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Stability and Convergence of a Finite Element Method
for Solving the Stefan Problem”

By

Masatake MORI*

abstract

A finite element method based on the time dependent basis functions is presented
for solving a one phase Stefan problem for the heat equation in one space dimension.
The stability and the convergence of the method are studied, and a numerical example
is given.

§ 1. One Phase Stefan Problem in One Space Dimension

We consider the following one phase Stefan problem in one space
dimension. The main equation describing the dynamics of the system is

the heat equation
Ou 7
1-1 »—:(75—— in 0<x<ls(¢), O0<:t<T,
x

associated with a free boundary condition given below. s(Z) denotes the

position of the free boundary. ¢ is assumed to be a positive constant, and 7T°

is an arbitrarily fixed positive number. At the boundary x=0 we assume

a Dirichlet type boundary condition and at x=s(¢) we assume z=0:
u(0,£) =9 (@)

(1-2) for 0<t<T.
u(s(®),2) =0

To the initial condition we assign

1-3) u(x,0) =f(x)=0 for 0<x<<b, b=5(0)>0.
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The free boundary moves according to the following equation called the

Stefan condition:

(1.4) %z—/m,(s(t),t) for 0<t<T,

where £ is assumed to be a positive constant. Furthermore for the initial

data we make
Assumption A. 0 f(x)<B(b—x),

where B is a positive constant.

It has been shown by Cannon and Hill [2] that the Stefan problem
(1-1)~(1-4) has a unique solution under Assumption A. Many approx-
imating methods have been presented for solving the one phase Stefan
problem in one dimension numerically. Landau [6] applied a variable
transformation in order to change the varying interval 0<x<s(#) into
a fixed interval and employed the finite difference method. Douglas and
Gallie [3] and Nogi [9] proposed finite difference methods in which an
equi-distant space partition is employed and the time variable is discretized
in such a way that the free boundary always coincides with a mesh point.
Kawarada and Natori [5] combined the penalty method and the finite
difference method. Bonnerot and Jamet [1] partitioned the space-time do-
main into quadrilateral elements and applied the two dimensional finite
element method.

In the preceding paper [7] we presented a finite element method
(FEM) for the problem (1-1)~(1-4) based on the time dependent basis
functions. In the present paper we shall study the stability and the

convergence of the method.

§ 2. Application of the Finite Element Method and the Scheme

Consider the domain 0<{x<s(¢) at time £. We partition 0<x<s(?)
into # subintervals in accordance with some rule in such a way that the
end point of partition always coincides with the free boundary, and denote

each node as x;:

2-1 0=zp <2, oo <Zn =5 (2).
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Although s(#) is an unknown function of # which should be determined
simultaneously together with #(x, ), we compute s(¢) and u(x, ¢) alter-
natively in the actual process of computation by means of a similar tech-
nique to the idea of “retarding the argument” by Cannon and Hill [2],
and hence we write s,(#) instead of s(#) in order to show explicitly
that it is an approximation.

We construct piecewise linear basis functions {¢;} for FEM as shown

in Fig. 1:
ETX1 s g <x=Zz
Lj— Tj-1
2-2) $5(z, ) =9 Zjn—2 2, <x<x;4;
ZLjr1— X
0 ; otherwise,
$;(x,t)
Y :
1 :
¥ :
t T T
T L) T ¥ x‘ L) s(t)

0 b

Fig. 1. The basis function ¢;(z, 7).

For ¢, and ¢, we take the components of (2-2) in 0<x<z, and x,_;
<x<xz,, respectively. ¢;(x,t) depends on time ¢ through s,(2), and

its derivatives with respect to « and ¢ are given as

1 5 xj—1<1§331
xj—x,-_l
0¢
2.3 = q 1
2-3) 0z - <lz=xyp
ZTjr1— Lj
0 ; otherwise,
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_ (.r—-rj—z)jf'j'i“ (xi)z_x)ij—l ; Tya<lr=x;
.Z'j_‘-rj—l

0¢ . .
2.4 A ¥ — _
(2-4) > (x—x;) X1+ (xf;a x)xi; 2, <=2,
(71— x5)
0 ; otherwise,
where
. d:c,-
xj— .
dt

Henceforth we partition 0<x<s,(¢) into z equal subintervals for sim-

plicity:
2-5) m;mw,mw=%m»

Now we apply the Galerkin method based on the basis functions
{®;} just constructed above. We expand the approximate solution u,(x, ¢)

of (1-1)~(1-4) in terms of a linear combination of ¢;(x, £)’s:

(2:6) un(@,8) = s (04, (,0),
where
(27) aO(t) :g(t)7 an(t) =0

in accordance with the boundary condition (1-2). Then we substitute
(2-6) into u of (1-1), multiply ¢;, and integrate over 0<x<(s,(#). Then

we have a system of ordinary differential equations

da (t)

2-8) M) === — (K@ +N@)a(@),

where a(¢) is an (n+1)-dimensional vector defined by
a,(t)
(2-9) a(t)=| @@
()
The first and the last elements of (2-9) are known functions of ¢ as

seen from (2-7). M, K and N are time dependent (z—1) X (#+1) ma-

trices, the elements of which are given as follows for z=1,2, ---,n—1;
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j=0,1, -, n:
20
(2-10) M;;= G sdx ; mass matrix
Jo
(*Sn(t) . .
(2-11) K;;= 0 X %dx; stiffness matrix
Jo ox Ox
("Sa(t) a¢ . .
(2-12) N;; = $i X 737:%6 ; velocity matrix,

Since the matrix N corresponds to the apparent velocity of the nodes,
we gave it a name “velocity matrix”. In usual FEM, we take away
the first and the last columns from M and K, and call thus obtained
square (#—1) X (#—1) matrices the mass matrix and the stiffness matrix,
respectively.

The above definition of M is for the consistent mass system. For

the lumped mass system characteristic functions

1; 1 (jo1t ;) <1§~1" (zj+xj41)
(2-13) ¢;(x,t) = 2 2

0; otherwise

are used instead of ¢;(x, ¢) in the definition of M, i.e.
INO)

(2'14) M,;jz X gbzg[)jdx .

The explicit forms of the elements of the matrices are as follows:

Lumped mass system

1 B i
(2.15) M, = ‘é"(xi+1_xi—l)—7ns J=1

0 s JFEE
1 1 ..
- =— ; j=1—1
Xy — Ty ha
LR e
(2-16) K=" =Ty Ty — X Ba
- b= ; J=i+1
Liv1— X /Zn
0 ;. otherwise
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1., 1 1.,,. dah ..

— i+ =z, =—=(3i—1 ros j=i—1

3 6 i-1 6( >dt J

1., , Ay ..

—(xin“xi-l):—l—x————d ;=1

2-17) N;; =/ 6 3 dt

1. 1., 1., dh, . .
——Zy == — =38 +1)2; j=i+1

6 " 3 5 ¢ )dt /

0 ; otherwise.

Consistent mass system

In this case only the mass matrix should be changed as follows:

1 1 ..
—(xi—xiy) =—h, ; j=i—1
6( i 1) 6 J

L iz = 2h,; =i
2.18)  M,=) 3 3
%(xi+1—xi)=—€1;—hn =it

0 ; otherwise,.

In the next step we discretize the time variable ¢, i.e. we partition

0=<¢<T into m equal subintervals with a constant mesh size 4z:

(2-19) At:i’ t,=kdt, k=0,1, .-, m.

m

We replace the time derivative of @(z) by the time difference:

da (kd?) . a(kdt) —a((k—1)42)

2.20
( ) dt ) At
and we write
(221) ajkza, (kAt).

In this way we have a system of linear equations with respect to a(%4¢)
corresponding to (2-8). If we employ the values at ¢=(k—1)4¢ in
a(t) of the right hand side of (2:-8), we have a forward difference
scheme. If we employ, on the other hand, the values at £=*%4¢, we have
a backward one. In actual computation we can mix them in the ratio

0:1—0 by introducing a parameter 6, 0=<0=<1, as will be shown later.
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We compute the increment 4s, of s,(2) from t=(k—1)4¢ to t=Fkdt
by approximating the right hand side of (1-4) by the gradient of the
approximate solution #,(x, t) at the free boundary x=s,(#), and by re-
placing the left hand side of (1-4) by the time difference 4s,/4¢. For

the computation of the velocity matrix N, we employ an approximation

(2.22) dhy. 1 ds,

dt "n At
We summarize here the whole scheme obtained in the above proce-

dure. 0 is fixed to a value between 0 and 1 throughout the computation.

Initial routine

a.io:f(xi)y JZO, 1""}”

0
An—1

h,(0)
sn(42) =b+ 4s,(42)

(2-23) 45, (48) =x

At

General routine
Repeat the following process for £=1,2, ---, m. Compute M, K and N
at ¢=*kdt using the values of s,(k4%) and 4s,(k4t), and solve the follow-

ing simultaneous linear equations for a(k4t):
(2-24) {M~+04t(6 K+ N)}a(kd4z)
={M—(1—-0)4t(cK+N)}ta((k—1)4z).

Then compute ds,((k+1)4¢) and s,((k+1).4¢) according to the following
equations using the known data a((k—1)4¢) and a(k4¢):

- _Ef AT L e
(2-25) Asn (k1) de) =2 {hn((k~1)dt)+/1n(kdt)} 4

(2-26) su((B+1) 48) =s, (kdt) + s, ((k+1) 40).

The reason why we adopted the mean value of the data at t=(k—1)
-4t and k4t in (2-25) is in order to make s5,(z) €C' as seen later (see

(4-9)).
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§ 3. Stability

In this section we discuss the stability of the scheme given in § 2.

For simplicity we use the following notations:

on’ 4t " 4s, (k42)

(3-1) =T kdD) T 65, (kdD)
. _ 45, (kdt)
(3-2) P 2s, (BA2)

For the moment we confine ourselves to the case of the lumped
mass system. The stability of the scheme of the consistent mass system
will be referred to at the end of this section.

The lumped mass scheme can be explicitly written as follows:
3-3) —0(at— 1) af -1+ {1+ 20c} 0, —0 (ct +7Bi) @41
=1-0)(x—jB)aisi+{1—-2(1-0)a}a’
+ 1 —0) (e +7B) ajiis
=12, n—1; k=1,2, .-, m,

where a*=¢ (kdt) and a,*=0 are known. For the later convenience

we introduce the following operator Pp:
(8-4)  Pu(k,j; 4t, s,(kdt), ds,(k42); 0) wi* = P (k, j) w;*
= —0(at: —jBe) wh_1 + {1 + 200} w;* — 0 (e +7Bi) whia
—(A-0) (—jB)wii—{1-2(1—0) ar} wi"™’
— (1=0) (ax+iBe) wii .

Evidently the scheme (3-3) is written as P.(%,7)a*=0.

Lemma 1 (Lumped mass system). If

(35) nlﬂkléakéﬁy Oéplky .7:0’ 1,~--,7z—1;k=1,2,---,m,
then the scheme
(3'6) PL(k’j)wjk:pjk’ j:1,2,"',7’l“‘1

satisfies the following maximum principle locally at each k=1,2, ---,
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m:
37 min (", w,*, wii) Sw*<max (w,*, w,", Whax) +0;,
7=0,1, -, n,
where
(3-8) whi =min w5~ and wf;i =max wi.
1S j<n I<jsn

Proof. The left inequality in (3-7) is trivial if w,* attains the
minimum at j=0 or at j=#. Suppose w;* attains the minimum at j=M
(M=0,7n). From (3-5) it is evident that a;+j|8/ >0 and 1—-2(1
—0)a,=0, so that we have

{1+20c} wy" =0 (o —JjBe) wiy_+0 (e +7B) w1’ff+1
+ (A —=0) (=3B wii + {1 —2(1 —0) i} wy*™*
+ 1 —0) (ax +7Bx) wish +P]’k—2—_20akwﬂ{k + i

Hence the left inequality in (3-7) is valid.
Similarly, the right inequality in (3-7) is trivial if w;* attains the
maximum at j=0 or at j=z. Suppose w;,* attains the maximum at j=M"

(M’'=0,7n). Then we have
{1+20c,} wa* <200, wy" + whas +ij »

and so the right inequality in (3-7) also holds. Q.E.D.

Now we introduce the following quantities:

(3-9) AEmax<l max ¢ (¢), B>
b osisr
(3-10) I=b+ AT
o4t on’dt
3‘11 = =
@3-11) A RE(0) B
on*de
(3-12) AZELZZA__

In addition to Assumption A, we make the following ones:
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. bA 1
Assumption B. 1, (1+2% )<
SampHon ' 60n2>” 2(1-0)
A< 20n
Kl
Assumption C. 5

A ———
T (A-0)kdt

Lemma 2 (lumped mass system). Under Assumptions A, B and

C, we have

k
(3-13) 0<% <A j=0,1,---,n—1; k=0,1,---,m.
<1——J->sn(kdt)
n

Proof. By definition we have
(3'14) PL(k,].)ajk:O.

We define (see Fig.2)

(3-15) dj”EA<1~-i>sn (kd) —a;* .
7

A sp(kat)
—
0 X; —— s.(kat)
(1-£)s (kat)
Fig. 2.
It is easy to see that d;* satisfies
(3-16) P (k,j)d*=p;",

where
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- ] kdt)
3.17 *= Ads, (kdt {1— 1-0 ixf'fl(—}.
(3-17) ?; (k4z) 1-6) . (D)
In place of (3:13) we shall prove
(3-18) 0<<b=5,(dt) =s.(24¢) =+ =s.(kd2) l
(3-19) 0=af, 0=df, j=0,1,--,a—1 |
by induction with respect to £ It would be clear that (3:18) and (3-19)
imply (3-13).

For £=0, (3:18) and (3:19) are trivial because of &=s,(0)>0,
(1-3) and Assumption A.

Suppose that (3-18) and (3:19) hold for 0, 1, -+, 2—1. Since
s, (kdt) =0 from (2-23) and (2-25), (3-18) follows from (2:26). Now

we claim that

(3-20) dsu(kdD) 4

At
When k2=1, this is evident from (2-23). When k=2, we put j=n—1
in (3-13) which is assumed to hold for 2—2 and £—1. Then (3-20)
follows from (2-25). Hence we have

(3-21) b= Ads, (kd?) {1- 1-0) %At} >0
by the second inequality of Assumption C. Here we apply Lemma 1 to
(3-14) and (3-16). What is left to be done is to show n{;’k<ak§2——(11_ "

Note that s, (kdt) <b+kAkdt<l from (3-20). Then

At { on’ 3n—1 Asn(kdt)}
3.22 . — = g7 20 X = s
3:22)  wmmbe= o e kdn) 6 4t

(V%

kndt <20‘n . A)iO
20 \ gl
follows from the first inequality of Assumption C. Furthermore from

(3-20) and Assumption B we have

(3-23) 1 _—a@ﬂ’i’[ﬁd—”z{__l m_~1} —A}go.
2(1—0) 66 Lo l2(1—0)2,

All the inequalities appearing in the assumptions of Lemma 1 are

guaranteed by (3-21), (3-22) and (3-23), so that we can apply it.
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First note that a," =g (k4¢) =0, a,* =0, and that a;*"'=0 by the assumption
of induction. Then apply Lemma 1 to (3-14), so that we have a;=>0,
7=1,2,---,n—1. Next note that

Ayt = As, (kdt) —as*=Ab—g (kdt) =0, d,*=0,

and that d;*7'>>0 by the assumption of induction. Then the application of
Lemma 1 results in 4,20, j=1, 2, ---,n—1 by (3-21), verifying (3-19)
with % increased one. Q.E.D.

Lemma 2 says that under Assumptions A,B and C the assumption
(3-5) of Lemma 1 is satisfied. Therefore we conclude that at each time
step our scheme satisfies the maximum principle in the same sense as in

Lemma 1. Hence for stability we have

Theorem 1 (Lumped mass system). Under Assumptions A, B
and C, the scheme

(3-24) Py (k,j)ai*=0, j=1,2, -, n—1

is stable in the semse that at each time step k=1,2,---,m (3-24)

satisfies the following maximum principle:

(3-25) 0<a,"<max(a, aktzy), j=1,2, -, n—1.

In the similar way we can show that Theorem 1 holds {or the scheme

of the consistent mass system
(3-26)  {1—60(a;—ife)}aii+ {44120} a;* + {1 —60 (i +37B) b al
={1+6(1—0) (ax—jBn) }aii+{4—12(1—0) au}a;" "
+{1+6(1—0) (ax+jBe) }ajii.
=12, n—1; k=1,2, ---, m,

if we replace Assumptions B and C by the following ones:

w1+ 2 < 1

60722/ — 3(1—0)

610§/11< -’;{T‘:)

Assumption B.
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Assumption C. A§——b—~ .
A—0) k4t

Since 4,< 4, 0 must satisfy 1/3<0.

Assumption B is always essential both in the lumped and the
consistent mass system, while Assumption C becomes trivial as 4z—0 and
n—oco. Note that Assumption B corresponds to the stability condition
given by Fujii [4] in FEM for the normal heat equation with a fixed

boundary.

§ 4. Convergence

This section is concerned with the convergence of the scheme, i.e.
we shall show here that u,(x,#) of (2-6) converges to the solution of
(1-1)~(1-4) as 4¢—0 and n—>c0. Henceforth we shall confine ourselves

to the lumped mass system with §=1, ie. to the scheme
(4-1) — (o —JBu) al—1+ A +2a,) a;i* — (e +7B) af i =a;"".

First we assume that the limit 4¢—0 or m—oco is taken under the

following constraint condition:

Assumption D. 1,= “Atzconstant.
b?

Furthermore for the initial and the boundary data we make

f(@) eC(®), 9@eC®
Assumption E.

_ 9 ) — &S
[F@ =0, “L©0)=0%Z0).

If we put j=n—1 in (3-13) we have

4-2) 0<. %<4
h.(kdE)

From this inequality, (3-20) and Assumption D, we have estimates for

ay and [B:
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A
4.3 <t2 4
(4-3) B= 25
(4.4) nB, <LV £V
W
2
(4-5) %la_akﬁla-i———b—dt

We extend the approximate solution #,(x,t), which is given only
at the discrete points z=£k4t, to that given also at intermediate values
of ¢, i.e. at (kE—1)4¢<t<kdt, by interpolating the gradient of u,(x, ¢)
in the following fashion. First we define 2,(¢) which corresponds to
the gradient of #,(x,¢) at x=s,(¢) by linear interpolation:

. 2 (2) = an"1 an _ ar’i t—((k—1) 4t
4-6) =z.(®) Ehn((k—l)At)Jrﬁ{hn(kAt) h,.((k—l)At)} . ,

(B—Ddt<t=rFkdt, k=1,2, -, m

Next we define s,(2) at (B—1)4¢<¢t<kdt based on the similar idea to
that of retarding the argument [2], i.e
bt 2ils; 0<t< 4t
ha0) T T T
4-7) 5@ =
i
s, ((B—1) 48) + j‘ 2z, (v — dt)dr
(k=1)4t

; (k=1 de<t=kdt, k=2,3,---,m

If we put ¢=Fkd4d¢, we have

k4t
4-8) f 2a (v — ) dv = s, (kdE), k=23, m
)4t

which is consistent with (2-25). It is clear from this definition that
s,(2) is differentiable. In addition to that, the derivative of s,(2)

4 An-1 0<t=<4:
4-9) d—‘;"(t) :{ ha(0) ’
2, (E—4t), d4e<e<T

is continuous on 0={z=<_T because of the continuity of z,(¢). Since s,(%)
is defined at every £, we can construct the basis functions ¢;(x,¢) for

any ¢ by dividing the interval 0<x<s,(#) into # equal subintervals.
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By linear interpolation of the gradient of «,(x, £) in each interval (j—1)
X h, () <x=<jh,(t) based on the values at £=(k—1) 4¢ and k4t, we have
the extended solution u,(x, ) for any value of x and ¢

By the definition (4-6) and from (4-2) we have

Lemma 3 (lumped and consistent mass system). Under Assump-
tions A,B and C,

(4-10) 0<% <A
dt

From this Lemma we see that {s,(¢)} is uniformly bounded on

0T, ie.
(4-11) b<s5,(£) <b+EAT=1 for 0=<¢t<T

and equi-continuous, so that we can select a subsequence from {s,(Z)}
that converges, i.e., if we write this subsequence as {s,(#)} again, we

have for any ¢>0

(4'12) IS,,(t) —Sua(t)I <5 s

where s, (¢) is a limit function.

We consider next a solution #(x,¢) of the heat equation (1-1)~
(1-3) in which the boundary s(#) is supposed to be given and fixed as
5., (2). The present purpose is to show that #,(x, £) converges to u(x, £)
uniformly as 4¢—0 (n—o0) in 0<zXZT, 0<x<s,(#). For that object
we introduce an auxiliary function v,(x, £) which is a solution of (1-1)~
(1-3) having a fixed boundary s,(¢) instead of s,(z). Note that v,(x, £)
and #(x, ) exist because s,(¢) and s, () are uniformly Lipschitz contin-
uous functions as seen from (4-10) (see e.g. [10]).

We compare first #(x, t) with v,(x, £), and secondly v,(x, ¢) with

u,(x,t). For the first step we use

Lemma 4 (Cannon and Hill [2]). Let s(¢) be a monotonic non-
decreasing function, and u(x,t) be a solution of (1-1)~(1-3). Then

under Assumption A

(4-13) 0=p7'u(s() —p, ) <A
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Sor all 0<:<T, 0<p<b.

Lemma 2 is nothing but a FEM version of this Lemma 4.

We extend # and v, in such a way that they are identically equal
to zero outside the boundaries s,(z) and s,(#), respectively. Note that
# and v, have common initial and boundary data. For any &>0 let

o=¢/A. For sufficiently large # we have
[sa(2) —s. (1) =0

from (4-12). Then using Lemma 4 and from the maximum principle
[2], we have
(4-14) lva(x, 8) —u(x, )| S Ap=e¢
in 0<Zx<max(s,(2), $s.(2)), 0=<¢<T, which shows the convergence of
v, to u.

In the second step we compare v,(x, ) with #,(x,¢). In order to
prove that |u,(x, t) —v,(x, t)| <e in 0<x<s,(2), 0<t<T for sufficiently
large 7, we shall show it in the domain

(4-15) Dy={(z, H|0=x<s.(2) —0, 0=:=T}

for any arbitrarily small 0>>0. We define
. ;o &
(4-16) ) —m1n<6, A),

and prove that |u,—v,]<{¢ in D, since the inequality |u,—v,/ <ein D
implies that in D,. Let n, be a sufficiently large integer. Then there
exist such §;, 0<{0;<{¢’, and J<m for any n>n, that

4-17) S (BAE) — 0" <2/ <50 (RAL) =01, 4= i]—sn (kdt)
n

(4-18) s, (kdt) — 0" <ax/f<s,(kdt) —0;,

for all £2=0,1, ---, m (see Fig.3). What we plan to do is to show that
for sufficiently large n

(4-19) |, (", kdt) —v, (xi", kdt)| <e

2
0v, 0°v, and

0t’ 0x*

for xj’“=%sn(kdt); j=0,1, -, J;k=1,2, -, m. Note that
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Ry
: 'rp t =kat
E j Pj+1
[4\ 7 t=(k-1)at
x=ds (k-1 at)
Fig. 3. Fig. 4.
Ou 0u ‘s the Limi . e uniforml . .
57 52 where # is the limit function of v,, are uniformly continuous in

D;, if we fix §; (see e.g. [10]).
Let v;* be the value of v, at the node P, <x:%sn(kdt), t:kdt>, ie.
(4-20) vf=v, (z;*, kdt),
and define the difference
(4-21) & =a"—v," .
Since the initial and the boundary data are common, we have
(4-22) &*=0, ¢&'=0.

For the difference in the neighborhood of the free boundary we use

Lemmas 2 and 4, and obtain an estimate
(4-23) les| <max (u, (x,", kdt), v, (x,", kdt)) <e

from (4-16) and (4-18).
It is easy to check that " satisfies

(4-24) Pr(k,j; dt, s, ds,; 1) e/ = — P (k, j; 4L, s, ds,; 1) 0" .

We denote the point xz—isn((k—l)dt), t=Fkdt as P; as is shown in
Fig. 4, and put

(4-25) V=] gs"v’}~1 +v;f—j ‘2'5""0’5-“

n Sn

as an approximate value of v,. %;® is the mean value of the linear

interpolation of v,(x, ) based on the abscissas P;_; and P; and that based
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on P; and P;,; in Fig. 4. The difference between v, at Pj and ¥,* is

given as
(4-26) 0u(P) — =L (L asy) (7 Am) T
e ) (5 ) 2

N2, a2

by the error formula for the Lagrange interpolation, where aa—ué and g:?
) x :

auz at certain points in the interval of interpolation and

x

are uniformly bounded in D;. On the other hand, since 4s,=O(4t) by

(3-2) and (4-3), we have for any ¢>0

are values of

(4-27) |o, (Py) — 0| <edt

for sufficiently large n. Furthermore, if we write the right hand side

of (4-24) explicitly, we have

(4:28) —Py(k,j; dt, s,, ds,; 1) "

v =, ds,\ vE_ —2v;f 4 v
=At{v’A—‘vj—-—d<1+ Sn o ASn ) Uj- j ;+1}'
At 607 At> Rt (kdt)

oo, v,
aiadaz

sufficiently large n we have

Note that are uniformly continuous in Ds, so that for

[0v, p v,.(P,-)—‘v,Ej

‘6t( )= 4t <8
and

avn( py—"7 — 29" —I-v,“.<

h 2(kde)
for any ¢>0. Since v, satisfies (1:1), we have from (4.27)
(4-29) | Pr(k, 75 dt, s,, ds,; 1) e <edt

for sufficiently large n. Therefore by Lemma 1 together with (4-22)
and (4:23) we have

(430) lejkl :|"7n<‘rfk’ At) —l‘n(xjka Al)l <€ » ]:O’ 17 T J:

showing that |u,(x, t) —v,(x, )| <e in 0=x<s. (), 0<t<T as 4t—0
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(n—c0).
From (4-14) and (4-30) we conclude that the approximate solution
u,(x, t) converges to u(x,t) in 0<x<s,(2), 0<t<T as 4t—0 (n—00).
What is left to be proved is that u#(x, ¢), which is the solution
of (1-1)~(1-3) with the boundary s, (2z), satisfies the Stefan condition
(1-4). For that purpose we define the second difference of a,*:

. ab_—2a.f+a" .
4.31 ch=% 122 TR =12 - n—1.
( ) J hnz(kdt) J ’ s 11

We need the following two lemmas.

Lemma 5 (lumped mass system with 0=1). Under Assumptions
A, B, C and E, {c,*} is uniformly bounded, i.e.

(4-32) leM<M, j=1,2, -, n—1; k=1,2, ---, m .

Proof. We extend the definition of the scheme (4-1), which was
originally defined only for 1<{j<<#—1, to j=0 and 7, and define a*, and
ak,; consistently. By this extension ¢, and ¢, can also be defined.

Putting =0 in (4-1) and dividing it by 4¢, we have

af a5t D)
At nidt

the left hand side of which is uniformly bounded by Assumption E.
As to the right hand side we have from Assumption D and (4-5)

(4-33) sa’ (kdt) , =0

ol A T
so that ¢, is uniformly bounded:
(4-34) le| <M, .

Putting j=#» in (4-1) and dividing it by /,(k4t), we have

(a/ —.71‘[)7 ) jfii + (a{ -.|—nB )7_‘£fL =
e WD) T (kAL

since a,*=a,* '=0. af_,/h,(k4t) is uniformly bounded from (4-2), and
hence we see that af,;/h,(k4t) is also uniformly bounded {rom b°4,/[*

<o, +uB; and ap—nB=<a,—pB:/3<k. If we put j=» again in (4-1)
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and divide it by h,’(kd¢), we have

k__ nB% { an_ _ Ani }
h,(kdt) \h,(kdt) h,(k4t)

27128

which shows, by 78/ {h, (kdt)} <k Al*/ (208%), that c,” is also uniformly
bounded:

(4-35) lea | <M, .
Furthermore, from Assumption E, we have

(4-36) max |¢;'| <M.
1Sjgn-1

Now if we compute the identity
(4:37) {Pp(k,j—1)a%_1—2P.(k, j)a;"+ Pr(k,j+1)a%..} /h.’ (kdE) =0

using (4-1), we obtain the following scheme similar to (4-1) satisfied
by {¢,"}:

(4-38) —{ak—(j—l)ﬂk}cgc'—l—l'{1+2(ak—"ﬁlc)}cjk—{ak+(j+1)‘8k}c’;+l
=1-28)°%,", j=1,2, -, n—1; k=1,2, .-, m.
Let

4-39) cy®=max|c;f|, k=1,2,---,m.

» &y 5
1<j<n

If cx®=~let|, |cat], we have

(440) (,‘Mk<(1_28k)2€1’f!_1

144,

from (4-38) under Assumption A, B and C. For sufficiently small 4z,
there exists #>0 such that

(4-41) %:—i%‘lzglﬁ-ﬂm .

Hence, if we take into account the case where |¢,"| attains the maximum

at 7=0 or j=n, we have
(4-42) e Smax (||, | ¢a|, (L+udt) ey ™)
<A+ pdt)ymax (e, | ¢, e

<e*max (||, | c.*|, cx ).
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Putting £=+44¢, we conclude from (4-34), (4-35) and (4-36) that

(4-43) | ¢l <emax (M, M,, M) <e*"max (M, M,, M,).
Q.E.D.

Lemma 6 (lumped mass system with 0=1). Under Assumptions
A, B, C and E,

(4-44) |2, (2) — 2, (£ —48)| <M, A"

Proof. Putting j=n—1 in (4-1) and dividing it by 4¢, we have

4.45) o kD) o (2=DBanatana—ann )
4t 4t

Since c¢k_; is uniformly bounded and

h 2(kdr) < 0 . kAcl?

(4-46) =
At » 62,06

-4t ,

the first term of the left hand side of (4:45) is uniformly bounded,
so that

](n_l)kalﬁ—z+aﬁ 1—an” 1i<MAL‘

Dividing the both sides by £,(k4¢), we have

| ax_ ar arsi

@47 2(G-DB kzhn(/eAt)+{hn(k4t) B ((— 1)4::)}
+a,¢_%{; 11 7}|<M_At B
Ty ((k—=1) ) ha (kAL T R, (kd)

If we put 7=2 in (3:13) of Lemma 2 and use (4-4), we have

_ Qg </CA \/lb 12
2(” Dby, (/eAl)! =5 &

From (4-3) we have
‘ 1 1 . 2nf, ICA\/M A8

ha((k—1) 42)  h,(kd?)! —’s,,(kAt) Asn(kAt)_" - Job

As to the right hand side of (4-47), we have an estimate

4t _,\/ [ JE "
T k) =N 52 kay 4t SN G487
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so that for sufficiently large #» we obtain from (4-47)

(4'48) | an 1 an-— M/Atlﬂ
ha(RAE)  ha((B—1) A2)

This inequality in combination with the definition (4-6) gives (4-44).
Q.E.D.

It is easy to see from Lemma 5 and from the manner in which we

extended #,(x,#) from £=£k4¢ to intermediate values of Z that

lim —a—u,, (z,£) and lim —a—u (z, 8)
T8, (1) QT z500(t) O

exist (cf. Lemma 1 of [2]). Furthermore from (4-6)
0u,,

(4-49)  lim —

z-8, (L)

(z,8) =2,(¢) (uniformly in 0<z<T),

so that we have
(4-50) hm 2, (8) = —/ca 5. (8),t) (uniformly in 0<:<T).

By the definition (4:7), on the other hand, we have

. — [lg»—l_ . j\t _
(4-51) s5,() =b+k oy | e ands

PR = f ) d
= T Za
Fha@ T LS

t
4 j (ea(—d8) — 2, (D)} dr, At<t<T.
4t
If we let 4¢—0 in (4-51), we have
_ L u
(4-52) S (@) =b—k | —(5.(1),0)dr
o 0x

from Lemma 6 and (4-50), and so we conclude

ds.(t) _

(4-53) -

ou
Iﬁ—a; (@), 0.

We proved the convergence of the scheme so far, but we also proved

the existence of the solution of (1-1)~(1-4) under Assumptions A and E.
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Cannon and Hill [2] proved the uniqueness of the solution of (1-1)

~(1-4), so that we have the following convergence

Theorem 2 (lumped mass system with 0=1). Under Assump-
tion A, B, C, D and E, the approximate solution obtained by (2-23)
~(2-26) converges to the unique solution of the Stefan problem (1-1)
~1-4) as dt—0 (n—>o00).

§ 5. Numerical Example

We shall show here a numerical result of the application of the

present scheme to the following model problem:

(5-1) 0u _ 0% G cpcs(), 0<t=1
ot 0x’
(5-2) u(O,t)zg(t)=1~%t, 0<t<1
(5-3) u(z,0)=f(x)=1—z, b=s(0)=1
(5-4) I (s, 8).
dt

The actual computation was carried out using the lumped mass system
with 0=1. We employed 7=8.16, 32, 64 and m=47% ie. dt=1/(4n").
In this example, A=1, [=2, 7,=1/16 and 4, =1/4, so that all Assump-
tions A, B, C, D and E are satisfied except —CZC?%(O) = dz‘i(()) Fig. 5 repre-

dx
sents the solution #, (x, £) for =16, m =1024, and Fig. 6 represents s,(z).

1

-3 unfx,t), n=16

Fig.5. Approximate solution u.(z, ).
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1
t 4
1 sn(t),n=16
0 T T T T f T T T T
0 2

Fig.6. The change of the free boundary s,(¢).

In order to see the speed of convergence, we show the differences
between the results for #»=8, 16, 32 and that for »=64 in Table 1.
Both the rate of convergence of s5,(#) and that of u,(x.%) seem to be

approximately of the order of 1/.

Table 1. The rate of convergence. u#,(j,1) and #s(j, 1) are the values at z

=75(Q) and £=1, and 4¢ is equal to 1/m.
n

n ' m { e (G, D) —une G, D o\ (k) —suu (o) |
g ! 56 3.34 xX10-* 15.4 x10-*
16 ' 1024 1.55 x10°* 6. 41X 107
32 . 4096 0.539%10"* 2. 11107

Finally we note that the present idea is easy to apply to the two

phase problem or to problems in higher space dimension [8].
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