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Quantum Field Theory in Terms of
Fourier Hyperfunctions

by

Shigeaki NAGAMACHI* and Nobumichi MUGIBAYASHI**

Abstract

The Wightman axioms are extended to the quantum field theory in terms of
Fourier hyperfunctions. The support concept of hyperfunctions is crucial for the formu-
lation of locality and spectral condition. The complete equivalence is proved between
modified Wightman axioms for relativistic theory and modified Osterwalder-Schrader
axioms for Euclidean theory.

§ 1. Introduction

The aim of the present series of papers is to extend as far as possible
the framework of the axiomatic quantum field theory and at the same
time to establish the axioms for Euclidean Green’s functions which are
completely equivalent to a set of axioms for the relativistic vacuum ex-
pectations (modified Wightman axioms). We have shown in previous
papers [11,12] that this aim is achieved on the basis of the theory of
Fourier hyperfunctions which was founded by M. Sato, in place of tem-
pered distributions playing a central role in Wightman’s original formula-
tion of the axiomatic quantum field theory.

Several authors have attempted to extend the Wightman axioms for
quantum field theory so as to include into the theory a wider class of
fields which, owing to singular (or nonrenormalizable) interactions, are
no longer described by tempered distributions [1, 2, 8]. In the first paper
of the present series [11], which will be quoted as NM I, we succeeded
to formulate the quantum field theory in terms of Fourier hyperfunctions

which had been studied extensively by Kawai [10]. The space of Fourier
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hyperfunctions is the dual of the space of rapidly decreasing holomorphic
functions. Since the latter space contains 70 function of compact support
in the usual sense, we are forced to modify the statement of the locality
axiom. This problem was fortunately resolved thanks to a noticeable
notion of the “support of hyperfunctions”. This concept has been effec-
tively also for the formulation of the spectral condition. The remaining
axioms do not require any essential alteration compared with Wightman’s
axioms. The quantum field theory in terms of Fourier hyperfunctions
has been shown to contain all other extensions of Wightman’s formulation
which were constructed concretely up to the present.

In the recent development of the Euclidean field theory it had been
revealed that the temperedness of fields bring inconvenience in asserting
the complete equivalence of the relativistic and Euclidean field theory.
In order to get a reconstruction theorem for tempered fields satisfying the
usual Wightman axioms, Osterwalder and Schrader [14] were compelled
to introduce besides the distribution axiom a technical condition, what
they called the linear growth condition, into the axioms for Euclidean
Green’s functions. It is worth tempting to use hyperfunction fields in
place of tempered fields to get the complete equivalence of the relativistic
and Euclidean field theories. This approach has once been advocated
by Glaser [4]. In our second paper [12], which will be referred to as
NM II, we have realized this program. In doing so, however, we found
it necessary to make a slight extension of the Fourier hyperfunctions,
while preserving all the results obtained in NM I. The new Fourier
hyperfunction was named the Fourier hyperfunction of the second type
in distinction from the old, the Fourier hyperfunction of the first type,
which we had used in NM I and forms a subset of the former. In
NM II we proved the complete equivalence in question for the case when
Wightman functions are assumed to be Fourier hyperfunctions of the
second type for temporal variables, while they are of the first type for
spatial variables.

The symmetric treatment of time- and space-variables is recovered
in the present paper, though the results in NM II still keep their own
significance. Here we use only Fourier hyperfunctions of the second type,

so we shall omit in what follows the phrase “of the second type”, except
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when we feel a special need of using it. In the fourth section Fourier
hyperfunctions of the second type are introduced in a way somewhat
different from NM I, II and Ref. [7]. For readers’ convenience we shall
repeat to express some definitions and statements which are found in
NM I and II, however this time all in the language of the second type
Fourier hyperfunctions. In the last section the complete equivalence of
the Euclidean and relativistic field theories in terms of the second type

Fourier hyperfunctions will be proved.

§ 2. Notations and Conventions

2.1. Let 2z, z=x-+17y, and z€R", yeR". We follow the
standard notations of z-tuple of numbers. Thus, let 2= (%, -+, k,) and
I=(l, -, 1,) be n-tuples of nonnegative integers, then x*=x,"---z,** and
D'=9"/9x+-0x,', where || =L+ +1,. x>a, a=R, means that
z;>a for 1=j<<n. The notation |2|? is used to denote |2|?=|zy?+ -
+|2,l%, in particular |2] =|z| + - +]|2,/. dA is the Lebesgue measure on
R™:dl=dxdy=dzx,---dx,dy, - dy,.

2.2. The Lorentzinvariant inner product is introduced in R* by
writing z-y=x"'—x-y for two four-vectors z= (2% x) and y= (", ),
where x and y are three-dimensional space-vectors. We use the notation
Z, to signify a set of n four-vectors (xi, '+, x,) and write dzx, instead
of dx,---dx,. The set of n four-vectors in reverse order (x,, ---,z;) is
denoted by ,z. For any vector x€R* it is meant that x=(—2°, x)
and ¢x= (iz’,x). This convention also applies to a set of four-vectors
z, by writing 0x,= (0x,, -+-, 0x,) and tx,= (¢x;, -*-, tx,). On occasion it
is more convenient to rebind z, in the form x,= (z,’, 2,). Then, regard-
ing as z,)€R", x,€R"™ and z,=R", the notations |z, |&,] and |z,

stand for X V_ilx,%, D2 5-12 Sodlx® and D75 _olx4|, respectively.

2.8. For two sets of four-vectors z, and y, the notation (x,y),
is the abbreviation of > j_,(z;-¥;). Similar convention is used for their
spatial and temporal components: (x,y),=2 5.1(x;-y;) and (z°,3°),
=371y, Hence we have (x,y),=(z° "), —(x, ¥)» Finally, for the
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set of vectors, the difference vectors are defined by &=ux, §;=x;.1—z;
1<j<xn—1, in coordinate space and correspondingly @;=pfii+ "+ 5,
0=<k<n—1, in momentum space, so that (2, Z).=a, &+ (g, §)n-1 holds.

§ 3. Test Function Spaces

Let us begin with defining
(3-1) Un={2€C;|Im 2| <<(1+|Re 2|) /m}.

Let further O,”(U,") be a Banach space of those functions which are

holomorphic in U,"=[U,]", continuous in its closure and satisfy
(3 . 2) ”f“mE se%pn!f(z> ! glzl/m<oo .

|fll= is the norm of the Banach space O,"(U,"). The space of rapidly
decreasing holomorphic functions &, is the inductive limit of the Banach
space {0, (U,™}: P,=ind, lim O,"(U,”). When the dimensionality 7 is
unimportant, we write Py instead of P,. Py4 is a DFS-space (a dual

Fréchet-Schwartz space) and shown to be nuclear (see, in essential,

Ref. [7]).
Lemma 3.1. P, is dense in &.

Proof. C,” is dense in .. Let p.(z) = (we) ™ [13-1 exp(—z*/2¢).
Then it is clear that fe =04/ E Pyy for any fEC,™ and f; tends to f in
& as e>0. This completes the proof.

Proposition 3.2. The Fourier transformation of Py is a topo-

logical isomorphism.

Proof. It suffices to prove the proposition for the case of one vari-
able. We show that the Fourier transformation is a continuous map from
0., (U,) into O, (U,.) with m’ such that m”*/(1+m’)>m. Let f(&)
€0.(U,) and z€U,., then we have

el | jeich(C) dE|<2 maxc | jeﬂ’eﬁf@ Z|

<2 maxe. ., j O 4| £(2)| dE,
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where we have written z=x-+ziy, {+i7 and e=Q+m')/m’> If the
integration is carried out along the path n=af*e¢, |a|<1/m’, then the
above integral converges for |ax+y| <1/m’, ie. 2E€U,,, since |x(7F¢)
+y8l =|azx+y||& <€ /m'<|€|/m. Thus we have shown that f(2)
=[e*f () dt for z€ U, is convergent, analytic and satisfies the inequality

(3-3) sup | £(2)] "™ <C sup | £(2)] ™.
2€Un CEUn

The same estimate is valid for the Fourier inverse transformation. The

proof is thus completed.
Proposition 3.3. P, RP,, is dense in Lo in,

Proof. See NM Il
In the Euclidean theory we need some classes of distributions, differ-
ent from those in NM II, whose test function spaces are related to the

spaces &, (R™ of €* functions satisfying the condition
(3-4) [fln,= sup |D'f(x)|e?™ P00,
zER™ |LI=P
where p=2, 3, ---. The topology of %} »(R") is provided by a countable
set of norms {|-|,,}5-. [3].

Let z,&R™ and (&, £,-1) be difference vectors, as defined in the

preceding section. We introduce subspaces of &3 ,(R*) as follows:
(3-5) & (R™) ={f€S1n(R™); f(x,) =0 if
|z — 2\ < (1 +|x;—x5]) /m  for some i#j},
(3-6) e (R™) ={fE€F1.n(R™); f(x,) =0 unless
&> A+ /m for 0=j<n—1},
37 ¢."(R™) ={feS,n(R™); f(x,) =0 unless
z">1+|x)) /m for 1<j<n}.

Each of these sets equipped with the induced topology of %, is a closed
subspace of Sy, If m<m’, then & "C&™, ¥, CZ and Z.™
C#.™. We denote by &, @ and &, the inductive limit of {&,"}
(&) and (2.7,

>
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§ 4. Fourier Hyperfunctions

We compactify C* by identifying it with R*. The compactification
of R* is denoted by D" [10]: *=R* |S.*!, where S,  'isa (k—1)-
dimensional sphere at infinity. To each x& R*— {0} we associate a point
Z, on S,*! such that the point x lies on the ray connecting x. and the
origin. We identify §*7*, a (k—1)-dimensional sphere centered at the
origin, with [R*—{0}]/R., where R, ={x<R;x>0}. A natural topo-
logy is given to the space D*. (i) For x&R" a fundamental system of
neighbourhoods of x is the set of all open balls containing the point .
(ii) For z=8.*"' we write x=y., and let y be the corresponding point
on S§*7'. Then a fundamental system of neighborhoods of x is given by
{(C+a) UC,;C,.>y.}, where Cis an open cone generated by some open
neighbourhood of y in §*7' with its vertex at the origin, a is some vector
in R*, so that C+a is a cone with its vertex at a, and C, singnifies
the points at infinity of that cone. In what follows we write Q"= D",

the compactification of C"

Definition 4.1. (The sheaf of slowly increasing holomorphic
functions). Let £ be an open set in . We denote by 5 the sheaf
determined by a presheaf {5(.9)}, where 5(!2) is the set of all holo-
morphic functions f(z) (€O0(2N C")) such that sup,cxnesl F(2)] e 51 < o0
for any €>0 and any compact set K in 2.

Definition 4.2. (The sheaf of rapidly decreasing holomorphic
Sfunctions). We denote by ( the sheaf determined by a presheaf
{02}, where O(&) is the set of all holomorphic functions f(z)
(eO0@2NCY) such that for any compact set K in £ there exists some

positive constant 0k and the estimate sup,cxnen|f(2)|exp(0xl2]) <oo holds.

Definition 4.3. (Topology of Q(K)). Let K be a compact set
in D". We give Q(K) the inductive limit topology ind,lim O."(V,),
where {V,} is a fundamental system of neighbourhoods of K in @~
satisfying VD Vs, and O,"(V,) is the Banach space of all holomorphic
functions f(z) (€O@(V,NC") that are continuous in V,NC" and for
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which |f(2)|<C e '*"™ holds for some constant C (depending on f). The

norm of O,"(V,) is defined by |f|.=sup.er,ne=|f(2)|e*™. With this
topology O (K) is a DFS-space.

Remark 1. We have used the symbol V,23V,.; to denote that
Vm+: has a compact neighbourhood in V,, with respect to the topology
of Q™.

Remark 2. For K=D" we may construct V,, as given by U,"UC.,
where C, is the points at infinity of U,". Therefore we have Py
=0 (D").

Definition 4.4. Consider a Hilbert space H. The H-valued
Fourier hyperfunction is an element of L(Puy, F), where L(Lyy, H)
is the space of all continuous linear operators from P, to H equipped
with the topology of bounded convergence. In particular if one takes

C as H this defines the scalar Fourier hyperfunctions (Pys)’.

Remark. Since Py is a DFS-space and so complete and barreled,

and moreover since it is nuclear, L (Pyy, H) = (Pys) '@H by Proposition
50.5 of Treves [18].

Proposition 4.5. A separately continuous multilinear form M
on [P]"™ uniquely defines a Fourier hyperfunction uc (P,)’ such that
M(dy, -+, ) =u($r X - X ¢,) Sfor ¢;€P;, 1<j<n.

Proof. See NM IL

Now we are going to formulate the support of the Fourier hyper-
function and the sheaf of Fourier hyperfunctions. For this purpose

we need some preparations.

Definition 4.6. An open set £ in Q" is said to be an 5-pseudo-
convex domain if it satisfies the condition:
(1) supeneni1<j=n{2lIm 2;] —[Re 2|} SM<oo .

(i) There exists a plurisubharmonic function ¢(g) on £ N C" having
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the properties that {z;0(2) <c} € (2 NC") for any c< oo and
supzne=0(2) <M < oo for any LEL.

The following theorem ensures that any compact set in D" has a

fundamental system of O-pseudoconvex neighbourhoods.

Theorem 4.7. Let K be a compact set in D" and U be an open
neighbourhood of K in Q", then one can find an O-pseudoconvex do-
main 8 such that KCQcU.

Proof. Since K is compact in ", one can find {G,} such that
KNC"EG=U7..G;, where G; is a relative compact open set in C* or

an open convex cone in " and G,CU. Let us define
9:(2) =max{0, [2|Tm 2|*—|Re(z—=z?)|*]/|Im 2®|}
and
i (2) =max{0, ¢, +[2|Im 2*—|Re(z—a®)[*]/[1+]|a®|*]},
where 2€0GNC", c,€ER and a®€R". Let y(x) EC*(R) be a convex

monotone increasing function such that y(x) =0 if =20, y(x) >0 if £>0.

Further we define
(4-1) p(2) =20%(0:(2)) and g(2) =20y (A (2)).

By a suitable choice of 2?, ¢; and a® we may assume that the sum in
(4-1) is locally finite and p(2) =¢(2) =0 for 2k KC C". Then the do-
main V={2&C";p(2) <1, ¢(2) <1} is contained in G. Since p(z) and
g(2) are nonnegative smooth plurisubbarmonic functions, the function de-

fined by
1 1

42 Z) = -
@2 0 1-p() 1-q()

o
is plurisubharmonic in V. Moreover £=7V, the interior of the closure
of V, is an O-pseudoconvex domain with 0(z) a plurisubaharmonic func-

tion.

Lemma 4.8. Let 2 be a pseudoconvex domain in C" and J(2)
be a plurisubharmonic function defined on 2. We define
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X=L{,0 (2, 41og(1+]2|") +¢(2)),
Y= %o,n‘(-g, 2log(1+|2*) +¢(2)),
Z=L,5(2,(2)).

Let further 0 be the Cauchy-Rieman_n operator defined in the sense of

0 0 .
distributions. Then the sequence X—Y—Z is exact.

Proof. Since it is easily checked that
g t1;(0°/02:0%;) log (1 +12") =] £*/ (1 +]=]")*,

this lemma follows from Theorem 2.2.1" of Hérmander [6].

Lemma 4.9. Let K be a compact subset of D", then the colo-
mology group H'(K, Q) =0.

Proof. Since K has a fundamental system of 6-pseudoconvex neigh-
bourhoods by Theorem 4.7, and since H'(2, ) for an (O-pseudoconvex

domain £ is an inductive limit of cohomology groups of covering:

H(2,0) =indﬂl}im H' ({2}, 0), where {2;} satisfies
42;

(i) £=Ujser %

() £,NC"=V; is convex,
it is sufficient for the proof of the lemma to show that the group H'({2.},
@) is vanishing.

We denote by C°(Z'{V;}) the set of all cochains c¢={c;}, where
J= (s, **, Js) EN°", satisfying the conditions

(i) 9e,=0in V=V, n--NV,,.

(ii) For any finite subset M of N°*!

5 festdr<on,

JEM JV;

where di is the Lebesgue measure on R™

For any cocycle {dy} in H'({2;}, 0) it may be assumed that ¢= {c;;
=d;; TI}-1 cosh(ez,)} defines an element of C'(Z'°{V;}) for some positive
¢ and obeys the equation 0c=0, where § is the coboundary operators.
We denote by {y;} the partition of unity subordinate to {V;} and put
bi= iyicy. Since 0c =0 we have 0b=c, and hence 006=0 because of
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5c=0.~ Therefore 85 defines a global section f. By the assumption that
2 is 5-pseudoconvex, we can find a certain plurisubharmonic function
¢ (=) satisfying

() TyFyl<er

(1) supr(2)<C, for any LCL2.
By Cauchy’s inequality we have

[ ereron=s | vicreroa

for any continuous function ¢(z). Lemma 4.8 and the existence of ¢(2)

imply the existence of some function # such that dz=f and
f |ul* (1+ [2]) ~dA<oo.
LNC™

Put ¢,/ =b;—u| V;, then 8¢’ =0 and 0c’ =0b=c. Clearly ¢’ €C"(Z"*{V};})
and, on defining &’ by {c;"/I[;-.cosh(ez,)}, we have 0d’ =d and H'({2;},
Q) =0.

Lemma 4.10. Let E and F be DFS-spaces and u be a continuous
linear mapping from E into F. Then the following statements are
equivalent.

1) u is a homomorphism.

2) u is of closed range.
Proof. See Grothendieck [5].

Lemma 4.11. Let K,, K, be compact subsets of D", then the
mapping (1,12 =fi—fo, where ficQ(K), £,.€Q(K,) and fi—f,€

O(KiNK,), is a surjective homomorphism.

Proof. By the preceding lemma it suffices to show that the mapping
is surjective, which however follows immediately from Lemma 4.9 and

the exactness of the sequence

Q(Kl) X Q(Kz) _’Q(K1 NKy) —H (KI UK, Q) .

Definition 4.12. A Fourier hyperfunction £ L (P4, H) is said to
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be carried by a compact subset K of D" if # belongs to L(Q(K), H).

Theorem 4.13. Suppose ucL(P,.,, H), then there exists the

smallest compact subset of D" which carries p.

Proof. Consider two compact sets K; and K, which carry # Let
N be the kernel of the mapping Q(K)) X 9(Ky) —»Q(KiNKy). If (A,
f2) €N there is a function g€ Q(K,U K,), which is an extension of fj
and f,, and we have {g¢, ¢>=<u, fi>, i=1, 2. Next, take any fEQ(K1
N K;) and write it in the form f=f,—f; with some f;&Q(K;), i=1, 2.
Then a linear mapping {4, f) is defined on Q(K; N K3), which is irrespec-
tive of the decomposition of . The continuity of the linear form comes
from Lemma 4.11.

Let {K;}:cr be an infinite family of compact sets which carry .
Put K=:eKi. Then for any neighbourhood U of K there exists a
finite subset J of I such that UD ();c;K;. From the definition of the
topology of OQ(K) and the above argument follows z€L(Q(K), H).
This completes the proof.

Definition 4.14. We call the smallest compact subset in Theorem
4,13 the support of 4 and denote it by supp u.

Lemma 4.15. Let K=?,K; be the union of p compact sets
in D". Suppose ncL(Q(K),H). Then there are yu;&L(Q(K;), H)
such that p=73 21/

Proof. Since L(Q(K), H)=(Q(K))'®H (see the remark after
Definition 4.4), we prove the lemma for the scalar-valued case. The
mapping Q(K) —1[%-1Q(K;), namely f—{f|K;}?, is injective and of
closed range, and accordingly the mapping [?_,(Q(X:))'—(Q(K))’,

namely {#:}2,—> % 4, is surjective.

Definition 4.16 (See Schapira [16]) Let £2 be an open set in D".
We define the space of H-valued Fourier hyperfunctions on £ by “QR (£2)
~L(Q@, B)/L(Q(9), ).
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Let uL(Q(D"), H). Because of D"=(D"—82)U®, we can de-
compose 4=+, 1 EL(Q(D"—2), H) and tLeL(Q(2), H) by Lemma
4.15. Therefore it is evident that the canonical mapping

L(Q®@), H)/L(Q(02), H) >L(9(D"), H) /L(Q(D"—&), H)

is injective and surjective.

We define the restriction mapping into w C 2 by
L(QD"), H)/L(Q(D"—2), H)—L(Q(D"), H)/L(Q(D"—w), H).

Then if T€R(Q) =L(Q(D"), H)/L(Q(D"—2), H), we denote by T|w
its image in R (w). It is clear thatif 2,C2,C 2, and T€?R (2,) then
(T2,)12:;=T|82,. Therefore {¥R (L)} constitutes a presheaf.

Theorem 4.17.

1) The presheaf {*R ()} is a sheaf over D", which is denoted
by ZQR.

2) EQR is flabby.

3) If K is a compact set of D", we have I'y(D","R) =L(9(K),
H), where I' (D", 2R) is the set of sections whose supports

are contained in K.

Proof. We here also prove the theorem only for the scalar-valued
case.

la) First we show that if 2= ;c2; and T€e R (2) are such that
T|2,=0 for every i< I, then T=0. In fact, let T QD))" be a
representative of 7', then the image of 7T in QD) /(QD"—2))’
is zero for all &I Thus we have supp TN2;=0 for all £;, i€, and
hence supp T N 2=, which indicates T'=0.

1b) Let 2=2,UL, and T:=€ R (2,), i=1, 2, be such that T4/ £2, N 2,
=Ty 2, N 2,=T. Their representatives are expressed by T & (Q(M) !
and T;& (0(2))', i=1,2. Then supp (T,—T)C2;—(2:N2) =2,
— (2N 2 U (2:;—82). If wedefine S;=T;,—T and T' =T +S,+5S,, we
see that T'E(Qm)'. The image of T’ in R(2,U2,) will be
denoted by 7”. Then we have T"|2;,=7T; because supp (T"—T;) NL;
=supijUQiCmﬂQi=ﬂ, in which j=-i.

lc) Let =U:e®: and T:€ R (L;) be such that Ti|2;NL2; =T, 2,
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N&L2; {or every pair (4,7). One may assume that covering is countable
and moreover by the argument 1b) that it is increasing, thus 2= U n-1%,,
2., T,eR(L,) and T,.,|82,=T, for any positive integer p.
Furthermore it may be assumed that 2 —2, does not have connected
components disjointed from (2N R"). Let T,=(0(2.))’ be a repre-
sentative of 7, and d, be a distance which provides the topology of
© (2—8,))’. The last assumption on 2 —£2, implies that the restriction
map O(2—-82,)—->00B®RNR") —L,) is surjective and accordingly (0
@@NR")—2,))" is dense in (Q(2—£2,))". Therefore we can take
$.€((0(@NR" —2,) in such a way that d(Tni1—@ns1— (Ta—0a))
<27 for all y<n. The sequence converges to an element T of Q@)
and we have T=T—(To—¢,)+(Taet) = (Tomgy) +1lim, (T,—4,
~(T,—¢,)). Since the sequence {T,—¢p— (Trn—¢,)}, converges in
(9®—-2,)), we have T—(T,—¢.) €(Q(@2—£2,))'. Therefore T|2,
=T,

2) If £ is an open subset of D" and T'€R(£2) there exists a
Te(QD") =R(D") such that T|2=T, which shows that the sheaf
R is flabby.

3) Let K be a compact subset of D" Since Q(D") is dense in
Q(K) (see the Appendix), we have an injection (O(K))'—(Q(D")".
The image of (Q(K))’ is the set of those T'e (Q(D"))’ which vanish
on D"—K, that is, I'x(D", R) = (Q(K))".

Remark. 2R () can be represented by the cohomology group
fad
H,"(V,H20), where V is an open set in " which contains £ as a relatively

closed set. By the excision theorem this representation is independent
of the choice of V.

Before closing this section we make mention of the Fourier trans-
formation of Fourier hyperfunctions, to which the name of the Fourier

hyperfunction owes.

Definition 4.18. For #€L(Pyy, H) we define its Fourier trans-
form Fu by the formula (Fu) (Ff) =u(f), where

&N @) = [er2f @) d
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for fEPyy.

Since, by Proposition 3.2, the Fourier transformation yields a topolo-
gical isomorphism of Py, the definition above is well set up. The sheaf
2P of H-valued hyperfunctions over R"™ coincides with the restriction
of the sheaf R to R™ Hence, because of the flabbiness of the sheaf
HQ, any H-valued Fourier hyperfunction on R"™ can be extended to an
H-valued Fourier hyperfunction on D" and one can consider its Fourier

transformation.

§ 5. Axioms for Fourier Hyperfunction Fields

In extending the usual Wightman framework of the axiomatic quan-
tum field theory our greatest concern will be how to formulate the locality
axiom for extended theory. The strictly localizability of fields A(f) con-
nects intimately with the fact that f belongs to a function space which
contains C* functions with compact support. Such classes of test functions
have been kept more or less in the concrete attempts to extend the
Wightman axioms for quantum field theory made so far by several authors
[1,2,8]. An abstract argument on the class of fields incorporated with
the locality in extended sense has been given by Lomsadze and his co-
workers [15].

Here we wish to formulate axioms for Fourier hyperfunction fields.
Since the test function space Pyy of Fourier hyperfunctions no longer
contains any function of compact support, we are obliged to modify the
statement of the locality axiom. It will turn out that the celebrated
notion of the “support of Fourier hyperfunctions” we have just exhibited
in the preceding section plays a crucial role in settling this difficulty and
also in the formulation of the spectral condition. Except these the axioms
for Fourier hyperfunction fields can be stated in parallel with Wightman’s
axioms for tempered fields, but for completeness we shall write all of

them down mutatis mutandis.

Zeroth Axiom. The space of states is a Hilbert space H over the
complex number €. For @, ¥ € H the inner product in H will be denoted
by (2,%).
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First Axiom. P, is mapped into linear operators A(f) over H.
A(f) is defined on a dense subset D of H, independent of fe P, (O,
A(F)¥) for O, ¥=D is a Fourier hyperfunction and (@, A(N)¥)=
(A()D,¥). We require that A(F)DcC D.

Second Azxiom. A unitary representation U(a, A) of the restricted

Poincaré group exists and satisfies
(5-1) Ula, HANH U (a, A) = Afan)
and U(a, A) D=D, where fiq 4(x) =f(4"(x—a)).

Third Axiom. The spectrum of the energy-momentum operator P
is contained in V., and there is an invariant state £, corresponding to
the vacuum, such that U(a, 4A)2=£2. Here V.={p= (s p);?">0,
(p-p)=m*>0} U {=0}. In addition the vacuum £ is nondegenerate.

By the first axiom (@, A(f1)---A(f,)¥) for @, ¥ =D is a separately
continuous multilinear form on [%,]". Proposition 4.5 asserts that (@,
A(f) - A(f)¥) uniquely determines a Fourier hyperfunction belonging
to (P.,)’ which we denote by (@, A(x)---A(x,)¥) in the sense that

formally
5-2) @, Af) - AF)T)
= [@ A@) AP i@ dz.

Next for ¢g(z,) =fi(x) fulxn), HEP, and OED we define an
H-valued functional @(g) =A(f1)---A(f,)® and extend this definition to
QR P, by linearity. By Proposition 3.3, for any f&P,, there exists a net
{0,:,E®P} such that g,—f as y—oo. Therefore |0, (g,) —Ba(g,)|°
—0 as V,nﬂ——wO. Thus 0,(g9,) converges and tends to a vector @,(f)
and evidently @,(f) is a continuous linear mapping from P,, to H, i.e.,
0.(f) €eL(%L,y, H). By Definition 4.4 0,(f) is an H-valued Fourier
hyperfunction. We denote it symbolically by A(x;)---A(x,)®. On the
other hand, @,(f) defines a linear operator on D which maps @ to @,(f).
That operator will be denoted by (A" f> and written formally as

(5-3) A fy= (A A f (2 dz..
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The axiom of local commutativity then is formulated as follows:

Fourth Axiom. If x, and =z, are spacelike separated, then

A(x) A(xy) 0= A(x,) A(z,) D for every D€ D.

Remark. We can restate this axiom in the language of H-valued
Fourier hyperfunctions by saying that A(x) A(x,)0— A(x,) A(x)0E
L(Q(K), H) for every @< D, where K is the closure of {(z1, x,) ERS;
(2, —x2)>0} in D%

Fifth Axiom. Let P(A) be an algebra of polynomials in the opera-
tors A(f), f€P,, then P(A)L is dense in H.

Remark. As is evident from Proposition 2.1 of NM I, Proposition
2.3 of NM II and Lemma 3.1, the Fourier hyperfunction fields contain

tempered and other existing fields.

§ 6. Modified Wightman Axioms

6.1. Wightman Fourier hyperfunctions

Let £ be the vacuum vector. The vacuum expectations (2, A(x;) -+
A(x,)82) are Fourier hyperfunctions which we call Wightman Fourier
hyperfunctions (“Wightman functions” for short) and denote by I, (z,).
From the axioms for Fourier hyperfunction fields stated in the last section,
we can deduce various properties of the Wightman functions, which we
shall describe in order in the form utilizable also for the modified Wight-

man axioms.

Fourier hyperfunction property.
(RO) V=1, W,(z,) € (L)’ and
W, (z,) =B, (nz) for n=>1.

Relativistic invariance. For each 7, L, is Poincaré invariant:

RD W, (z2) =W, (Az,+a),



HYPERFUNCTION QUANTUM FIELD THEORY 325

where A is a proper Lorentz transformation and Ax,+a= (4z;+a, -,
Az, +a).

These two properties are direct consequences of the first and the

second axioms, respectively.

Positivity. For any finite sequence of fi, f3, -+, fv of test functions
such that f/,EC, fo& P, 1<n<N, there holds the inequality

(R2) 20 Wi (F* X ) =0

where (2% Xfn) (Zn, V) =¥ (Z0) fr(ym) and fo* (z,) =fu(ax).

Let 2.(f.) ={A" f.>2. (R2) is equivalent to |[>N_, £.(f) =0,

which follows from the zeroth axiom. The fourth axiom implies

Local commutativity
(RB) %n(xla Ly, Ljggy t00, xn) :%n(xl’ Sty Lja1y Ly, vty xl)

if  (z;—2;:1)"<0

Cluster property. For any space-like vector a and f€P,,, & P;n

(R4) }LIE LWoim (fX 01) =T () BV (9),

where ¢, (xn) =¢(xmn—4~4a). This property comes from the statement in
the third axiom that {p=0} is an isolated eigenvalue of the energy-
momentum operator P and the corresponding eigenspace is one-dimen-

sional, as in the case of tempered fields [9].

Spectral condition. By the translational invariance there exist
Fourier hyperfunctions W, ;€ (Pyw-n)’ such that B, (z,) =W, (€a-y)
holds. Then
(R5) supp Wooi(ga-) C V77,

where V," ! is the closure of V.," ™' in D**? and W,., is the Fourier

transform of W,_,.
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Proof of (R5). The proof proceeds asin NM I. When the trans-
lation U(a,1) is applied to £2,.(f)=<A"f>2 we have by the second

axiom (see § 2.3 for notations)

U(a: 1)‘Qn(.f) =gn(,f{a,1)) =§n(fei(qu.a))’

where £ is the Fourier transform of f. Consider the spectral resolution

Ul(a,1) =[e™*dE(p) and the integral
®D [x@®aE®) 2.0 =2 6e(a) )

for any y€ %, Then mapping X—».Qvn(x(qn) f) defined by the integral
(6-1) is an element of L(%,, H), but since supp dEC V., by the third
axiom it really belongs to L(Q(VQ,.H). Let S, be the closure of
{3 2. V.} in D', then what we have just ascertained shows that &, @w)
€L(Q(Sy), H). It is readily seen that (A, ¢>2,—(f) =2, (IR f) and

A,0> [ IE®) 8,s()) =8, (@) ) for 1<k<n—1.

Let us define likewise S, as the closure of {,;¢.=V.}. Then 5?"(2”)
eL(Q(N%=tSy), H). To put this in another way we write gn(gn)
=¥ .(go, ga-1), then we obtain ¥, (g, ga-)) €L(Q(V.™), H). Since

Wn (En) = ('Q, g‘n (fn)) = <'Q’ @‘n<g_09 gn—1)> =6(QO) ﬁJ/Vn—l (gn-—l) >

Wn—l(gn-—l) is a Fourier hyperfunction whose support is contained in V. 7%
This completes the proof of (R5).

6.2. Reconstruction of relativistic fields

Theorem 6.1. To a given set of Wightman Fourier hyperfunc-
tions satisfying (RO)-(R5) there corresponds uniquely a neutral scalar
JSield A(f) which obeys all the axioms of Fourier hyperfunction fields

and has the Wightman Fourier hyperfunctions as vacuum expectations.

Proof. Suppose &P be a vector space of sequence J= U0, fr, ),
where AEC, f,EPy for 1<n<N and f,=0 if »>N for some finite N,
Let (f,0) =20 aBin (¥ Xgs) with f, g€P. Owing to (R2) this
serves as a semi-definite inner product and the completion of P/Jl, where

JN={feP; (f,f) =0}, defines a Hilbert space J{. Let @ be the natural
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map of & into H. We set 2=0(1,0,0,---). We now define a linear
transformation U(a, 4) of P by

U(a, A) (ﬁ),ﬁ,fz, ) = (ﬁ)sﬂ,(a,n),fz, @ 4}> )

We have clearly U(a, 4)2=8%2. A linear operator A(f), f€P,, is in-
troduced by the equation

A(.f) (,ﬁ)sf‘l:.fzy "') = (O’ff;)sf®f-lsf®ﬁs "')'

Then it is easily verified that U(a, 4) is a unitary representation of the
restricted Poincaré group and A(f) represents the field operator having

the required transformation property.

If f has only one component f=f,&P,,, we write formally
(6-2) 00 =0.5) = [0,(2)f(z) dza.

@, is a continuous linear operator from P,, to 4. Upon setting @,(x,)

=¥, (x;, £E4-1) we have
(63) (?F,,(x, ‘gn—1>> ?FM(x,: 5;-1)) = Wn+m—l(—n—1§, —x +$’, §;_1)-

Let ﬁn(qo, gn-1) be the Fourier transform of Z,. Then, since ||@<n($) I
is written in terms of the Fourier hyperfunction Wi._,, it follows from
(R5) that ¥, is a continuous linear operator from O(V.™) to K. Thus
the support of &, is contained in V,". For any XEQ(VJ N.% we have
fx@)dE(p)@'n(a)=¢n(x(q0)$), where E(p) is the resolution of unity
associated with the energy-momentum operator P and if suppyNV.=0
the right hand side of this equality vanishes. This fact shows that the
spectrum of the energy-momentum operator P is contained in V.. The
statement that the cluster property (R4) implies the uniqueness of the
vacuum is verified in the same way as in the tempered fields [17].

Finally the locality axiom is proved as follows:
(Alx) A(x) A(w) - A(un) 2 — Azs) A(zn) A(w) - A(u) 2,
A) AW A(vy) - A(va) 82— A(yn) Alyr) A(v) -+ A(v,) 2)
= Wans s (it T, T3, Y15 V2, Un) — Wanss (alhy Z1, Lo, V1, Y2, Vn)
+ Wenes (o, X3, 1, Y2, V1, Un) — Wansa (alhy 1, L, Y2, 91, T0) =0

if (2,—2,)°<0 or (y—)%<0, ie., if (&5, Zs 31, ) € (K°X DY) U (D*
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X K°), where K is the closure of {(x;, x,); (x;—x,)*>0} in D® and K*
is its complement. Thus the support of the Fourier hyperfunction above
is contained in (K°XD*'U D*X K°)*=Kx K. Therefore, if @ is a linear
combination of vectors of the form A(¢,)---A(¢,) L2, then A(x,) A(x,) D
—A(z) A(z) 0 L(Q(K), H), that is A(x) A(z,) 0= A(x;) A(x,)0 if

x, and x, are spacelike separated.

§ 7. Euclidean Green’s Functions for

Fourier Hyperfunction Fields

The analytic continuation of Wightman functions into FEuclidean
points is carried out rather straightforwards and we can derive its prop-
erties, which we shall again state in the form of the axioms for Euclidean

Green’s functions. In § 7 and 8, we denote by V, the forward light cone.

Proposition 7.1. If ,aEQ(VF), then F(&,) =u(exp{i(-,8).}) s
holomorphic in the tube T ,"=R"XiV,"={{,€C™;Im,cV.,"}, and
in the Euclidean points {{,eC";Re(,'=0,Im¢&,=0} it satisfies the
condition that

(7-1) | F (L) | <Cee

is valid for every e>0 and £,€Q., where Q.. ={E€R*; £ >4e(1+[&))}
and &,=Reg,.

Proof. It is readily seen that exp{i(-,{).} for £, =% ." belongs to
Q(V—J”) Hence u(exp{i(-,¢),}) is defined well and holomorphic there.
Let 2=x-+17y and consider

de=A{z"+e>1A—e) (x-2)" |y <e(1+|z*]) for 0=p<3},

then 4." is a neighbourhood of V. If {,€Q;; we have (see §2 for

notations)

[F ()| SC sup et mreiz|

2Eden

<C/ ségpnexp{ — (5, 8)n— (2, £ )nt el za| +elyal}-

We now put x’'=(z’+¢, x), then we have z'>(1—¢) (x"-x")"
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Further it is possible to put ¥ =y—a such that |y"* <e|z*| and |a*| <le.
Let V= {s=(2,5); (' y") <(e/1—©)2"} and W,={&'; "> 4elE']},
the ((s,£'),=0 for s,€V;", £&’&W," and 0<e<1/8. Coming back to

the estimate we obtain

=C.” sup exp{—((z"—¢y +a), (§"+4e&))n

$,EVen, lan|<e
+el za| +elya |}

=C.” sup exp{—((s, &' )n+el&l —4de|z.""| +3e(1+e)|z."]}

$2EVem

el
<C.eflénl |

which completes the proof.

By the relativistic covariance and the Bargmann-Hall-Wightman
theorem we obtain a single-valued analytic extension of the Wightman
function W,_;(&,-,) into the extended tube I o ={{,-€C™ ;4L
eI ! for some A€ L,(C)}, where L,(C) is the set of all complex
proper Lorentz transformations and {;=z2;1;—2;, 1<j<n—1. The func-
tion W, (2,), defined by R, (2,) =W,_;(&,-1), is analytic in 0% = {2, C*";
£o-1ET%754r and has the Fourier hyperfunction ,(x,) as its boundary
value. Using the locality (R3) we obtain a single-valued analytic ex-
tension of W, (z,)into the set o perm = {2 E C"; 2y E 0% for some per-
mutation 7}, where 2;m = (2:w, "> Zzm) and (x(1), ---,7(n)) is a per-
mutation of (1, :-:,72). We denote this extension again by I&,(z,). It
is invariant under the complex Poincaré group and also under permuta-
tions of the arguments zj, ---,2,. The set 0%t pem contains the Set of
Euclidean points (of noncoinciding arguments) E"= {z,&C"; Re 2,'=0,

Im z,=0 and 2,5=2; if i~5}.

Definition 7.2. The restriction of the Wightman function I&,(z,)
to E" is called the n-point Euclidean Green’s function or the Schwinger
Sunction.

We set S,=%,=1 and
(7 * 2) @511 (-?_rn) - Qr‘n (‘En) s
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(7 * 3) Sn—l (gn—l) = Wn—l (“gn—l) = @n (-En) s

where z,€R*", x;7%x; if i7j. Then we can derive the following pro-

perties of Schwinger functions.

Distribution property.
(E0) =1, 8,(z,) € (Fo(R™))’ and
Gn(z,) =&, (0nz)) for each n=1.

Proof. Since by Proposition 7.1
sup [ Su-i(ba-)| e tl<Coo  for all >0,

Ln-1EQemt

it is evident that S,.,€ (%, (R*™*)’. With the aid of a geometrical
argument of Osterwalder and Schrader [13] we have the distribution
property. The last statement of (EO) follows immediately from 28,(z,)

Euclidean convariance.
(ED) Gn(z,) =6, (Rz,+a)

for each #=1 and all (a, R) €:7S0,, the inhomogeneous Euclidean group.

Positivity.
(E2) 2 Snem (Of,* X fn) =0

for all finite sequences f, /3, *-+, fw of test functions f; € Cand f,€ ¥ (R™),
n=1. Here Of,(z.) =f,(0z,).

Symmetry.
(E3) @n('_z_:n) =@n(£“7t(n))

for all permutations 7:(1, -+, n) > (7 (1), ---, w(n)).

Cluster porperty.

(E4) %_i_fg @n+m (fx gla,) = @n (f) @m (g) ’
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where fEe - (R™), g€ @< (R"™) and a= (0, a).

For the proof of these four properties of Schwinger functions we

only refer to NM II.

Proposition 7.3. The correspondence from Wightman functions
(Fourier hyperfunctions) to Schwinger functions (distributions) is one

to one.

Proof. Suppose that
jWn_lagn-l)g(gn_l)dgn-l=o for all ge @, (R™),

then W, (¢€,-1) =0 for £€,_;>>0. Since W,_,(¢€,-,) is a real analytic func-
tion, W,—1(§s-1) =0 if Im{,,€V,". By the uniqueness of Fourier

transformation of Fourier hyperfunctions we have Wo_1=0.

§ 8. Equivalence of Relativistic and Euclidean Theories

In the preceding section, from a given set of Wightman Fourier
hyperfunctions satisfying the axioms (R0)-(R5), we have constructed a set
of Schwinger functions possessing the properties (E0)-(E4). Conversely

we can prove the following theorem.

Theorem 8.1. (Reconstruction of the relativistic theory). To
a given sequence of Euclidean Green’s functions satisfying (EO)-(E4)
there corresponds uniquely a sequence of Wightman Fourier hyperfunc-
tions having the properties (RO)-(R5) and whose Schwinger functions

coincide with the Euclidean Green’s functions given initially.

Remark. In NM II we have proved the same theorem for the
case of a smaller class in which Wightman Fourier hyperfunctions are
of the first type for spatial variables, while they are of the second type

for temporal variables.

As in § 6.2 we begin with constructing a Hilbert space. Let & be
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a vector space of sequences f= (f;,fi, -*-), where /LiE€C, f,€ F(R"™) for
1=2<N and f,=0 if >N for some finite N. Let {f,0>=2 1 nGrsm
(0f2* Xgn) with f, g€ &.. Owing to (E2) this serves as a semi-definite
inner product and the completion of &./Jl, where JI={f€ &;<{f, f>
=0}, defines a Hilbert space K. Let @° be the natural map of Z.
into K. We obtain (0°(f),0°(g)) =<f,a>. We set =07 (1,0,0, ---).
For fe#&. and a=(0,a) €R' we define U}(a)f by (U}(a)f)n(gn)
=f.(x,—a). We can extend it to a unitary operator U;(a) in K by
(E1) (see Osterwalder-Schrader [13]). If f has only one nonvanishing
component f=f,& ¥.(R"), we write formally

8-1) 0 (H=0) = [0 @)@ dz.
Let us define ¥, (xy, &,-1) =@,%(z,), then it is a vector-valued distribution
over &+ (R"™) and we have by (E2)
(8 h 2) (WnE (xla gn—l) > me (1'1,, §:n-1) )
:Sn+m—1 ( - 6 (n—lg) s T 03:1 + xl/, g:n—l) = @n+m (6 (n@) b Zm,) .

Lemma 8.2. For (>0 we define T,: €. —~%. by (T, S)a(za) =
Ja(za—1), where t=(¢,0). Then T, induces a continuous one-parameter

semigroup of self-adjcint contraction operators {7} on K.

Proof. See NM II.

Let — H be the infinitesimal generator of 73, then
(8-3) e F(x, Ep) =W F (2 +2,65)  for £20.
Furthermore for reC,=R.,+:iR
(8-4) OF(x, 6nr), e L5 (2, Enn) )
=Spim-1(—0G-18), (2 +2°+7, —x+x'), Enr)

defines an analytic continuation of S,,._; in the n’th time-variable.
Before entering into the analytic continuation of Euclidean Green’s

functions we provide some definitions of domains. For N=0,1,2, :-- we

define
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(8-5) ' ={&+0.; &ER* 0, C* £ >¢ &4,
o <me&/2°-2Y-k for 1<i<k, 0<u<3}.

Next two sets of domains C;” and D,™, N=0,1, 2, --- are defined suc-
cessively by commencing with
(8-6) C.O0={o. € R"; arg 0,"=0};
then follows
(8-7) D, ={(2°, ph-1); 2">0, (110" 22°, ph 1) €C§
Therefore we have D,” = {(x on-1); >0, arg pu_1=0}. G, is the
envelope of holomorphy of C,™
(8-8) Ce™ = U%{(- 1P 2" +x" =, 0l ) zEC,,

(=, _ﬂj—1) eD; 7, (x, P °)eDL.

Lemma 8.3. The distribution S,(§.) is the restriction to (R.
XR)* of a function Sy(§) analytic in =&+,

Proof. This follows from the inequality (5-14) in the proof of
Lemma 5.1 of Osterwalder and Schrader [14].

Lemma 8.4. The following statements (Ay) and (Py) are true
Sfor N=0,1,2, .-

(Ay) There is an analytic continuation S, (L) of Sy (&), analytic
in §,el'fR+C™. Here {,eI'{)+C,"" means that on writing {, =&
+ 0+ o, we have Et+o. '™ and o= (0, 00), 0’ €C™.

(Py) There are H-valued funct-ions _Y’nE (=, g,,-_l) defined for (z,
{oo) €T+ D, such that the scalar product is given by

(8 : 9) <¢.nE<z’ gn—1> s §~U.'m.E(z,, g;n—l) > :Sn-rm—l ( —0(n—1§) > —0z + Z’, g:n—l) .

Here (z,%,-,) €I’V +D,"™ means that on writing z=§&,+w,+ (z°, 0),
gn—l =§7L‘—1 +Qn-—1 +_pn—-1: we have §n _{_Qnersf,\fgl) and (xO’ P?L—l) EDn(N)‘

Proof. (Py) follows from (Ay) in the same way as Osterwalder-
Schrader [14]. Hence it suffices to establish (Ay). We prove (Ay)
by induction. (A,) is nothing but the statement of Lemma 8.3. Now
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assuming that (Ay) and (Py) have been verified for 0O<XN<M—1, we
will prove (Ayx). By (Px_,) we can define

(810) Sn+m—1('—6(n—l§)’ —62_}—2/—*—79_5;—1)
:<¢11E(zs gn—l) ’ e—rH?me(z,’ g:n—l)>

for (z,{o-) €M+ D, and (2/,{n-)) €S+ D, . This equation
makes it possible to extend S,, F=n-+m-+1, analytically to I'f+C,“™.
In fact, let & =&’ +&” such that &’ eI'™ and &”<C, ", then S, (&’
+&.”) for fixed &’ is analytic in &”C,™ and hence, because C,™ is
the envelope of holomorphy of C,®, there is an analytic extension of
Se (& +&.”) into &.”€C,™, and this extension depends analytically on
¢’ er'™. Thus S;(£:) has been proved to be analytic in ¢er™+C,™
which establishes (Ajy) as required.

Lemma 8.5 (Real estimate). The function S,(§.) satisfies the

inequality
(8-11) | S (B ZApce® ! for £,€Q.* and any >0,

where Q. is the cone given in Proposition 7.1, replacing 4e by e.

The proof of this lemma is carried out in a way similar to that for

Theorem 4.1 of Osterwalder and Schrader [14].

Lemma 8.6 (Infra-exponential estimate). For a fixed {,—¢
&' —s, é‘k) eI'™M we define

(8-12) Sk.s(f)ko] Qk) :Hle—epiusk(gkoJ.‘_pko, Ek) s

then there is a constant A} independent of &, and 0,° such that the
Sfollowing inequality holds for o'cC,™:

(8'13) lSk.e (f’k0| Qk) | éA;c{VE)esiﬁ‘k .

Proof. We shall prove the lemma by induction. In the case N=0
case we let &, be fixed so that each §; is in the cone Q. and let e,
#=0,1, 2, 3, be four linearly independent vectors in the dual cone I'°= {z°

>|x|/¢}, then by (8-11) and the Euclidean invariance of S, the inequality
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(8-14) | Sk (& +wroe) e 2% <A, €15
holds for wi,e Ui, L%, where wioe is the set of vectors with com-
ponents (w;oe)*=3 2, w’(e,)” and
Thin={wy;larg w| <w/2, arg w,” =0 for y==u or j=i}.

By the maximum principle the inequality (8-14) holds also for w,&7T%
= {wy; X i Jarg w#| <<w/2}. Therefore we have
(8-15) 1Sk (L) | S Ap e8! for (—esTQ,

since I'".CT, (see Lemma 5.1 of Osterwalder and Schrader [14]).
Thus the lemma has been proved for N=0.

Assuming that the inequality (8-13) has been verified for 0N
<M-—1, we will prove it for M. For (z—¢/2,{,-,—e) I'(R, (2 —¢/2,

{rno1—e) €I'S0 we have
n—1
VI, G, o) = [T 7 (42,2, G G

and similarly @Z.(2’° 0:0.2", €0 1). Since (—0(,_.£—¢), —0z+z—¢,
{oi—) €TGD and (—0(nil’ —6), —02"+2" —e, g;__l—s) er{-b, we
have
|Snsm-r.e (o1’ 2+ 27 +it, pr0 o] —0(ail), —02+2", {n) |
=TT (2", 0nal 2, Camn), € HUL (27, 0 2, Cn) D
<Son-re (a0’ 22°, 00l —0(s8), —02+2,Co))™?
X Som-1,e (m-10"" 22", 0rla| —0(m-iQ), —02" +2',C0 )"
< (AGT ARV exp{| Ganil 12l +C0l +12]}
for (2%, 05_) €D, and (2’ pon1) €D, . If we define A by
AP =maxn mor- { (AR - A7) %)

oan

we have the desired estimate, because C;" is the envelope of holomorphy

of C,™. Thus we have completed the proof of the lemma.

Now, define W, (L) =S,(0(€x)), then W, (L) is analytic in ¢(I'$
+C,™ for any N. We shall show that W, (&) determines a Fourier

hyperfunction.
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Lemma 8.7. For any positive €, there exists a linear transfor-
mation L. which maps the domain {Im w”>¢|Re w*|, u=0,---, 3}
into (' +C,™).

Proof. From Lemma 5.2 of Osterwalder and Schrader [14] it fol-
lows that for any &>0 there exists C;” which contains {z&C;Rez
>(e/2)|Im 2|}. Let us define a linear transformation by

8 8 8 By

1

L0y — 1 1 -1 -1 w
1 -1 1 -1 w?

1 -1-1 1 w?®

=)=, where p=2-2°-2"/rn¢.

If Im w*>¢|Re w*| for #=0, ---, 3, it is easy to see that

(8-16) Im £°=4Im w| >FIm &4 for every u,
(8-17) Im =4 Im w| > Re w| >¢|Re &,
(8-18) Im £°=p|Im w| >F¢| Re w| =>¢|Re &°].

Decompose £ into ¢(€-+w-+ (0°, 0)) by taking &= (Im¢&")/2, v’°=0, o
=(Im¢&)/2—iRel’ &"=Rel* w*=iIm¢* (k=1,2,3). Then itis not
difficult to verify, using (8-16)-(8-18), that {cc(I'% +C,™)

Corollary 8.8. For any positive g, there exists a linear transforma-

tion L& =QL." which maps {we& C*; Im w*>¢|Re w*|, #=0, ---, 3}* in-

13

to ¢(I'&) +C,™).

Proof. If one takes 3=2.2°-2"-%k/me and constructs L. as above,

the corollary immediately follows.

Proposition 8.9. Define for fe Py,
(819 W)= [oW.LRwIF LB w)| L dus,
T

where 1 is a path of integration lying in {we C;Im w>¢e|Re w|} (see
NM 1D, then Wis (Puw)’.
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Proof. Since Wi(&,) is an infra-exponential holomorphic function,
the right hand side of Eq. (8-19) is meaningful. It is sufficient to prove
that the right hand side of (8-19) is independent of L&) and 7** as far

as it is defined. We rewrite it as follows:

(8-20) r.h.s. of (8-19) = L‘ka(gk)f(ék) dCy,

where 77*=LM7* is a surface contained in ¢(I'§"} +C;™). By the Cau-
chy-Poincaré theorem (see p.198 of Vladimirov [19]), the integral (8-20)
is independent of the surface as far as it is defined. This proves the

proposition.

Proposition 8.10. The support of the Fourier transform W of
Wy is contained in (R, X R®".

Proof. We only prove the proposition for the case 2=1. Since
P, is dense in Q(R, X R’) (see the Appendix), it is sufficient to show
that

|W(H)| <C:sup |f(2)| " for all FEP,,
22

where Y. ={z=C*;Re 2> —¢,|Im2*>e(1+|Rez*)} is a neighbour-
hood of R, XR® in Q' Here and in what follows in the proof of the
proposition the suffix 1 indicating £=1 is suppressed and L is a short
hand notation for L™

W =W (ZFFf

r

= o™ | {W(Lw) [eamare ap) | L] dw

T4

= @o [ fWaw) [ s iniap dw
Jre J

— (2m) {W(Lw) :e‘“‘”’f(tL‘lp) dp} Ydw .

J

We now introduce quadrants centered at x= —¢, 0<{0<¢, as follows:
(k) = {(&°, £, 2% ) € R*; =+ if 2*>—0,

*=—if x*<—0 for each u}.
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Since

1/8 1/8 1/8 1/8

tL-1=l 1 1 -1 -1
4 1 -1 1 -1/
1 -1-1 1

*L™*(+ + + +) is contained in (—0/8, ) X R®. Define

Gaxnsx (W) = f e ™ ?f(CL™'p)dp,

(ke k sk k)

then it is easily seen that ¢,..,(w) is a rapidly decreasing holomorphic

function and satisfies the estimate
sup |g++++(w) V™ <C;sup|f(2)e?| for m>1/e.
welUny 2E2e

As for other quadrants, for example (— + + +), ¢-.:++(w) belongs to

P,; moreover it is analytic in {Im w">0} and satisfies there the estimate
[g-+++ () SCe™?@m¥D

Therefore, by introducing the path 7°={w;w—iw<7}, we obtain
(2m) ~* J W(Lw)g. .+ (w)dw=1lim [ W(Lw)g_...(w)dw=0.
rl

w—oo Jrixre

Thus we have

WO =1 [ W) {Seornns Gonnn (@)} e

=I [ W(Ew)g.r. . () duwl <C. sup | ()] e,
T4 z&le
which completes the proof.
Remark. From the Euclidean convariance (E1) follows the re-
lativistic invariance of W, Therefore the support of W, is contained
in T—/':’E

Proposition 8.11. S, (&) =W, (t&) = W, (e 9% for £°cR."

Proof. By Proposition 3.13 of NM II, from the equality
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[ WL Rwd AL | L8 dw, = T(E)

— j W, (6 H20) F(LD10,)| L] diw
ik

valid for fePyu, €>0 and positive N, there follows W, (L& w,)
= Wk (eXp {i(( ) Lgﬁc)w))k}) for Im wi”>al Re wiul ) i:]-’ °tty k’ MYy o0y 3, and
all >0 and N. This implies W, (¢&,) = W, (exp{i((-, ¢€))}) for &= R.".

Proof of Thoerem 8.1. Define W, (x,) =W,-1(§,-1). The hyper-
function property (RO) is obvious from Lemma 8.6. The positivity con-
dition (R2) follows from Lemma 8.4 and the fact that the Wightman
function W,-;(§,-;) can be obtained as a boundary value of the analytic
continuation of the Schwinger function S,_;. (E4) shows that for any
vector @, ¥ K we have }im 0, U,(Qa)¥> =<0, 22, %>, which implies
the cluster property (R4). ooThe relativistic covariance (R1) and the local
commutativity (R3) are proved by the same arguments as used by Oster-
walder and Schrader [13]. (R5) has already mentioned after the proof
of Proposition 8.10. Proposition 8.11 implies that the corresponding Sch-
winger functions coincide with the Euclidean Green’s functions given initi-
ally. Uniqueness follows from Proposition 7.3. The proof of Theorem
8.1 is thus completed.

Appendix Py, is dense in Q(K)

Here we wish to prove the statement: Let K be a compact subset

of D", then Py =0 (D") is dense in Q(K).

The proof goes on in a fashion similar to that in Theorem 2.2.1
of Kawai [10], if we can construct a sequence of subsets {£,} possessing
the following properties:

(a) U,"D82,DK and £,’s tend decreasingly to K, where U, is given

by (3-1).
(b) For any p and any T (€&,) there exist an open set V and
a function 0(z) strictly plurisubharmonic in U," such that

(i) TEveL,.
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(ii) 0(2)<<0 on TCC".
(iii) 0(2)>0 near 0V C".
@Av) supzne-0(2) SM;<co for any LCL,.
Construction of {£,}: We shall say that £ is of type (E) if 2
=N, V', where

Vi={2eC";fi()| <1, d|Im 2|*—| Re 2| *<1, 1<j<n}.

Here f1(2) =c, exp{—2 ;(z;—a;")%, c;€ER and a® €R". Since K isa
compact set in D", it is clear that K can be approximated by a decreasing
sequence of £, of type (E).

We are going to construct V and 6(z) having the required properties
for any T€#,. From now on we suppress index p of £,. By the defi-
nition of 7" one can find {G:} such that T Up., G, where G, is a
relatively compact set in €C" or an open convex cone in C" and G,C4%.
Then by taking a suitable set S of type (E), we have T'CS and S
N{Rez|>M}E€[2N{Rez/>M}]. On the other hand, recalling that
£2=0,V* by the definition of £ we have T'N {|{Re 2| <M+1} EV*"*
N {|Re 2| <M++1} for sufficiently small e, where V.'*"*is a translation
of V parallel to the coordinate axis by +e. Thus, taking ¢ sufficiently
small, we have TC V. *"*. We define V=Sn (N V' *"*).

By The above construction V can be represented as N,V. As is
clear from the method of construction of £ and V, we may assume &, =d
without loss of generality.

On setting ¢(2) =max;{d|Im 2;/°—|Re 2;|*—1}, 0(z) =sup,log|f(2)]
and y(x) =max{$(2),0(z)}, we define

0(=) =y (=) *0e +e[1+1og(1+]2" ],
where 0. is a molifier in R*. Then 0(2) thus defined is strictly pluri-

subharmonic and 6(2)<{0 on 7, and 0(z2)>0 near 0V for sufficiently
small €>0, thus all the required properties having been satisfied.
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