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On the Asymptotic Behaviors of Transition
Probability Densities of One-Dimensional
Diffusion Processes

By

Matsuyo Tomisakr*

§1. Introduction

Let X'=[X'(¥), P;, xeQ] be a one-dimensional diffusion processes
on an interval Q (£R?') and p(t, x, y) be its transition probability density
with respect to the speed measure m(dx). We are interested in the
problem of describing the asymptotic behavior of p(t, a, a) as t—0[o0]
in terms of the speed measure m. Concerning this problem, there have
been several works when ae@ is the regular left end point except a
trap: By completing I.S. Kac’s result [3], Kasahara [4] showed that
p(t, a, a) varies regularly in t if and only if m[a, x) does so in x.
I.S. Kac [2] discussed the condition of the convergence of integrals
related to the spectral function corresponding to the measure m(dx) and

this result gives conditions for the convergence of the integrals S o()p(t,
0+

a, a)dt and Sw(p(t)p(r, a, a)dt in terms of the measure m(dx) for some
class of positive nonincreasing functions ¢(?).

In this paper we remove the restriction that a is the left end point
and obtain the following results for the general case of an interior point
or a regular end point. Our main results are following: First, we
obtain some inequalities estimating the growth order of the function
p(t, a, a) when t—0 or +oo using some nonincreasing functions F(t)
defined in terms of the speed measure m. The proof of these inequalities
is based on some inequalities similar to that of I.S. Kac [3] concerning

Communicated by K. Itd, August 17, 1976.
* Department of Mathematics, Saga University, Saga 840, Japan.



820 MATSUYO TOMISAKI

G(a, a, a)=5me“°”p(t, a, a)dt which we will prove by a probabilistic me-
thod. Secon(c)l, using these inequalities we obtain necessary and sufficient
conditions, in terms of the speed measure m, for the convergence of the
integralsg e(p(t, a, a)dt and Sw(p(t)p(t, a, a)dt for any positive and
nonincreasi(;;g function ¢(1).

Our results will be applied to obtain, for a two-dimensional diffu-
sion process which is given as a direct product of one-dimensional dif-
fusion processes, necessary and sufficient conditions for possibility of
hitting a given point and for recurrence or transience of the diffusion.

Finally the author would like to thank Professor S. Watanabe,
Professor N. Ikeda and Professor Y. Ogura for their several valuable
suggestions.

§2. Main Theorems

Let I;[I,] be the left [right] end point Q. Let m(dx) and k(dx)
be nonnegative Borel measures on (I, [,), which are finite on each closed
subinterval of (I, I,), where m(U)>0 for any open set U (#¢). Denote
the generator of X' by G':

(6 u) (x)={u*(dx) — u(x)k(dx)}/m(dx), V) xeQ.

If l,eQ, then the boundary condition is given by

=1 (= D)+ k() +my(6u) (1) =0,
or
(li~2) 6w ()= —ru(l),

where 0Zk;, m;, k;<oo and u'(l)=u*(l,+), u?(l))=u"(l,~).® If LeQ,
we extend m(dx) and k(dx) on Q so that

m({l;}))=m;, k{I;)=k; if (-1,
m({l}) =k({1;})=0, if (,-2).

) =B BN = 8X) o im B —u(Y)
0 @ w@=Ingy— Gy OIS H=s0)’
where s(x) is the scale, /.e. a continuous increasing function on (/;, /p).
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Let Q" be the set of all points aeQ which satisfy either of the
following conditions:

(1) lLi<a<l,,

(i) a=I, with (I;—1) and s(l,) is bounded, where s(I\)=s(l,+)
and s(l))=s(l,-).

Let us define the following functions:

U= meils(a), s@+y)dy,
0.0 = met(s(@) =y, s@)ldy,

U= met(s(@) =y, st@)+y)dy,

Va(x)=xmot[s(a), s(a)+x),
Ea(x) = xmot(s(a) —X, s(a)] s
Va(x) = xmot(s(a) — X, S(a) + x) s

where #(x) is the inverse function of s(x) and met(a, b]=m(t(a), t(b)].
Let @,(x) [P, (x)], P(x)[P,(x)] and &,(x)[P(x)] be the inverse functions
of x=U(x)[Va(x)], x=U x)[Vi(x)] and x—U(x)[V,(x)] respectively.
Let us put Pa(t)=gtp(s, a, a)ds.

Through thisopaper we shall introduce the following notation:

we write
a(t)y=b(t) as t|0[t1 o]

if and only if

First we study the asymptotic behavior of P,(t) as t|0.
Theorem 2.1. For every ae(Q’,

P (1) =<F (1) as t}0,
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where

S
=

a a lf a=ll!

S

¥ or
Fa=% ?, or ¥, if a=l,,
[ or

Y. if li<a<l,.

a

Remark. 1In particular we see &,(t)<P (1), ()P (1) and P1)
=%, (t) as t | 0 which can be verified directly.

Next we study the case 1 oco. We are interested only in the case
limP,(f)=00 (a€eQr), which holds if and only if the following con-
ttoo

ditions are satisfied:
(P-1) k(Q)=0,
(P-2) if s(l,)>—o0, then m(ly, lo(]<oo and 1,€Q with (I,—1),(3
(P-3) if s(l,)<oo, then m[ly, ,)<oo and 1,eQ with (I,—1),

where [, is any fixed point in (I, I,). If, besides (P-1), (P-2) and
(P-3), m(Q)< oo is satisfied, then we have lim P (f)/t=1/m(Q). Therefore
we consider the remaining case m(Q)= co. ”V;’oe may suppose m[l,, I,)=
oo without loss of generality.

Theorem 2.2. Assume (P-1), (P-2), s(I,)=00 and m[l,, 1,)=00. Then

for every aeQr,
P (H)=H, (1) as t?t oo,
where ay is any fixed point in (I, 1,) and
S, or ¥, if m(ly, lo]< o,
H,=
@, or ¥, if m(ly, ly]=oo0.

These asymptotic behaviors of P,(f) are equivalent to those of the
Green function. Let G(a, x, y) be the Green function of X', ie. G(a,

3), 4 If (P-1) and (P-2)[(P-3)] are satisfied, then (/;—1) means (—1)%u‘(/;)+
m* (@ u)(/;)=0.
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X, y)=gwe‘°"p(t, X, y)dt. Then Theorem 2.1 [2.2] is equivalent to the
following Theorem 2.1’ [2.2"], which can be proved by using [5; Lemma
2.1] noting G(au, a, a)= ooe‘“"Pa(dt) and P,(t) is positive, increasing and
concave. °

Theorem 2.1'. For every aeQr,
G(aa a, a) XFa(l/“) as aT 0.

Theorem 2.2'. Assume (P-1), (P-2), s(l,)=o0 and m[l,, l,)=00. Then
for every aeQr,

G(x, a, a)=H,(1/o) as ol0,
where aq is any fixed point in (I, 1,).

Since li{% G(a, a, b)/G(a, ¢, d)=1 (a, b, ¢, de Q") under the assumption
of Theorem 2.2 or Theorem 2.2’, Theorem 2.2 and Theorem 2.2’ may be
summarized in the following table:

Table 2.1
k(Q)=0 s(l3) <,l,€Q,(,—1) =00
m[lo, 12)
S(ll) <0 = 00
m (1, lo]
>— Ii}% oG(a, a, b)=1/m(Q)| G(«, a, b)=<d .(1/a) or
l,eQ : Y. (l/x)as 2 10
<
i=D lim P,0)/t=1/m(©@) | Pu()=B.() or T.(®)

ast?t o

G(a, a, b)y=<P (1/a) or | G(a, a, b)=<D (1/a) or
Y. (lje)asalO Y. (1/x)asa lO

P(O)=@.()or ¥ .(t) | P,()=D. () or ¥ .(2)
astt oo astT oo

where a, be Q" and c (#1;) is any fixed point in Q".
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§3. Proofs of the Main Theorems

First, we obtain some inequalities on G(a, x, y) to prove Theorem
2.1’ and Theorem 2.2’. For this we introduce the conservative diffusion
X=[X(), P,, xeQ] with the same m(dx) and s(x) as X'. In other
words, its generator ® is given by (Gu)(x)=u*(dx)/m(dx) and if l;e€Q,
the boundary condition is

(= Diui(l) + my(Gu) (1)=0, in case (I,—1),

(Gu)(1)=0, in case (1,—2).

Denoting the local time at x by i(z, x) (i.e. S i(z, x)m(dx)=S;I A(X(s))ds,
A
A eB(Q)), we have

G, a, b)=E,| | "et-i(ar, b) |,
LJO

where (¢, o) = —ot— th(t, x)k(dx)—T,() =00,

K; X Lebesgue measure of {s; X(s)=1,, s<t},
f(0)= if l;,eQ and (I;-2),

0, otherwise.
Define o, by
o,=min {t; X(t)=x, t=0} (xeQ).

It follows from the strict Markov property that

_ hs (a, a, o)
(3. 1) G(a, @ a) - 1 _ggq(aa a)f(éf"'ls a) - gn{(a’ (X)f(n, a, a) ’

for a,&neQr  (E<a<nm),

and in particular if m(l;, lj]<oco and (P-2) is satisfied, then

(5) See [1; §5.6].
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hee(a, a, @) -
—fa & /G an

(3.2) G, a,a)= a, {eQ" (a<?),

where
S5, 3, )=E[eto»],
gg,,(X, O‘)=Ex[ef(ag'a); 0'§<O',,:| ]

ggAay _]
hg"(x, A (x):Ex[S ef(t,a) f(dt, y) -
0 -

Assume that points x, y, &, n in f,g,h are in Q7. For simplicity we
write i,(dx)=am(dx)+ k(dx) and

165, )= 1[4, 5@y,

M&@=$M%@ww,

ja(x, a) = (S(X) - S(a))ia[aa X) 5
Jo(x, @) =(s(a) — 5(x))i,(x, a).

We show the following incqualities, which are analogous to I.S.
Kac's onc [3; Lemma 2.7].

Lemma 3.1. Let a be any point of Q"(a<ly). Let K,[K,] be
either of functions I, or J[1, or J,]. Then for any & neQ" such that
é<a<n,

(3.3) ed/{e+0+eK,(n, 0)-+0K, (& )}
=G(w a, a)
Sed{e+d+eK (1, @)+ 0K (&, a)}/{e?K (1, ®) + 02K (&, @)},

where e=s(a)—s(¢) and 6=s()—s(a). In particular, if m(l,, lg]<oo
and (P-2) is satisfied, then for every ¢eQr such that a<(,

(3.4 5/{L+0W(a, 0)+Ky(&, 1)} SG(x, a, a) S6{1+1/K (& 0},
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where d=s(&)—s(a) and

J S f(x, a, 0)i(dx), if a>1,,
W (a, o) = [l1,a)nQ
0, if a=l,.

Proof. First we show (3.3). Since h,(x, y, «) satisfies
n .
he(x, v, @) =eg(x, y)—gge,;,,(x, 2)hy(z, ¥, 2)i(dz),(®

for x, ye(&, n), where eg(x, y)=eg(y, X)={s(x)—s(O}Hsn)—s(»}/{s(m) —
S(é)} (é gx é y —5’1)1 by l.lSiI'lg h{v](xa Y, O() é h{n(y, Y, d) we have
h{n(a’ a, (X) g 55/{8 + 5 + sja(”’ a) + 5.Ia(éa OC)}

2ed/{e+0+eJ,(n, @) +0J,(&, 0)}.

Because of G(«, a, a)=hg,(a, a, ) and (3.1), we obtain the lower estimate
of G(a, a, a).
Since f(-, &, @) is a solution of Gu=oau and satisfies
(_' l)ifi(lia 69 a)+(ki+ami)fi(li7 ‘fa a)=03 lf liGQ and (lt—l);
we have the estimate
A+ ),  if a<i,
(3.5 f@a, ¢ 9= .
A+LE o™t  if a>¢

On the other hand, it is easy to see that g,(x,®) is nonincreasing
whereas g,.(x, «) is nondecreasing and that they satisfy

Gen(x, 0) =SD =) e (5, 1)ge0 (3, iuly),

925, ) =SS e, (x, )9, (0, (), P

for xe[¢&, n], and hence

(6) The proof is similar to [1; §5.6 (16)].
(7) See [1; §5.6 (12)].
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(3.6) genla, )L 41 )

gné(a, OC)<{ 8+5

+1,n, a)}

We combine (3.5) and (3.6) to obtain

1

1& @, Dgey(a ) ={EEL 40, 0)

5 f
Gnl,
:

lIA

1

®)

=

5
f(n, a, 2)g,:(a, x) g{
{5

a)}

Since hy(a, a, a)<eg,(a, a)=ed/(e+0), by (3.1) we have the upper estimate
of G(a, a, a) in (3.3).
Next we show (3.4). Since hg(x, y, «) satisfies

e, 3y @)= e, )= | e, Dz, 3, iy(d2),
[1,8)

for x, y<¢, where efx, y)=edy, x)=s({)—s(y) (x=y=&), by using
hee(x, y, @) S heey, y, @) we have

heda, a, @) 2 8/{1+86W(a, o)+ I(&, 0)}
20/{1+0W(a, @)+ J (& ®)} .

Therefore we obtain the lower estimate in (3.4) because G(x, a, a)=hy(a,
a, o) and (3.2).
The upper estimate follows from (3.2), h.(a, a, x)=e,(a, a)=4 and

fla, & ) f(€ a, 9= {1+ T a)}!

s{I+LE o}, if a<¢

(8) The proof is similar to [1; §5.6 (16)].
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where we used (3.5). Thus we obtain the assertion of the lemma.
Q.E.D.

We are ready to prove Theorem 2.1’ and Theorem 2.2'.

Proof of Theorem 2.1’. Suppose [;<a<l,. There is a 6>0 such
that t(s(a)—9), t(s(a)+d)e Q. Taking ¢=1t(s(a)—9d) and n=1(s(a)+45) in
(3.3), we have

0/{2+ K (t(s(a) +9), ®)+ K ,(t(s(a) — 3), o)}
<G(a, a, a)
SOo(1+2/aV,(5))
SO(1+2/alU,0)),

where U, and V, are the functions defined in Section 2, and hence
setting 6 =F,(1/a), we have

(3.7 F(1/)/[{3+ F (1/a)kot(s(a) — F (1/ax), s(a)+ Fo(1/e))}
£G(, a, a)
S3F,(1/a),

for every a>0 such that f(s(a)xF,(1/x))eQ". Since lifn F (x)=0, we
xi0

have
13= 01% G(a, a, a)/F (/o) < Z—ig G(a, a, a)[F(1/0)<3.
By the same way in case a=1[; we obtain
122 lim G(x, a, a)[F (1)) = ng G(a, a, a)/F,(1/@) 2.
Thus the theorem is proved. Q.E.D.

Proof of Theorem 2.2'. In case m(l;, [;]=00 the result is obvious

from (3.7) and lifn G(a, a, a)/G(x, b, b)=1 (a, be Q7). In case m(l, [,]
al0

<oo by the same method as in the proof of Theorem 2.1" it follows
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from (3.4) that
H (1/0)[{2+aH(1/)m([l;, a) N D} = G(a, a, a) S2H (1/er) .

Put M,=U, or V, Since Myx)=xm(a, A)2 for all x>B=2(s(4)—
s(a)), where A (>a) is any fixed number, we have oH,(1/x)=2/m(a, A)

for all «<1/MyB), so that
}‘i% G(a, a, a)/H(1/x)=1/{2+2m([1;, a) n Q)/m(a, A)}.
Since m[l,, I,)=c0 and A is arbitrary, letting 41 1,, we obtain
1/2= im G(a, a, a)fH,(1/m) = Eﬂ} G(a, a, a)/H,(1/0) =2,

which completes the proof. Q.E.D.

§4. Integral Characteristics

Let ¢ be a positive nonincreasing function on (0, )[(d, o0)] for
some de(0, o). By intcgration by parts and Theorem 2.1 [2.2] we
have Theorem 4.1 [4.2] immediately.

Theorem 4.1. Fix any aeQ". In order that the integral
F
S P(Op(t, a, a)dt
0
converges, it is necessary and sufficient that the integral

[l otuondx

converges for some [>0, where

U, or 7, if a=1,,
Ug=\ U, OF Ve lf (1=12,
U, or Vv, if li<a<l,.

Theorem 4.2. Assume (P-1), (P-2) and (P-3). In order that the
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integral

quo(t)p(t, a, a)dt

converges for some (and hence any) aeQ", it is necessary and sufficient
that the integral

[ oteax

converges for some (and hence any) be(l,, ;) and some 1>0, where
vy(x) is the function given in the following table:

Table 4.1
(@)= sy | <oo,le0,Uy—1) —
mllo, 1;)
s(y) <o =00
m(ly, 1]

>—0
l,eQ — —

(I, -n <® x Up(x) or V(x)
=—® =00 Uy(x) or Vy(x) Uy(x) or Vy(x)

§5. Applications to Two-Dimensional Direct
Product Diffusion Processes

Let X(=[X(t), P, xe Q'] (i=1, 2) be a conservative one-dimensional
diffusion process with the generator (Giu)(x)=ui*(dx)/m'(dx), where
ui*(x) denotes the right derivative by si(x). Assume that X° satisfies
the conditions (P-1), (P-2) and (P-3) for each i. We define a two-
dimensional diffusion process X on Q=0!'xQ2? by X=[X()=(X(1),
X2(1)), Py=Pli x P%, x=(x!, x2)e Q]. Let G(a, x, y) be its Green func-
tion. On the possibility of hitting a single point a (eQ'=Q1"xQ?")
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for the sample path of X, it is well known that P, (o,<o0)>0 (x€Q")
if and only if G(a, a, a)<oo. Also it is well known that the process
is recurrent if and only if hm G(a, a, b)=w (a, beQ"). Combining
these, we see that P (0,<o0)= 1(er') if and omly if G(a, a, a)<oo
and hf% G(x, a, a)=00. Thus denoting Pi(x) etc. by the inverse function

of xHUi(x)ESxmicti[si(a), si(a)+y)dy etc, we have the following
0
results from Theorem 4.1. and Theorem 4.2.

Theorem 5.1. Fix any point a=(al, a?)eQ". In order to P.(o,
<0)>0 for all xeQr, it is necessary and sufficient that the integral

o
(5.1) [\ sz rax
converges for some 6>0, where
g mioti[si(a?), si(a’)+ Bii(x)), if ai=I,

poi(x)=( micti(si(a’)— Di(x), s'(a’)],  if a'=

| mioti(si(at) = 1.(x), si(a)+ BL(x).
if li<ai<ls.

Theorem 5.2. In order that X is recurrent it is necessary and
sufficient that the integral

(5.2) S:o{v,}l(x)vﬁz(x)}" ldx

diverges for some [1>0 and some (and hence all) a=(a', a?)eQr,
where vi(x) is the function given in Table 5.1.

Theorem 5.3. Fix any point a=(a', a?)eQ". In order to P.(o,
<w)=1 for all xeQr, it is necessary and sufficient that the integral

(5.1) converges for some 6>0 and the integral (5.2) diverges for some
I>0.

As an immediate result of Theorem 5.1 we obtain the following:
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Corollary 5.4. Two-dimensional Lebesgue ineasure of {aeQ’;

Table 5.1
vii(x)=|  si(lb) <o, lheQf (15 -1) -®
mi[1h, 1%)
sU(14) <% -
mi(l%, 13]
>—
lico In‘ this case (5.2) alway's mioti[si(al),
L= 1) < diverges, therefore X is si(@l)+ ®i.(x))
recurrent.
iofi(si(al) — Di.(x), si(a')] et (s (@) = D),
= o =0 m § a) —at x)’ sla s"(a")+<Df,.-(x))
Table 5.2
|z yrrax
0+
=0 <
[“tuacy-1zax
recurrent
p@=0 . pla)=1
transient
<0 :
Table 5.3
y —-1<y<0 | y=0 | »>0
X recurrent lransient
acA° pl@)=1 p(a)=0
ag¢ A° p(a)=0
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P(o,<®)>0 for every xeQ"}=0

Example 5.5. Let Qi=R!, si(x’)=x! and m!(dx!) = constant x dx'
(i.e. X! may be considered as a one-dimensional Brownian motion).
Then U,Z,z(x)=gxmz(a2—y, a?+y)dy by the definition. Putting p(a)
=P. (6,<0), fo(; any fixed point a=(a!, a?) we obtain Table 5.2.
In particular if m2(dx?)=constant x |x2|*dx? (y> —1), then we have
Table 5.3, where A°={(x!, 0); x'eR'}. In the case y=0 these proper-
ties are well known, for X may be considered as a two-dimensional
Brownian motion.

Example 5.6. Let Qi=R1,si(x))=x! and m!(dx!)= constant x |x1|?
dx! (y>—1). Then for any fixed point a=(al, a?) we obtain the
following table.

Table 5.4

acB® a&B°

["wney-oroon ax | {Ufz(x)}””“’/”“)dx'vg {UZa(x)}~1/2 dx
0+ FJo+ )

=0 , <o | =0 | <o
recurrent
P@=0 . p@=1 p@)=0 pa=1
transient
< 00

p@=0 | 0<p@<1ip@)=00<p@<I

where B°={(0, x2): x2e R'}.
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