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On Perturbation of Non-Linear
Equations in Banach Spaces

By

Yoshikazu KoBavasH1* and Kazuo KoBAYASI**

0. Introduction

Let A be a dissipative operator in a Banach space X and let X,
be a subset of X. In this paper we study the ‘‘range” condition

(1) R(I-14)n X, for 1>0.

Condition (1) states that given feX, and 1>0 there is a ueD(A)
satisfying the equation u—AAusf. It is also known that under con-
dition (1) (with X,=D(A)) A generates a contraction semigroup on
D(A) (cf. [5, Theorem I]).

Our first purpose is to discuss sufficient conditions for (1). In
general, the direct verification of (1) is not easy. We shall give some
conditions on A which implies condition (1). Our conditions seem to
be weaker than (1) and hence would be easy to check. We note,
however, that our conditions are, in fact, equivalent to (1).

Next, given dissipative operators A and B, we consider the perturba-
tion problem of Kato type; in which one wants to show

2) R(I-AA+B)>o X, for 1>0

if B is small relative to A in a certain sense. Our second purpose is
to give conditions on A and B under which A+ B satisfies our condi-
tions mentioned above.

From the same point of view, in case X* is uniformly convex, Kato
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[8] and Brezis-Pazy [3] gave sufficient conditions for (1), e.g., for
every xe€ D(A) there exist a neighborhood U, of x and a sequence
g, | 0 such that

RUI—e,A)> X, n U,

(which implies Kato’s local m-dissipativeness condition); and Kato treated
the perturbation problem (2).

In Section 2, we discuss conditions equivalent to condition (1).
We shall treat this problem in the setting where X is a general Banach
space and further relax the conditions imposed by Kato and Brezis-
Pazy. Our method is based on a generation theorem essentially due
to Takahashi [12]: If for every x e D, (A4)

dist (R(I— 2A), x)=0(J2) as 140

holds, then A generates a contraction semigroup on D(A). In Section
3 we shall treat the perturbation problem (2) and give some perturba-
tion theorems of Kato type in the setting where X is a general Banach
space.

1. Preliminaries

Throughout this paper X denotes a real Banach space with the
dual space X* and the bidual space X**. The norms in these spaces
are denoted by || | and the natural pairing between xeX and fe X*
is denoted by <x, f>. We write by F the duality mapping of X into
X*, that is, F(x)={fe X*; <x, f>=|x|?=|f|?} for xeX. We set

<y, x> =sup{<y, f>; fe F(x)}
and
<ya x>i=inf{<y’f>;feF(x)}a X, yEX'

For the properties of <-, >, and <-,->; we refer to [5; Lemma
2.16]. In particular, we note that the function < -, > (resp. <+, *>))
from X xX into R! is upper (resp. lower) semi-continuous with respect
to the strong topology of X x X.
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We mean by an operator A in X a subset of X xX, and set Ax=
{y; [x, y]e A}, D(A)={x; Ax#¢} and R(A)=\U,pu,Ax. The sets D(A)
and R(A) are called the domain and range of A respectively. An operator
A in X is said to be dissipative if

(1.1) <_V,—y2, .\‘,—X2>,-_§0

for each [x; y;]JeA,j=1,2. If, in place of (L.1), <y;—y; X;—X;>
<0 holds, then we say that A is dissipative in the sense of Browder.
It is well known that A is dissipative if and only if the resolvent J,=
(I—24)"t of A is single-valued and a contraction for all 1>0, where
I denotes the identity on X.

Let A be an operator in X. For each xeD(A) we set

llAx||=inf {[yl]; y e Ax}.

Following Takahashi [13], we introduce the set D, (A) which con-
sists of all xe X such that there exists a sequence {x,} in D(A) satisfying
that limx,=x and ||Ax,|| is bounded. Also we define

n=90

inf {M; x, € D(A), limx,=x, lim||Ax,|| M} il xeD/A),
|AX| p— n-m n-—
w if x¢D(A).

As is easily seen from the definitions of D,(A) and ||, we have:

(a) |Ax|L||Ax]|| for xe D(A) and D(A)< D, (A)< D(A).

(b) The function |Ax| from X into [0, co] is lower semi-continuous
with respect to the strong topology of X.

(0 If A is a dissipative operator and satisfies that R(I—AA4)>D(A)
for all sufficiently small A>0, then xeD, A) if and only if ||A4,x| is
bounded as 4} 0, where A;,=1"1(J,—I). In this case we have |Ax|=
lim || A4,x].

L0

Remark 1.1. Under the assumptions of (c) stated above we sce
that D,(4) equals to the generalized domain D(4) which was introduced
by Crandall [4]. When X is a reflexive Banach space, D, (4)=D(A)
if and only if A4 is almost demi-closed, that is, if [x,, y,]€A4, x,—x
and y,—y, then xeD(4). (We denote by ‘“—»” and ‘“‘—” strong con-
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vergence and weak convergence respectively.) Also see [13] for further
properties of D,(A).

Let X, be a subset of X. A one-parameter family {T(¢); t=0} of
single-valued operators from X, into itself is called a contraction semi-
group on X, if it satisfies

(i) TO)x=x for xe Xy, T(s+8)=T(s)T(t) for s, t=0,
(i) IT@x—-T@yl=<lx-yl for x, ye X, and t=0,
(iii) lilm T(f)x=x for xe X,.

tlo

Finally, we state a generation theorem of semigroups which is
a slight generalization of Theorem III in [12]. The proof of this theo-
rem will be given in the Appendix.

Theorem. Let A be a dissipative operator in X. Suppose:

(R) For each xeD,A) and each M >0 there are a neighborhood
U of x and a positive constant K with the property that for every u
eD(A)NU with |Au|SM there exists a positive sequence {g,} such
that ¢,—0 and

dist (R(I —¢,4), u)<Ke2  for all n2x1.

Then there exists a unique contraction semigroup {T(t); t=0} on D(A)
such that for each x e D(A), u(t)=T(t)x satisfies

(1.2) Ju() =2 = Ju(s) —ul? 52{ <v, u()—u>dn

for all [u,v]leA and all s, te[0, ) with s<t. Moreover, if xeD,A),
then u(t)e D (A) and

(1.3) | Au()] =lim k™% u(t+ h)—u(?)]

for all t=0.
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2. Range conditions

In this section we introduce some range conditions for an operator
in X and investigate the relationship among them.

Let C be a subset of X. We say that an operator A in X satisfies
condition (R,) (resp. (R,)) on C if for each xeD, (A), each weC and
each M >0 there are a neighborhood U of x and a positive constant
K satisfying the following (¥) (resp. (x%)):

(*) For each ueD(A)nU with |Au|<M, there are a neighbor-
hood V of u and a positive sequence {d,} such that §,—»0 and

dist (R(I — 8,4), v) < K52

for all n and all veseg[u, v1n V.
(x*) For each ueD(A)nU with |Au|=M and each veC, there
is a positive sequence {d,} such that §,—0 and

dist (R(I —6,(A—v), u) £ Ko? for all n.

Here seg[u, w] denotes the segment from u to w. We also introduce
the following condition which is stronger than (R,):

(R;) For each xeD, (A) and each weX there is a positive se-
quence {d,} such that §,—0 and

R(I-6,(A—w))ax for all n.

Theorem 2.1. Let A be a closed, dissipative operator in X and
C be a convex subset of X including DJA). Then the following (i)
and (ii) are equivalent:

(i) R(I—-2A4)>C for all A>0.

(i) A satisfies condition (R;) on C.
In addition, if C is a linear subspace, then (i) and (ii) are equivalent
to the following:

(iii) A satisfies condition (R;) on C.

Corollary 2.2. Let A be a dissipative operator in X. Then the
following three conditions are equivalent:
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(i) A is m-dissipative, that is, A is dissipative and R(I—AA)=X
Jor all 2>0.

(ii) A satisfies condition (Rjy).

(iify A is closed and satisfies condition (R;) or (R,) on X.

Remark 2.3. Theorem 2.1 and Corollary 2.2 extend some results
in Kato [8] and Brezis-Pazy [3] to the case of general Banach spaces.

To prove the theorem and the corollary we prepare the following

Lemma 2.4. Let C be a subset of X including D,(A), w be an
element of C and A be a positive number. Put B=AA—I+w. Assume
that A satisfies (R\)on C or that C is a linear subspace and A satisfies
(Ry) on C. Then B satisfies condition (R).

Proof. We first note that D (A)=D,B). Let x be an element of
D B) and M’ be a positive number. Set M=(M'+1+|[x—w]|)/A. Then,
for these x and M there exist a positive number K and an open ball
U=U(x, r) with the center x and rudius r=<1 such that (x) (resp. (xx))
holds. Let u bc any element of D,(B)nU such that |Bu|=M’'. Then,
clearly, |Au|=(M'+r+||x—w|)/JASM, so that there is a sequence {J,]
satisfying the properties in (x) (resp. (xx)) with a neighborhood V of u.

First, assume that (%) holds. Then, setting ¢,=0,/(A—9,) and v,
=(u+e,w)/(1+¢,) and noting that v,eseglu, wJnV for all sufficiently
large n, we have that dist (R([—6,4), v,) S Kdé? and hence

dist (R(I —¢,B), u)
= ( L+ 8u)diSt (R(I - 5nA)a Un) = AZKGIZI

for all sufficiently large n.

Next, assume that (x*) holds and C is a linear subspace. Setting
v=2"Y(u—w) and noting that veC, we get dist(R(I—9,(4—0)), u)<Kds?
for all n. Hence,

dist (R(I —¢,B), u)
<(1 +¢,)dist (R(I = 8,(A—v)), u) S A2Ke?.

Thus we see that B satisfies condition (R). Q.E.D.
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Proof of Theorem 2.1. Let weC be an arbitrary element and 2
be an arbitrary positive number. Put B=AA—I+w. We first assume
(ii) in the theorem. By the Theorem in the Section 1 and Lemma 2.4,

there exists a contraction semigroup {T(t); t=0} on D(B) such that

.1) |BT(0)x| =lim =4 (- h)x = T(x]

for t=0 and xe D, (B). Since B+ is dissipative, it can be proved that
IT(t)x—TE)yl|<et|x—y| for t=0 and x, yeD(B) (for example, see
[10]). This fact and (2.1) give that

IT(+h)x—T(Ox| e | T(h)x—x]|

<e 'im D po etk DT (h/n)x — x|

=e (1 —e )| Bx]|

for all t, h=0. This shows that z=Ilim T(t)x exists for xeD,(B) and
IBz|=0. For |Bz|<lim|BT(f)x| <lim(lime~'h~1(1—e-")|Bx|)=0. Here we
have used property ('b_Swm the Set:gtoioo’l';(;. The fact that |Bz|=0 implies
that therc is a scquence {[x,, v,]J} in B such that x,—»z and y,—0.
Since B is closed as well as 4, we have [z, 0] e B, that is, we R(I —1A).
Thus we have proved that (ii) implies (i). Similarly, we can prove
that (iii) implies (i). Converscly, it is evident to see that (i) implies
(i) and (iii). Q.E.D.

Proof of Corollary 2.2. It suffices to show that if A satisfies (Rj),
then A is closed. Let {[x;, y,]} be a sequence in A such that x,—x
and y,—y. Since |Ax|=lim|Ax,|=<lim|y,|<oco, it follows from (R;)
that there exists an a=s(’(>ct°3))>0 sku_gl?l that R(I—¢&(A—y))>x, that is,
xo—x=8&yo—)) for some [xg, yo]eA. Letting k tend to oo in <y,
— Vi Xo—X;>;=0, we have <y,—y, xo—x>,;<0 and hence

|]x—x0”2= <x0—x, XO_X>i
Se<yo—J), Xo—x>;=0.

Thus x=x, and y=y, Hencc A4 is closed. Q.E.D.
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3. Perturbation Problems

In this section, let 4 be an operator in X and let B be a single-
valued operator in X. We say that B is locally A-bounded with A-
bound<1 if D(A)=D(B) and for each xeD(A) there are a neighborhood
U of x and constants K=0, L=0 with L<1 such that

3.1 |Bu|| <K + L) Aul| for any ueD(A)nU.

We consider the following type of local Lipschitz conditions:
(L.1) D(A)<D(B), and for each xeD,(A) and each M >0 there are
a neighborhood U of x and a constant K=0 such that

(3.2) |Bu—Bo|| = K|u—v]|

whenver u, ve D(A)N U, [|Au|| =M and ||Av||Z M.
(L.2) D(A)=D(B), and for each xeD,A4) there are a neighborhood
U of x and nonnegative constants K and L<1 such that

(3.3) ||[Bu—Bv|=K|lu—v||+L||Au—Av|| for any u,veD(A)nU.
Remark 3.1. If there exist nondecreasing functions ky(t) on [0, o0),
i=1, 2, such that
|Bu—Bo| < (k,(Il Aull) + k(llAvlI)u—v]  for all w, ve D(A),

then B satisfies local Lipschitz condition (L.1). This type of condition
has been discussed by Kato [7].

Our main result of this section is as follows.

Theorem 3.2. Assume that A is m-dissipative and that B is dis-
sipative, locally A-bounded with A-bound<1 and satisfies local Lipschitz
condition (L.1) or (L.2). If at least one of A and B is dissipative in
the sense of Browder, then A+ B is m-dissipative and DA+ B)=DjA).

Remark 3.3. If X is reflexive in Theorem 3.2, then A4 is almost
demi-closed (see Kenmochi [9] and Remark 1.1). Therefore Theorem
3.2 is an extension of Theorem 11.1 in [8] to the case of general Banach
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spaces.

Lemma 3.4. If B is locally A-bounded with A-bound<1, then
D (A+ B)=D, A).

Proof. Let xeDyA). Then there exist a sequence {x,}<=D(A)
and a constant M such that x,—x and [|4x,|SM. Let U be a neigh-
borhood of x satisfying (3.1). Since we may assume that x,e U for all
n, we have |[Bx,|<K+LM, and hence [|(4+B)x,||=[lAx,Il+ [Bx,[=<
K+(L+1)M. This shows xeD,(A+B). Conversely, let xe DA+ B).
Then there exist a sequence {x,}=D(A) and a constant M such that
x,—x and [[(A+B)x,lISM. Also, by (3.1), we have ||Ax,|I=I(A+B)x,]|
+|Bx, | EM + K+ L||Ax,||. Since L<1, we obtain |[|Ax,||S(1—-L)"{(M
+K), so that xe D,(A). Q.E.D.

The local Lipschitz condition (L.1) or (L.2) on B implies a local
range condition of A+B on DyA). Precisely we have the following
lemmas.

Lemma 3.5. Suppose that A is m-dissipative and D, A+ B)=D/(A).
If B satisfies local Lipschitz condition (L.1), then A+ B satisfies con-
dition (Rj3).

Lemma 3.6. Suppose that A is m-dissipative and DA+ B)=D,(A).
If B satisfies local Lipschitz condition (L.2) with L<1/2, then A+B
satisfies condition (R3).

Proof of Lemma 3.5. Let ae D, (A+B)=D,(A) and we X. We want
to show that ae RI—e&(A+B—w)) for all sufficiently small ¢é>0. We
may assume that w=0 since (3.2) is true even if B is replaced by B—w.
Hence we shall show that there is a >0 such that the equation

(3.4) z—gA+B)z3a

has a solution zeD(A) if O<e<d. Put J,=(I—-214)"' for 1>0. We
note that J,: X—D(A) is a contraction. Then (3.4) is equivalent to

(3.5) z=J(a+eBz).



718 YosHikAzu KoBAyAsHl AND KAzuo KOBAYASI

Let D(B))={xeX;limBJ,x exists}] and define an operator B, with
Al0
domain D(B,) by

(3.6) B,x=1im BJ ,x for xeD(B,).
210

If xeD,(A), then J,xeD(4) and J,x—x as 210 with [|AJ,x||Z||4,x]
=<|Ax|. Hence we see by (3.2) that D,(4)=D(B;) and B;x=Bx if xe
D(A). Therefore, (3.4) is also equivalent to the equation

3.7 z=J(a+¢B,z).

Thus it suffices to show that there is a >0 such that (3.7) has a
solution if O0<e<d. To this end we use the fixed point theorem. Let
M>|Aa|+2||B,a|. By the condition (L.1), for these a and M there
exist positive numbers r and K such that (3.2) holds for u, ve D(4)n B,,
with [|Au||=M and ||Av||=M, where B,=B(a, r) and B(a, r) denotes a
closed ball with center a and rudius r. If u,veD,(A)NB, and |Au|
=M, |Av|EM, then J,u, J,ve D(A)N B,,, |AJull S1Au|=M and |[|AJ, 0|
<|Av|=M for all sufficiently small A>0, and hence

1BJ zu — BJ 30|l = K[| 3u—J 0| £ Kllu—v
for all sufficiently small 1>0. Letting 4]0, we have
(3.8) [[Byu—Bv| = Kfu—uvl

for u,veD,(A)nB, such that |[Au|<M and |Av|EM. Put p=min {r,
(M —|Aa]—2|B,a])/2K} and

Z={x;xeD(A)nB, and |Ax|=M}.

Obviously, aeX and X is closed in X by virtue of the lower semi-
continuity of |4x| in x. Choose a 6>0 so that d<p/(Kp+|Aa|+
|Byal) and let ¢ be an arbitrary number in (0, §). Now let us define
an operator G by

Gx=J(a+¢eB;x) for xeZX

with D(G)=ZX. In order to show that G has a fixed point, we observe
from (3.8) that for any xeZX
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(3.9 IB x| <|Byx—Byall+|Bal < K| x—all+ | B,al
<Kp+|Byal

and hence

(3.10) IGx—a| = J(a+eBx)—J,a|+||J.a—al

Ze(|Byx| +|4a) Ze(Kp+[|Byal +|4al) < p

Furthermore, noting that [|AGx||<||A(a+eBx)|=¢"!|a+eB;x—J(a+
eBx)||=||Bx||+¢& |a—Gx| for any xeZXZ, we have by (3.9) and (3.10)
that

|AGX| = | AGx|| =2Kp+2||Byu| +|Aa| =M

for any xeZX. Hence G maps X into itself. Also, G is a strict con-
traction; in fact, we obtain from (3.8) that

1Gx— Gyl =¢l|Byx— B,y =Kelx—y| = Kdllx—y|

for any x, yeX. Hence G has a fixed point zeX, that is, z=Gz=
J(a+eB,xo). Q.E.D.

Proof of Lemma 3.6. Just as in the proof of Lemma 3.5, it suffices
to show that if ae D, A), then (3.4) bas a solution z in D, (A) for all
sufficiently small ¢>0. Let aeD,(A). Note that (3.4) is equivalent to
(3.5). If we set yv=a+cBz in (3.5), then we have z=J,y and hence

(3.11) y=a+eBJ,y.

Conversely, if y is a solution of (3.11), then clearly z=J,y satisfies (3.5).
Therefore we shall show that for sufficiently small ¢>0, (3.11) has a
solution y. We use again the fixed point theorem. By assumption there
are positive constants r, K and L with L<1/2 such that (3.3) holds true
for any u,veD(A)NB,,. In this case we note that (3.1) holds true
with U=B,, and K replaced by a suitable K'=0. Take ¢ with 2L<g¢
<1, and set Jd=min{r(l—0)/(K'+]|A4al]),(6—2L)/K} and ZX=B, Let
¢€(0, 0) be arbitrarily fixed. We then define an operator G with D(G)
=X by Gx=a+eBJx. If xeZ, then
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Jex—al |/ x—Jal+[Ja—al =[x—al+|J,a—al

=|x—al +&ldal=2r,
that is, J,xe€B,, because ¢lda|<r(1—o)=r. Sincc Jx, J,yeD(4)n B,,
for any x, ye X, we have by (3.3)

IGx—Gy| =&|BJx—BJyl|
SeK|Jx—J.y| +eL||AJx— ATyl
S(eK+2L)[x—y| =K +2L)|x—y| Solx—y

for any x, yeZX. This shows that G is a strict contraction. Further-
more G maps X into itself. In fact, if xe X, then

IGx—a| =1|Gx—Ga| +|Ga—al| =ollx—al +¢&||BJ.all .

Since J,aeB,,, (3.1) with K replaced by K’ implies that |BJ.a|<
K'+L||AJal| £K'+|Aa|. Hence

|Gx—al Zor+eK'+|Aa])Zr

for xeZ, that is, GxeB,=X for xeZX by the definition of é. Hence
G has a fixed point yeZ, so that y=Gy=a+eBJ,y. Q.E.D.

Proof of Theorem 3.2. At first, assume that B satisfies local Lip-
schitz condition (L.1). By Lemmas 3.4 and 3.5, A+ B satisfies condition
(R;). Since A+B is dissipative, the assertion follows from Corollary 2.2.

Next, assume that B satisfies local Lipschitz condition (L.2). If
we can take L<1/2 in (3.3), then Lemmas 3.4 and 3.6 imply that A+B
satisfies condition (R;), so that the assertion follows from Corollary 2.2
again. We shall now use the continuity argument due to Kato [8]
to remove this restriction (see the proof of Theorem 11.1 in [8]). Con-
sider the family of operators A+tB,0<t<1. We note that each A+tB
is dissipative and D, (A+tB)=D,(A4) by Lemma 3.4 since tB is locally
A-bounded with A-bound<1. Thus Lemma 3.6 assures that A+tB is
m-dissipative if 0<t<1/2. On the other hand, (3.3) implies

|Bu—Bv|| = K||u—v| + L(||(4+ tB)u — (A + tB)v|| + t| Bu— Bv|)),

and hence
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[[Bu—Bv|| <(1—tL)"'(K|lu—v| +L[|(4+tBu—(A+tB)v|l)

for u,veD(A)NU. If A+tB is known to be m-dissipative, then by the
above result A+tB=(A4+tB)+(t'—1t)B is m-dissipative whenever (t'—
H(1—-Lt)"1<1/2. Therefore, A+tB is m-dissipative for all t<1. Fur-
thermore, since (1—t)(1—Lt)~1<1/2 for all ¢ sufficiently near 1, we see
that A+ B is m-dissipative. Q.E.D.

4. Appendix

We here give a proof of the Theorem in Section 1.

Lemma Al. Let A be a dissipative operator in X and let u:
[0, T]1->X be a continuous function such that (1.2) holds for all [u, v]
€A and s, te[0, T] with s<t. Suppose that

.1 lim /=1 dist (R~ hA), u(®)=0  for 1€[0, T).
hl

Then for tel0, T), u(t)eD,(A) if and only if h™'l|u(t+h)—u(t)| is
bounded as hlO0. In this case, (1.3) holds and |u(r)—u(?)| =|Au(?)|
|r—t| for any relt, T].

Proof. We follow the argument of Bénilan [2] and Takahashi [12].
Let ¢t be a real number in [0, T). First, suppose that u(f)e D, (4). We
can choose a sequence {[u,, v,]J}=A such that u,—»u(f) and [v,|=
|Au(®)|+1/n. It now follows from (1.2) that

() = 2 = 1) =012 S 20040 + 1) o) =
for all re[t, T] and all n=1. Letting n tend to oo, we obtain that
Ju) = u@1* 21 Au) | Julr) ~u@)dn,
which implies
42 Ju(r) ~ (o) S | Au(dlr 1)

for all re[t, T], and hence
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% = Hu(t+h)—u(@®)|| = |Au()] .

We next assume that h~!|ju(t+h)—u(t)| is bounded as h} 0. Then
a generalized sequence {h~'(u(t+h)—u(t));0<h<T—1t} in X** has a
cluster point ze X** with respect to the weak*-topology of X** and
z satisfies |z| SlimA~'|u(t+h)—u(?)|. By the assumption (4.1) there
exist sequences {g:}o and {[x,, y.J}=A such that §,-»0 and x,—4,y,—
u(t)=0(d,). Since

<M+ B = u(®), f > S@R) e+ 1) = x, ]2 = [u(®)—x,]12)
t+h
<t <y ) x>
for all feF(u(t)—x,), we obtain that —|z||u(@®)—x,|Z <z, f>=Z<y,
u(t)—x,>,. Hence
” u(t)"'xn”2 = <u(t)_xns u(’)_xn>i
S =0, <Yp u(t) = x,> s+ 0| 1u(®)— x4
6,0zl lu(®) —x,ll + lo@)I lu(®) — I,
which gives
Iyull =65 (lu(® —x,ll + oG = Nl 2l + 65 oG]l -
This implies that u(t)eD,(A4) and |Au(t)|=]z| §}lil_ngh‘1“u(t+ h—u(®)| .

Q.E.D.

Lemma A2. Under the assumptions of the Theorem, for each xe
D,(A) there exist a positive number T, and a unique continuous func-
tion u:[0, T.]»X such that u(0)=x and (1.2) holds for any [u,v]eA
and s,te[0, T,] with s<t. Moreover, |Au(t)] is nonincreasing in t.

Proof. Let x be an element of D,(A4) and set M=2|Ax|. By
condition (R) we can take positive constants r=r(x) and K=K(x) such
that for any €>0 and any ueD,(A)nB(x, r) with |Au|<M there is
a 6>0 satisfying 6<¢ and

(4.3) dist (R(I—84), u)<K52/3.
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Setting T,=min {1, 2r/(M +4K), M/4K}, 13=0 and x}=x, we define ¢}
and [x}, yile A for k=1 such that

(i) =tr_+hy with hie(u}/2, u), where up is the supremum
of all p such that O<pu<l/n, t7_;+pu<T, and dist(R(I—pA), xi_;)
<2Kp?/3;

(i) [x, yiled and |zf[ =Kk, where zp=(x{—xp-)/hi—yi;
in fact, it is possible to construct sequences {tf}-, and {[x}, yi1}r=,
by the following estimates:

(4.4) [AxEI S NyRll S N zkll + i —xi-o || /A2
S|Axi-q|+2) 23]
SlAx[+23 5 |zl
<|Ax|+2K1p
<|Ax|+2KT,

M

IIA

and hence
[xit—xll= Z§=1 [x%—x4_y |
< k(2] + | Ax| + 2K )
S(|Ax|+2KTHtr<r.

Next, we suppose that lim#}=t<T,. Then z=Ilimx} exists and
belongs to D,(A)N B(x, ). Moreover, |Az|<|Ax|+2Ki<M by (4.4).
Hence it follows from (4.3) that there exists a >0 such that 6<
min {1/2n, T,—t} and dist(R(I—0JA4), z)<Ké?/3. However, since uj<2h}
<Jd for all sufficiently large k, the definition of uj implies that dist(R(I
—04), xp_y)>2Ko%/3 for all such k. Letting k—oo, we get dist(R(I
—0A4), z)=2K6%/3 which contradicts the inequality dist(R(I—J4), z)
<Kéb?/3. Therefore, limt}=T, must be true. Then we define step
functions u,(f) and f,,(,;)_’?'or nz1 by
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x ifz=0
u (=93 xp ifre(f_,, 1], fa®)=

x§, if te (e}, T,]

zp ifte -y, 7]

—yy ifte(ty,, T.]

where k=1,2,..., N, and N, is an integer such that T,—t} <I/n. We
can easily see that |lu,(t)—u,(s)|<Const.|t—s| for all s, te[0, T,] and
f—0 in LY(0, T,; X) as n—»oo. Hence, by virtue of [12; Theorem I] u,
converges uniformly on [0, T,] to a unique continuous function u such
that u(0)=x and (1.2) holds for any [u,v]€eA and s, te[0, T,] with
s<t, and such that ||u(t+h)—u(®)| =Z|u(s+h)—u(s)| for 0<s=<t<t+h=T,.
Since u(t)eD,(4) by (4.4), condition (R) assures that u(z)- satisfies (4.1).
Therefore, (1.3) holds for every te[0, T,) by Lemma Al and |Au(t)| is
nonincreasing. Q.E.D.

Proof of Theorem. Let xeD,(A) and let [0, T) be the largest inter-
val on which there is a unique function u such that u(0)=x, (1.2) holds
for any [u,v]eA and s, te[0, T) with s<t and |Au(¢)| is nonincreasing
in t. Suppose that T<oo. Since u(t)eD,(A4), (4.2) gives that |u(r)—
u®)| S(r—0)Au(@®)|=(r—1)|Ax] for O0=Zt=<r<T. This implies that =z
—hmu(t) exists and belongs to D, (A) again, because lAz[<11m]Au(s)|
<|Au(t)|<]Ax} for any te[0, T) by property (b) in Section 1 Hence
by Lemma A2 we can extend u beyond T. Therefore we must have
T=oo. Consequently, we obtain the desired semigroup. Q.E.D.
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