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Dual Action on a von Neumann Algebra
and Takesaki’s Duality for a
Locally Compact Group

By

Yoshiomi NAKAGAMI*

Abstract

We define a dual action 5 of a locally compact group G on a von
Neumann algebra N and a crossed dual product N®¢G. Then the Takesaki’s
duality is generalized in terms of these definitions as follows:

M@, O®: G~MQBLHG)),
where & is the dual action dual to a given action «, and
(N®§G)®:6~NQB(LX(G)) ,
where ,é is the action dual to a given dual action 3. As an application
MQ®, G~M=QB(LG)

whenever 1QL=(G)cM and a(1Qf)=1Rcf.

Introduction

The main purpose of this paper is to generalize the Takesaki’s
duality of crossed products for locally compact abelian groups to that
for a non abelian one [18, 13].

To see the situation more precisely we shall prepare some results
which are necessary for Takesaki’s duality. We first notice that a neces-
sary and sufficient condition for an isomorphism o of M into M®
L*(G) to be induced from an action is that o satisfies the commutative
diagram:
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M =,  M®L*(G)

al la®t

MQ®L*(G) g7 M®L*(G)QL>(G),

where ¢ is the identity automorphism and é is given by (1.5), (Theorem
2.1). Let R(G) be the von Neumann algebra generated by the regular
representation of G on L2?(G). The crossed product M®,G is then
defined as the von Neumann algebra generated by «(M) and 1®R(G).
Here, we denote M®,G by N. Then the same diagram holds for the
action & dual to a of the dual group G on N:

N —&, NQL=(G)
N
N®L*(G) g7 N®L*(G)QL>(G).

Making use of these o and &, we can state Takesaki’s duality as follows:
(M®,6)®,6~M®B(L*(G)),

where A~B means that A is isomorphic to B. Let F be the Fourier
transformation of L2(G) onto L2(G) and B a mapping of N into N
®R(G) defined by f=(Ad1®F)-4. Let A be the regular representation
of G on L%(G) and y a mapping given by (1.5). Since

(AdFQF)od=yoAdF
by (1.8), B satisfies

N £, N®R(G)
(%) ﬁl lﬂ&
N®R(G) g7 N®R(G)®R(G),

and & coincides with B up to the spatial isomorphism Ad1®F. We
shall call an isomorphism satisfying the commutative diagram (*)
a dual action. B is then a dual action which is dual to «. By using
a dual action we shall define a crossed dual product N®4G of N
by G as the von Neumann algebra

(#%) {B(N), IQR(G)}" (=Ad1®F(N®,0)),
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(Definition 2.2). Then the Takesaki’s duality is restated as follows:
M®,6)®iG~MQB(L*(G)).

Changing the roles of {®, G} and {& G} and applying the Fourier trans-
formation, we have

(N®36)®,G~N®B(L*(G)),

where B is the action dual to B, (Theorem 2.3).

Since Theorem 2.1 holds for a general locally compact group as
well, the diagram (%) and the crossed dual product (x*) have their
meanings even when G is not necessarily abelian. Therefore our generali-
zations are obtained in the same forms as above in Theorems 3.1 and
7.1. The contents of this paper is the following:

0. Introduction
Preliminary
Dual action § and crossed dual product
Duality for crossed product by o
Some technical lemmas for f
Spectrum of
Fixed points of « and f
Duality for crossed dual product by S

X NS kA=

Haga’s factorization of crossed product
9. Appendix.

Here, the reader who wants to know directly the Takesaki’s duality
of the second type, can skip Sections 5 and 6, which are prepared
only for Corollaries 7.4, 7.5 and Section 8. In Section 8 we shall give
a sufficient condition for a crossed product M®,G and a crossed dual
product N®4G to be factorized into M*®B(L?(G)) and Nf®B(L%(G)),
respectively, by using the idea of Landstad, [9], (Theorems 8.4 and 8.2).

Recently, Roberts [14] has obtained interesting results which have
close connection with ours.

The author wants to express his deep gratitude to Professor M.
Takesaki for his valuable discussion and Professor M. Tomita for his
encouragement.
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1. Preliminary

Let G be a locally compact group, dt the right invariant Haar
measure and I(f) the integral

S F(bdt.

The modular function A4 satisfies A()I(f)=I(f) for feL!(G), where
fs)=f(ts). Let A be the right regular representation of G on L2(G),
Mf) for f in L'(G) the integral

[ rn

and R(G) the von Neumann algebra generated by A(G) or A(L(G)).
When G is abelian, the spectrum G of L1(G) becomes a locally

compact abelian group and the spectrum of L!(G) is isomorphic to G.

For &,n in L?(G) and f in L!(G), using Plancherel theorem, we have

e M= SOy, (0)
(1.0 ={ ro@o @ar

-{ Jotoiod,

where * denotes the convolution, 7(f)=n(t"') and d{ denotes the Haar
measure on G associated with dt. We identify R(G) and R(G), with
L*(G) and L!(G), respectively, through the correspondence in (1.1):

Af)€R(G) — fe L*(G)
(1.2)
Wgy € R(G)y > e L1(G) .

Then the duality between G and G is expressed by A as the following
diagram:
LY(G) - R(G)

(1.3)
L*(G) <7~ R(G)%,
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where 1, denotes the dual of A to R(G)y. A is therefore considered
as the Fourier transformation through the above identification (1.2).

For a non abelian G, the duality theorem for G by Eymard, Take-
saki and Saito [5, 17, 15] has the same diagram as (1.3). Let K(G)
denote the set of all continuous functions with compact carrier on G
and B(G) the set of all limits relative to compact convergence of finite
linear combinations of functions of positive type on G with respect to
A. Define a norm of g in B(G) by

(1.4) sup {|(flg)l: fe L'(G), [ANI<T] <oo.

B(G) is a commutative Banach algebra. The mapping fi>f gives an
involution in B(G). Denote the closed lincar span of

G+f 1 f,9€K©G)} (@)D= Sg(ts-l)f(sws)

in B(G) by A(G), which is called the Fourier algebra of G. It is known
that A(G) is a regular, semi-simple, abelian and involutive Banach al-
gebra and coincides with the set of all 4x£ with & n in L2(G). Since
for ¢ and 5 in L%(G)

(As)EIm = (%&) (5)

as in (L.1), Ayop,=i*¢ and A(G)=A4R(G),. Therefore R(G), has the
same algebraic structure as A(G). Denote the product of ¢ and ¥ in
R(G)y by oy, that is, Au(p¥)=(14¢)(A4). For a non zero y in R(G)
the following two conditions are equivalent:

(i) y=M1) for some teG; and

(i) <y, ¢Yy>=<y, o> <y, ¥y> for all ¢, Y € R(G),.
In what follows we shall identify the spectrum (the set of characters)
of A(G) with the original G through A.

Now we define two mappings

0: L*(G) — L*(G)Q@L*(G)

7: R(G) — R(G)®R(G)

(1.5) @) (s, D=f(s1), YA(s)=A5)@As).
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Then by (i) we have

(1.6) <YA1), p@Y > = <A(t), P> .

In case of an abelian G, if f is an element of L(G),

<YAUf), p®Y > =) f(O)<yA(D), p@Y >dt

G

G

-

J O Uxd)™(Ah)™ (Ol

(1.7)

|
[ s0p O @t
|
|

GS Gf(CC') (A )™ (D) (A)()dldl

= <0f, (A+9)" ®(uth)" >,

where d{ and d{’ are the Haar measure on G associated with dt. There-
fore, under the identification of R(G) with L*(G) as in (1.2), we have

(1.8) yA(f)=0of,

with which we combine the argument in Introduction, we shall define a
crossed dual product in Section 2.
The following four unitary operators on L?(G)®L2(G) play im-

portant roles in our paper:

(WO (s, )=L(s, 15), (W'E)(s, N=A(s)1/2&(s, s711)
(VO(s, ) =&Gst, 1), (V') (5, N =AM)2E( s, 1)

(1.9)

Let 1 (resp.1;) be the identity operator on a Hilbert space s# or %
(resp. L?(G)). Let A’ denote the left regular representation of G on
L2(G):

WO O=4(s)2¢(s~),  LeL*(G)
and

AO=1QMD, 2,()=10104)
(1.10)
AO=1A(1), A(N=1R1: 4 ().
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When a mecasure u converges to a Dirac mcasure g, at the unit
e of G in the dual space of C(G) with the compact convergence topol-
ogy, we say simply that u converges to g, in this paper. For example,
let # be a compact symmetric neighbourhood of e, {¥'} a fundamental
system of compact symmeteric neighbourhoods of e satisfying ¥ 2<%
and gy =JTo*xs/ | 7*xo|1, Where x,- denotes the indicator function of
v'. Then g, eP(G)NnK(G), and a measure g,(f)dt converges to e,
where P(G)=/,R(G);.

2. Dual Action B and Crossed Dual Product

In this section we shall define a dual action and a crossed dual
product for our later Sections.

Let M be a von Neumann algebra on a Hilbert space ## and AutM
the automorphism group of M. By an action of G on M we mean a
homomorphism o¢:teG—o,e AutM such that for each x in M the
mapping te G—o,(x)eM is o-strongly* continuous. Let {m,, 1,} be a
covariant representation of {M, ¢} on # ®L?(G) defined by

(m5(x)E) (5) = 0(x)5(s)
2.1)

(41(rQ) (5)=&(s7),

for ¢e #®L*G). The crossed product M®,G of M by G is thc von
Neumann algebra gencrated by n, (M) and A,(G).

Since M®L®(G) is isomorphic to the sct L*(G, M) of all essentially
bounded M-valued o-weakly measurable functions on G by [12, 16],
n,(x) is identified with a function s—o,(x) in L®(G, M).

Theorem 2.1. A necessary and sufficient condition that a mapping
o of M into M@L>*(G) be induced by an action o with

(@(x)8) (5) = 0(x)¢(s)

is that a be an isomorphism which satisfies
(2.2) (@®c)oa=(®d)ow.

Proof. Nccessity. Since « is known to be an isomorphism, we
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have only to show (2.2). Since «(x) is an essentially bounded o-weakly
measurable function

seGl—o(x)eM,

(@®o)a(x) and («®@0d)a(x) correspond respectively essentially bounded
o-weakly measurable functions

(5, DeGXG > ao(x))eM
and
(5, )eGXG |—> g (x)eM.

Since o is an action by hypothesis, these two functions coincide and
hence (2.2) follows.

Sufficiency. We shall begin by showing that 1,=AdA,(r) | «(M),
reG is an action on a(M). Put L=a(M) and §=:®J. Since

§(L)=(2@)a(M) (By (2.2)
c(@®)(M®L*(G))=LOL(G)
and since
|<6(2), @' ®g>|< |zl |o']l gl

for each zeL,w' eL, and geL!(G), we can define a bounded linear
operator §, on L by

<6,(2), 0'>=<6(2), ' ®g>.

If yeL, then for any w defined by vectors in &# and f, g € K(G)

we have

<30, w®f > = | {wls0)f(gdsdr

= (oD rrgeyds.

Making the measure g(f)dt converge to the Dirac measure ¢ at reGgG,
we know that the right hand side converges to
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fotns6rds = farem s

=<1(y), 0®f >.

In the above convergence we may assume that |g|,;<1 and hence
16,1 <lyl. Further, w®f are total in the predual of L. Indeed,
since the convex hull of all w®f is weakly dense in L., it is also norm
dense by the Hahn-Banach’s separation theorem. Therefore, d,(y) con-
verges o-weakly to 7(y). Since J,(y)eL from the above, t.(y)eL.
Since t;'=71,-1, 1(L)=L. Since AdA,(r) is an isomorphism and r—
AdA,(r)(z) is o-strongly* continuous for cach ze M®L®(G), its restric-
tion 7, to L is an action of G on L.
Now we define an action ¢ of G on M by

(2.3) g, =0 toton .

We shall show a=m,. For this we define two bounded linear operators
o, and o(g) on M for ge L1(G) by

2.4) <a(x), 0> = <a(x), o®g >

for xe M and we M,, and

a(g)= Sg(s)asds .
If we M, and fe L'(G), then

<a(o(g)x), 0®f >
~fo<wo, o@f>dr
=Sg(r)<r,oa(x), w@f>dt  (By (2.3))

= Sg(t) <a(x), O®,-1f>dt

(2.5) = <a(x), o@(f*g)>

= <((®)ua(x), v®f®g>  (By (1.7)
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= <(@@du(x), ®f®g>  (By (2.2))
= <a(x), ax(0®f)®g >
= <a(oy(x)), 0®f>,

where ,f(s)=f(sr) and a, is the dual mapping of «. Since w and f
are arbitrary and o is an isomorphism, we have o(g)x=a,x). There-

fore
<, (x), o®g> = <a(g)x, >
= <a,(x), o> = <ax), ¥@g> .
Since w and g are arbitrary, a(x)=m,(x). Q.E.D.

From this theorem we can identify an isomorphism of M into
M®L>(G) satisfying (2.2) with an action of G on M. Therefore we
shall use the same letter for them.

Definition 2.2. A dual action f of G on N is an isomorphism
of a von Neumann algebra N into N®R(G) satislying

(2.6) (B®)P=(:®y)B .

A crossed dual product of N by G with respect to f is the von Neu-
mann algebra generated by B(N) and 1®L*(G), which is denoted by
N®}G.

Theorem 2.3. (i) Let o¢% be an isomorphism of B(#Q®L*G))
into B(s# @ L2(G)®L2(G)) defined by

(2.7) ¥ (y)=Ad1QW*(y®1g).

If « is an action of G on M, then 8=0¢" | M®,G is a dual action
of G on M®,G.

(ii) Let N be a von Neumann algebra on a Hilbert space A and
6”’ an isomorphism of B(o#" ®L2(G)) into B(#"®@L*(G)®L?(G)) defined by

(2.8) "' (2)=Ad1QV'(z®1g).
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If B is a dual action of G on N, then B=c"" I N®4G is an action of
G on N®jG.

Proof. (i) If xeM and &e#®L*(G)QL2(G), then
((T@W)*((x)®@16) (1@ W)E) (s, 1)
=((x)®1) (1@W)E) (s, ts™1)
=0(x) (LQW)E) (s, ts™1)
=a(x)E(s, N)=(((x)®16)¢) (s, 1)

and
(AW)*(L(N®16) 1O W) (s, 1)
=((L(NB1e) (1®W)E) (s, ts™1)
=((A®W)S) (sr, ts™1)=¢(sr, tr)
=((4L M) (s, 1).
Therefore
(2.9) 8(x)=u(x)®@1s and &(4;("))=2,(N@A(r).

Since M®,G is generated by a(M) and 4,(G), & is a mapping of M®,G
into (M®,G)®R(G). It is clear that 4 is an isomorphism. Since

(@®)e@)a(x) =(G®¢) ((x)®1¢)
=u(X)@1®16=(®7) (x)®1¢)

=((:®y)e@)al(x)

and
(@®2)°8)21(r) =(2®2) (2,(N®A(1))
=L (N®UN®Ur)=(:®7) (L(N®A(r)
=((c®)8)A,(r),

(2.6) holds for M®,G and 4.
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(i) The argument will proceed similarly as (i). For each f in
L*(G) we define T,(f) and &f by

(2.10) T,(f)=1&f
on " ®L2%(G) and
(2.11) ef)(s, D=f(""s).

Since B(N)cN®R(G), it follows from (1.9) that [B())®1g 1QV']=0
for all y in N. Since

(ASV)NT(NH®L) 1RV)*E) (s, 1)
=40)'2(Ty(NH®1e) 1@V )*) (17 1s, 1)
=42 fE AV YO (s, 1)
=f(719)e(s, N=((e)E) (s, D)

for &€ 4’ @LA(G)®L(G), we have
(2.12) BBON=B(»®1c and B(T(f)=1@sf
for all ye N and fe L*(G). Since
(B (1®ef) (s, t, N=(1@ef)(t's, 7)
=N (1 1s)=(1Qef) (s, tr)
=((c®0)(1®efN(s, t, 1),

we have
(B®)B) (Ty(N)=(BR2) (1®¢f)
=(:®8) (1®e/)=((:®8)P) (T1(f)).

Moreover, since

(B®9°B) (B)=(B®2) (B(»)®15)
=p(n)®1c®16=(:®9) (B(»)®1c)
=((«®3)°B) (B(»)
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for all yeN, (2.2) holds for N®4G and . Q.E.D.

Definition 2.4. A dual action & (resp.an action ) in Theorem 2.3
is said to be dual to a (resp. f).

Let o/ be an action of G on M;(j=1,2). When an isomorphism
p of M, onto M, satisfies

(p®c)oul =a2op  (or poat=aop)

{M,, o'} and {M,, «?} are said to be equivalent. In this case, M;®,.G
is isomorphic to M,®,.G.

Definition 2.5. Let f; be a dual action of G on N; (j=1,2).

{Ny, B} and {N,, 8,} are said to be equivalent if there is an isomor-
phism p of N, onto N, satisfying

(p®c)oBy1=Prop.

Of course, N,®4,G is isomorphic to N,®§,G.

3. Duality for Crossed Product by a

We are now ready to show the following duality theorem for crossed
products of von Neumann algebras by a locally compact group.

Theorem 3.1. Let M be a von Neumann algebra on a Hilbert
space # and o an action of G on M. Let a=n, f=4& d=f and &
the action associated with & as in Theorem 2.1. Then (M®,G)®3G
is isomorphic to M®B(L?*(G)) and the isomorphism transforms the

action G on the former into the action c®AdA on the latter.

Proof. Let #,=#®L?(G) and #,=# QL2(G)®L?(G). Using (2.9)
and (2.10), we set

Ar)=2,(N@A(r) and T (f)=1®1:8f

for f in L*(G). Let N=M®,G and D=NQ®j$G. N is generated by
«(M) and 1®R(G) on s, and D is generated by B(N) and 1,®L*(G)
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on J#, Therefore by (2.9) D is generated by a(M)®14, A(G) and
T,(L*(G)). Since

(AN TAN)E) (s, )=(To(f)) (57, tr)
(3.1 =f(n)&(sr, tr)=F(tr) (A(r)O) (s, 1)
=(T,(NAME G, 1),

A and T, satisfy the commutation relation in the sense of Mackey,
[10]. Therefore the von Neumann algebra B generated by A(G) and
T,(L*(G)) is isomorphic to B(L?(G)), and hence D is isomorphic to
(DnB)®B. Put

n(x)=Ad 1@ V*(a(x)®1;)

on M. Then =n is an isomorphism of M into B(s#®L?*(G)®L?(G))
and satisfies

(@(x)S) (s, ) =0g4-1(x)E(s, 1) .

Since
(@) T (5, )= 04-1(x)(T2()E) (s, 1)
=0g-1(X)f(OE(s, )=F(D)0-1(x)E(s, 1)
=(T(Nr(x)E) (s, 1)
and

(r()AXE) (s, D=04-1(x)(A(NE) (s, 1)
= Ogp(tr)- l(x)?,‘(sr, ir)= (n(x)ﬁ) (sr, tr)
=(A(r)n(x)) (s, 1),

we have n(M)<B'.

Let K(GxG, #) be the set of all continuous functions on GxG
with compact carriers and with values in . For each f and g in
K(G) with g>0 and ||g|,=1 we put

(32 %142 | 1) (o 00)@10) Ty(g)dr,
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where g/(s)=g(rs). Then x,,eD. For any ¢ and 5 in K(GxG, o)
we have

(. )= Sf(r) (0, () ®16) Ty(g,)Elmdr
= gggf (Ng(rt) (a,(x)E(s, DIn(s, 1)dsdtdr

- Sggf(rt-l)g(r) (Osre-1(X)E(s, DIn(s, ))drdsdt .

Since r—f(rt=1)(o,-1(x)E(s, t)n(s, 1)) belongs to K(G), when the measure
g(r)dr converges to the Dirac measure ¢, at the unit e of G, the right
hand side converges to

[§ra) @ 0026s, D, opdsa,

and this converges to (n(x)¢|n) as f converges to the constant 1 function
uniformly on each compact subset of G. Since K(Gx G, s#) is dense
in 2, and since [x; I<Ifl x| lglli» x;, converges weakly to m(x)
and hence n(M)<D, namely, n(M)<D n B'.

Next we shall show that D is generated by n(M) and B. For each
fand g in K(G) we put

v1.4= | FOROT OITog)dr
Then y,,e(@(M)u B)". For each ¢ and 5 in K(GxG, 5#) we have

1.6 = £0) (x(o7 DD Totg elnrdr
- SSSf (Ng(r1) (O5-1,-:(0E(s, Dln(s, 1)dsdtdr

- S S S Frt)g(r) (@ 0-(D)EGs, B)ln(s, )drdsdr .

By the same reason as above, when the measure g(r)dr converges to
&,, the right hand side converges to

{76 @, Dints, yasat,
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which converges to ((a(y)®15)E|n) as f tends to 1 in an appropriate
sense. Thus a(M)®1lzc=(n(M)U B)”", and hence Dc(n(M)U B)". Since
the converse inclusion is obtained in the above, D=(n(M)U B)". There-
fore D is isomorphic to n(M)®B.

By Theorem 2.1 & and & satisfies

@(2)é) (r)=6,2)¢(r) zeD
for ée#,®L23(G). Since we know from (2.12) that

ABON=B®1s and HTH(f)=1®1:®cf,

we have

G ((x)®16)E(r)=(((x)®1®16)¢) (r)
(3.3)

=((x)®16)¢(r)

G (AS))E(r) = ((A(5)®16)E) (r) = A(s)E(r)
and

(TN =((1®1:/)E) (r)
3.4

=T,(f,-)E(r).
Since [A(r), 5(#')]=0 for all r, ¥ €G, it follows from (3.4) that
3.9 G,=Ad 15(r)

on B.
We apply (3.3) and (3.4) to x,, defined by (3.2). Then

&a(xf,g)é(s’ t)

= {10 @e@19FUTog (s, Ddr
={rgtra e, s, var

= [ 101109010 o Vs, D
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When g(r)dr converges to e, (6,(x,,)¢ln) converges to

[§7010) @ (s, Dins, D)dsar

= [} 10710 (o x0ts, Dlns, D)dsdr.
Therefore, if g(r)dr converges to ¢, and then f to 1, then x,, converges
to 7(x) as before and hence
(3.6) G (m(x))=7(0,(x)) xeM.
Combining (3.5) and (3.6), we have
pe6,=(0,®Ad 1 (a))ep

for all aeG, where p is the isomorphism of D onto M®B obtained
before. Q.E.D.

4. Some Technical Lemmas for 8

Let N be a von Neumann algebra on a Hilbert space - and f
a dual action of G on N. For any ¢ in R(G), and o in N, we define
linear mappings fi, on N and &, of N into R(G) by

<Py(x), 0> =< f(x), ©' @ >
4.1)
<P,(x), ¢'> = <f(x), 0@¢" >

for all xeN,w'eN, and ¢’ €R(G),. Let p, denote the mapping of
(N®R(G)), onto N, defined by
4.2) <X, fr(0®P)> = <f(x), 0@ P >

for all we N, and ¢ € R(G),.
Since y is a dual action of G on R(G),y, and y, are defined by
(4.1) and (4.2).

Lemma 4.1. Let ¢ and Y be elements in R(G)s.
(1) ﬂ¢¢=ﬁ¢/3w-



744 YosHIOMI NAKAGAMI

(i)  py(Pu(x) =D, (By(x)) for we Ny and xeN.
(i) <B(By(x)); @@¢> = <P, (x), YR P>.

Proof. (i) If weN, and xe N, then
<Pou(x)s 0> = <B(x), 0@ P>
= <(®h(x), o@P®Y>  (By (1.6)
=<(f®)B(x), v@PpQY>  (By (2.6))
(4.3) = <p(x), Bx(0®@P)@Y >
= <By(x); Pxl0®¢)>
= <p(By(x)), 0®@¢>
= <By(By(x)), @>.
(i) If ¢ eR(G)4, then
<P Pul(X), > = <yPy(x), pQY >
=<P,(x), pY> = <f(x), 0Q Py >
= <f(By(x)), 0@¢> (By (4.3)

=<®,(By(x)), p>.
(iii) From (4.4) we have

(4.4)

<BBy(x)), 0@¢> = <P,(x), Y >
=<yP,(x), Y@¢>.
Q.E.D.
The following lemma is an immediate consequence of [11, Theorem

5, Chapter 3]. For the sake of completeness we shall give a direct
proof.

Lemma 4.2. Let L be a von Neumann algebra and t—u(t) a
weakly continuous unitary representation of G in L. If ¢ is an ele-
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ment of Ly, then t—u()*¢ (or u(t)d, ¢u(t), pu()*) is continuous (in
norm).

By means of this lemma we know that the functions in the above
lemma are Bochner integrable on every compact subset of G and their
integrals exist in L.

Proof. For each f in L'(G) we denote by u(f) the integral

S F(Ou(nydt .

Let L, be the set of all u(f)*y with fe K(G) and Y eL,. Since u(f)*y
converges weakly to ¥ as f()dt tends to e, L, is weakly dense in
L, and hence it is total in L, in norm by the Hahn-Banach’s separation
theorem.

For any ¢ in Ly of the form u(f)*¥ we have
[()* —u(s)*)pl < lu(f) (u(®) —ulsHI v
Sle-f =1 f il

Since L, is total in L, in norm, t—u(f)*¢ is continuous for all ¢ in
L,.

As for the remaining functions t—u(t)¢, ¢u(t) and ¢u(t)* we can
give their proofs in a similar way. Q.E.D.

As <A(s), A(r)*¢p>=<A(sr 1), ¢>, we have
A(Ar)*¢)=Ad A(r)*(149) .

The following two lemmas are crucial from the technical point of view.
In particular, Lemma 4.3 plays a role of Fourier expansion.

Lemma 4.3. Let ¢ be elements in R(G), satisfying A.¢e K(G),,
|4Asd|l =1 and <A(r)*, ¢>dr tends to e,.
(@) If ¢ is an element in R(G), with A e LY(G), the integral

(4.5) S <), > M) *ddr
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exists in R(G)y, is bounded by || and converges weakly to .
(i) If x=p,(x) for some A.pe K(G), the integral

4.6) Sﬁl(,)w(x)@z(r)dr

exists in N®,.R(G), is bounded by |x| and converges weakly* to
B(x), where y* is the dual norm of y-norm.

Proof. (i) We denote (4.5) by v, By Lemma 4.2, r—A(r)*¢
is continuous. Since A, eL!(G) by assumption and [A(r)*¢| =],
the function r—<A(r), y>(A(r)*¢) is Bochner integrable and hence
Y, exists in R(G)y. If fe L(G), then

S <HP)*, > <AOAS), ¥>dr
- S <Ar)*, > g F(s)<A(rs), ¥ >dsdr
“.7) - SS <i(srY), >F(s)ds < A(r), ¥>dr

=S<,1( 1), M) > < A(r), ¥>dr
= <M Uy .

The integral on the left hand side

(4.8) S <P, ¢>WAR)dr

exists in R(G), by a similar reason as above and hence coincides with
Yy by (4.7). Therefore

<x, Yy> =S</1(r)*, b> <A(P)x, Y>dr

for all xeR(G). Here, since r—<A(r)x, y> is continuous, if <A(r)*,
¢>dr converges to g, then Y, converges weakly to .

From (4.8) and the assumption [d44.¢];=1 it follows that the
norm of y, is majorized by [V||.
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(i) Since car A.((A(r)*¢)p) =(car A, P)r Ncarlup, 70 B1yse(X)=Baryrérp
(x) has a compact carrier. Since r—>f,,) is continuous and |[B;.«s(X)l
<@l lIxll, 7= Bruys(x) is Bochner integrable and hence (4.6) exists in
N®R(G). If we N, and ¥ € R(G)y with A, € K(G), then

<(Burs0®10)r, 0>

4.9) - S <Bryea¥), 0> <A(F), Y>dr

S <B(x), @@Ar)*¢d> < A(r), ¥>dr,

which converges to <f(x), w®y > by (i). Since the set of all € R(G),
satisfying A, € K(G) is weakly dense, it is dense in R(G),. Since the
absolute value of the right hand side of (4.9) is majorized by [x|| ||| ¥
by (i), y*-norm of (4.6) is bounded by |x||. Therefore (4.6) converges
weakly* to fB(x). Q.E.D.

The above (ii) in Lemma 4.3 or the following remark can be used
to prove (ii) in Theorem 7.1. However, we shall intend to utilize the
former in this paper.

Remark. If x is of the form f,(y) for some ¥ eR(G), with A
€ K(G), then (4.6) exists in N®R(G) and converges o-weakly to p(x).
For this it suffices to show that (4.6) is uniformly bounded in ¢. If
we use the argument which will be done in Lemma 7.3, the integrals

FY,= S(z(r)*qw®((1G®A<r»w')dr

ngg<l(r)*, ¢ > (@ (1@ 4(r)°Ad WHdr
exist as vector forms and satisfy

<y2,(N®lg Fg,y>=<BB,(®1g 0@GZ>.

Since
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<@ [Pumre@@iir) 0w >
= <Y¢w(y)®163 Fg,|p>
= <(g <A(P)*, o> 1®15®A(r)dr>Ad 1@WH(B(X)® 1), v®@a' >,

it follows from the right hand side that (4.6) is bounded by | x| under
the assumption of Lemma 4.3.

Lemma 4.4. Let ¢ be an element of R(G), satisfying A.¢ e K(G),
and |44 =1.
(1) If ¢ is an element in R(G), with Ay e K(G), the integral

(4.10) ey gar

exists in R(G), and coincides with .
(i) If x=p,(x) for some Aype K(G), the integral

@,11) [Brsdr
exists in N and coincides with x.

Proof. (i) Since A.¢, L,y eK(G) and car A ((A(r)*¢)W) =(car A, P)r
near gy, r—>(Ar)*¢)y has a compact carrier. Since |(A(r)*o| <
loll ¥l and r—>(A(r)*¢W is continuous by Lemma 4.2, (4.10) exists
in R(G),. Since

S</1(s), A(r)*¢>dr=g<z(r)*, b>dr=1

for all se G by assumption, we have for any f in L!(G)

<), ¥> =S</1(r)*, b>dr<i(f), ¥>
= Sg F(5)<yA(s), A)* @y > drds

= <i(, {00 opdrs .
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Since A(L'(G)) is o-weakly dense in R(G), ¥ is given by (4.10).

(i) By a similar reason as in the proof of (ii) in Lemma 4.3,
(4.11) exists in N and is bounded. For any we N, and any i € R(G),
with A,¥ € K(G)

<BE), 0@ > = <fx), 0@ S >dr
(4.12)

=< ,B(Sﬂ,l(,w(x)dr) w@y>. (By (4.3).

Since the set of € R(G), with A, e K(G) is dense in R(G),, the linear
span of w®y with A,y e K(G) is dense in (N®R(G)),. Therefore (4.11)
coincides with x. Q.E.D.

Lemma 4.5. If xe N, then x belongs to the von Neumann algebra
generated by f,(x) with A€ K(G).

Proof. Let N, be the von Ncumann algebra generated by f,(x)
with A*y e K(G). If we N, annihilatcs on N, then

(4.13) <B(x), 0®Y > = <Py (x), > =0

for all ¥ with A,/ e K(G). Since the set of all Y with A, e K(G) is
dense in R(G)y, (4.13) holds for all ¥ € R(G),. Therefore B(x) belongs
to No®R(G) by [19]. By considering fB,(x) as x in (4.13), B[ Ny is a
dual action of G on N, and hence xe N, by [22, Proposition II. 1.1].

Q.E.D.

5. Spectrum of S

The spectrum of an action of G on a C*-algebra was investigated
by the method of abstract harmonic analysis, [2]. We shall define the
corresponding concept for a dual action of G on N by using the same
ideas. When the set of x in N is trivial whose spectrum with respect
to B is {e}, B is considered to be ergodic.

The basic theorem in Gelfand's theory for a commutative Banach
algebra tells us that therc is a bijection between the set of all maximal
regular ideals m of R(G), and the spectrum G satisfying
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5.1 mt=CAt) and {A)}t=m

for te G. The Tauberian theorem is generalized by Eymard [5] as the
following: if m is a closed ideal of R(G)s such that for any te G there
exists a ¢em with <A(t), > #0, then m=R(G),. Therefore every
proper closed ideal is included in a maximal regular ideal.

Definition 5.1. For any ¢ in R(G), let I'(¢) denote the set of all
te G with <A(f), > =0. Let

sp(B)= n{I'(¢): B»=0}
(resp.spg(x)= N {I'(¢): B4(x)=0} for xeN).

Let mg (resp. m,) denote the set of all ¢eR(G)y with B,=0 (resp.
By(x)=0).

From (i) in Lemma 4.1 it follows that m,; and m, are closed ideals
of R(G)y and sp(p) (resp. spy(x)) is the hull of my (resp. m,). Besides,
if spy(x)=¢, then m,=R(G), by Tauberian theorem and hence x=0.

Proposition 5.2. For a non zero xeN and teG the following
four conditions are equivalent:

(i) spy0)={1};

(i)  B(x)=x@A(1);

(ili) By(x)=<A(t), p>x for all ¢ € R(G)y; and

@iv) @,(x)=<x, 0>A(t) for all we N,.

Proof. The -equivalence among conditions (ii), (iii) and (iv) is
immediate from (4.1). It suffices to show the implications (iii)=>(i)
and (i)=>(ii).

(iii)=() Suppose the condition (iii). Since B4(x)=0 implies <A(?),
¢>=0 for all ¢eR(G)y, we have tespy(x). For any seG with s#t¢
we can select a ¥ in R(G), satisfying <A(f), y>=0 and <A(s), y> #0.
Since <A(t), y>=0 implies B,(x)=0 by assumption, s does not belong
to spy(x). Since s is arbitrary with s#t, the condition (i) is obtained.

(i)=>(ii) Suppose the condition (i). Let m, denote the maximal
regular ideal associated with teG by (5.1). Since m, is included in
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m, but not in mg with s#t, m, is primary. By using [5, (4.10)], m,=
m, and hence

<(pw(x)3 ¢> = <ﬂ¢(X), w>=0

for all ¢em, Since m, is a maximal regular ideal, @,(x)=u(w)A(t)
for some w(w)eC. From the linearity of @, in weN,, and [P, (%)
<|lx|| lo] it follows that u is a bounded linear form on N,, namely,
we have a y in N with ®,(x)=<y, o>A(t). Since for any w in N,
and any ¢ in R(G),

<B(x), 0Q P> = <D (x), >
=<y, 0> <), p>=<y@iUt), 0P >,
we have f(x)=y®A(1). Since
B®UD)=(B®) (y@ A1) =(B®)B(x)
=(@MB(x)=(®) (YR =y@UN®A1),

we have (B(y)—y®A()®A(f)=0 and hence B(y)=yRA(t)=p(x). There-
fore x=y and hence f(x)=x®A(s). Q.E.D.

Definition 5.3. Let N/ denote the set of all x in N with spy(x)
={e}, and M the fixed point algebra of «, for all teG.

The following proposition is not necessary for later use. For each
element y e R(G) the carrier supp(y) of y is defined by Eymard [5] as
sp,(y). We can describe spy(x) in terms of the carriers of @,(x), w € Ny.

Proposition 5.4. spy(x) is the closure of the union of sp,(P,(x))
for all w in Ny.

Proof. If we N, and y € R(G),, then

<V§(Pu(X)), ¥ > = <P(By(x)), 0@y >

by (iii) in Lemma 4.1. Hence B,(x)=0 if and only if y,®,(x)=0 for
all w in N,. Therefore
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m,= N {(§ €RG)s: 762u(x) =0},

whose hull gives the desired result. Q.E.D.

6. Fixed Points of @ and S

Let « be an action of G on M and & the dual action of G on
M®,G dual to a. A generalized conditional expectation of M®,G onto
(M®,G)% has been investigated by Landstad in his forthcomming paper,
[9]. Using his results, we shall show that (M®,G)*=a(M). Similar
argument for a dual action f of G on N has been developed by Haa-
gerup, [6]. In the latter half of this section we shall give an independ-
ent argument in order to show (N®§G)f=p(N).

The case of a.

K(G) is a left Hilbert algebra with respect to a product (f, g)—
f#g, an involution fi>f and an inner product (flg)=I(fj). Using the
left representation n of K(G) we have

(6.1) (®()g) ) =(f*g) ()=(A'(4"2 f)g) (1)

The modular conjugation J of K(G) is of the form (Jf)(£)=4(t)'/2f(1)
and A'()=JA(t)J. Therefore R(G)' is generated by A'(G) aad it is the
left von Neumann algebra of K(G) by (6.1). The extension iy over
m, of the canonical weight ¥ on R(G), associated with K(G) is given by

Y@@ ) =vm@)*n(f)=(fl9)=(G*/) (@),

where e denotes the unit of G. We denote by w, the weight on R(G)
defined by Y oAdJ. Then

w(AAV2(Gx ) =(g*[f)(e).
Let F be a net in R(G)3 such that A,F<K(G) and
(6.2) w(x)=sup{<x, ¢>:¢peF} x e R(G), .

Let f be a dual action of G on N. If yeN,, then {B4(y): p€F} is an
increasing nct in N,. Define a generalized conditional expectation
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Eg; for ye N, by
E/J(.V)E sup {ﬂ¢()’): peF}.

Since w®w, for we N} is a semi-finite normal weight on N®R(G),
we have

<E\y), o> =sup <Bs(y), 0> =<p(y), o®w,>

for ye N,. Let n, be the set of all xe N such that
<Px*x), 0@w,> <p o]  weN

for some p,>0. Since x*y*yx<|y|2x*x, ny is a left ideal of N. Let
my=njin, and E,, be the linear extension of E; over m, Then E;
satisfies

(1) Eg(x+y)=Exx)+E4y) X, yEN,
(ii)  Eg(ux)=pE4(x) 1=0

(i) x,1x implies Eix,) 1 Ei(x)  x,eN,
(iv) BEN2)=Ex2)®1¢ zemg
(v) Ey(b*zb)=b*E4(2)b beN,,

where N, denotes the set of all xe N with B(x)=x®1s. For instance,
(iv) is proved as follows: If zem}, we Ni and Y eR(G)f, then

<P(E(2)), oQ@Y > = sgp <B(B4(2), 0@V >
=sup <(c@Y)B(z), ¥R PRY > (By (4.3)).

According to the choice of F in (6.2) we may assume that <A(t), ¢>dt
converges to g,. Since

<(®PRAS)), vQ@PRY >
—<x, w>§f(t)<l(t), b> <A(f), Y>dt,

the right hand side converges to

<x, 0>f(e)<lg ¥>=<x@Nf), v®w,> <14, ¥>.
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Now, let o be an action of G on M, N=M®,G and f=4. Using
results of Landstad [9, Lemma 2.8 and Corollary 1.3], we know that

(@) if feA(G), then 1,®A(f)em, and E,(1M®2(f))=</1(f),
w,>1y

(b) NgmgNgcomy

() Egmp=N,

(d) the mapping yemﬂv-—»E,,(b*yb) is o-weakly continuous for
each bemny.

For example, (a) is shown by

<BUu®A), 0RYRw,>
=[r0<1.@0, 0ov@o>d By 2.9)

=f(e)<1y®ls 0@ >
=< <'1(f)’ we>1N’ w®W>
for any fe A(G). Using these results we have the following proposition.

Proposition 6.1. If o is an action of G on M, then a(M)=(M
®.G)2.

Proof. Let N=M®,G and p=4. By virtue of Proposition 5.2,
NE=N,. Since a(M)cN, by (2.9), we have only to show the converse
inclusion.

Let N, be the set of all

[ u@i@paoar

with t—x(f) in K(G, M). The linear span N; of all y*x with x, yeN,
is o-weakly dense in N. Since the convex cone N7 spanned by x*x
with xe N, generates linearly N,, N7 is o-weakly dense in N,. Since
N,cm, by (a) and (b), N{ is g-weakly dense in mj. It follows from
(d) that Eg((1,®A(g)*)N1(1,®A(g))) is o-weakly dense in Ez((1,®4(9)*)
mi(1,,®A(g))) for all geK(g). Since Ez is normal by (iii)

U Eg((1®@MUg)*)mj(1,,®4(9)))
geK(G)
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is o-weakly dense in Ey(ny)=Nj(by (c)). Consequently,

U El(1y®Ug)*INT(1y®2(g))
geK(G)

is o-weakly dense in Nj. Since Ey(1,®@MUg9)INT(1,®A(g))ca(M)
by (v) and (a), we have Njca(M) and hence Nyca(M). Q.E.D.

The case of p.

Let’s recall o, defined by (2.4). Let I' be the left invariant Haar
integral or I'(f)=I(4f). Since I' is a semi-finite faithful normal weight
on L*(G), there exists an increasing net Fc K(G), such that

(6.3) I'(f)=sup{l(fg):g€F}, feL*(G),.

If yeM,, then {ay):geF} is an increasing net in M,. Define E,
for ye M, by

(6.4) E(y)=sup{o,y):geF}.

Since w®I' for we My is a semi-finite normal weight on M®L*(G),
we have

(6.5) <E/(y), o> =sup <a(y), o®@g>= <o(y), o@4> .
g9

Since E/(y) is not necessarily bounded, we shall take out the bounded
part by considering the set n, of all xe M such that

(6.6) <a(x*x), o®4> < u, || we ML

for some p,>0. Since x*y*yx<|y|2x*x, n, is a left ideal of M. Put
m,=nk¥n, E, is, by (6.4), linear and normal on M, and is extended
canonically over m,, which is denoted by E,.

Lemma 6.2. Let oo be an action of G on M and let M, be the
set of all xeM with a(x)=x®1. If E, and m, are defined as above,
then

(1) E(x+y)=E(x)+EJy), x, yeM,

(i)  E(ux)=pE,(x) 1n=0

(iii) x, 1t x implies E(x,) 1 E(x) X, eM,
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(IV) O((Ea(Z)) = Ea(z)® 1 G zZ€E m,
(v) E/(b*zb)=b*E(2)b beM,.

Proof. (i), (ii) and (iii) are already shown in the above. We have
only to prove (iv) and (v).
(iv) If zem}, we M and fe L'(G)., then

<U(E,(2)), o®f> =sup <a(x,(2)), o®f >

(6.7) =sup <(z), o®(f*g)> (By (2.5)
=<a(2), o®4> <14, f>=<E,(2)®1;, 0Q®f >.
Since w®f are total in (M®L®(G))y, we have

a(Ea(x)) = Ea(x) ® 1G

for xem,.
v) If beM, xeM, and we M, then

<bE(x)b*, o> = <E,x), b*wb>
= <a(x), (b*wb)®4> = <(b®a(x) (b*®1), ©@®4>
= <a(bxb*), 0RA4>.

Q.E.D.

Lemma 6.3. Let f§ be a dual action of G on N, M=N®4G and
a=p. Let m, and M, be as in Lemma 6.2.

(i) If ge LY(G)n L*(G), then 1y®gem, and E,(1y®g)=I(g)1y.

(ii) MmM,cm,.

(i) E(m)=M,.

Proof. (i) If éex and fe L2(G), then
<u(1y®9), 0:Q0,Q4>
6.8) — <1,®¢9, 0,®If1?®4> (By (2.12)
= <1y, o> {{g@ 191 r @ awdsds

= <1M9 w§®ﬂ)f>l(g).
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Since w,®w, are total in My, Iy@gem, and E,(1y®9)=I(g)1.
(i) If beM, xen, and we M,, then

<a(b*x*xb), o®A4>
=<(d*@1)a(x*x) (b® 1), w®4>
= <a(x*x), bob*®4>
Stllbwb*| = p o] b

by (6.6). Therefore n,M,cn, and hence M,m,M, <m,.

(iii) Since E,(m)cM, by (iv) in Lemma 6.2, it suffices to show
the converse inclusion. If xeM, and geL'(G)n L*(G), then (1y®g)x
em, by (ii) and

E(1ly®9)x)=1(g)x

by (v) of Lemma 6.2 and (i). Thus x € E (m,). Q.E.D.

Proposition 6.4. If [ is a dual action of G on N, then B(N)=
(N®§G) .

Proof. Let M=N®$G and o=p. It is known that M*=M,.
Indeed, M*cM, is clear. If xeM,, then o(x)=x locally almost every-

where in teG. Since s—oyx) is o-strongly* continuous, a(x)=x for all
s. Thus xe M.

Since B(N)cM, by (2.12), it suffices to show the converse inclusion.
We first notice that the mapping yem,—E(Iy®9)y(1y®g))eM, is o-
weakly continuous for each geF, where F is a net in K(G), defining
I' given at (6.3). This is because

llo(1 y ®9) (W@ A1y ® ) < 1 gl 0l
by (6.6) and
<E(1y®9)y(1y®9)), 0> = <a((1y®9)y(1y®9)), v®4>
= <a(y), (1y®g) (0@ N)x(1y®g)>.

Let M, be the linear span of
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ORI

with t—y(t) in K(G, M) and fe K(G). The linear span M, of all z*y
with y, ze M, is o-weakly dense in M. Since the convex cone M7 span-
ned by y*y with yeM, generates linearly M,;, M1 is o-weakly dense
in M,. Since M;cm, by (i) and (ii) of Lemma 6.3, M7 is o-weakly
dense in m}. The o-weak continuity shown in the above implies that

E(1x®9)Mi(1y®g)) is o-weakly dense in E((1y®9)m;(1y®g)) for all
geF. Since E, is normal by (iii) in Lemma 6.2,

% E(1x®@9)m;(1x®9))

is o-weakly dense in E/(m})=M}, which is due to (iii) of Lemma 6.3.
Consequently, since E, is normal,

;EJFEa((lN®g)MT(1N®g))

is o-weakly dense in M}. Since E((I1y®g)MI(1y®g)) is included in
B(N) by Lemma 6.5 below, we have M}cfp(N), namely, M,<p(N).
Q.E.D.

Lemma 6.5. E,((1y®9)A(x)(1xy®9)) € f(N).

Proof. Since (1y®g)p(z)(1y®g)em, for all ze N, we may assume
that sp,y(x) is compact by Lemma 4.5. Denote by F the function on
G:

r— gg(tr‘l)g(t)A(t)dt.

Then F=A,p for some pe R(G),. Therefore

<E((In®9)8(x) (1x®9)), 0>

= <o((In®9)B(x) (1y®9)), ®@4>
=lim < S Baoys)® <A(r), p>A(r)dr, &>

= <B(B,(x), &>
Q.E.D.
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7. Duality for Crossed Dual Product by S8

We shall show another duality theorem for crossed product, which
is also a generalization of Takesaki’s duality.

Theorem 7.1. Let N be a von Neumann algebra on . Let
B be a dual action of G on N,a=p and B=4& Let © be a faithful
representation of N on A" ®L?2(G)®L2(G) defined by

(7.1) () =(1QW) (B(x)®16) (1@W)*

for xe N, where W' is defined by (1.9). Then
(i) (N®§G)®,G is isomorphic to N®B(L*(G)) and the isomorphism
transforms m(x) in the former to x®1; in the latter; and

(i) U*B(n(x))U=(z@)p(x),
where U is defined on o @ L>(G)®L?*(G)®L?*(G) by

U (r, s, n=L(r, s, 1s72r).
Before going into the proof we shall prepare the following lemmas.

Lemma 7.2. (i) If y, is defined on L2(G)®L?*(G) by AdW'(1;®
A'(r)) or

) (s, D=A()2L(s, srm1s™10),

then y, belongs to the von Neumann algebra generated by eL*(G) and
1,®R(G), where (ef)(s, )=f(t"1s).
(i) AdWAMNRA[P)=Ar®1;.

Proof. (i) For each f and g in K(G) we set
X7.4= 40012 (6(,-1) (1@ Mar1a=1)f (@)da.
We may assume that ge K(G) and |4g|l;=1. If £e K(GxG), then
(74D D
= 40912 {(@-0) (@ Har1a= DO s, 1 (@)da
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=A(r)1/2Sg(r- tsa=)(s, tar-'a-")f(a)da

= Sf(at‘ 1)g(a=D)A(r)Y2E(s, tat™tsr1s™ 'ta~V)da .

Since |lx,, I <42 f| |49, when (d4g)(a)da converges to &, X,
converges weakly to (ef)y, Since x,, is in the von Neumann algebra
B, generated by eL*(G) and 1;®R(G), so is (¢f)y,. Since 1;®1; is
in the weak closure of ¢K(G), y, belongs to B,.

(i) If £e L?>(G)®L?(G), then

(WAL ()W &) (s, 1)
=A(sr)V2(W'*E) (sr, r~ 157 11)
=&(sr, D=((AN®1)E)(s, 1).

Q.E.D.

Lemma 7.3. Let ¢ and Y be elements in R(G), with L., AW
€ K(G) and o' an element in B(L2(G)®L?*(G))4.
(i) The following four integrals exist as vector forms

Foy= S(l(")*db)l// ®y,-1w'dr
Fiu= S(i(r)*tb)w@w'(lG@A’(r))dr

Gy

§<A(r)*, > (1@ 2(F)*) ('sAd W'))dr

63 g<l(r)*, &> ((w'sAd W'*)y,)dr.
(ii) If weN, and yeN, then

Proof. The proof for F3, and G} proceeds similarly as that for
F} , and Gj. We have only consider the latter.
(i) We first consider F} ,. Since r—A(r)*¢ and re—y,..0" are
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continuous by Lemma 4.2, r—(A(r)*¢W®y,-:w’ is continuous. Since
Ae®, A € K(G) and car A (A(r)*¢)W) =(car A d)r N car A ¥, r—>(Ar)*dW®
y,-10’ has a compact carrier. Therefore F} , is Bochner integrable and
hence it is the norm limit of vector forms.

As for G} we have only notice that A,¢e K(G) and r—>(1c®A'(r)*)
(w'eAd W’) is continuous.

(i) We first show that

(7.3) <Pz®lg, F} > =<7,z®1g, Gy >

for all ze R(G). Since Fj , and G} are vector forms, it suffices to show
(7.3) for all A(f) with fe L1(G). Now, if fe L(G), then

<YAMN)®lg, F} >

= [10<20@10816, Fy 4> ds

(714) =

A

A%, > <y MOV (F)*, w'-Ad W'>dr

= <’y'11/1(f)®1G, Géz>a

where the third equality is due to the Fubini theorem and the right

invariance of Haar measure, and the fourth equality follows from Lemma
7.2

Now we replace z in (7.3) by &,(y). Then we have
<y(pw(y)®165 F:}S,lll> = <ylﬁ¢w(y)®161 G(};>
=<?,B,(N®1g G4>

= <fBy(M)®1s, ®@G}>,
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where the second equality is due to (ii) of Lemma 4.1. Thus (7.2)
for j=1 is proved. Q.E.D.

Proof of Theorem 7.1. Let M=N®jG and D=MQ®,G. Since
M is generated by S(N) and 1®L>(G) and since D is generated by a(M)
and 1,,®R(G), D is generated by

B(N)®1g, 1®eL*(G) and 1®1@R(G)
by (2.12). Let Q(f)=1®ef and A,(N=1®1;®A(r) as in (1.10). Since
A2(NQ(N)A(r)*=Q(f,-1)

by direct culculation, Q¢ and A, satisfy the commutation relation, [10].
Therefore the von Neumann algebra B generated by Q(L®(G)) and
1®1;®R(G) is isomorphic to B(L?(G)) and hence D is isomorphic to
(DnB)®B. 1t is clear that A,(r) commutes with 1®@W’ and B(x)®1;
and hence 7n(x) commutes with A,(r). Since for any zeN and reG

(1@W) (z@AN®16) 1@ W™)E) (5, )= A(r)~1/22¢(sr, srs™11),

it follows that AdI®W'(z®Ar)®1;) commutes with Q(f) and hence
that m(x) commutes with Q(f). Therefore n(N)cB'.

Now, we shall show that n(N)cD. Choose xe N and ¢, € R(G),
with A, A € K(G). Since rPiys4y(X) has a compact carrier,
the integral

[BBaeronn@19 1@y, )dr

exists for every ¢eR(G),. We denote it by x,,. Then x,, belongs
to D by (i) in Lemma 7.2. For any o' in B(L?*(G)®L?(G)), we have

<Xgy OQW'>
= S < BBary ey(¥)®1g, ©®y,-10">dr

=<y9,(x)®1g, F} ;>
= <B(By(x)®1s 0®G4>

(7.5)

=<Ad1® W’(ﬂ(ﬁw(x))®g <AP)¥, ¢>A(r)*dr), o@w'>
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where the second equality follows from (iii) of Lemma 4.1 and the
third equality follows from Lemma 7.3. Since we may assume that
A€ K(G), and |4i,¢p|,=1, the norm of the first argument of the
right hand side of (7.5) is majorized by |B,(x)ll. Further, since w@w’
are total in the set of all vector forms, x,, is bounded by |pB,(x)].
Since w®w’ are total in D, (7.5) shows that x,, converges o-weakly
to

Ad I W' (B(y(x)®16)=n(B(x))

as  <Ar)*, ¢>dr tends to ¢, Since x,,€D, n(f,(x))eD. Since x
is in the von Neumann algebra generated by f,(x) with ¥ € R(G), and
Ay € K(G) by Lemma 4.5, n(x) belongs to D.

Next, we shall show that B(N)®I; is included in (n(N)U B)". For
cach ye N we denote by y,, an element of the form

(B aronM@ 2@,

where ¢,y are in R(G), with A.¢, A, € K(G). Since y,=Ad W'(1;®
A'(r)) by (i) in Lemma 7.2, AdI®W'(y,,) belongs to (n(N)U B)". For
any o' in B(L*(G)®L?*(G)), we have

<V PR >
= [ <BBurronMB 15 0B 1@ >dr
(1.6) = <0,()®le, Fly>
= <BB,(»)®1s, ®RG3>
= <AI@W (B, (N® 1| <)%, $>1@y.dn), 0@a'>,

where the second and third equalities follow from Lemmas 4.1 and 7.3,
respectively. Since we may assume that A,¢eK(G), and [4i.9|;=1,
Ve is bounded by [B,(y)| by a similar reason as before. Since w@w’
are total in the predual of Ad1®W*(n(N)U B)", (7.6) shows that y,,
converges o-weakly to
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Ad 1@ W™ (B(By(»)®16),

as <A(r)*, ¢>dr tends to e, Since AdI®W'(y,,) belongs to (m(N)
UB)", B(By(y)®1; belongs to (a(N)UB)” and hence B(y)®1ge (n(N)
U B)".

Consequently, we have shown both that wn(N)UBc<D and that
BINN)®1)UBc(n(N)U B)”. Since D is generated by B(N)®1; and B,
we have D=(n(N)U B)". Since n(N)eDnB’,D is isomorphic to =n(N)
®B.

(i) Put Upy=U*(IR@1;0W)*(1®@W'®1;). Then

(7.7) Ued) (1, 5, )y=A(r)1/2&(r, r1s, tr2s).

Here, by Lemma 4.5, we have only to show (ii) for x with compact
spp(x). If ¢peR(G), and A.¢pe€K(G), then for any aeG

(([rare@i@@16®16da)Use r, 115, 1-25)
= [Brrs U3 a1, r-25)da
(1.8) = Sﬁl(,,w(x)d(m)‘1/2§(ra, rar1s, ta)da
= (B 1OW @1 ¢a, 15, ta)da

- ((Sﬁ,l(,,)w(x)@/l(a)@ 1G®/l(a)da>(1 RW'® 10)*§>(r, 15, 1),

Here we assume that w, belongs to the algebraic tensor product N,O
R(G),OR(G)+OR(G),. By virtue of (ii) in Lemma 4.3 if <A(a)*, ¢>da
converges to &, the left hand side of (7.8) multiplied by 4(r)!/2 con-
verges to

ANV H(Bx)®1e®1)UE (r, s, tr2s)
=Uo(B)®1c®1a)UEE) (r, s, 1)  (By (7.7))
=(U*B(r(x)UE) (1, 5, 1).

Define a unitary U, on # ®L2(G)®L*G)®LG) by
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(Ul(:)("a S, t)Eé(ra ts S)

and put U,=(1®@W'®15)U,. Then the right hand side of (7.8) mul-

tiplied by 4(r)'/2 converges to
ANVAU(@NBE)R1QUII® W' ®16)*E) (r, 115, 1)
=(U,((«®@Bx)®1x)U3E) (r s, 1)
=(U1((B@)B(x)®1)U3E) (r, 5, 1) (By (2.4))
=(((r@)B)NE) (r, 5, 1).

Since the set of ¢ considered there is dense in " ®L?(G)® L3(G)® L3(G),
we complete the proof of (ii).

Combining Proposition 6.4 and Theorem 7.1, we have the follow-
ing corollary.

Corollary 74. If M is of the form N®jG for some N and a
dual action [ of G on N, then

(i) M==p(N) for a=p; and
(i) M®,G is isomorphic to M*® B(L?(G)).

The existence of a pair {N, f} in the above corollary is always
assured by Thecorem 3.1 whenever M is properly infinite and G is se-
parable.

Combining Theorem 3.1 and Proposition 6.1, we have the following
corollary.

Corollary 7.5. If N is of the form M®,G for some M and an
action o of G on M, then

(i) Nf=w(M) for f=4; and
(i) N®4G is isomorphic to NF®B(L%(G)).

The existence of a pair of {M, «} in Corollary 7.5 is assured by
Theorem 7.1 whenever N is properly infinite and G is separable.
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8. Haga’s Factorization of Crossed Product

In this section we shall establish a structure theorem of a crossed
dual product corresponding to the Landstad’s theorem which gives a
necessary and sufficient condition for a given von Neumann algebra
to be a crossed product with respect to a given locally compact group.
Combining this theorem with the Takesaki’s duality of second type,
we can give a sufficient condition under which a Haga’s factorization for
a crossed product is possible.

Theorem 8.1 (Landstad [9]). Let N be a von Neumann algebra
and G a locally compact group. The following two conditions are
equivalent:

(i) there exist a von Neumann algebra M and an action a of
G on M satisfying N~M®,G; and

(ii) there exist a weakly continuous unitary representation u of
G in N and a dual action f of G on N satisfying Bu(®)=u(®)®
At) for all teG.

Proof. (i)=>(ii) We may assume that N=M®,G. If we put f=4
and u(f)=4,(t), then (ii) follows from (2.9).

(ii)=(@) Let m; and N, be as in Section 6. Let F be an increasing
net given at (6.2), namely, w,=sup{w: we F}.

First we shall show that N is generated by N, and u(f), teG.
If ¢eF, yemy, we N} and ¢ € R(G)§, then

<PBs(yu()*)u(1), 0@y >
= <B(By(yu(t)*)), u(w @)Y >
= <Byu(®*®), uo¢(ANY)>  (By (4.3))
= <B(»), o@D Py >.

Since we may assume that <A(f)*, ¢>dt converges to e,

8.1

<[ e, 0ov> = <p0), 0@y>

by (8.1) and hence
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y = Ex(utyuCd:.

Since my is o-weakly dense in N,, N is generated by N, and u(f),
te G by the fact that Eg(mg)=N,.

Next, we notice that Adu(f) is an action of G on Ny Indeed, if
x€ Ny, then

Bu(®xu(t)*)=Ad u(@ A1) (x® 1) = u()xu()*®1¢

and hence Adu(t)(Ny)=N,.
Finally we shall show that N is isomorphic to M®,G, where M
=N, and a(x)=Adu(x®1;) for xe M. Since

(u*(1 @ A))us) (s)=u(s)*(us)(sr)
=u()&(st)=(w(O@A1)S) (5)=(Bu(1))%) (5)
for ¢ in L%(G, #°) and

(8.2)

(8.3) u*a(x)u=x®1;=p(x)
for x in M=Ngy we have M®,G=Adu-f(N) and hence N is isomor-
phic to M®,G. Q.E.D.

If we combine Corollary 7.5 and Theorem 8.1, we will have the
following theorem.

Theorem 8.2. Let B be a dual action of G on N. If there exists
a weakly continuous unitary representation u of G in N satisfying
Bu()=u()®A(t) for all teG, then N®JG is isomorphic to NF®
B(L*(G)).

Proof. According to Theorem 8.1 there exists a von Neumann al-
gebra M and an action a of G on M such that N is isomorphic to
M®,G. Put p=Aducf. Using (8.2) and (8.3), we have pu(t)=
A4(t) and p(x)=a(x) for xe N4 Since

(P®)P(x)=p(x)®1=a(x)®1¢

=8(a(x)) =&(p(x)) (By (2.9))

for xe Ny and
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(p®)Bu(1)=(p®1) (A1) =2, (D@ A1)
=8(4,(0)=3(p(u(1)),

we know that (p®:)of=8-p and hence that f is a dual action dual
to o through the isomorphism p. Therefore by Corollary 7.5 we com-
plete the proof.

Theorem 8.3. Let M be a von Neumann algebra and G a locally
compact group. The following three conditions are equivalent:

(i) there exist a von Neumann algebra N and a dual action f
of G on N satisfying M~N®4G;

(ii) there exists an action « of G on M and a Hilbert space A
such that 1,®L*(G)cM and o(l,®f)=1,Qsf (or a(l,®f)=1,®
fi-1 for all te G); and

(iii) (assume that M is standard) there exist an action « of G
on M and a weakly continuous unitary representation v on a Hilbert
space A such that 1,Q®L*(G)cM and a,=Adv()@A'(t) | M for all
teG.

Proof. (i)=(i) We may assume that M=N@®4G. Put a=p.
Then 1y,®QL®(G)cM and a(ly®f)=1y®ef by (2.12). Therefore

% (In®f)S(0) = («(1y®f)) (1)
=((In®cf)E) () =1y ®f-1)<(1)

and so a(1y®f)=1y®f,-: for all teG.
(ii))=>(iii) We have only to show the existence of a weakly con-
tinuous unitary representation v on - such that ¢,=Adu(t)@A'(f) on M.
Now we may assume that «, is implemented by a weakly continuous
unitary representation u of G on # ®L?(G) by considering M to be
standard. Since by (ii)

Adu(r)(1,®)=a1,Qf)
=1,Qf-1=Ad 1,2 (") (1,8f)

for all fe L*(G), we have (1,®A'(r))*u(r) e B(#")® L*(G). Therefore there
is an essentially bounded weakly mcasurable function reG-u(r) in
L*(G, B(#")) such that o(r) are unitaries on % for all reG and u(r)
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=p(r)®A'(r). Since u is a representation of G, so is v. The continuity
of unitary representation is immediate from measurability.

(iii)=>(i) Let m, and N, be as in Section 6. Let F be an increasing
net given at (6.3), namely I'=sup{g:geF}.

First we shall show that M is generated by M, and 1,®L>*(G).
Suppose that yem, I keK(G),geF, weB(X )y, heL*(G) and fe
L1(G), then

<o((14®,-1k) (1, ®,-1k)y)), 0@, ®f >
= <°‘(°‘g((1x®r-lk)y))a ORWy@1,(er-1k)(hDS) >

(8.4)
= <o(1 4 ®,-1k)y), O® W41, ((e- 1k)K® ) E(1c®9) >

=<uy), ORWy@1,1,>

A

where % indicates the convolution product with respect to the second
argument, Wz, x(A(a)@H)=IRI(K(,h®H)) for H e L*(G) and

L= (&-1k){((e,-:k) (h®F)*(16®9)} -

Since
(s, D=k( 1571 (@) BB G5, 1h~g(B)eb
=k 51*) (b5 h(s) £ (tbg(b)db
= k(= 51=1) (b)) £ 5716 g(brs~ )b,
we have, by right invariance of Haar measure,

Sl,(s, f)dr= Sk(r‘l)Sk(b)h(s) F(tr= b~ )g(br)dbdr

—(h® Sgk(r'l)k(br‘l)g(b),,-l fdrdb)(s, i)

=(h@(f+((k*k)g)) (s, 1),

where l;(r)Ek(r‘l). Therefore
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[ <o, @,-112,((1,®,- ), 0@, @ >dr

(8.5) v
= <o(y), 0@w,Q(f*((k*k)g))>

by (8.4). If geF converges to 4 in the compact convergence topology,
<ol [(10®,-RE(1c®,-)ir), 0@, 81 >

= <a(y), 0@, ®(f*(k®k)4))>

by (8.5). If (k*l\é)(r)dr converges to g, then
(8.6) [(1c®,- 1.+, y)dr

converges o-weakly to y. Since the element at (8.6) belongs to the von
Neumann algebra generated by M, and 1,®L®(G), so does y. Since
m, is o-weakly dense in M as in the proof of Proposition 6.4, M is
generated by M, and 1,®L>*(G).

Now we define a unitary w on A" ®L?*(G)®L2(G) by

W& (s, N=A(ts71)1/28(s, st71)
and an isomorphism f by
Bx)=Ad w(x®1¢)

for all x in M, Then (W*&)(s, )=4(t)1/2&(s, t=1s). We shall show
that f§ is an isomorphism of M, into M,®R(G).
Since w*(1,,@A'(N)w=1,QA(r) by

(W*(1 @V (MIWE) (s, = A1)/ 2(1 @ (r)WE) (s, 7 15)
=A(tr)'12(we) (s, r 117 1s)=¢(s, tr)=((1,@AUr)E) (s, 1),
we have, for any x in M,,
wx@1a)W*(1@A'(N)=w(x®16) (1 @ A(r))w*
=w(1 @A) (x@1e)w* =1, @A (MW(x@1)w*

and hence



VON NEUMANN ALGEBRA AND TAKESAKI’S DUALITY us!
(8.7) w(x®16)w* € B(#" ® L2(G))QR(G).

Since M'<B(X#)®L>(G) by assumption (iii), if yeM’, then y is
an essentially bounded weakly measurable function rey(r) in L*(G, B("))
and hence [w, y®14]1=0, for

Wy ®16)8) (s, N=A4(ts™1) 2 (y®16)E) (s, st71)
=A(ts1) 2 y(s)e(s, st=)=p(s) WE) (s, 1)
=((y®1e)wd) (s, 1) .
Therefore, for any x in M,,

[w(x®@1)w*, y®@16]=0
and hence by (8.7)

(8.8) w(x®1,)w* e MAR(G).

Here we set u(f)=v(t)®A'(t) on #" @®L?(G). Since w*(u(r)®lg)w=u(r)
®4'(r) by

W*u(P@16)we) (s, D=A4(N)""*(u(®1)we) (s, t71s)
=A(r)' 2o(r) (W) (r~ s, 171s)
=A(r)o(r)é(r=s, I D= (M)E) (s, D,
we have, for any x in M,
u(r)®16) (Wx@1)w*) (u(r)®16)*
(8.9) =wu(r@1'(r) (x®@1¢) U(r)@'(r)*w*
=w(e(x)@1w* =w(x@1s)w*.
Combining (8.8) and (8.9), we have
(8.10) w(x®@1)w* e M,QR(G),

which shows that f is an isomorphism of M, into M,®R(G).
Next we shall show that § is a dual action of G on M,. Define a
unitary U, on 4" ®L*(G)®L?*(G)®L*(G) by
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(Ulé)(n S, I)Ef(l‘, t5 S)

as (7.9) and put w=U,(w®15)U%. For z in K(G, B(#")) we put

5= gz(a)®i(a)da .
Since

Ad(W®1p)W) (E®1:®14)

- Sz(a)®z(a)®z(a)®z(a)da

and
Adw(ER1g)= gz(a)®,1(a)®x(a)da

by direct culculation, we have
(8.11) Ad(w@®Dwer®y=c®@y-Ad w

on Z®1;. Since the set of all Z is weakly dense in B(#" ®L2(G)),
(8.11) holds on M,®1; and hence f satisfies (2.6), which shows that
B is a dual action of G on M,.

Finally we shall show that M is isomorphic to N®4G, where N=
M,. Since

(8.12) W*B()w=x®1¢=a(x)
for x in N and
(W*(AN®IWE) (s, =AD" 2((1xy@ IWE) (s, t715)
(8.13) =f@"1)A@0) 2w (s, t71s)=f("'5){(s, 1)
=a(1,®f)(s, )=((1,®f)E) (s, 1)

for f in L*(G), we have N®4G=Adwea(M) and hence M is isomorphic
to N®4G. Q.E.D.

Theorem 8.3 gives a sufficient condition under which Haga’s fac-
torization holds for a crossed product, [7], in the following.
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Theorem 84. Let o be an action of G on M. If 1,®L®(G) is
a von Neumann subalgebra of M satisfying o(1,®f)=1,&f,-1 for all
te G, then M®, G is isomorphic to M*® B(L2(G)).

Proof. By virtue of Theorem 8.3 we have a von Neumann algebra
N and a dual action g of G on N such that M is isomorphic to N®4G.
We set p=Adwon. It follows from (8.12) and (8.13) that p(x)=p(x)
for xe N=M, and p(1,®f)=1y®f for fe L*(G). Since

(P®0) (1(x)=p(x)®1c=Bx)®1¢
= B(B(x))= B(p(x)) (By (2.12)
for xe N=M, and
(p®)e(1,®f)=(p®)(1,®ef)=1y®ef
= BUy®N) = Bp(1 ,®f),

we know that (p®c)eo=[fflop and hence o is an action dual to f through
the isomorphism p. Therefore, by Corollary 7.4, we have a desired
result. Q.E.D.

9. Appendix

In this section we shall give a few comments on our results con-
sidered when we use the left regular representation of G on L2(G). Let
J be a unitary involution on L2(G) defined by (J&)()=A(f)1/2E(11).

We set

o'=(Ad1y@J)ea, 8’ =(Ad J@J)obo(Ad J)~1
B'=(Ad1y®J)-p, y'=(AdJ®J)oyo(Ad J) 1
M®,G={o'(M), 1,QR(G)}', N®FG={f(N), 1y®L~(G)}".

Then we have

0.1 (' @0)or’ =(:@8")00’,  (a'(x)E) (=017 '(x)&(7)

9.2) (B'®0)p =(:®7)p
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(0°1) (s, )=f(15), YD =2(O(1)

M®,G~M®,G, N®#G~N®IG.

If we define & and B’ by

2(y)=Ad1,@W'(I®ls),  F(D)=Ad1,®V*(z®1c)

for ye M®,G and ze N®§.G, then

Fx)=a(X)®lg  &(1y®1(r)=1,R(r)®(r)
BPEO)=F®®1s  FUx®N=1x®cf,

where (g'f)(s, )=f(st"!). Besides, & and B’ satisfying (9.2) and (9.1),
respectively.
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Correction. In [13] the unitary V7 in Theorem 2 should be read
as U defined below, and Theorem 3 should be replaced by Corollary
without assuming the unimodularness. o in Theorem 4 shoud be read
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