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Point Spectra of Non-Singular Flows

By

Motosige OSIKAWA*

Abstract

An example is given of a family of non-singular trans{ormations whose point spectra
are uncountable.

§ 1. Definition of the Point Spectrum

Let (X, %, P) be a Lebesgue measure space and let {T;¢<= R} be
a one-parameter group of null-measure-preserving transformations of X
onto itself, where the map Xx R—>X((x, t) >T.x) is measurable. The
non-singular flow {T,; € R} is said to be ergodic if every measurable
function f with f(T.x) =f(x) a.e.x for each £t R is constant a.e.. A
real number 6 is called an element of the point spectrum of {7T;; ¢ R}
¥ (x)
a.e.x for each zeR. If {T,;t= R} is ergodic we may consider |¢(x)|
=1. We denote by Sp({7.}) the point spectrum of {T;t€R}. It is
well known that if {7,;;¢= R} has a finite invariant measure equivalent

to P Sp({T.}) is {0} or a countable subset of the set of all real num-

if there exists a non-zero measurable function ¢ with ¢(7T,x) =e

bers.

§2. AC-Flow

For every integer #=1 let 2, be the [,-point set {0, 1, ---, I,—1}
for some integer [,=>2 B, be the algebra consisting all subsets of £,
and G, be the group of all permutations of 2,. Let £ be the product

II 2. of the 2, »=1. For a point w of £, w, means the n-th coordinate
n=1

of w. We may consider B, as an algebra on £, denote by B the algebra
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generated by G B;, and by B¥ the c-algebra generated by Lj B;. We
may consider (J;: as a transformation group on £, denote by GJ=tlhe group
generated by G G; and by G¥ the group generated by G G;.

We deﬁrlej:a1 transformation 7" of @ onto itself as folljc;:vs: if ;=1
—1 for j=1,2, .-, n—1 and 0,<[,—2 then (Tw);=0 for j=1, 2, -,
n—1, (Tw),=w,+1 and (Tw),;=w; for j=n+1,72+2,---. T is called
the adding machine with measure g if #(A) =0 implies u(7T'4) =0.

For given numbers X, (k) R, k=0,1, ---, [,—1, n=1, 2, --- such
that X,(0)=0 and X,(k+1)>X,(B) + 3 X,(L;—1), k=0,1, -+, [, —2,
#=1,2, -+, we define, if 0, =1,—1 for jo1.2, - n—1 and o,—k<lp—2,
F(@) =X, (k+1) — X, (k) — :E_iX,(zj—l). We may consider X,(-) as a

B,-measurable function defined on £ and we have f(w)= i‘,l (X, (Tw)
—X,(0))>0. Consider the following flow built under :;_ function f.
Let X be the set of all points (w,s) of the product space £x R with
0=s<f(w), & be the restriction of the product g-algebra BXx By to X
and P be the restriction of the product measure uXe °ds to X, where
ds is the uniform measure defined on the Borel field By of R. A flow
{T,,te R} is defined on (X, <, P) as follows.

(0,544 X FT0) )
if— 3 f(T0)Ss+e<— 5 F(T0)
(n: 1, 2, )

T (0,s)= et
<(T"a>, sti- % f(wa))

n—1 n
if 3 f(T0) Ss+t< X f(T7w)
=0 i=0
(n=0,1, )
We call this {T:, t= R} the AC-low determined by 7, x# and
{X.(-)}. (AC for Adding machine and Ceiling function, or perhaps
for Alain Connes.)

§ 3. Point Spectra of AC-Flows

Theorem. Let {T,;t= R} be the AC-flow determined by T, y and
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(X ()}
(a) If there exists a sequence {C,} of real numbers such that
exp {20 En:, (X; () —C;)} converges a.e. as n—>oo, then 0 Sp({T}).
(b)j=11f U is an infinite product of measures Y, on @, ,n=12 -
with u,({k}) >0, then T is ergodic and the converse of (a) is true.

Proof. I is easy to see that §=Sp({T}) iff there exists a non-

zero measurable {unction ¢(w) with
W ¢ (Tw) =" (0).

If ¢(0) =exp{if i (X;(w) —C;)} exists, it satisfies Y. Let ¢(w) be a
=1

non-zero function satisfying ¥%, we have

exp{i0 3 (X, (T*0) =X, (@)} =2L 0 1012 ...
7=1 ¢ (0)

Since for any g G¥ and for a.e w =g, there exists an integer £(g, w)
such that go=T*®"¢,

exp {20 Zn: (X;(gw) —X;(w))} =M, a.e.0 for each g=G,*.
7=1 ¢ (0)

Since ¢F (0) =¢(w)exp{—120 2 X;(w)} is a G¥-invariant function and
=1

since B,’s are mutually independent ¢-algebras on the assumption of (b),

we have

lim exp {70 jL—Z‘lXi (@)} E(gx (0)) = lim E((p(0) /BY) =0 ().

Hence there exists a sequence {C,} of real numbers such that

exp {z0 }i (X;(@) —C;)} converges a.e. as n—oo. (cf. [2])
=1

§4. Example 1

1 A
Put 2,={0,1}, #.(0)=——, 2, Q) ="2— d X,0)=0, X, (1
0.3, mO =1 a® =5 wmd X0 @
=2", n=1,2 --- for some 0<{A=<1 and some a in R. Let {T,;t= R}

be the ACflow determined by the product measure g= ] #., and the
n=1
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{X,(-)}. Then Sp({T})== >< {2-adic rational numbers}. In fact
since for any 2-adic rational number § exp{i— 0X, (w) } =1 for suffi-
a
ciently large n, exp{iz—n@an(a))} converges a.e.. Try next to as-
a =t

sume that exp{izir 0 il (X, (w) —C,,)} converges a.e, for some not 2-
adic rational numger 15_ and some sequence {C,} of real numbers. Put
E= {a)E.Q; exp<ig7—7:0(Xn(a)) —C,,)) converges to 1 as n—»oo}; we have
u(E)=1. Lookinga at fractional parts of 02", one sees there exists an
infinite subset N, of positive integers such that |exp{i2z62"—1}|>+/ 2,
neN,. Since, from the Borel-Cantelli lemma, there exist an o in
E and an infinite subset N, of N,; such that w,=1 for n&N,,
lim exp (22762™) exp<—z = oC, ) =1. Again from the Borel-Cantelli lemma

neh,

n—>00

there exist an @ in E and an infinite subset N, of N, such that ,=0

for neN;, so lim exp<~i2—ﬂ: 0Cn> =1. This is a contradiction and thus
nEN, a

N —>00

2—710 is not in Sp({T}). (cf. [2])

§5. Example 2 (with uncountable spectra)

Put M,=2, M,=2"M,_, (n=2,3,---). For any real number § there
exists a unique sequence {l,’, %, -+, 7’ ---} of integers such that —2"!

- L’ Z 1
<ln’<2" 1, _2, 3’ d - 1 )
n an + e -

oM, > <Ml M, M,
=1,2,.--. For any sequence {0, ---, [, -} of integers with |l,,|§2" -2

for sufficiently large 7, the unique sequence {/,’, 1/, -+, ../, .-} of integers

l A VA .
determined by a real number —’—{- +o k2 .. satisfies [,/ =1,
¢ y M, M,
L, 1

for sufficiently large 7, because ! -f——l’ik—f—--- < —. Hence the
M, M, 2M,_,

set of all real numbers whose uniquely determined sequence {/,’ %, ---,

o 7\ 2
L/, -} satisfies }) <l" > <+ o0 is the set of all real numbers i——}-
n=1 2” Ml
lz l . . kad
+--4+ " +... determined by a sequence {l, ly, -+, l,---} with
M 7 y q i, & } 2
<21n> <+ oo. We denote by M the latter set. It is easy to see that
M is an uncountable subgroup of the group of real numbers and that
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the complement of 9 is also uncountable.

Put 2,=4{0,1}, X,(0) =0, X, (1) =M,a, n=1,2,--- for some a in
R and let {T;;¢t= R} be the AC-flow determined by the adding machine
with an arbitrary measure # and the {X,(:)}. For a real number 0

= ]f}l + 11\22 +-- +ﬁ":+ -+ denote by Y,(w,) the fractional part of %X,,(a)),
l l
:1’2’-'-, h YnO :O d Yn 1 :Mn _"i‘l___*-—"‘i_*_
n we ave 0) an €Y) <Mn+, YA
), n=1,2,---. All real numbers —<L-|——+ —}-]‘l; > with
I1.i<1, n=1,2,--- are in Sp({T.}), since Z Y, ()< iMn< 1 N
n=1 n=1 41

1 > 31
Fo ) = 20 =< oo
Mn+2 _"2=12n< Oo

If y is an infinite product of measures x4, on £, n=1, 2, --- such

that s, (0) = il, m® = 4 An=1,2,,(0<2ZD), we have SH{T})

=—a- T M. In fact exp {271 Z (Y.(0) —C,)} converges a.e. for some
n=1

segence {C,} of real numbers iff i V(Y. (0))<+oo, iff
n=1

i M,%( busa +ﬁi+~--)2<+oo and iff i M,f< lnt > < 4o,
n=1 Mn+1 Mn+2 n=1 M,

n+1

§6. Remarks Related to the Weak Equivalence Theory of
Non-Singular Transformations

(1) J. Woods [5] constructed ITPFI factors with an uncountable p-set.
A. Connes [1] constructed an adding machine with infinite product meas-
ure whose associated flow was the AC-flow determined by the adding
machine and some {X,(-)}. Using his method we can construct an add-
ing machine with infinite product measure whose associated flow is the

AC-flow of Example 2. This has uncountable T-set == ﬁ% (cf. [3]
and [4])

(2) We may take as parameter set the set Z of all integers instead of
R as in this paper. In this case we would say AC-transformation in-
stead of AC-flow. If an adding machine 7 has no ¢-finite invariant
measure equivalent to 4, every AC-transformations determined by 7" and

some ceiling is weakly equivalent to 7. The AC-transformations of
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Example 1 for different prime numbers @ have mutually different spectra.

So they are weakly equivalent (of type III;, 0<CA<(1), but not equivalent.
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