then there exists an
(m, m) matriz N(x, t;§) which satisfies the following (i)~ (iv):
(@) Nz, t:¢) Az, t;6) =D(x,t;€) N(x, t;6),

where D(x, t;€) is a Jordan canonical form, namely

D(z,t;8) = | Lz t:8) a(z t;6)

As  as

0

As+l

Am-—s



CAUCHY PROBLEM FOR WEAKLY HYPERBOLIC SYSTEMS 495

and a;(x, t;§) are not zero and are homogeneous of degree 1 in &
for (x,t;8) €@ X (RN{0}), (:=1,2, -, 5).

(i) N(x,t;&) is homogeneous of degree 0 in &.

(iii) |detN(x, t; £)|=0 (>0) for (x,t; &) €82 X (RMN{0}).

@(iv) N(z, t;§) is smooth for (x,t;§) €8 X (R"\{0)}.

This follows from the fact that the generalized eigenspaces correspond-
ing to the eigenvalues A;(x, ¢;£), (i=1, 2, ---, 5), are smooth, namely that
we can choose the smooth bases of the generalized eigenspace. And the
eigenspaces corresponding to the double eigenvalues are of dimension one
(see, for example, the Proposition 6.4 in S. Mizohata [5]).

Now we consider the equation:
@2-4) Aﬂﬁ]:{é%—@ﬂ(xJ;D)—Bcntﬁucgz)zf@gn,

where 0(A(x, t; D)) =A(x, t; ).

Operate to this the pseudo-differential operator JI(x, ¢; D) defined
by 0(J(x, t; D)) =N(x, t; £), then we have
@0) {2~ (@2 D)~ Bu(, 13 D)} () = &z, £ D)+ 90,
where 9 (x, t; D) is a p.d.op., homogeneous of order 1 such that ¢(9
(z,t; D)) =D(x, t;8), B,(x,t; D) is a p.d.op., homogeneous of order
0 and Z(x, t; D) is of order —1. Here we have written in short p.d.op.

instead of the pseudo-differential operator.
Put 6 (Bi(z, t; D)) =Bi(x, t; §) =[6{i(x, t;€) - bin(x, ;6

buh (z,t56) - bﬁ?m(x,t;E)J
and let us introduce the following condition:
(C-A) All the symbols b§y;_:(x, ¢; &) are identically zero for (x, ¢; &)
€2 X (RAN{0}), (:=1,2, -, 5).
Next define a p.d.op. J(D) such that

JDy=[a+n" o
0 1

A+ 0
0 1
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where 4 is a p.d.op. with the symbol |£, and apply this to (2-4)’, then

we have

(2-5) {%—L@l(x, t; D)= By(z, t; D)} (IT) = IZu+ 99,

where 9,(x, t; D) is a p.d.op., homogeneous of order 1 and B,(z, ¢; D)

is of order 0. And under the condition (C-A) the symbol of 9, has

a following structure:

0(D,) =D(x,2;8)= |4 0|0 0.0

* 010 A % 0
0 00 O0:--4 O

*x 0 x 0 ---0 2

* 0 % 0.~ % O Ass1

* 0 % 0 - % O 0 2An-s

From the representation of D,(x, ;) we can easily see that D,
(x, t; €) is diagonalizable. By N;(x, #;£) denote the diagonalizator of
D,(x, t; &) and define a p.d.op. I, (x, ¢; D) whose symbol is N;(z, ¢; £)
(Idet Ny (z, ¢; £)| =0,>0).

Here we introduce the norm (see [3]):
(2-6)  (Lyw, w)= (T A" Tlu, ThA* g TNw) + B (J Tlu, G Tlw) +Ba (u, ),

where % is a non-negative integer, §; and (3, are sufficiently large constants
and ( , ) is the usual inner product on L,(R.").

First we have

Lemma 2.1. For uc D%, (k=>1) there exist positive constants c;

and ¢, such that
2-7 cilletlle—1 = (Lare, ) 2ol

where ||| is the usual norm on D5 (R.).
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This lemma will be proved if we apply the following lemma to the
p.d.op.s T (x, t; D) and I (x, t; D).

Lemma 2.2. (The Corollary of the Lemma 2.2 in S. Mizohata
[3]). Let L be an (m,m) matrizx, whose elements p;; are singular
integral operators belonging to C;(8>0): ¢(py) €C5. By 0(P) we
denote a matrix (0(py) (x;£)). Suppose that
(2-8) |0(P)ai=0\al, for any xER,', any EER,, and for any «
=, Ay -+, ) EC”
where |al = V|| + -+ lanl®. Then for any w="(u, t, -+, tty) < D,

k being any non-negative integer, we have the following inequality:

(2-9) 1P AU =0 A —T1ellf*, 00

Next, apply 4* to (2-5), then we have
(2-10) {—%~z‘£01 (x,t;D)} (4* 4 1)

=i (A D, — DA YN+ A B N+ A* I Gu+ A* Y TS .

Moreover applying Jl(x, ¢; D) to (2-10) we have
2-11) % (Tt G Ts) =i DTl A G Tl + By g Tl

-+ lj’ll (Ak,Ql — Q]_Ak) (J[mu + mlAkc@zgj,lu
where B,=B4(x, t; D) is a p.d.op. of order 0 and D,=9D,(x, t; D) is
a p.d.op., homogeneous of order 1 with the following symbol:

0‘(«@2):Dz(x,t;'f):’il(x,t;f) 3.
ll (1:, t: $)
As
As

Asi1

~ ]-m——s -

From (2:5) and (2-11) we have
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j—t (Lyu, u) =const. {|[T1A* I Tu|® + |lull—1|I0:4* G Tul|

+ Billula| F Tea]| + Belleellleel} + 21 T1A* G TS || [ThA* G Tl
+ Bl TN G Teell + Boll £1 el

Hence from the lemma 2.1 we have
@1 T 0 IS G 4 L

where 7; is a constant and 2=>2. When £=1, instead of the norm (L;u,

%) we use
(2-6)’ (Lou, w) = (T, 49 T, T A Nws) + B, (I Tu, T
+B:((L+A)u, (A+4)7u).
Then we can also obtain an inequality, similar to (2-12).
Integrate (2-12), then we have

2
(2:13)  (Lyw, )V () <e™ " (Lyut, u)* (40) + j (L f, )V (s)ds .
to

By virtue of the Lemma 2.1 and (2-13) we have

Theorem 2.1. Assume the condition (C-A). Then we have the

energy estimate:

(2-14) J66(2) o ScaleCt) e + fnf(s) leds

for the solution u(x,t) of (1-1) belonging to £, (D%L), where ¢, is

some constant and k=1,2, --- .

§ 3. Condition (C-A) and the Influence Domain

We will represent the condition (C-A) more explicitly. For this
purpose let us calculate the symbol of B,(x,¢; D).

(3-1) 0 (Bi(z, t; D)) = pricipal symbol of {i (TA— DI + I, +NB} M

i
:{ ON 9A I, 9D aN+ﬂ+NB}M’
i=1 an axj j=1 851 0xj ot

where M=M(x, t;£) is the inverse matrix of N(x, ;&) and M =M



CAUCHY PROBLEM FOR WEAKLY HYPERBOLIC SYSTEMS 499

(x, t; D) is a p.d.op. with the symbol M(x, ¢;§).

Now we denote by E the m-dimensional Euclidean space and by E*
the dual space of E, and we denote <&, x> =§&x,+ &2, + -+ + Ep2n, where
= (X1, L3, -, ) EE and &€= (£, &, -+, &n) E EX

Let Ri(x,t;6)€E (resp. L;(x,t; §) =E*) be an eigenvector of
Az, t;¢) (resp. “A(x, t; &)) corresponding to A;(x, ¢; &), (i=1,2, -+, 5).
Then N and M have the following forms:

:t(Lll’ Lls ) le’ Ls, Lsﬂy AP Lm—s)a
M: (Rh R11> T RS7 Rsly Rs+17 Tt Rm—s)7

where L' and R;! are generalized eigenvectors (=1, 2, ---, 5). From the

structures of D, N and M we can easily see

Proposition 3.1. The condition (C-A) is equivalent to the follow-

ing condition:

©B)  Culwt; =L@t 9), (L -3 4L —B)R(z,1:9))

i=1 0x;
,t;$)>55

+Z al; <Li(x $ 3

=1 0x;

for (z,t;8) €2X R, (i=1,2, -, 5).
Remark. This condition is independent of the choice of eigenvectors.

In fact, take 0z(x, t; &) R(x, £;€) and 0,(x, ¢;8) L(x, ¢;§) in (C-B)
instead of R(x, ;&) and L(x, ¢; §) respectively, where we omit the index
i, and 0z(x, t;§) and 0.(x, ¢;§) are scalar functions. Then under the
condition (C-B), the right hand side of (C-B) turns into

00 01 00 00
o - L,Ry>—0 L, A;R
(G T g G LR =01 X ST AR

On the other hand <{L, R>=0 because we can write R=(1—A)R". And
also {L, A;R>=0. In fact, from the identity:

3-2) (/I(x,t;é)—z A;i(x, 0)E)R(x, t;6)=0

we have < 04

5 —A,)R—I—(/I A)

R=0. Taking the scalar product
05,
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with Le E* we have {L, A;R>=0.
Next, we take the following so-called “‘space-like” transformation:
‘rf/:‘r.i, (léjél) s
(3-3)
t'=g¢(z,t),

which satisfies ¢, —4;(x, ¢; ¢,) 70, for 1=1,2, ---, m—s.
By (3-3), the equation (2-4) is transformed into

~ (= Ap) “Blu(z,0) = fi(x, 1),

’

) . 9
3.4 { — (—Ap) 'S A
( ) Y% (o ¥) 2 j@xj

1
where f1(z, )= (pi— Ap.)"'f(z,2) and Ag.= > A, (z, t)%i.
j=1 i
Let p;(x, 2;&) be an eigenvalue of (¢, — Ag,) D2 A6 At first we

note
Lemma 3.1. (3-4) also satisfies (2-1)~(2-3).

Proof. Consider the identity:
(3:5) det (r— (p,— Ag,) TAE) =det(p,— Ap,) ‘det(p,r— A(E+¢,7))
=det(p,— Ag.) " [1 (pr—Ai(x, £, §+¢.7))

Denote ¢;(t) =¢,v— A (x, t; §+¢,7) and fix (x, £;£). Then from the fact
that (3:3) is space-like ¢);(7) =0 has at least one real root 7;. Hence
from (3:5) we have

(3-6) det(gi— Apo) 1 (e= ) =TT (f=0fi(®),

where we have written ;(7) =(rt—1;)f;(r). Now, since det(g,— A¢,)
#0 we can see #;=7;. This means

(3'7) qﬂhai—li(xy t; $+¢z:u1,) =0 > (121, 2) Tt 771—‘5).
(2-1)~(2-3) follow easily from (3-7). Q.E.D.

Now we can prove the invariance of the condition (C-B) under the

transformation (3-3), namely we have

Proposition 3.2. Assume (C-B), then we have
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38 (Lot 0), (L (-dp) 20

— (pi—Ap) B
o7 P (e — Ag.) >

~ ! o ~
X R;(z, t; E)>+;1 aaz':ai,<Lz(JI,t;E), @Z R;(x,t; €)>EO,
= ; ;

for (z,t;8) €@x (RN{0}), (i=1,2, -,s), where Ri(x,t;&) (resp.
Li(z, ¢t; §)) is the eigenvector of (¢, — Ag,) TAE (resp. ' ((¢p,— Ap,) TTAE))
corresponding to u;(x,t;§).

Here we remark that u;(x, £; €) is also smooth with respect to («x, ¢;
& el X (RN{0}), (:=1,2, ---,m—s). In fact from Lemma 3.1 ¢, (t) =0
has only one real root y#;. Therefore we have

(3-9) ‘/Ji/ () =13 (1) 70 .

From now on we omit for simplicity the index 7 in the condition
(C-B). Now we will prove (3-8). At first we note that the eigen-

vectors R(z, ¢;&) and L(x, ¢;€) are given in the form:

R(z,t;8) =R(z,t; &+ pg)
(3-10) ~

L(z,2;8) =" (o= Ap:) L(z, 85 £+ p1ga) .
In fact, consider the equation:

(u(z, ;) — (0~ Ag:) TAE R(z, £;6) =0,
which is equivalent to
(putt— A+ @) R(x, ;) =0.

Then by virtue of (3-7) and the definition of R(x,#;§) we can take
R(z,t;8) =R(x,t;6+up.). And the second equality in (3-10) will
be shown similarly.
Next, in preparation we shall calculate the derivatives of u(x, ¢; §).
By the differentiation of (3-7) with respect to ¢, we have
Uy ~+ 1P — A — D] le,(/l(/’z,): =0.

Let us define an operator @ by
0(f) =Ffi—220 %,(x, t; E+ppa) fay -

Then denoting 0=0(¢) we have
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(3-11) ouy + 1o (@) —2,=0.

In the same way we obtain

(3-12) Oltz;+10(¢2,) —2:,=0, (G=1,2, -, D),
(3-13) Otte,—2,=0, (=1,2, -, D).

Here we remark that 040 follows from (3-9).
Now we return to (3-8). In the first term of (3:6) we can easily

see

- 0 1 0 0
—(p—Ap,) T2 A, =(p—Ap,) " ——2 A;
(e — Ags) ™' 20 Py (p: — Ag,) <8t 2

ot ; ox; )

Hence noting (3:10) we have

(i—z 4,2~ B)R=(R.~>) A,R,,~BR)
ot ox; 7

+ ; ((/1%.,) t jZ AJ (ﬂ(om) -l‘j) REm °

And this can be written as follows:

(3-14) (%—;A, ai,. —B>R

=R~ ; A;R,,—BR) + ; 0 (4g=.) Re,
+ :L’: (Ae;— Ay) (Ugps,) »,Re, -

As for the second term of (3-8), noting the transformation (3-3),
the definition of 0 and (3-13) we have

32ty Res= 3ty =g 1) (R, =070, 0 Re)
=3 10Re,~ 070 (1) 2 02 R,
Moreover from (3-12) this becomes
3 Loy Ry, =07 33 2o Ry =07 20 (192) R,
Then we have
3:18) <L, X ey Re)=<L, (p—Ap) T 1oy Re)

=L, 20 AaReyp = <Ly 220 (=) Ry
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+ 6—1<L’ Z (lfj - Aj) (pr, (Z l-"-'aan
J «
- Z} 0 (1g=) Re,) >

where we use (¢,—A@,) =042k, — A4;) ¢s, .
F
From (3:14) and (3-15) the left-hand side of (3-6) is equal to

L,R.— ; A;R,,—BR+ ; Ao Re>
+<L, ; (Ae;— Aj) (Ups,) 2 Re, +07KL, ; Ae;—Aj) @a;
X (2 AeoRe ; 0 (Ugpza) Re,) > -
Therefore our purpose will be accomplished if we prove the followings:
(3-16) ‘; (Ag;— Ay) (192,) 2, Re, + 07 ; (Ae;— A7) @s,
X (2 AsuRe, — ; 0 (gz,) Re,) =0,
where for a vector VEE, V=0 means {L, V)=0.

Now, noting (3:16) we shall give the following

Lemma 3.2. Put V= (,— A;) R, then we have
(3-17) Vi+ Viu=0.

Proof. Differentiate (3-2) with respect to &§; and &;, then we have
Aeg R+ (A= A) Ry + (A, — A Re,+ (A— A) Ry, =0.

Taking the scalar product with L we have (3-17). Q.E.D.

From (3-17) we can give the followings:

(3-18) ;j(ls,-—'Aj) ¢xﬂaR§a:0’
(3-19) ;Z, (Ae;— A7) @205, Re, =0,

(3 * 20) Z (lfj - Af) lzﬂ;xaRéa +§ (ifj - AJ) (p-‘cjll'aREa:O .

a,j

(3-21) 2. (15; —A;0 (%,) Pz Re, +0,Z,-: (lfj —A;) 02,0 (¢2,) R, =0.

a,j

Now, noting (3-12) and the above relations we can easily see (3-16).
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Thus we have proved the Proposition 3.2.
From the energy estimate (2-14) and the Prpposition 3.2 we have

Theorem 3.1. The solution of the Cauchy problem:
Mlu(z, )] =0 with u(x, t,) =u,(x)

has its support in C(Amax, to; supp[#(x)]), where we denote C(4, s; F)
= U Al 0)jlz—yISAUt—sl, t=s) and dmax=  sup  |Li(z, £;6)].
S

(z,0)€8,i¢l=1
i=1,2, e, m—8

§ 4. Sufficiency of the Condition (C-A)

In this section we shall show the existence of the solution for the
Cauchy problem (1-1). For this purpose we use a localization.

By £; denote a certain open set which include {(x, ) € R, X[,
tii]}, where £,<#,<t;,,<T. And let{2,”}, (j=1,2,---) be an open
covering which is locally finite, such that C(Amax, i3 2:;" N {t=12}) N2,
c ;. We remark that we can take £2; in such a way that for any
point, the number of £2;” which contain it is less than certain constant.
We shall define the sizes later. Next let {a;?”(x, £)}, (G=1,2, ---), be

a partition of unity on £; which is subordinate to {2;”}, and define
fi9(z, ) =, (z, 1) f(, 2)
{ ui} (x) =, (z, t) uo (2) -
Now let #;” (x, £) be the solution of the Cauchy problem:
{ M[u;P (z,8)] =17 (=, 1),

wi (z, t;) =ui’? ().

4-1)

Since supp[#% (x, )] is contained in £;” from Theorem 3.1 we can see

that in £2; %% also satisfies
{ L[ (2, )] =i (2, ),

u (z, ;) =uf? (x),

4-2)

where M, is another operator which is modified outside £;% in the fol-

lowing way. First we deform A;(x, ¢) in such a way that they remain
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constant outside some open set which includes £2;”. And take size of
2,9 sufficiently small so that the p.d.op. J1(x, t; D) stated in §2 is
invertible in the space 9%. Next we can deform B(x,t) as a p.d.op.
in such a way that the condition (C-B) is still valid for the system (4-2).
In fact we can obtain a required B so that with the deformed A and
the corresponding N, M and D, it should make the value of the right-hand
side of (3-1) invariant. Here we remark that for this M,?, the energy
estimate is also obtained and we can take the corresponding constant ¢
so as not to depend on Z and j.

Hereafter we omit the indices 7, j and we denote the modified coeffi-
cients merely by A;(x,%#) or B(x, ). The existence of the solution for
(4-2) is shown as follows. To solve (4-2) is now equivalent to solving
the Cauch problem for the equations:

(4-3) {aa—t—',@(x,t;D) —@l(x,t;D)}v(x, 8 =g(z,2),
where B,(x, £; D) is a p.d.op. of order 0, v(x, £) =Ju(x, t) and g(x, )
=Jlf(x,t). Next this is equivalent further to the equations:

(4-4) {%—i@l(x,t; D) —@2(x,z;D)}w(x, H=h(z,b),

where B,(x, t; D) is a p.d.op. of order 0, w(x, ) =Jv(x, ) and h(x,£)
=4g(x,t). Remark that D,(x, t; D) is diagonalizable. Hence we can
solve the Cauchy problem (4-2). Then from Theorem 3.1 we can see
the existence of the solution for (4-1).

Next, on account of Theorem 2.1 and Theorem 3.1 we have a global

solution by the superposition, namely we have

Theorem 4.1. Suppose the condition (C-A), then for the given
initial data w,(x) € DE and the right-hand side f(z,t) €&,(DL),
(k=1,2, -+-), there exists a unique solution u(x,t) of (1-1) belonging
to EMDEY) and it satisfies the inequality (2-14).

§ 5. Necessity of the Condition (C-A)

Here we shall show the following
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Theorem 5.1. The condition (C-A) is necessary for the uni-
Sormly-well-posedness of the Cauchy problem (1-1).

For the proof of this theorem we use the idea employed in [4] and
[7], so we show the outline. We suppose that the Cauchy problem (1-1)
is well-posed and that at least one of C;(x, £;£) in (C-B) is not iden-
tically zero. Then we can show that these two hyposeses induce a con-
tradiction.

At first let us deny the condition (C-B), then without a loss of
generality we can suppose (see [7])

Ci(z,t;6)=0 on Q2:=U,x[0,¢e] XxU:(&), (|&I=1),
(5-1) for i=1,2, .-, s,

( Ci(x,t;8)<0 on £, for i=s+1, -5,
where 5,<|s, Us={x; lx| <e} and U,(&) =1{§;|&—&)| <¢}.

Remark. For i=s,+1, -, s we can suppose

(5-2) ICi(x, 2, 6)| =00 (>0) for (z,£6) €L, .

For simplicity we only consider the case where s;=0. We can also treat
the general case in a similar way.

Now consider the equations:

(5-3) {_gt_—u(x,z;p)—B(x,z)}u(x,t)=0.

Take a function £ (x) €C,™ such that {(x)=1 on U, and {(x)=0 outside
U,, and apply it to (5-3), then we have

6o it D) -Be o) C@w =R AL @,

0t
where &;(x) = 0 ¢(x).
61‘,-
Next, to (5-4) apply Jl(x, t; D) stated in § 2, then we have
(5-5) {2 it D) - 815, 1 D) T @w)

=32 AL, (@t € (2,4 DY (@,
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where B, (x, t; D) and &(x, t; D) are the p.d.op.s, homogeneous of order
0 and —1 respectively. Let §(x) belong to C,™ such that 3(0)=~0 and
supp[B(x)] Cues, then (5:5) can be written as follows:

(5-6) {%—i@(x,t;m—.@,(x,t;m}<ﬂ<x)fnc<x>u>

=i[B(z), D] (TCu) + [B(z), B1] (TI&u)
+R Y NALu+BECu.

Moreover take &(&) € C,” (RS), (0<<&(§) <1) such that supp[@(€)]C U,

(&), and @&(£)=1 on a neighborhood of &. Put &,(¢) =&<—$—> and
PO n

define a,(D)u=ca,(§)@#(§). Then from (5-6) we have

5-7) {%— D (2,4 D) ~ 82,4 D)} (@B@TL @)

— il ata, D] (BICH) + [ctn, Bu] (BINCH) +icta [8, D (NCw)
+aa[B, B1] (NCu) + 2 anBINAL ju+ afECu.
Next define a p.d.op. ,(x, t: D), homogeneous of order 0 such that
0(3) (18 =a(B) (9 (@), 3 % (8),

where § and §; are the mappings similar to those in [7].

Remark. From the definition of $(x) and 9,(§) and the hyposesis
(5-1) we have

(5:8)  1Bun(z, £ 6)=0, (>0)
for (x,t;8) e R,}'X[0,e] X RA\{0}, (i=1,2, --,5),
where

0(D) (2, 6;8) =T B0 (z, 15 8) - BB (z,2:8) 7.
|

— |

b (z,858) -+ bW n(z,t;8) J
Then we can rewrite (5-7) in the form:

(5-9) {%—zxg) (z,¢, D) — B, (x, 1 D)} @B @ T (2 w) =f (=, 2,
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where f(z, £) = (Bi— B,) (@.8950) +ilan, D] (BTCw)
+ [, B1] (BINCu) +icta[B, D] (TNCw) + [P, B, (TEw)

+2 an‘@mAjCju-‘.—anﬂ‘z?Cu .
Now we want to diagonalize (:9) + B,) in a sense. For this purpose
we define
JD)y=| A+4)7" 0

0 1 0
A+ 0
0 1

1
0
1

and apply this to (5-9), then we have

(5-10) {%—i@l(x,t;D)—.@g(x,t;D)A‘/Z—_@s(x,t;D)}

X (JanB (x) TN (2) w) = I,
where B;(x, ;D) is a p.d.op. of order 0 and 9); and B, have the
following structure:
g)1= A 0
0 4

* 0 x 0 - % O Qs+
SRR 0
* 0 % 0 -~ % O 0 Am_s

’

where * i1s a p.d.op., homogeneous of order %, and
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By=| 0 & | 0 0 .- 0 0 ,
0 | x 0 e ok 0
0 4 0 0 0
5 0 - 0
0 2,
0
291 O
0 0
|

which is homogeneous of order 0.

Noting the structure of 4),, we can construct a diagonalizator N,
(z, ;) of 6(D)) (x, t;&). Let I (x, t; D) be the p.d.op. whose symbol
is Ni(z,t;¢).

Remark. We can write Jl,(x, t; D) =I1+J1"(x, t; D), where JI°

(x, t; D) is a p.d.op. of order —5-
Apply Il (x, ¢t; D) to (5-10), then we have

(5-11) {% —iD,(x, ; D) — B, (x, t; D) A‘/z} TJouB (2) N () )

= -@450411332&! + mla((f,

where 9,(x, t; D) is a diagonal matrix whose symbol is pure imaginary
and B,=B,(x, t; D) is of order 0.

By 9s(x, t; D) denote iD,(x, t; D) + B,(x, t; D) A”*. Then the roots
of det(vI— Ds(x, ¢;£6)) =0 are given in the form:

ooy (7, 85 &) =V =10 (x, 2 &) +vi(x, ¢; &) €]
Ui (z, 85 8) = =10 (x, 85 &) —vi(z, £5 &) |E]", (=1,2,,5),
1i(z t;8) =V =10 (2, 65 6), (j=2s+1, -, m),

where v;(z, ¢; §) is homogeneous of degree 0 in & and satisfies

(5-12) Rev;(z, £;§) =0" (>0),

for (z,2;8) €R,}X[0,e] X R, (i=1,2, ---,5).

Now we can diagonalize Dj(x, £; ). Denote the diagonalizator of
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Dy(x, t;€) by N,(x, ;&) and define a p.d.op. Jl.(x, £; D) with the sym-
bol N,(x, ¢;¢).

As in [7], for w(x, t) ="(w,, w,, -+, w,), we define

(5:13)  Su(tsw) =exp{=0Vnth (Y] [wwnc-sl’— 2 [ = 3 wsl),

=28+41

where 0 is a suitable positive constant. And also define

(5 : 14) 0. (V, "7) u— \/ZM Il fﬁzfnxﬁan(”ﬁm (x) mC(x) u,
where 0(a®) = (gg) "00,(8) and B (z) = <365> B(x), v and £ being

multi-indices.
Taking & (x) €Cy such that &;(x)=1 on U and supp[{;,(x)] C U,,,

we have

Proposition 5. 1.
(5-15) exp {0V n#} S, (¢;0,(0,0)%) =>0"V 7|6, (0, 0) |
—cvn 3 0., ) ullP—con M E (2 ul?,

1S+ elsSk

where k is a positive integer we can take sufficiently large if necessary

and 0", ¢y, ¢, are positive constants, independent of u(x,t) and n.

Moreover considering ,” and B, (x) in (5-9) instead of «, and

B(x) we have

Proposition 5. 2.
(5-16) exp {0V nt} S, (£; 0, (v, £) ) =>0" v 10, (v, £) ul?
—a@Vn 3 )Il@n(v’, £ —c, (v, £)n~ i ()l

W E)EEW, K

where c¢,(v, k) and c,(v, k) are positive constants and
EQ, k5 k) ={0', k") =, £ =k, [y +1El + 1<V + (67 <A}

Now we can show the contradiction. Let ¢(§) be a C -function
whose support is located in a small neighborhood of &; On the support
of $(&), a(6)=1. And define ¢,(x)=exp(in &zx)Y(x), where ¢(x)
IR
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Next, we define #,(x,t) as the solution of
(56-17) Mlu,(x,t)]=0 with
un (z, 0) = M (x, 05 D) § (D) ' My (x, 05 D) 1 ()
0

0
where M,(x, t; D) is the p.d.op. of order O with the symbol M,(x, £; &),
which is the inverse matrix of N,(x, ¢;§).

Because we have supposed that (1-1) is &-well-posed, we have
(5-18) 8 (@) n(z, 8) [Sesn®, for [0, e],
where ¢; is a constant, independent of 7z, and p is some integer. Put
k=2p in (5-16), then we have
(5-19)  exp{dVnt}S, (¢ 6, (v, £) ) 20"V 2|0, (v, ) ]’
—a, )V X 6,0, £ uf—O().
(]
Next, denote @,(2) = > M"Y*¥S, (¢;60,(v, £)u,), where M is
SPEP~

some large constant. Then we have

0

(5-20) 0. (£)=> 2 Jn0,(2) —O(1).

By the way, if we see the initial data #,(x,0) in (5-17), we have

Proposition 5.3. There is a positive constant a such that
(5-21) 0,(0) =a, for large n.

Therefore, integrating (5-20) we have
(5-22) 0.(5) =% exp @2_\/%).

On the other hand taking account of (5-18) and the definition of

0,(¢) we can easily see
(5-23) 0,(t) <can®exp{—0vVni}, for te]0,c¢],

where ¢, is a positive constant.
(56-22) and (5-23) cannot be compatible unless £=0. The proof

of Theorem 5.1 is thus complete.
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