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On the First Initial-Boundary Value Problem
of Compressible Viscous Fluid Motion

By

Atusi TANIT*

Up to the present day many kinds of mathematical discussions on
incompressible viscous fluid motion have fully developed (cf. [32, 36]).
As for compressible viscous one, however, there have been only a few
works on it. In 1959 Serrin [50] proved the uniqueness theorem in a
bounded domain, making use of the classical energy method. In 1962
Nash [44] tried to show the existence theorem in R’ but it seems to
the author that he has failed. Independently of them Itaya succeeded
to prove the existence and the uniqueness theorems on the Cauchy pro-
blem for it in [24-28], using Tikhonov’s fixed point theorem.

Now in the present paper, we shall show that the first initial-boundary
value problem for it can uniquely be solved under suitable assumptions
for the initial-boundary data and for the boundary of the domain, from
the classical point of view.

In §1 an exact statement and the main theorem (Theorem 1) will
be found. In §2 we perform the characteristic transformation and mention
the theorem of the transformed problem (Theorem 2). Firstly we prove
Theorem 2 and then show that Theorem 2 implies Theorem 1 in the
last section §8. In §§ 3-5 linear equations connected with the trans-
formed equations are treated. In more detail, in § 3.1 we briefly state
some basic results for a fundamental solution in the whole space R® due
to Eide’man [9, 18] and Pogorzelski [46-48] (cf. [25]). In §3.2 we
check the basic condition of uniform solvability due to Solomjak [52,
547, which is essential for the study of the boundary value problem in

applied mathematics, corresponding to the Lopatinsky condition for the
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elliptic system in the sense of Petrowsky [37-39] and the complement-
ing condition for the elliptic system in the Douglis-Nirenberg sense [1,
8, 53]. Once it is shown that this condition holds, we can construct the
Poisson kernel and the Green matrix [1, 10-12, 14, 15, 22, 29-31, 54].
We estimate the Green matrix in §4 and the solution in §5. Making
use of these results we give a proof of the existence in §6 by the
method of successive approximation and that of the uniqueness in § 7,

therefore the proof of Theorem 2 is completed.

Acknowledgement. Deep gratitude is due to Professor N. Itaya

for his kind advices and encouragements throughout this research.

§ 1. Introduction

1.1. Statement of the Problem. Compressible viscous isotropic
Newtonian fluid motion is described by five differential equations cor-
responding to the law of mass, momentum and energy as follows (as for
kinematics, see, for example, [34, 35, 40, 51, 55]):

1.1 Do _ _, 00
Dt 0z,
Dy, 1 0 0v 1 0 0v; , 0v
1.2 t=— )+ = [ N e :l

_i ap +fi (Z=1a2a3)5
0 0x;
DS 1 0 00 u [ 0v; 0ve\*, u' [ 0v\®
1.3 = K + =+ + s
1.3 Dt p0 0z, ( 0xk> 200 <0xk 0x; > 00 <6x,c>

where p, density; v= (v, vs, vs), velocity; u, coefficient of viscosity; u’,
second coefficient of viscosity; &, coefficient of heat conduction; p, pressure;
=, f2, fs), outer force; S, entropy; 0, absolute temperature; D/D¢
=0/0t+ v, 0/0x.

The summation convention will always be used unless the contrary
is stated explicitly.

By the physical structure of fluid we can assume that g, x4, £, p
and S are functions of p and 6 such that ,a’—{—%//.zo and 4, &, p, Sg>0.

If S be smooth, then using the equation (1.1) we have
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DS Do Do
1.4 =5, +.5
-4 Dt Dt " Dt
Do 0v
=5, — 0S8 E_,
"Dt "oz,

Thus (1.3) has the form:

, D01 9 [ 00 4 [ 0v . 0\
1. 3 =3 + _{_
a.3) Dt 00S, oz, <’C Oxk> 2065, <0xk Oxi>

u [ 0vp\*, oS, 0u,
+ .
00S, < 0xy, > S, 0xy

Hereafter, we shall consider (1.1), (1.2), (1.3)’ under the following

initial-boundary condition:
v(z,0) =v,(x), 0(z,0) =00(2), p(z,0) =0(2) (z€9),

(1. 5) {
v(x,t) =0, 0(x,8) =0,(x,8) ((x,2) €l7).

From now on we always assume that the compatibility conditions
between the system of equations (1.1), (1.2), (1.3)’ and the initial-
boundary condition (1.5) are satisfied.

As a final result for the problem (1.1), (1.2), (1.3)’, (1.5), we

have the following main theorem (as for notations, see §§ 1.2, 1.3):

Theorem 1. If @ be a domain in R°, bounded or undounded,
and its boundary I' belong to C*** and satisfy the Lyapunov condi-
tions, then there uniquely exists (v, 0, p) € H***(Qr.) x H**(Qyr.)
X B™*(Qyp) for some T'e (0,T] such that (v,0,0) satisfies (1.1),
(1.2), (1.3)", (1.5), where (v, 0o, 00) € H***(2) x H***(2) X H'**(2)
(0<505i11‘1§%00 () = 00 (%) = 00= i‘ég 00 (x) <+ 00, O<5OEinelaf 0o (z) =00 ()
=00=sup0y(x)<+oc0), Ou(z, HEeH***(I'n), f€ B (Qr) and 4, 4/, K, 6,5
e Ok (E&P,‘;) with prescribed properties.

1.2. Basic Notations. For s= (s;, 55, 53) (s;’s non-negative integers),
r (non-negative integer), we define
3
|s| = Zl si, DtrDzs — ar+Isl/atraxlslaxzszax;a .
=

(1 6) QTz‘QX(O;T:L QT:gX[OsT:Ia
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Te=I'%x[0,T] (Te(0,+c0)).

For any non-negative integer z and ae (0,1)

1.7 H**@p) ={v(z,0)| [o]£"*=_3 |D/D,|s®

2r+1s|=0

+ 2 DD+ 31 |D/ D, o)<+ oo},

27+ |8|=(n—-1)\/0 2r+ 8| =n
where
lv|r®= sup |v(z,2)],
(z,1)EQr
(a/2) iv (.Z', t) —v (‘ry t,) l
v = su
1.8) Ioli% P R [t —2’|*" ’
lo| @y = sup |v(x, ) —v(z’,8)]
T (@0, @ 0elr o |lz—x'|* ’
(1.9) |v]7® = |v|&P + 0] $F.

(A.10)  H*(@) = {u(@)| [u]*= 2 ID.u O+ 3 |Dul <+ oo},
5| = sl=n

where
|u|®= sup lu(x) |,
1.11 ,
(1.11) W= sup @=uE)]
z,2°€f, zz* ]x—x’l“
1.12) B**(Qp) ={w(z,£)| Y DD, 'w|

r+|8§|=0

+ 23 D/ D, w| <+ oo}.

r+|8|=n
For a vector function g¢(x,¢) = (¢))%, geH"** (QT) implies g;
— k
eH"*(Qr) (¢=1,2,---,k) and |g|7” denotes > |9:|+™, etc. For the
i=1
Holder exponent =1, notations such as |g|,‘® are used.
(1.13) Dys=1(p, 0) € (0, +00) X (0, +00)}.
For »=0,1,2, -,
(1.14) Ot (D, =4a(p,0) |q is defined on 9,, n-times partially

differentiable and all its zn-th order derivatives

are locally Lipschitz-continuous there}.
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Other notations, not described above, will be explained where they

appear.

1.3. On the Domain. We shall always assume that the domain
in R® bounded or unbounded, to be considered here has a boundary
which satisfies the following Lyapunov conditions (cf. [21]):

1. At each point of the boundary there exists a well-defined tangent
plane and hence a well-defined normal.

2. For any point x& [ there exists a single fixed number 4>0 such
that the portion of the boundary inside a sphere of radius d with the
center of x intersects lines parallel to the normal at x in at most one
point,

3. If 0 be the angle between the normals at x; and =z, then
0=alx;—x|%

where @ and « are positive constants independent of x;, x, and a=1.
The sphere mentioned above we shall call by the Lyapunov sphere.
Let (2, Z;, Z5) be a local rectangular coordinate system with the
center of £, i.e., we take the inner normal at & as the %, axis and
place the 2, Z,yaxes in the tangent plane at & Because of condition
2, the portion of the boundary lying inside the Lyapunov sphere around

& may be represented in the form:

(1.15) 332F<53\1, 2y €),

where F(Z,, Z,; €) is a single-valued function in a certain domain of the
(&, Z)-plane. Conditions 1 and 3 imply that FeC'*

We shall call that "'eC™(m>1) if it satisfies the above mentioned
conditions and if in the neighborhood of each £ it may be represented
by (1.15) with FeC™(K,), where Ky={z'= (%, Z») | |2'|= @+ 2DV
<d/2}. It is easily seen that in K, the function F satisfies the in-
equalities

IF| =Bz |,
(1. 16)
lgrad F|=@:|2’|%
where (3, and (3, are positive constants uniformly in é& 7.

Let 2 be any small positive number. It is well known (cf. [54])
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that in @ we can construct two systems {w®} and {@*} such that

1L o®MCMCE, Uo®=Ue® =7,
k k
2. for any z, there exists 0® such that x€w™ and dist (x, 2 —0®) =4,

(88>0) H

3. for any 1, there exists a number N, independent of A such that
No+

Aaw=0,
k=1

). if QO NI'=0d, in this case we shall denote 2=Fk’, then w®*" and
2% are the cubes with the same center and with the length of their
edges equal to 1/2 and A, respectively,
4 (i). if o™ NI'#£9, in this case k=F~”, then for a local rectangular

coordinate system {Z} with the center of some £*’ e[,

o® = {21 S 104 (=1,2), 02— F (@, 2 ) <8,

Q4 = {12 =ik (=1,2), 0=2:—F (21, Zn; §4) =28,2},

where F is a function describing the boundary I” in the neighborhood
of €*” and (3, is a positive constant independent of A.

By changing the variables in such a way that
1.17) Ti=z; 0=1,2), T,=2,—F (&),
2% is transformed into a standard cube K= {!7;|<B,1 (=1, 2), 0%,
<282}, and the boundary in £%" is K'={|z;!<px (E=1,2), z,=0}.

Furthermore, it is well known that there exist the smooth functions
£* () and 5™ (x) such that

1 if z€p®

¢ (x) = , 0=L% (x) <1,
J 0 if ze@—-0QW

(1.18)

7®(x) =0 if z€@—-9%, > (" (x)9" (z) =1,
k
l 1DE® () |<< A1, | Dig® () | < A0,
Let {I""} be a covering of " and set ' =7"x[0,T]. As we
saw above, I'/> can be represented by the local coordinate system {Z} in
the same way as K’. Thus the function defined on I'; may be con-

sidered as a function #”(z’,£) defined on ', = {|z’'| <R} x [0, T7].

Trh

119  H"™(I'r) = {u(z,?) | I!uil(r";“)ESI;PHu”)IIQ*“)<+00}-
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§ 2. Preliminaries

2.1. Characteristic Transformation. For ve H***(Q,) with v|,,

=0 we consider a system of ordinary differential equations:

i.T(l‘;:zz:,t) =v@(c;x,8),1),
2.1 dr

Z(t; x,t) =2 (V(z,t) €0y, 0<r=0).
By the assumption that ve H***(Q,), we have a unique solution curve
passing (x,t) that satisfies (2.1). If we put
2.2) zZ(0; z,2) =z (x, 8),
then it is obvious that the transformation (x,¢)— (x(x, ), % =¢) is a
one-to-one mapping from Q onto Q and especially the boundary Iy is

transformed onto I'y. We denote the inverse transformation by (x(x, &), ¢

=t,). For any function ¢(x,¢) we define
(2.3) G (xo, t0) =9 (x (0, £0) , L =10) .

It is to be noted that (2.1) implies

d o
@. 1) d—z‘x (o, ) =9 (20, 7),

x(xy, 0) = .

Thus z(x, t,) is expressed in such a way that

173
(2.5) x=ux+ j 9 (x, T)d7.
0
Hence
0x ko
2.6) =1+ | 9, (=, v)dr,
01, 0
2.7) o _ 0% 0 :<a$>_1- o_,
0x 0xr 0x, 0, 0x,
where I is an identity matrix.
For simplicity we put
0x \7!
2. 8 = i .
2.8) (=) =
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The system of equations (1.1), (1.2), (1.3)’ implies

(2 9) a ﬁ: —éGi]aj'/()\i (0,-=0/0xu,),
0t
(2. 10) ——a"’; B, = % [+ 1) GueTme -+ 10 120 D mi] DB
0

+ "a‘p,{i[/«lﬁ,gijgksasﬁk + 25 (015915050 + 9394050 5) — 237 :5]
1., - N -
-+ 5 [ 4796050 + 1t (Gmi05T; + G 2059 ;0me) 101G ms

1., i _ N
+ 5 L6 9159 130 10055 + 169 51 (9 3:059: + 04,059 4) 0,.0

“Pa‘gijajé +f:1 (=1,2,3),

PN

00 K ) A A
211 =‘*—:~“g g 006—&— .\p i 1000
( ) ot 065, 179:x0 ;0% 50Sagugk x00 ;0

1

I ~
+ ——¢;,;0,00 +—
265, 9:;0:00 ;91 565,

[’Cégugikajéaké + % (94059,
+0u0:05) -+ 1 (9:;0,9)+ ﬁzéSggHOﬂ)}] .

Condition (1.5) implies

( ) 9 (20, 0) = v, (x0), 6 (5, 0) =0y (x0), O (20, 0) =p0(x0) (0ER),

2.12

B (2o, £0) =0, 0 (20, £0) =01 (20, 20) ((x0, 20) €ET'7).

Next we state the following well known fact (cf. [42]):

Lemma 2.1. Let 'C***(m=0) and g C™**(I"y). Then there

exists at least one function g*€C™*(Q;) such that g*=q on Iy.

Using this lemma, we can extend 6, H***(I';) to 6,*€H**(Q,),

which we also denote by 6, without misunderstanding.

2.2. Restatement of the Problem. We shall use the notation
(z,t) instead of (=%, except the last section. If 9 H***(Q,) is

given in (2.9), then p is uniquely determined, being expressed by
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t
(2.13) 0,0 =po(@) exp| = [ 000,00z, D) e |
If in (2.10) and (2.11) we put

w; (-13, 1) =9;(x, t) — Voi (x) (i= 1,2 3),
(2.14)
wy(x, t) =0(x, t) —0,(x, t) +0,(x, 0) —0,(x),

then (2.10) and (2.11) can be written in the form
(2.15) D= Ut (£, w) s + Vel 1, w) (=1,2,3,4)

and the initial-boundary condition (2.12) is transformed into
(2. 16) w(x,0) =0, w(x,?)|r,=0.

As a second main theorem we shall prove

Theorem 2. Under the same assumptions of Theorem 1, for some
Te (0, T] there uniquely cxists (w,p) € H**%(Qr.) X B**(Qy.) such
that (w, () satisfies (2.9) with w;+wvy in place of ¥;, (2.15) and
(2.16).

First of all we proceed to prove Theorem 2 and next to prove
Theorem 1 briefly.

At first we consider the following linear problem connected with
(2.15):

OBt g (2, £, 1) 00w, + §i (2, £, w) (1=1,2,3,4),
(2.17) ot

@ (x,0) =0, @|r,=0,
where ¢; (i=1,2,3,4) are any given functions which belong to H*(Q)

and satisfy the compatibility condition. Here we assume that

(2.18) we&r={weH" Q)| wlr,=0,

(wyr®@0=_ 31 |{D/D.wlr®+ 3 |D.fwlf <My,

2r—|s|=0 |sl=1

where M, is an arbitrary positive number smaller than §,.

Let M, be the positive root of 1—3x—6x'—62*=0. Then there
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exists 7, (0, 7] such that
(2.19) (M, + o “ (2+a)) T, <M,, B_O_Ml - “61” g’zfa) -T,>0.

On this account, matrix (g;;) is well-defined and the following inequality
holds:

(2.20) 1925 = 045| =By (T, Cw)r®®)  (Te (0, T1]),

where B; is a positive constant increasing in each argument and B; | 0
as T 0.

Lemma 2.2. Assume (2.18). Then the system (2.17) is uni-

formly parabolic in the sense of Petrowsky, i.e., there exists a number
0>0 such that

(2.21) max sup Re 1;(§, z,0) =—0 (V(z,0) €Qy),
i 1é=1

where 1;’s are the roots of det {UiF (i&,) (45,) — A0s;+ =0.

Proof. Since

det {UEF i80) idm) — 200} = (1+ 20,40 m080)

x</1_§_~2_£i_'u_

= K
5 gjkgjm§k$m> <A+E6,—ﬁgjkgjm€k$m>s
we have
Al = Az = - égjlcgjméksm ’
0
2 ’
(2. 22) Ro=— —‘?—”-gnqmsk&m
/14-: — K

=0 140 jmE € m -
008, I E

Using (2.20) we obtain

gjlcgjmskfmz]z &, ; {93, — lc=l=zj 19:5] 1941}

= (1—-6B,—3B) |&]%.

Because of the property of B,, there exists T, (0,7;] such that
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O<B1 (Tg, M]) <1 y 1 - 631 (Tz, Ml) - 3B1 (Tg, Ml) 2>O .
From (2.13), (2.14), (2.18), (2.20) and the properties of g, and 6,

it follows that the domain considered in (1.13) becomes
(2.23) D 5= @o-exp[ — (Mi+ [|vo|**)9 (A + By T%],

0o+ exp[ (Mi+ [|wo| )9 (1 + B) T])

X (Bo— My~ (0418 T, 6o+ M+ 210, £).
Hence for o {k, 4, #’, Si} we can define

6= min 0(,0), G= max 0(,0).
0.DED*s,5 0.0,

Thus for any («,2) EQTz

(2.24) max sup Re A;(§, x,2) <— (1—6B,— 3B}
iooie=1
Xmin{g, —= d = }
0o bo(00+M1+2”01H§'2:a))Sé

Xexp[ — (Mi+ ||| ***)9(1+ B) T, ] = —6. Q.E.D.

Hereafter, for simplicity we choose 7" from the beginning in such
a way that 7T'="T,.

§ 3. Green Matrix of a Linear Problem

3.1. Some Results of a Fundamental Solution in the Whole
Space R’. We begin this section with a general, well-known lemma

concerning the extention of functions ([19, 54]):

Lemma 3.1. Suppose ]"EC;L, m=max(1+a, m) and g H™(Qy).
Then there exists an extention *g of ¢, which belongs to H™(R;%)
and satisfies the inequality |*¢||$%:.=C|g| ™, where R;*=R*X (0, T]
and |*g|§s is defined by the formulas (1.7)-(1.9) with R, instead
of Qr.

Henceforth we shall always denote the extention of a function ¢
by *g¢.

Since the properties of the fundamental solution in the whole space
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R® are well known, we state them briefly.
First of all, in connection with (2.17), we consider the following

system of ordinary differential equations in #:

ﬂ—=*“3[(y, T,w; i) V(& t—t5y,7;w),

(3.1) dt
VEt—t;y,t5w) =1 ((€C?,

where *UA(y, 7, w; ) = AT (v, t,w(y, 1)) @) @r)). V can be
solved directly {from (3.1), i.e.,

3.2) VE€t—t;y, 1;w) =exp[E—1) - *WU(y, r, w; ) ].

Then the parametrix Z, of the equation

(3.3) %‘:*wx, t,w; D) u

is defined by the formula
6.9 Zy(z—§,t—t5y,7;w) = (2m) ° L,exp[iso- (—8)]
X V(€ t—1; 5, 1; w)dE,.

Lemma 3.2. ([13,18]) If A be any matrix of N-th order with

complex components whose eigenvalues are 1y, -+, Ay, then

lexp[¢AT|< X (24 A])*expl4-max Re 4,].

Introducing the notation [A|=3>]|A;;| for the matrix A= (4,;;), we
w7

have the following inequalities:

1
2N?

Since for {=¢&+iy(§, 7€ R

|AP =max 3| 4u, 'S A= 1A'= AL.
J I

Re 2,(£) =Re 4:(0) = — %gugmsfsk + é"—g.e,-gikmk,
2 ’ 2 ’
(3.5) Re 2;(€) = — %gugm&& + %—nggwm% )
Re (&) = —— 04,008+ —2g ,
(O 265, 0:39:xS 55k 265, 1396035
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we have
3.6) max Re 1,(&, z, ) = — 011"+ Balyl’,
where ¢ is a constant in (2.24) and
By= (1+6B,+3B2) [ 2+ ) (50) ' {0o Bo— Mi— [ 6] 4+ T)
% Sgp 7] -exp[ (Mi+ oo “+)9 (1 + B) T7].
On the other hand the inequality
[*A| =108,/ |*
holds. Hence

B.7)  lexp[(t—1) A, 7,3 0) ]|1=C,
xexp| 6= {=Lierr+ (Bo+ 2) i} ],

where Cy=4+/2[1+2K(1,0) B0~ +4K (2, 0) B0"*+8K (3, 0) B,*0~*], and
for =0, 6=[0,1), K(a,b) ={a/(1—0)e}*. Thus we obtain

(3.8) 'V t—t;y, i w) |=C,

xexp {~ e+ (Bo+ L1l -0 |

From (3.4) and (3.8) it follows that

Lemma 3. 3.

(3.9) ID," D, Zy| <C," 19 (¢ — g) ~@+2r+isnz2
|z—€J? } ( _ 0
X — = s 01 =B,+—),
exp[ 861(t'—‘f) ' ? 2)

(3. 10) Mf’DterZoi gCl""““’]x—x’! (t— ‘L’) —(4+27+]81)/2
X exp[——————'xﬂ_élz ],
80:(t—1)
(x"=2" if |2/ —§|<Z|x—§]; 2" ==z, otherwise),
(.11 AIDIDSZ|SCOTI (1) (¢ —g) Terirriebe

_lx—¢f

w exol —
“‘p[ 88, (1—1)

| e>e>o,



206 ATuUsI TANI
where we use the notations 4%,V 9(x,t) =9 (x,t) —9 (', ¢'), 4,7 =473

and 4" =437 .

Lemma 3.4.

8.12) |DSZy(x—€&,t—;y,T;w) — DS Zy(x—E,t—T;y+h, T; w)|

<C,UsD| B (§ — ) —G+ish/z, [_ lz—¢[* ],
=GR —1) 2| =35, o)

(3.13) DS Zy(x—¢&,t—1;y,T;w) — DS Zy(x— €, t—1;y, T+ h; w)|

2
<<C D | plesz (g — ) —G+Ishrz, [_ |z—¢] ]’ =0, +=0).
=C VR (=) exp 80,(t—1) (62 01 I >

Next the unique fundamental solution Z(x—§&,¢—7;¢&,7;w) of
(3.1) in H**(R,% is defined by

3.14) Z(z—¢&,t—1;&,tsw)=Zy(x—&,t—1; &, 75 w)

+ [(an | Ziamy, =1 3,00 @) 00, 7038, v W) dy=204 2,
where @ is a solution of a Volterra type integral equation:
O(z,t; €, v;w) =K(z,£;§,0; w)

t
+ jdroj Kz, t;y,70:w)0(y, 703 €, 7; w)dy,
(3.15) g B

K(x,t; ¢, 15 w) = "Wz, ¢, w; D,)

**?[(5, T’w; Dz))ZO(x_E,t_‘L-’ 59 12 w)’

which is given by the Neumann series

O(z,t;¢, 75 w) =i}0Km(x,t; £, 0;w),

t
(3.16) Kn(z,t; €, 05 w) = ﬁdfo LsK" (z, 259, T0: w)

X Kni (v, 705 &, 75 w)dy,

Ky(z,t;6, 15 w) =K(x,¢; €, 75 w).

Lemma 3. 5.
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(3 17) [DtrDstl! écs(r, 1) (t _ ‘L') —(8+2r+|sl—a)/2

2

(3.18) |47 DIDIZ|SCIN |z =" (=)

_dl_ [.Z‘”‘—élz

Xexp[— 7w s ], @Cr+|s|=2),

(3 19) lAtVDtTDz-sZ,i §C5(T’ 1s1) (t . t/) 2—2r—|s|+a)/2 (t’ . 2') —5/2

4 |z—g

Xexp[—— ], 0<2r+1s|=2, t>t">71),
72 t—r<

where d,=1/16¢,.

Lemma 3. 6.

(3. 20) ID,TD;Z[ écs(n 1s1) (t — z-) —(@+27+s])/2

2
xexp| — 2 1220 oy 22,

(3.21) 47D/ DL SC |z | (=) "

, s d, |x"—¢?
+|x—2|f(t—1) ~C A2 Lex [—-——1 A= 5
lz—z'|#(¢—1) } -exp -

@r+1si=2,7e[0,1],8<[0,al),
(3.22)  [4D/DIZISC I (1) (¢ — ) T

e , _ d, |x—¢§|
4 (f—p) GrErolsira/2 (g L) 752 ey [___L____ ,
( ) ( )"pexp 72 t—<t

O<2r+|sl<2,t>t">71).

3.2. The Basic Condition of Uniform Solvability. Let %*" (§%*",
t,w; Dz) be a matrix obtained from W™, ¢, w; D,) by the trans-
formation of the coordinate system into the local rectangular coordinate
system {Z} around £*7 e and the replacement of D; by Dz Let
A+ (6% ¢ 29, iT, v) be the matrix whose elements are the cofactors of

AEI(E* ¢ 2; %) —vl. Then we have

Lemma 3.7. For any ' = (Z,,%,) €ER* and any v such that
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(3.23) Re v=—8,z”, o' +Z">0 (0<0:<0),
the row wvectors of the matriz A*)(E*,r, w;i%,v) are independent
modulo
4
(3.24) M =1] @—7z @, v)),
i=t

where ZT;tY’s are the roots in Ty of det{A* (§*" ¢, w;iZ) —vl} =0

with positive imaginary parts, and & is a constant appearing in (2. 24)

with B,Cy in place of B, if |D,z|<C,.

Proof. If we put (9y) (D,z) = (§;;), then AF (¥ ¢ w;iT) Iis

obtained from A (§*" ¢, w;ix) by the replacement of g;; by §;.
is to say from (2.22) it follows that

N~ 2 PO
(3.25) ~‘€igijgikxjxkzvy — ﬂi—'a 09T ;T =0,
0 0
K —
- ~ gl L i X =0
(6085 jgk Faad 3

Setting

(3.26)  (u/0) ' =a=as, {@u+p)/D)} " =as, (5/p65) 7 =au,

we have

3.27) G:500Z ;T = —anv, (m=1,2,3,4).

Solving this equation in Z,;, we have

(3.28)  T*™ = (§;5) H{—0us (F1+FueTo) £ (A ™ +iB, ™)},
(m=1,2,3,4),

where

8. = {L[{Re D'+ (tm D} ~Re D} ' >0),

(3.29) { A,™=Im D,/2B,™,

1,,~ ~ o N g N N ~
D, =— -5 {13061 — T30 1) To+ (G jsFre— Tasl52) To} ' — an (G0) 0.

Therefore M™* defined by (3.24) is expressed by

(3.30) M* = (Zy— 7" D) (Zs— 73" D) (T — 7+ 9).
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The matrix A (¥ ¢ w; 1%, 0) = (A7) may be written as follows:

~ \6
_ (gm:’a) (338 . Zl.-s+(1)) (zs — fs—(l)) (fs _ _—1.—34-(3)) (fa - fs“(S))
a agiy

~ 4
X (Ty—Z3™ ) (F— T~ ) 045 + "(‘%—Q‘— @aT:+ G107,
a;ads
+ §06s) (G511 + T o2+ 0 jsTs) (Ta— 2" D) (T — T3~ P)
3.31) 9¢n= o
( ) AG X (Zy— Tt (T—7~), i 4,7=1,2,3;
~ 6
- _(_g%s)_ (T —Z5" D) (T — T~ ) (T — T ?)
a, as

X (Zy—Z~®), if i=j=4;

0, otherwise;

where a;={(u+u4") /0y Let ‘5{5’,‘-" be the remainder when we divide
Q%D by M*. Then
_ (Gms) ¢ (f ~_ =z —(1)) (f + _ 7 —(8)) (— +(M) =~
—a i 3 3 3 3 Z3 T~ 9)
1

X (Z3—Z3" V) (T —Z3™) (T— 77 ) 045

~ 4
+ On)” G+ Gus + G ™) @ T+ Ty
a;ayas

+ g’jsfsﬂl)) (szn — fs_(l)) (fs+(1) — fs_“))
- (Gmfl + 00T+ gisfs+(s)) (ajl-_fl + gjzfz + 61373+(3))

X (fs+(3) — fs—(l)) (:-L:s"'(a) — fs—(‘i)) } (3@34‘(1) — 1-‘3'(“(3)) -1

~ 4
X I (Ty— T ) @y — 2y ®) + I 00 Gz
a,ayas

+§uTo + TasTo™®) ([ 51T1+ 0 12T+ T 3T+ ®) (Z
(3.32) i)v[%’}') _ — T3~ D) (TP — Ty O) — T D (G + Ty + T D)
X GpZ1+ 0T+ 0pT" ) (Z 0 =77 D)
X (Ty~® — F~ @)} (T O — Z D) 7 (7 — T+ D)

X (ZTz—Z* W), if 00, 7,j=1,2, 3;

~ N6 5 N4
_ (Gma) (T5* O — 7~ D) (7, — Tt D) %0, + (Gms)
13y a,1a4as

X @u@ + T+ gisfs“l)) (gﬂfl =+ ng-TZ =+ gjsfs+(l))
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X ("D =z D) (Zy—7," @), if 0=0, 4,j=1,2,3;

N CEDN (Fst® — 7, D)2 (F," @ — Ty~ ) (T — T+ O) 2
a’as

X (Zy—7Z"®), if i=j=4;

0, otherwise.

(N.B. If v=0, then Z;*V=z"O=7,® 7, W=7,"D=7,"®) If we put
i)l(’")—i af)z,"!, then in order to show that the row vectors of AE are
hnearly 1ndependent as polynomials of 7,, it is sufficient to show that
the rank of the matrix (aff) is 4 for any '€ R® and v satisfying
(3.23). From (3.32) it follows that

( _ (Gms)s (fsﬂl)—fs—(l)) (-fs+(1) '—fs_(s)) (faﬂl)‘—ffs_“)) 6”
a3y

~ N4
+ "(gini)—‘ {@uZ1+ T+ GisTs* ) (0171 + 0 157

a,a,as

+ 05T D) @O =T D) (TP — T ®) — [Ty
+ 00T+ 0uTs*®) (G 11T1+ 0 oT2+ 0 5T @) (T3 @
(3.33) «

&

_ _ __8_(1)) (szS) _ fs—(‘i)) } (Ea+(1) _fs+(8)) -—1,

S

i v=£0, i,j=1,2, 3;

_ @a)® (@D =7~ D)3,,, if v=0, i,j=1,2,3;

a,asay

(gms) (Ts+® — Ty~ D) (7,7 @ — 7, @), if

i=j=4,
alag

0, otherwise.

Now let us consider det(af?)=4. By (3.33)

(gma) (Tt — Ty~ D) 2 (7, D — = @) 2 (FyHD — 7m0 4
alasla’
X (Tt @ — 7, @) l: (Gms) * (T D — 7y~ D) (Z4+ D — 7~ )
Cla

== +(1 == —(4 == +(1 = +(3) (ng) ?
X (TP =737 D) (73" D — 3yt D) — =
azas

X { (ﬁufl + 02+ 5;@?“’) ? (faﬂl) - -Ts_(l)) (-Tsﬂl) - fa—“))

(3.34) 4= = (uZ1+ ooy + 0Tyt ) (T — 2~ D) (77O — 27 @) }
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L o I e VPV
_—a'_z‘{(gilgjs'—gjlgts) Ty + (G0 35— § 20 :) To}
5

X <fs+(3) — fs—(l)) (fs'l-(l) — fs'i‘(s))] (1:3+(1) — _fa“l'(s)) —1,

it p==0;
5N 24
(gmsz) - (f3+(1) . 1,—3—(1)) 12, lf D= 0
a;azay

In the case of v=0, it is clearly by (3.34) that 4<0. Next in the
case of v=£0, since by (3.28) and (3.29)

(3. 35) .Ts-'-(l) - fa_(s)) (fs+(l) - zs+(8)) = (ams) _4[D1 _DS]
= (as—a:) [Gms) ™,

and by (3.26) and the definition of a5 in (3. 31)

(3. 36) B B ST S

2 H
ag 221241

we have for the product of the last two factors in (3. 34), 4,,

(3' 37) 4,=— —]—-—*(l‘s“s) ___xs—(d)) [(as_‘fll> -1 {A+(1) +A+(3)
a

5
+1 (B+(1) +B,®)} R {(@010 55— G 10:) T
+ (G20 35— § 520:) T2} *] 0.

Hence 40, i.e., rank (af})) =4. Q.E.D.

3.2. On the Poisson Kernel. Making use of the fundamental
solution Z constructed in § 3.1, we shall find a Green matrix G for a
system (2.17) of the form

(3. 38) G=2-G,,

where G, is a solution of a system of equations:
DW=U(x,¢t,w; D)W,

(3. 39)
Wlt=r=0, WII‘:.T:Z!Fr,T (OéfétéT)'

Here we use the notations

N(x, t, w; D,) = Aif00n), [e,r=1X[7,T].
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In connection with (3.39), we consider the following system of

equations:

DW=W(x,t,w; D, )W in Q...,=8X(c,t+h],
(3. 40)

ng=r=0, W’Fr.r+h=Z(‘z—$, t_'T, S, [ w) If'r,.--rh ’

where (&, t) is an arbitrary fixed point in Q, and 0<<A<T —r.
For simplicity the transformation from =z to Z[resp.z] is denoted
by II,*[resp. II,*] and the inverse transformation, IT;*[resp. IIs*]. More-

over the following notations are used.
f@ =II"f(x), @) =IL"f(x), f(z,& =M%if(x,8),
@8 =021 (2,9, IEi=I"I etc.
The regularizer R of
DtW:?’I(x, t, w; Dz‘) W+¢)s
(3.41)
W|i=r=oa WlFr.r+n=g:

introduced in [5] can be defined by the formulas:

Wz, 8) =R, ) =211 @ W®(z,0),

t
W (z,£) = R* = f "’“’f Zy(z—y, t—10; €%, To; w)
T Q)

X () ¢y, T dy,
(3.42) { W (z,0) =II"W* (z,1),
W (z,2) = R*¢+ R,

— 4 = —
Rey= ['dr, | B* @, 055,700 @ F G, 70y,

¢ = —
Reg= (lan, [ H® @—5, -0t 6996, w a7,

where H,*"(Z,¢;y,v) and H,*"(Z—3",t—1,) are called the Green

matrix and the Poisson kernel, respectively, of the system

D W=UA (% ¢ w; Dy) W+C* ()¢ (7, )

(3.43) { . _ _
Wliee=0, Wlz_0=C*" @9 (=, ?).

First of all, let us construct the Poisson kernmel. Using the nota-
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tions in § 3.2, we define a;'® (j,k,5s=1,2,3,4) such that

a, "M =0 (s=1,2,3;;k=1,2,34),
(3.44)

4

2 Pal =0, (4,k=1,2,3,4).
i=1

my’s are defined by the formula

4
M+ = Z 7nif34—1,
i=0

ie., from (3.30) it follows that
My= 1, my= — (2f3+(l) + Tt fs+(4)) ,

m, =fs+(1)2 e 253+(1) (fa+(z) +fs+(4)) + fs+(8)fs+(4),

(3. 45)
My= — fs+(1)2 (-TS-HS) + fs+(4)) _ 2-—Z‘_S+(1)-TS+(3)'_7?3+(4),
My = Tyt Vi, t OF D
We define
. k-1
Mk+EZ m;Ty
1=0
: k
NﬂGEX:l CZ,(]' )Mf;s N
5=
(3. 46)

P~ opny 1 S " ", .
H,\*(Z, t,) = e AEI (XN ¢ w; T, 18, To)
T+

N(Z . eXp[ifs'S] d
NS S g

where N= (N;,) and 7y, is a contour enclosing all z*™ (m=1, 2, 3, 4).
On account of (3.31)-(3.33), (3.44)-(3.46), H,*” can be ex-

pressed explicitly as follows:

— (§n3> ¢ (fa'F(l) - ‘—r—s—(l)) (fs+(1) — fs—(s))
a,dsay

X (Z5*® —353_(4)) a, 7™ - exp Gz Om)

~ 4 3
+ @)’ 5 D (G T+ T )
aa ds s=1

X (s + T+ TruaTs ™ P) (TP — 7™ P)

X (Tt P =27 ®) — ([T + 00T+ §Ts™ D)
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X (s Ts + TmoTo + TmsTs ™) (@D — 7~ D)
X (Zst® =z D)} (D — 7yt D) (7t
X exp (iZs OFy) — Ze* @ - exp (0757 OF) )

i 4 3
+ L) 5 0,00 (2O (§ ot P+ )
a,a,a; s=1

X (G msTr + TmsTr+ GmsZs™ @) (FTy™ O — 75~ D)
X (Zt O =Ty D) — O (Fu T+ G5+ 0T )
(8.47)  (H,*") ;= X (FmiT1 + GmsTr+ JsTma™ @) (Tp™ P — 7~ D)
X (3:3+(1) — -l—.s—(“))} (fsﬂl) _fs+(3)) -2
X (exp (%3  OF;) —exp (T OT) ),
it v£0, jm=1,2,3;

~5 6
) (Zy* D — Ty~ D) 3, 9™ . exp (172t V)
aiasay

~ N4 8
7 Y
+ ———(g"S) by a9 (G + TuoZo + T )
s $=1

X (FrsT1+ TmoTa + TousTs ¥ O) 2D (TP — 13~ D) %
if v=0, j,m=1,2,3;

- @:3)2 WY (Tt O — T D) (Tt — @)
a;"as

X exp (ifs"‘ (d)fg) =eXxp (Z‘J_C-3+(4).T3) N

if j=m=4,;

0, otherwise.
Then H,*” is defined by

1
@2r)*%

(3.4 H® (70 =1 | ew@, 0)d

G +ico ~
X J €Xp (Tot) Hl(ky) (C, Zs, 7-'0) dr, (0'> - 63C2) .

g—1

Hence the same arguments as used above imply that the Green matrix
of (3.43) is defined by

(3.49) H* (Z,t;5,7) =2 (Z—5,t—7; ¥, r; w)
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t o 4 n
- j‘ dry j H® (-3, t—10) Z"* (3 =5, to—17; §7, 75 w) dyy,
T R2
where Z,**" is a fundamental solution of (3.43).

Now let us put

a=0+ 057" (0<05<0; 05, fixed),

(3. 50) {
AV =det {A* (£*Y ¢, w; ix) — (g—0:2'H) I}.

Then the following lemma clearly holds.

Lemma 3.8. For any T’ €R® and any q&C' with Re >0,
A¥Y =0 in T, has four roots Tt with Im Z,"" >0 and four T~
with Im z,~9 <0.

Since g; and Z;*? have homogeneous properties, i.e.,
a;(1%) =7%¢; (@), T*P (T, 19) =77 (T, 9),
where g; is the root of A®”=0 with respect to g,
(3.81) lg; (@) |=Culzl?, [Z*P|=Cu(Z'|*+ [g]H)
(3.52) Im z=P=Cp (1Z’]* + 1g|H ™,
hence |z, =C(|Z’|*+ |g|H)* for T'€R?, g C* with Re ¢>>0.

Lemma 3.9. There exisis a positive constant [3s such that if

qeC! and T’ € R? satisfy Re q=—j3s|Im q| and [q|*+|Z’|*>0, then A*"

=0 has four roots with positive imaginary parts and four with nega-

tive ones.

Proof. We have only to take 85=%(5~—63)C{01 because of the
parabolicity condition and (3. 51). Q.E.D.

For the sake of simplicity we assume that (3.51) and (3.52) hold

for (', q) stated in lemma 3.9 with the same constants C,,—C,,.

Lemma 3.10. There exists a positive constant [ such that
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A =0 in T, with T’ =& +iy (§',9'€R®) has no real roots if

(3.53)  Reg=—@ilImql, [§]'+[q|">0, [7'[=Fs(1€"[*+ (g

Proof. Referring to (3.28) and (3. 29) it is sufficient to find 5 (">0)
such that

(3.54) {(Re D,)*+ (Im D,)%"—Re D, — 20 ;5@ j171+ T 5292) } >0,
("= (1, 72)),
where

(3- 55) Dm = - % { (ajsgm - ﬁmﬂn) (51 + i'l]l) + (gjzgks - gkzgjs)

X (§2+i92) 1" — an (§50) *[a— 0 {(E1+290) "+ (E2+ipn) *} ]
(§'=(£1,62).
Denoting the left-hand side of (3.54) by G(3), we have by Lemma 3.9
(3.56) G (0) =2C%L (171 + a2
Utilizing the mean value theorem and the estimate
|G’ () 1=36(1+ By *{3(1+By)*+ads} (1§ + 9]
(a=max(a;, ay)),

we have only to take

@50 r=min{| -1+ fir 9(1+BI)2{32(C1§:-BJ2+533}}1/2]’ Y

Q.E.D.

It is easily seen that Lemmas 3.8-3.10 imply

Lemma 3.11. 7z,*® defined by (3.28) with prescribed replace-
ments are analytic with respect to T and q in the domain (3.53),
and (3.51) and (3.52) hold with suitable constants C; (i=10,11,12).

Lemma 3.12. There exist positive constants $3,;(=ps) and Bs(=0s)
such that 4(x’,q) <0 (T'=¢&" +iy’) for T’ and q satisfying
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(8.58) Reg=—f|Imq|, |&'|*+1qI">0, 9" |=Bs(1&"I"+ gD

Proof. First of all, we consider the case y'=0. From Lemma 3.9
it follows that for B;=min <()’5, 71§> and some positive constant Ci,
(3.59)  |4i|*=a7* (@ =z ) {[(a1—a) {(B.P +B,¥)*

— (AP + AN + a7 {(@ul 5 —T10s) 6
+ (G0l js—G5:0) €} "1 + 4 (@ —as) " (A, P+ A9
X (ByP+B, )% ZCyu(|€']"+ lg]").

Next in the same method as those used in the proof of Lemma 3. 10
we obtain $=C,3/2Cy,, where

Cu=32[(a;—a;) " (CL+CHCH) +a; 'CL] [ (ar—as) !
X {CuCr'Cis+4CHCL (1 +CCis) } +2a57'Cys]
+16[2(a,—a;) 'Ci,Cx'Cis+as'Cis] - [2 (ay—as) ~*
X {2C,C1Cis (1 + C*Cys) + CFCL} + 2a,7'Cs],

Cis=36(1+B)*+9%1A+B) (1 +0s). Q.E.D.
From Lemmas 3.8-3.12 and the formula (3.47) follows

Lemma 3.13. H,*(z,q) =H\*" (z,q—0s%"%) is analytic with
respect to T’ and q in the domain defined by (3.58) and

(3. 60) Dy H,* (ax’, %, &’q) =a* Dy H,* (F/, aZs, @) .

As is well known in [54] (cf. [4]) H,*” can be represented in

the following form

\

(3.61) H" (@, 7, 0) =9 (8, 7, w; i, d‘f L a) V@, T, @),
\ Zs

where
~ ~
:)Il(k ) (e(k )s Ta w; lf, q) :?‘[(k ) (E(k )a T) w; Zf, q—é\?‘f”)’

(3' 62) V(fl9 fs, Q) =911(k”) <$(k”)’ T, w; if,, dd_ ’ Q) W(f,, fﬂ, Q) ’

X3 /
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A (EF, 7, w; iZ, @) = A (§*7, 7, w; iZ) — (¢ — 8 I.

1 To rt kry gt exp [iy (ZTz—2) ]
3. 63 [’[’ X = —[ J‘ H (&") X Z’ dz d
( ) ( ’ Q) 2 0 2 ( ’ Q) . ](kn) (1, ,, i , ) y

_ NI:'I (k") (=t d. expliy (7, —2)] a ]’
Ls (T, 2, 9)dz . A% (i’ iy, q) i’

(y_, a contour enclosing the roots of A%"” =0 which belong to the lower
half space).
Note that W is a solution of

A (zf d‘i

b
L3

q) W(‘T,, fs, q) =ﬁ2(k”) (f’: fs; Q) ’
(3. 64)

W—-0 as zZ;—>oo,
and has the following properties:

D3 W (az’, %, a’q) =a"* D3, W (T, aZs, q),
(3. 65) J [Dz,W (z, @) |I=Cue(IZ7]*+ |g]") =72

x exp| = 2 Cuma (714 la9 ],

for ¥s=0 and v (Z’, ¢) satisfying (3.58).
As for V we have for V(Z’,q) satisfying (3.58) and Ys=0

{ D:V(azx', 7, o’q) =a* D5,V (Z/, aZs, q),
(3. 66) | D5, VI=Crn(Z'|"+ |q|®) ¢~

XeXp[_%éﬂfs(IT'l‘ﬂL!qlz)l/d}'
In (3.48) if we put 0= —05¢*+a(a>0) and g=r1,+05¢*, then

(3.48)" H* (z,¢) = Lzexp(i(z', &) — 8:8%) dC

I
@m%

a+ico o
X I ; exp (qt) H,"*" (£, T3, q) dq .

By (3.61) we obtain
(3. 67) H* (z, £) = A (6%, ¢ w; Dy, DYK(Z, £),

where
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(3.68)  K(z,t) =

oo e a@, 0 ot

a+1ico
x j _exp(@) V7, 9)da

In connection with K, we define for non-negative integer v

(3. 69) K" (Z, 1) =T2-ﬁ Lzexp G(@,8) —0:8%)de

X rjm exp(qt) (¢+8) "V (&, 75, q)dg.

a—

From these it follows at once that the following formula holds.
(3.70) K@, ) =[D— (1+08:) 4] K® (7, 1),

where 4u=D5% + D5,

Lemma 3.14.

12
(3.71)  |DID#K® (%, ) | <CG '-'*>t—<"+'-”—2—2v>/2-exp[—zczz"_:_'].

Proof.

1

3.72) D/DFfK®=_~ _
@.72) D (2n)%

Lzexp E@, ) —0:¢%) (0)7d¢
a-Lico . (q _ 63{2) T o -~
X J;_iw exp (qt) WDI!V(C’ T3, q) dq

_ 1
@)%

rerii=ion [ exp (5, 6) —0u8) 8) e

;(q_-—ﬁaf_z)i 53 _
X j‘RzeXp(q) ((]+$2)" D-’”zV(S, Vs, Q)dq

=g @RI HL (), (5= (51, 8, 8) = (5, 5)),
because DV is analytic and (3.66) holds.

At first let us estimate H;(3). Utilizing Cauchy’s integral theorem
and changing the variables from & and ¢ to £y; and g¢3® respectively

we have
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B.789)  H@ =t [ e, 6) -0 (o) de

1
@m)%
X L(a)e" (@—0s) " (g +EH) Dy V (€, 5, q)dg

_ 1
@)

y32r+|sl—2—-29 jRgeXp (Z (5/’ 6) _ 63523732) (ZE) s’ds

X L( exp(@3) (4= 09" (+8) DRV (&, 57, ) da,
where L(a) is a contour Re g= —g;|Im¢|+a. On L(a)
iq+5212—;~(lql“’+$‘)-

If we define

M=max{0, *2r—-20—6+sa}’

then
(@— 0" (@ +8) " (|gI* + 69 ¢ =Ci(la|"+ 9",
where
Ciy=20P%(1403) {1+ [a(1+ B;F) ~/]min{Gr=2v=6s2/201 |

Hence

@74 | expland) 408" @+E) DRV, 30, ) dd|
<2Y1C,Chs (1 + A V4 (@ + &Y B 952+ T (2M + 1)
X By g,y exp[ {a - 711_5124‘/2 1+8) —1/‘} y;} .

Here we can choose >0 such that

(3.75) a— %c’:maw (1 +82) ~1<0.

Thus we obtain

(3. 76) lHa (5-}) |§C20 (1 +57321'+2u—6+:3) exp[-— %C'mal/z (1 _*_372) —1/45’32]'

We can also estimate in (3.74) as follows
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7 | =~ 2 2\ 7 2\ — S ~ 2 l
@70 |[ explard) (4= 0)" (a+ ) DRV, 54, 0) da|
H a

2" A+ B VCuCr{ (@® +E) B + T (2M +1) B},

therefore

(3.78) |Hy (3) | =Ca.

From (3.76) and (3.78) follows

(3.79) |Hy(3) | =Ca-exp| — - Cusa (148 57,
where

C22 = [max {2C20’ Czl}] -exp [%é”al/z (1 + 372) —1/4] .

Next in (3.73) if we use £!3’| and ¢|9’|* in place of § and ¢ re-

spectively and proceed the same arguments as above, we have
(3.80) [H: (3) |=Cas- eXP[~ %Tﬁadm(l +8:) '”‘W'IZ],
provided that

(B.8)  aourfia(l+g) = Trba (146 <0,

where 7 is a sufficiently small positive number.

We choose a such that both (3.75) and (3.81) hold and then fix
it. Therefore (3.79) and (3.80) imply that

(3.82) | H, (3) | =Co-exp[ — 2d,|5"].

Thus from (3.72) and (3.82) follows (3.71) with C&*P =C,,.
Q.E.D.

By (3.67), (3.70) and (3.71) we can easily obtain

Lemma 3.15.

=12
(3.83)  |DIDSH (z,0) | SCh e exp| — 2, 21
z

(3.84)  |457°D,; DFH,® (T, £) | SCE 11| T — F| =G+ 41022
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=12
X exp[— 2d2|-£—[—],
[

z
@"=z if |ziZ|Z|; T =7, otherwise),

(3.85) 4Dy DS HL (7, 8) | SCE™ 1 (=t 2,0+

_2q, 171"
Xexp[ 2d2 ; :|, (t>t0>0).

3.4. Construction of Green Matrix. We shall find the solution
of (3.40) in the form of Gy=Ru where u= (#o,u;) and R is a re-
gularizer defined by (3.42). u« will be a solution of

(3. 86) u=Pu+g, 9=10,Zir. ),

where P is a bounded operator on H***(Q, ...) X H**(I',,..») when A
is small.

We go into more detail. #, and u, satisfy
(3.86)’ uo=Pou, w1=Z|r, p,
where
Pou=33 1" () Mz [AY (6“7, ¢, w; Dy—grad FDs,)
—AKI (W, ¢, w5 D) Tne (7, 456, 7) + 270 (@)

X [A(z, £, w; D;) =A(ED, v, w; Do) 1Us(, 25 €, 7)
+21[A(x, 2, w; Do) g™ (2) =7 (2) Uz, 2, w; Do) ]

(3. 87) XUy (z,t; €, 1),
U =R¥y,,
Up=I%0u (%, ¢ €, 7),
U= R® g5+ R, * My,
P= (P, 0).
(3.88) h=y2* (0<x=1; 1, sufficiently small).

Then the solution of (3.86)’ is given by

(3. 89) w=31u®, = Py,

v=0
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The convergence and the estimates of (3.89) will be found in the next

section almost along the line of [14].

§ 4. Estimates for Green Matrix

4.1. Lemmas of Integral Operators. Let us introduce the nota-

tions and some function classes.
Qr,ﬁ:hgx (f, T]]: Q§,’c'z‘)1=lg(k) X (f, TI], rf,flzrx [f, f1],
d(z,t;y,t) =|x—y|+it—r1|", d(§,T) =infd(§,7),
=2

Vilz, t; &, 7) =exp[—dix——§—‘-2],
0a(t, 7. §) =exp [—‘d—ﬁﬁ—@l—r—)],
t—v
Doz, t; €, 1) =¥a(x, 85§, 0)0a(t, 75 6).
Q) UEE™ Qe Or) = fu(z,2: £, 0) | (2, 8) €0.,.,, (§,7) €0y,
(4. 1) 1D D,fu| SCd=* =" (x, 25 6, 1) (E— 1)
X¥a(z,2;6,0), 2r+|s|=h),
4.2) |4:7D,"D,'u| <Clx— zo|*d """~ (2", 5§, 7) (¢ — )"
X¥,(z",¢t; &, 1),
(2r+|si<k, |2” —§=min(|x—§|, |z—£€])),
(4.3) 45D D ul<C (¢ —ty) *-tr- s ong-imtr—isi-n—n-a
X (z, b3 §,7) @—0)""o(x, t: €, 1),
(k—2<2r+ |s|<k, t>t>7)}.
(i) H,S(Q.,., Qr) [resp. H ™ (I.,.,, Q)] = {h(x,t;& 1) |
(z,t) €0, [resp. (x,0)el..], (§1)e€0r,
4. 4) |D" D h|<C (¢ — ) Eirrang=imn=t=a (g t; &, 7)
X04(z, 25§, 1), (2r+|s|<k),
(4.5) [4,5D," D, *h| <C|lx— x| * (¢ — ) FEr—15InN2

Xd7mEe (2 1 €, 0) 0.(27, 856, 1) Cr S|,
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(4. 6) |4,/2D,7Dh| < C (¢ — t,) *tr-isitofzg=s-m—k—a(r 4. & 1)
X04(z,2; ¢, 1) (k—2<2r+|s|<h)}.

When zel, D, means Dy. In H/*%*(Q..,0r) and H/ (I,

Qr) we add to the following conditions, respectively,

@7 190 = ’ H £® (W R (y, to; &, ©) dyds

Q,®

§de (¢, T &)

for any &,

écpd (t9 T ) 5)

@8 Wowl=| [ (R, W, Dy,
b

for any k’, where Ql""=Q§,"m{d(y, s &, r)géu—rw}, K/=K'
x [z, 211 {(.«7', WA, FG), m; &, r>§%<t—r> /}

(i) H (0., .,Qr) [resp. H, (T, .,, Q)] = {h(z, £ €, 0)|
(z,8) €Q.,.,[resp. (z,8) €T.,.], §,0)€Qr (>0,
(4.9) |D/D,*h|SC (t— 1) =920, (z, ¢ €, 7)) (Cr+|s|=h),
(4.10) 14,5 D, D,*h| <Clz—z|* (¢ — 01) *~7 D20, (2" 85 &, 7)
(2r+s|<h),
(4.11) 14D, D, h|<C (t—ty) - —slt0rQ, (z, t; &, 1)
(F—2<2r+|s|<k, t>t=t>11)}.
H,**(0.,,.,, Or) [resp. H,***(I'.,.,, Or)]
={h(x,t6,10)|(x,t) €0, [resp. (x, 1) €T.,.,],
(¢,0) €Qy, (r:>0),
4.12) |IDDSR|ZCO,(z, 858, 7) (2r+|s|<k),
(4.13) 147D DA <Clz— x|, (z”, 25 &, 7) (2r+|s|<k),
(4. 14) |4D,"Dh|<C (8 —t,) *~ 81402 Q, (2, ¢; €, T)
(k—2<2r+s|<k)}.

We define the norm || of a function A in (ii) and (iii) by the
minimum constant C in (4. 4)-(4.14).
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Gv) C*<(D..) [resp. G+ (.. )] = {f(x, £) e CEim®ar(Q, ) [resp.
f(x, t) EC’;T,Q’ (k+a)/2(rf'n)] ’ D;Tf(x, t) |t=r=O <r= ()’ ]_’ ey [_;__])} s

CHe(D.,.) = {feC’if;“' #+@2 (0 Y| D, f|ierser=0
_ . [£
(7‘-—0,1,- ’[2]>}3

— 13
Coit 0 @Qn) = {11 I* = 35 1D D12

where

k

+ 23 |DIDSISr+ 2 [Dy" D, f |71+ 9A L+ oo},

ar+|s|=k 2r+ 8l =max(k—1,0)
Calio o () = {f] lllflll"‘*""—suplllf”’lliﬁi‘;j‘,)<+oo (cf. (1.19))}.

At first we give some fromulas

Lemma 4.1. If 1 be small, then for x,ycQ

- = 1 o 1
(4. 15) Ix~y|2—2—l —*==lz—yl"

Corollary of Lemma 4. 1.
(4.16) Vol(z, ;9,0 ¥a(y, 70: §, ) =Wa(x, 25 €, 0)

(t<re<t; 2,9, 6€0),

1 2 1
d(f: t’ 57’ f) Z——d(f, t’ Ea T) =—_—_d(x, tv és f),
(4.17) V2 V2

04(Z, 855, 70) S0u/0a(Z, ¢ 9, T0) = 0uma(x, 25y, T0),

for z,vye K with sufficient small }.

Lemma 4.2. For any k>0
(=) (2,03 8,0 SK (5, 2)d (85 6, 0) Pama (2,156, 9.
It is easily seen that Lemmas 3.3, 3.15, 4.1 and 4.2 imply that
(4.18) Z,eUgte "™ (R°x (r,T], R*x[0,T)),
(4.19) H™ eUgrs " (R>*x (z,T], R*x[0,T)),
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with any integer k=0, Ya,= (0,1], Y2=0,vT >0 (R,’={z:==0}).
According to the notations in (3.42) we consider the following

operators:

13
(4.20) R®h= j dr, LmR"" (z,t;9, )P WAy, to; &, D) dy,

— 4 _
“.2)  Re=I3iRA=I3 [ dn [ B @y, 1-100" ")

Xk, 10 &, 1)dy,
where

Zy(x—y,t—7; 69 v, w) i k=FK,
(4. 22) R® (.Z‘, iy, z-) =

MEpH™ (z,6,5,0) i k=F".

In order to estimate H,*” we begin with the following lemma.

Lemma 4.3. Suppose
(4. 23) reC* e o —r=92%

where Y1 and 1 is sufficiently small so as to satisfy (4.15). Then
v=Rhe Hy* (08, 0r) and |0 SCulh] (@ =min(d, —di)) provid-
ed he H " (I",,.,Qr).

Proof. It is sufficient to estimate Dz'v,=DsRA(Z<K). Let us

make use of the following notations:

1) (x,) =P, (v,70)=0Q, (§,0)=M,

2) #,0=P, 5,t=0, ¢ 1) =M,

3) &, 0)=P, 7,tw=0, E,0)=M,
4) dydr,=dQ, dy'dr,=d0’,

5) do=d(P, M) =|z—§|+ (t—1)""

Let the integral domain K’ X [r,¢] be divided into three parts K,
(z=1,2,3) such that K" x [r,¢]=K,/ UK, UKy, where

K/ =K' x [1,£]10 {(y', ) A&, FG'), to; M)
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—d(Q, )= ¢=D)"|,

K/ =K' [z,£]N {@', W |d@, m+ F@), ¢;5, F), 10)
_ 1 12
—d(P, Q= -0,

Ky/=K"x[r,t]-K,/—K,.
Let €K and z,>0.

(4.24)  Dy'5,(B, M) = “ [Ds'H,® (P— Q") — DS H,*" (P” — /)]

K,’

xT* (3 )R (Q’, M)dQ’

+ D EL (P” — BT ”EU‘” )k (Q’, B1)dO’

+ f f Dy H,® (P—0") 8% ()R (O, M) dQ’

+ j f Dy H (P—0")E® (37) K (O, M) dO’
iy

4 .
EZ Ll(z)y
=1

where P” = (z’, |Z;—&;|,¢) and |s|<k. Moreover it is sufficient to con-
sider the case £=@%*) (J%*" is a neighborhood of Q%" contained in a
Lyapunov sphere with &*? <[ its center). Indeed if £&£%", then
K/'=@ for sufficiently small 3 because t—7r<t;—7t<y%2%.

L® ({=1,2) can easily be estimated, i.e.,
(4.25) |L®|SCR|A| (¢ —1) *HH0rdy ™ 0, (P, M) (i=1,2).
LW SCR|| 2| (¢ — o) ®E-" 290, (P, M)
x [[arp,@a = maD.

Ky

[[a =, @d = mat

Ky’

= ([ vaes ([ e

K3/ N{a(P,Q)=(1/2)do} Ky’ N{d(P,Q)>(1/2) do}
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ELI“’ R L1(4,2)_
Ll(d, 1) §C§§ 1)d0—s—lc—a (t _ 'L') —(k+a)/2’
Céé.z. l)dn—d—-k-a{(t__ ‘L‘) (1—k—2a)/2

X d—4+a (Q/’ M/) er

4@, M")S(1/2) (t—7)1/2

+ d—&—k—a (Q/’ M/) dQ/} ,
a(Q7, M’)>(1/2) (t—)1/2

Lw»<< if 1—k—a<0;

Céﬁ,z,z)do—d—k—a J\J‘ d—a—k—a(Ql’ M/)dQ/
4@, )24,

+ J\J\ d—A—k—a (P‘/’ Ql) d—s-—k—a (QI, M/) dQ,,
a(Q’, @) >2ds

\ if 1—-k—a>0,

<CHd d,~ k= (t—1) ~(k+a)/2
Therefore we have
(4.26) LD SCR (CHO +CEP) R (=) 11097 d, -5, (P, M)

In the next place as concerns L, we make use of the formulas
(3.67) and (3.70). If we put

(4. 27) AED (&%) ¢ 4w; Dy, D)KY (7, t) =K¥ (7, £),

then from Lemma 3.14 it easily follows that

(4. 28) H,* (%, t) = [D,— (1+085) 4 ]'R® (=, t)
= Y a,.D"DLR®(z, 1),
20+ 4 | =2v
(4. 29) R® (P—Q") eUlrranra-w-tn(RIx (¢, T, R°x [0, T))

(Vk,=0,1,2, -3 Y& (0, 1]; Yn=>0; vT'>0).

Now we assume that in (4. 28) v= [I_ZSI_] +1. Let m;<u; 2=0,1,2)

hold and let 2m,+ |m’| take a maximum value not exceeding |s|, i.e.,

2mo+]m’i=2[]—;—l—] or |s|. Integrations by parts imply that
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(4.30) L®= X aﬂa,p,{”Dﬂn—mopg:-m'z);f@ (P-Q"
iy

Suo+lut|=2v
x DDy [E% (3) R (Q7, M)]dQ’

. j Dy#=00D DE Do K9 D1 [E* K] cos (n, 70) AT

No=mo—1
ry

= fD Fo=mo D=+ Dt R Ds DETE* R cos(n, 3)ATY }

Iv/’|<lm’l —-1

= Z @y (Ll(s'l) +L1(3’2) +L1(3’S)),

2u0+ |8’ 1=20

where J7y is a boundary of K,” and m is an inner normal vector at each

point of Iy, L,%*® (7=2,3) can easily be estimated as follows:
(4.31)  [L®O|<<CEO | h|| (¢ — ) - VI+0rg-s—k=eq,, (P, M) (i=2,3).
In order to estimate L,®", let t,=min{¢| (T, 2) € K,'}, t;i=t—275(¢—1,),

KZ’i = KZ/ m (ti, ti+1> . Then

(4.32)  Lev=3 j j D,#-me D= D R Do Dy, [Z¥R]d0

K’2¢
=3} 3 e | [DermDE D RO DRE
=0 [7’|=5|m”]
K’z
X ALDEDERAQ + 1 B ”D/n—mODg:—m'

K’2i
- D5* K@ DL Dps D =7 RdQ! = Ly 4 Ly,
(4 33) ILI(S,I,I) | gcég,l,l) ” h” (t _ T) (k—;s|+a)/2d0—3—k—a@d’ (P, M) .

12

Next we transform L,®**® into the form

(4. 34) L1(3,1y2) — l |<Z| Cm’,n' [ “j‘D lto—mnDﬂ’~m' sK(u)Dn’ C(k"
7”|=|m’|
K’

R

x 45, DpeDyFdQ’ + DDy R { [ [ Dov-repgon=

K’2;

.DESK(-/) D%’;i—lf(k”)dQ’ _ j‘ D, o= Dé;—m'—l Dfs]?(w

I’z

% DLE cos (n, 37) d]";i} ]
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where (287,0) is a £”-local coordinate of z& 7" L*” which is nearest
of z and I';; is a boundary of K3, if 2m,+|m’|=]s|. (N.B. in this case

2t | =2y | =2(1— {LL) LI LTI 16 2
=2[%], then 2p+ | 4’| —2m,—|m’| =2, hence D/*~™ D% ™ =D, or D%.

In the first case we have

771<lm’|

(4.35) L= Y cm,,,,,g[fD;I?ng,@wA:g-xD:;«Dg:-v'Edy'
£,

— j DK@ Dy.Z% Dre Dz ="' cos (n, 7o) dréi},

I’z

where K, =K;;N {¢#=¢;}. In the second case, if we transfer 2{g} dif-
ferentiation from K® to another term in (4. 30) by integration by parts,

then this case is reduced to the case 2m0+]m'|=l—;[—. In the sequel

after some calculations we obtain

(4. 36) [L@DISCEPP | A (¢ — ) F- i d, = k=0, (P, M).
Hence

(4.37) [Dz'0y| SCos il ] (¢ — 1) F-11*0/q, =20, (P, M),

where Capu=Cfp -+ C+ D + Cft» 4+ O (CH O+ C)
As for 4,°D3z'5;, and 4,°Dz'D,, we can obtain the desired estimates

by an analogous way as above. Q.E.D.

(4. 8) implies that
(4. 38) Z\* gm0 € Hip* ™" (R*X (¢, T], R,*x [0, T))
(Vk=0,1,2, -3 Vaye (0, 11).

Since {Z;=0} €C~ and {=1, by the same argument as in the proof of
Lemma 4.3 (in this case, however, we do not need the condition 7,—7

<xA®) we obtain
¢
(4. 39) j dr, L H) (T =30, t—10) Zo* (3 — 75, o3 £%, 7; w) dyy’

e Hp* ' (R X (7, T], R’ x [0, T))
(ds=min(d,, d,/2)),
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hence
(4.40) H"* (7,5, v0) €Ugplar™" (R X (1o, T], R,*x [0, T))

for Vk,=0,1,2, ---; Ya,= (0, 1]; V2=0; VT >0.

The following three lemmas can be proved in the almost same way

as those used in Lemma 4. 3.

Lemma 4.4. Under the condition (4.23), u,=R™he Hgi™*°
Q¥ Qp) and |R®A|<Cy| k|, where d” =min(d, d,/2) provided that
h S5 Hdm+a’2 (Qr,rn QT) .

Lemma 4.5. Under the condition (4.23) except that t,—t,=yx21",
R™p[resp. Rih] defined by (4.20) [resp. (4.21)], where the integral
interval with respect to v, is (ty,t) in place of (t,t), is a bounded
operator on I—L"‘*“(Q,“,Z, QOr) [resp. Hm+e Ty \e0, Or)] and R®h
eHZ™*(Q®,, Qr) [resp. Rhe HE = (0%?, 0]

Lemma 4.6. Under the condition (4.23), R® [resp. R,] is a bound-
ed mapping from C™*(Q..) [resp.C™+*(I"...)] into C*™*+=(QO%),
[resp. C™+*(Q¥N) ] and IRORIGE“=Culllig:? [resp. IRl <Cun
X RS2, where 1§55 Dress. |- IS522] is defined in (iv) with O%

[resp. I...] in place of 'QT [resp. I r].

4.2. Estimates for Green Matrix. As we have already seen in
§8§ 3. 3 and 3. 4, Green matrix in Q. ., coincides with the unique solution
of (3.86). For sufficiently small 4, this solution is given by the series
(38.89). Thus it is sufficient to estimate each term of (3.89). From
Lemma 3.6 follows that

(4' 41) Z(x—éy t— 13 5; [ 'ZU) S Ug:;’d&(:,n (Qr,T’ QT)'

Let 2@ = (%, u,¥)= (0, Z|....,) and let «® (y=1) define by (3.89)
and % satisfy (3.88). Then we have

Lemma 4.7. u= (uo, ul) EHgf(Q:,r-{-h, QT) XH:%:“'O(F‘-,:M, QT>,
where ds=d,/2.
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Proof. By (4.41) it is clear that
(4. 42) Qe Hi ', |u, 2| <Cs.
Since P,=0, we obtain
(4. 43) =0 for y=1,23, .
From (3.87), (3.89), (4.42) and Lemma 4. 3 follows that
4.49)  |u®P|=|Pu? | CyuxCRAE — ) d % (x, 85 €, 1) 04, (2, ¢ &, T),
where A=y**42*. Similarly after some more calculations we have

J |47,V | SCCRA| x— 20| “d ™ (27, £5 €, T) 0a, (27, 25§, T),
(4. 45) [ 45w P| KCsCRA(t—10)*d "% (x, to; €, 7) Og, (2, £ &, T)
(t>8>1).

Next in order to estimate I® (%,%) we transform %, in the form

(4. 46) uV (x, t; 6, 7) =%,P(x, ¢; &, 1)

+ 3379 (2) AL [ (87, 0 ) DU (Z, ¢5 6, 1) ]
7’ |si=2 © z

+la: (6, 0) —a: (€Y7, ) 1DUP (2,85 €, D)},
where
2P| ZCuCR A+ 14227 d 7 (, ¢ €, 1) 04,(x, £:€, 7),
aED, G F) = T 8w (@9, 0) DsF @) (DsF @)™
(4. 47) W= (v, v2)),

&5, (Y7, ¢) and a, are determined by the coefficients of (2.18),

UP=Iz502 =R,

and T is an expression of x by the transformation (1.17) of j”-local
rectangular coordinate system Z.
From (4.46) and (4.47) we derive that

(4. 48) L9 (@) |SCoCR A5 (2, 75 §) +1,

where

=3zl

181=2
Q™

28 ()79 () {47 (69, ¢ 5) DFT R (5, 4 6,0
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+ [as(§,7) —a; ('5”’)7 "'_)]DIISU}Q) (v, 703 §, T) Y dydT,| .

As for I, it is sufficient to estimate
.19 1= [t @7 o) mgla e, 5 7T 6, 0 8, 0]
K,

+la (¢, 1) —a, (Y7, ) LD,/ U P (y, 705 §, ) } dydr,
where K;= {(5;, ) €KX [r, t]lly——éi+[ro—r!1/2§%(t——r)‘/2}. It is to
be noted that the coordinates y and 3 of ye ¥’ NQRY" are connected
with ¥y=74,(3) and y=h,(y) having the same smoothness and F is inde-

pendent of £” and j7. The integrand of (4.49) can be expressed as

{follows:
(4.50)  IMLLDFTP G, 705 €, 1)

=l Y b3 DyUPR (G, to: (@), 0),

vI<lsi

where b,,(3) depend on the function A, and the derivatives of /A, and

?:131 (é) , and
(4.51) IDSUR (v, 703 €, T)

=I1¢ 3 6 Dy (), 70 (@), ),

where &,(9) depend on F%*”  h, and the derivatives of FY" and h,.

F®" is a representation of F by £”-local coordinate system. From (4.49)-
(4.51) it follows that

5 =3 1 ([0 @En, s b 60)8)

IvI=Isl X!

+[a (&, ) —a, @Y, 012.()}

X DyU® (i (3), 703 s B), ) dydr,.
If |y|<2, then
(4.53) 17| << CuC8 Apu, (2, 75 8).
If |vl=2, ps<(2 then

sy i< [[Driz @7 @ @@, o m $)6.6)
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+ [ (&, ©) —an (69, ©) 120 (5)} 1D, T Ddydr,|

+ j j B (5) 797 (3) {@bo+ [ (€, ©) —as (8Y7, 1) 120}

x DyU Y cos (n,5")dI

ngscé?Aod, @, 7;56).

If |y]|=v;=2, then we can reduce to the two previous cases. Thus we

have

(4. 55) uMe HZ;’(Q,,,M, QT) s ||uo(1)” <CysCyed.

By induction we have
(4- 56) uo(”) EH;;2<Qr,r+h, QT) , ” #u® ||§C35C;e/1v (VZO, 1, 2, ).

Choosing A, ¥ and hence A, sufficiently small, we obtain that ,
= Ju,® converges uniformly in Q, .,,. (4.42), (4.43) and (4. 56) imply
that the assertion of the lemma holds. Q.E.D.

Lemma 4‘ 8' G (‘Z‘s ts $, T; w) S Ug;:zég.o (Qr,r+h9 QT) .

Proof. It is obvious from (4.41) and Lemmas 4.3, 4.4, 4.7.
Q.E.D.

Lemma 4.9. GeU& %" (Q.,r,Or) (di=ds/2).

Proof. The existence of the unique solution G, for (3.39) belong-
ing to Ci",j“,“'(”"‘m(é,m) can easily be proved by the usual procedures.

Thus we only have to estimate G, for z>1 -+ A.

Let z'1=z'+% and let %,(¢) be a smooth function such that

0

xn(E) =
1

, if 1<h/6,
, if t=h/3.

Then w(x, t; ¢, v; 1) =0t —7)Go(x, ¢; &, 7; w) satisfies the system of

equations:
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D—Wo=x"E—1)Go(x,t; & t;w) =0 (x,¢; &, 7570,
(4. 57)

w|t=r,=0; erT=Xh(t“T1)erTEgl($, t; 6,757y
o is obtained as a solution of (4.57) by the uniqueness of the solution.

The property of %, and (4.41) imply that ¢,=0 for t<r1+—g and

t>1+ % Since

(4. 58) G, H2**(Q,,.11, Or),

we have g.,eI—mI,;‘5 (Qn,T, Q;). For (4.57), utilizing Lemmas 4. 3-4. 5 and
setting u;@=¢,(j=0,1), we can prove in the same way as in the proof
of Lemma 4.7 that the solution » of (4.57) defined in Q. ., for
some h, uniquely exists and belongs to H3*(Q., .., +n, Or). Since o=G,
for ¢>t,+h/3, Goeﬁ,ﬁj“(Q,“,”Lhn, Q;). It is to be noted that A, is
independent of ;.

In the next place, if we put w(z,?; &, 7; t2) =4s, E— 1) Go(x, t; &, 73
w) (t2=1,+ho/2), then o is a solution of a system of equations analogous
to (4.57). Hence Gy H2%(Q., . in, Or).

After a finite number of repetitions of this procedure, we obtain
G,e H%*(Q.,r,Qr). From this and (4.58) we deduce Gy H2*°(Q,r,
QOr). Q.E.D.

The following lemma is an immediate consequence of Lemma 4. 9.
Lemma 4. 10.
!DtrDzsclgcég, |s1) (t—- T) —@3+2r+|s])/2

2
xexp| —ar IZZE0 ] qar <),
—T

14,7 D" D,'G| <Co| x— 2| * (£ — ) ~¢*7

4. ’/_ 2
(4.59) Xexp[—m%] @r+]s|=2),

!At‘“D;’Dz“Glgcﬁﬁ' s (t — to) (2-2r—|s|+a)/2 (to_ f) —(5+a)/2

| ___ 2
xexp| i ZZEL] >, o<t <2 di=dy2).
-7
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Remark. As for G,, the same estimates hold with |x—§&|+d(&,T)
and lx” —&|+d (€, ") in place of |x—§| and |z” —¢&|, respectively.

§ 5. Estimates for the Solution in H*™*(Qy)
of a Linear Problem (2.17)

The unique solution of a linear system (2.17) in H***(Q;) is given
by
13
.1 'a?)(x,t)=JerG(x,t;E,r;w)qﬁ(E, ¢, w)de,
0

for (5.1) certainly satisfies (2.17) and belongs to H***(Q;) as we
shall see below.
Let ¢ and A be sufficiently small positive numbers. We introduce

the notations
U (2") =20 {lz—2"|<e}, Qne (2", ") =U (") X [£"+ 1, t°+2h].

Then in order to prove @weH***(Q,), it is sufficient to show that
e H*(Qhe (2%, £%)) for V(") €@X[—h,T—2h] and |[®]§: 80

<Cul¢llr*°, where C,; is a constant independent of (z°,¢").

Lemma 5.1.

(5.2)  |DSWISCE PN g @ i Qe (2, ) NTr =0 (5]=2),
(5.3) D w|SCEL 02 (¢ + |z —2* ) ¢ o

if Qne (2, ) NIr#0 (Is|<2),
where x* is a nearest boundary point of x,

.4 |47 DB <Cu|z— 20| *[ 9] 2 (Is] =2),
(5.9) | 42D @ <CEP (2 —20) “ 197 g1 (0<]s]<2).

Proof. Let x,(¢) and %,(§) be smooth functions on R' and R? re-
spectively, such that 0=yx,, x;=<1 and

[1 it =>2p J1 i e<le
3 2

(5.6) ()= 1 71(8) =
]0 if r§5h lo i |&]|=>2¢
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@ is transformed into the form:

G.7) @b = fdr LG¢x (&, ) de+ j;tdz' LG¢(1 — ) dE = @, + s,
where % (&, 7) = (t—£) g (§—2°). It is easily seen that
J | D, @, | SCEPE- 1102 gl @ ([5]<2),
(5.8) [ 4,7 D, W, | <Cls ol x— 20| * [ B 2 (I5] =2),
P,

As for @, we shall estimate only when z°erl", = —h. Other
cases can be estimated similarly to this case more easily because of less
singularities, For simplicity U, (") and Qe (x’, —h) are denoted by
Ut and Q,, respectively. By (3.38) @, can be expressed in the follow-

ing form:

6.9 @ (ar | zonG-ande- | ac [ Gune-anae

1 t
(5.10)  @.= Ldr L’Z*qsxlds— j dr jU_Z*qsxlde:wl,l,l—wl,l,z,

where U™= (R*— ) N{|é—2"|<2¢} (as for *¢, see Lemma 3.1). It is
well known that (cf. [13, 25])
| D@11, | SCHR 92 5| 5 (15]=2),
(5.11) 14,7 D, @11 | ZCls 1,1 — 2o *| *@ [ 8R0 ([5]=2),
1 | 452D, 1,1, SCE1A(E — )OO * gl 7%, (0<]5]<2).
Since ¢ (z=*,0) =0, we have for |s|<2
(5.12) | D, 11,0l SCEP o270 @ 4 |2 — 2*|%) [ * || £ (1 + 277D L)),

where
1= rdr f D, Zyde.
0 U-

After some lengthy calculations, we obtain
(5.13) | L << Clpre-inr

therefore
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(5.14) | D @115 SCHDs (24 |2 — [P O 102 *g | 25,

For t—t=t,+ |x—x*|* we immediately derive from (5.14) that
(5.15) [ 4D @115 SO0 (8 —20) OO % ||

For t—¢<ty+|x—x*|* we put ¢” =max{2¢,—¢,0} and then obtain

t t
(5.16) 4D/ Wine= | dr | Dizpazirgde— [ ar [ Dozysgivgas
14 - o z
t t
+ [Jar | aoDrzyazimgags aowg [ ac [ Dozya

t ]
AT f de L D, Zydg= 3170,
0 - =1

JW (i=1,2,3) can directly be estimated by Lemma 3.6. As for J,®
we can derive the desired estimate from the following estimate obtained

similarly to I,
(5.17) i f, dr L_D;Zmd&‘ <Oy (p— 27y e,
In order to estimate J; we transform this into the form
.18) 4 [lar [ Drzgag=ai [ ac [ Dizopas
40 [(ar | Dizvde=I12+I9.
J8= {as [ (D78t 8,75 )
=D, Zy(z—€&,t—71; 2,¢; W) ez ] 1:dE
— [Jar [ iDrzie—g 08,73 0)
—D, Zy(x—§,t—1; 2, to; W) 3=a] 11dE
A AT N A
=D Zy(x—§,t—7; 2, to; W) |,0] 11dE
+ ﬁ:dr L»[D;Zo(x—é, t—7;2,t; w)

— D,/ Zy(x—&,t—7; 2, to; W) | .oadadE
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i [(ar | Dzttt 2, 05 0) o= I8,

We easily obtain by Lemma 3.4
(5.19) [T SCER (2 —2) 71092 (i=1,2,3,4).
(5.200  JRo= -4 [[de | Dizie—g 173 7,005 w) k.
In an analogous way as I, we have
(5.21) T | SOl ¢ty 1550,
As for J&, we rewrite J&3 according to the definition of Z’.
(5.22) JR=45D. | dr, jz (@—,t— 703 ¥, o W) ¥ (3, ) dy,
where

P00 = [[ar [ 00,78, cwme—anae.

The fact that ¥ € H*(R;*), which is proved by the same arguments as

above, implies that
5.239) |TRISCHP (£ — 1) ¢ 11102,

Hence we have
(5.24) 145D 1,10 SCEELy 2 (2 —20) O 1102 ¥ | %,

Next, for clearness’ sake, we assume that z” =z,
re
Azz"Dzsﬁ/l,l,z: . dt JDst(x_f, t—1;§6,7; w) X1Aez,"r't*¢d$
g
rt
— | [ Durz—g - o6, s w) nazrrgas
a

+ | dr L 4,5 D, Zy 45 * pdE
0 -—¢

rt
+ 0 dr j‘U_AI%DstXIdS ° A:::\'tt*¢ ’

J

where 6=U"N{lé—z|<2|x— x|} and x,* is a nearest boundary point
of z,, Applying Lemma 3.6 to the first three integrals and using the
same procedures as (5.18)-(5.23) we have
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(5. 25) 14,7 D ®1,1,2) SClsyp,,0l 2 — 20| || *¢ | 7% (5] =2).

Last of all, let us estimate ,, Let ¢ be sufficiently small such
that UTNQ*? =0 for any %&’. For arbitrary (=z,2) €Q,,

(b. 26) Go(x,t; €, 75 w) =2 77(;;») (x)
I’
¢ —
xﬂfr[f dr, I H (z, £ 3, 7) B (3) & (3, 70; €, ©) dy
T K
¢ j—
” y 4o L}le”) @7, t=t) = NG, 103 €, 7) dy’]

(cf. §3.4),

hence @,, can be expressed in the form

(6.27) Wy .(x, t) = ; 2% ()
XHEI[ J; dr, J‘KHO("”) (Z,t; 3, o) ) ) ((70¢) 3, t0) dy

+ [(an [ B @—5, =000 ) ) &,y ],

where
U;p=II,'U;¢ (j=0,1),
(5. 28)

Uj¢: J:;Zf jl‘huj (y, Tos 5, f)¢(5’ f) % (S__x())dg.

Assuming that

Lemma 5.2. If 4€C#(Qr), then UpsC*(Qyr), Urp = C¥* (o)

and

(5.29) I1Uwllg, , =Casllgll=, 1UlI%2 =Clllgll

holds and connecting this with Lemma 4.6, we obtain z’?)l,zeé““(Qo).
Thus Lemma 5.1 is proved. Q.E.D.

Now we proceed the proof of Lemma 5.2. In the same way as
in the proof of Lemma 4.7 (cf. § 3. 4)

u(y, 703 §,7) =Zouo‘”) 0t 6,70), (¥, 16, 7) =y, 705 &, 7).
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Hence we have
(5. 30) lM=%UW¢CM=M%,
where
Uog= [ar | 000,58 08@ DnE-aaz.

From the estimates of @,, in Lemma 5.1 follows that

(5.3 UPgeC**(Ion), IUClIED<Callgllr.

Utilizing the expression of #,"’, Lemma 4.6 and (5.31), we obtain
(5. 32) Us®peC*(Qo,), U], <CuCuCudllgll - .

By induction we have

(5.33) UPpC(Qo), IV, <CuCiCitligllr -

Hence the lemma holds with Cu=C,/ (1 —CsCsd) for sufficiently small
h. Q.E.D.

Corollary of Lemma 5.1. For (x,1) €Q (2, 2%

gl 29, if Que(2, ) NIr=0,
(5.349) |Dw|=Cs
@+ |x—2*) | ¢+, otherwise.

Lemma 5.3. C{°, C§P, Cy4, C{P and Cy are positive functions
in {wdr®D, [ oo #H9, |09, [0:] %2, ool “*®, (@) 7, Bes (80) 7, @) 7,

¢ and 7 and monotonically increasing in each argument.

Proof. We obtain this by tracing the lengthy calculations made in
§§ 2-5. Q.E.D.

The condition (2.18) implies that
(5. 35) AFeH(Qn), U =b:(T, {w)r™).
From the definition of g;; it follows that
[D2gasls 1DGusls |Dagus | SBa(T, {wwdr®®, [w,] ¢+),

(5. 36)
[ D4 | EY=Bu(T", {w)r*?, ||vo]|***) T| D ]|,
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where B; has the same property as B,.

Hence we obtain

[P @0 1010+3 1+ 8B+ 3B) T (Caos @+ [l 4+2),

‘ D.p
0

(@
xz

) -
.= (0 7lod’ |V {300+ 0|} +9BT| D.*w|

(5. 37) X (wdr® + || @) +3(1+3By) T (| D.2w| @

+ [wo] ¢,

(a/2)
tl

<314 B+ By) wdr®® + [v,]| @),

]Z2£L

ﬁ T

(5.38) 16142 < 0] @3] + 6] 2] ] 7

£z [fodz, o) = (z+ [ods, o) <1l
X {1+ Cadr® + o] #) T},

f<x+ J:ﬁdf, t) —f (x—l— ﬁto‘u‘dr, to>

g {,le T(o) (<w>1'(2’a) + ” 'Uo” (2+u)) + [lez'(o)}' (t —to) .

(5. 39)

From these follows that
(5. 40) BeH*(Qr),
Bl <b: (T, <wpr®?) + T b5 (T, {wpr ™) | D'l 9.
From Lemma 5.1 with ¢=% we derive
@O <Cor (T, Cwpr®?) (b + T+ 63| Dy*w] ),
| D, <Co (T, Cwpr®?) (be+ T - bs| D,'w]| ),

(5. 41)

where Cs; } 0 as T [ 0. Therefore there exists 7, (0, 7] such that

Co (T'y, M) b, (T, My) <M,
(5. 42)

Cs, (T'y, M) b5 (T, M) T, <1.

Moreover there exists T, (0,7] such that

1—Cy (T, My) by (T'y, M) T
5.43 C.,(Ty. M) b, (T, M,)<< s2(4 2, M) 03 (4
( ) 52 (L'ay, M) by (T, M) < T T DT,
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X '{Ml - C51 (TQ, Ml) bg (Tz, Ml) } .
Hence there exists M,>0 such that

(5. 44) Co1 (T, My) by (T, M) < M,—Cs, (Ty, My) b, (T, M)

1=Cyu(Ty, M) by(To, MY Ty~ '~ Csi (T2, M) by (T, M) T,

From (6.41) and (5.44) follows that

(5. 45) weCr={we&,| |D w|fP <M.

For simplicity we again choose T'=7T, from the beginning.

§ 6. The Existence of a Bounded Solution
of (2.15)-(2.16)

We construct the sequence {w,(x,2)} of successive approximate
solutions as follows:

wi(x, t) =0€6&,°

w,(x,t) is a solution of (2.17) with ¢=B(x, ¢, w,_,)

assuming that w=w,_, €S,

Then by the results in §§ 2-5 we have

6.1  wie D= | dr | G118 twa)BE, w8,

which belongs to &;°.

By induction we obtain
Lemma 6.1. w,=S;" for 2=0,1,2, -,

Next, let us consider the difference w,—1w,_;, which satisfies the
equality

D, (wn—wny) =A(z, t, w,_1; D,) (wy—wa_y)

+{AU(x, t, Wa_1; D) —N(x, ¢, wy_s; D,) }wn_,
(6. 2)
+ %(xy t, wn—l) _%(‘x’ t, wn—Z) >

(wﬂ —wn—l) it=0:0 > (w'n '—wn—l) Ir‘T:O .
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From the definition of ¢,; it follows that

(6.3)

[9:5 (Wa1) =915 (@as) [ 2

SBs(T, {twn_1Dr®? +{wn_spr®®) (w1 — Wa_apr ®?,
[ D {915 (wn-1) —9as (wa2) } [$7

<T BT, {twn-1pr®? +<{wn_30r*?)| D (wp_1— wa_s)ir®,
| D915 (wa1) — 95 (was) } 47

SBi(T, {war®? + w01 ™ ®) (wnos— W1 @2,

where Bs, By and B; are monotorically increasing in each argument and

B;, B, |0 as T} 0. Hence we have

(6.4)

where

(6.5)

[0n-1—On-2| <00 exp[9 (A + B)) wn_1D>r®? +{wn_opr®®
+ vl ) TT-T{Bs+ 9 (A + B) } {1~ wa_opr®,

| Dy (On-1—0n-2) |=3[10s"|® + 6o {1 + 9 (14 Bi+ By) Kwp-1pr™>®
+ 2| ®* )} 1T {Bs+3 (1 + By }-exp[9 (1 + By) ((wp_rdr®®
+(wa-2d1® + o] ) T o1 — wao)r ™,

| Dy (0n-1— 0n-z) |Z06[270 (1 + By + Bs) Ktwn_10r%® + |[vo]| #79)
X A{Bs ({wa_1pr®? + [|0g| *+®) + 1+ B, + By} ]-exp[9(1 + By)
X ((aerpr®® + (w)r @ + |20 #+9) T

X Wa1— Wa_gpp®?,

On_1(x, ) =0o(x) - exp [ — j; 035 (Wa-1) 05 (W1, + Vy,s) df} .

L @)t exp[O(1 + B ((w0aidr® + (arn_gyr @
On-1  On-2
+ [vol ®*9)T] + |0ne1— Dn—sl,
idzza (5;i1'—b\7712) Igzlx_xola{lﬁrrzlﬁszZ[Dz (ﬁn—l_‘(/)\n~2) '531—1

+ Dz (0r-1—02-2) 1| 2@ 4+ 10221 — 02220 2},
[4:5 (02— 0220) |2 (= 2) “*{| D, (0721 — 0212) | 19

+ 10721 — 0alsl 2}
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|6 Dty Onr) =0 Ons, 0n2) |10 R10n1— Prmel 2@
+ Iffai(g?lién_l—én_zir(“),
14,540 B, Ons) — 0 (Ba—zy On2) } || 2 — 20| [1051 8] Dz (B
—0n-2) |2 + [ Dol 2@ {1055 |01 — Pr—al ¥
+ 105611001 —Onol 1} + |03 R D (Ono1—0a-2) |2©

+ |Dzén——2{ T(O) {I%al‘g?llﬁn—l —ﬁn—zlr(o)

(6.6)
+ 1000190, — 0,_s) 2O} ],
14,246 (Dn1, Ont) =0 (D2, On_ D)} (€ —20) [05| S D2 (s
00 [P+ (Dl ® {1005 1005 — ol
10l @10 = Orosl ) 0B De B =01
+ 1 Dinal 2 V{10 30] 1B = sl 2®
+ 1050 Q10,_y— 0,5) 2} ],
where

D*=D¥*,, |09 =max|d]|.
o

Since (0,1 —0._5) (x,0) =0, we have

(6.7 | (Bns—0-2) (,8) | <t]Di (01— 0n-2) |7

Lemma 6.2. If g(x,t) be defined in Qr, ¢, exist,
idttagléAf*(t—tU)a’ ;Ax“D‘rglgAdlx_xDW
and Q satisfy the cone condition, then

[4:2D,0| < As (£ —20) *#/0+P,
Proof. See, e.g., [33].

From (6.3)-(6.7) and Lemma 6.2 follows that
J %[:;n (x’ t, w‘"--—l) —2 1’(‘}'"- (x7 t, wn_z) EHd (QT) ’
(6.8) 1 R0 (, 2, war) —WT (2, £, wais) |2 V=04 (T, {twn_1pr®?

+<{tWn2Dr P V) Wnor— W2 ®?,
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where b, is monotonically increasing in each argument and &, 0 as
T 0. Thus we have

(6.9) 1{A (x, ¢, wn1; D;) —A(x, 2, W23 D) } wasl| 1
b5 (T, w1 ® +{wnpr®?, | D",y 2 ¥)
X {Waoy = Wnog)r P,
where b; has the same property as b,.
In the next place we have
Dypny _ Daofns
On-1 On—2

X AL@Wnpr @+ 00| ** 9} 5 [ Dagsy (wny) [2¥

EgT[lD, 017 (W) — Gsy (wn_s)) |2®

X {Wno1— W07 PP + 055 (Wa1) — 9i5 (Wass) |7©
X Lwn-1D2®? + [|vo]| #*®} + |95 (wns) | 2 ©
X <wn—1 - wn-—2>T(2’d)] )

‘A .1:,<D.tb\n—1 ___Dzﬁ'n.-2>
.» 611—-1 ﬁn—z

— 055 (Wn_2)) |E2 X pr @ + 4| D, (¢4 (wn-1)
=035 (@) | 1P {Lwnd>r®® + {wn_odr D + || w0 9}

+ {1 D295 (wa_2)| ST+ 4| D05 (wn—2) | 1 O Wy — Wag) ¢ &P

g]l‘_ xU]aT[{DI (gij (wn—l)

1

(6. 10)

+2{|D. (9:5 (wa1) —Gs5 (wa-2)) |79 +19:; (wWas)

— 015 (Wn2)) |1V} a2 ®? + [l wo] #*®) + 1945 (wwn-1)

— 015 (Wa_2) |79 (| Dy"wns| E7 + [l wo] @)

+2{|D29:; (wn-2) |7 + 195 (@n-2) | 1} {0y — W)
+10:5 (was) [19| D, (W1 — wns) |1],

(Bt - Dbect) < ¢ TP 0 a0 ) = a0

ﬁn—l pn—z
+ 1955 (Wa-1) — 9i5 (Wa-2) |70} waoDr®? + |lvo] ©+9)

({100 (@2 + [0 (@) 1O} oy — wasadr ).

!Gﬁ (ﬁn-—l, é\1:.--1) - O-a (ﬁn—-Z, 67»—2) |§ laﬁﬁ|2))2|§n—l - ﬁn—?[ T(O)

+ |U§0I$2|€n_1—6n_2‘7’(0),
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142710 (On-s, 9”'1) — 05 (On-2, 9,,_2)} |=<|z— x| [!Gﬁﬁlgl]Dz (On-1
—0a-2) | 1"+ ]Dzﬁn—ﬂT(O)IO'Mlg,L_%,*]éﬂ_l—-én_z]T(O)
6. 11) #1681 De @rs =02 1O + | Dl o] 10 5] P
X iﬁn-—l'_ﬁn—ZlT(O)],
|4540 5 (B, On1) =0 (Dncs, Onn) } IS (2 —120) [10,5] 9
X D, (s Ba-2) |1 + [ Difinoal #1056 6 — Onmsl 2
+1658| QUDe 01— 0a_3) | 2@ + | Difa_s| 110 5] e
X lﬁn—l“ﬁn—?ll’(o)]’
where
6@ = max 1900 =000
” 6,0, (6",0)ED% 540" 6—0' ’
l 0|55 = max o (a, é)h—(f(ﬁ, 6" | )
' (8,0), (5,01 € D%, 00" 16—6'

As for 05 we can obtain the similar estimates for it to those of ¢,.

: ¢
d <x+ f On-sdt, t) —f <x+ j Dn_odr, t)‘
0 0
S| fel rOTwno 1~ w2 @2,

1 { (ot [ o= (o3 [ o)

Slax—zo| T{Ifel 2 + 1 ISP 1+ w0noodr @2 + 0| **) T T}

(6.12)

X W1 — Wagpr®?,

[A,‘n { f <x—|— f Ouidr, 1) —f <x+ L Busdr, t)}

|

S =2 T [ fol O+ | fol S Lwnodr @

+ ” v”“ (ZM)} T+ lft gL)TT] <wn—1 — wn—2>r(2’“).

From (2.20), (5.36), (5.37) with w,_; and w,_, (6.3), (6.7),
(6.10)-(6.12) and Lemma 6.2 it follows that

(6' 13) “’SB (‘r’ tv wﬂ—l) - % (.2:’ t, wn—2) ”T(n)
gbG (T, <wn~1>T(2’a) + <wn—2>T(2’a)9 |D.1:2wn—l T(a)
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+ Dozl 1) (twnos = Wapr@® + b1 (T, (w1 ®®
F{ W21 @) | D (Wnoy— wnos) [2@,
where b3 and b; have the same property as b,.
Hence a solution of (6.2) is given by

6.10)  (wa—wn_s) (,£) = j de LG(x,t; g, 75 way)

X [{UE, 7, waer; Do) —A(E, T, Waz; Do) p e
+B(E, v, war) =B, 7, wao) ]dE
From Lemma 5.1 follows that (cf. (5.41))
wn—wa1pr™®
=Co (T, {wn-11%®) (bs+ b6) (w1 — Wn_2pr®?
(6.15) +Cibn| D, (wnoy— wa3) 79,

IDzz (Wn—Wn_1) | r O =<Csy (bs+ be) {Wa_1— Wo_gpr®?

+ Cisbi| D, (oo — was) | 7.

Now we denote {w);®®+|D.2w|,® by {w),®®. Then from (6.15)

we derive
(6. 16) (wn—wn_1)r @V =Coi (T, wn_19r® +{wn_s)r®®)

X <<wn—1 - wn—2>>T(2’a)’

where C; is monotonically increasing in each argument and Cy | O as

T | 0. By induction we have
(6.17) (wn—wn_1)r @ ZCii (o1 — wohr 2.
The property of C;, implies that for some 77 < (0,7]
(6.18) Cou (T, 2M,+2M;) <1.
Moreover since
(i — )i =)V <2(Co(T7) +Cot (T7)) b (T7) <+ 00,

we have

i Cga_l«‘wl - 'wo>>:(!'2" a)< + oo,
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That is to say, {w,} converge to an element w of H**(Q,.) as
n—co. As is known the expression of p,, {p.; converge to an element
o of B™*(Q;.) as n—oo, A(x,t, wy; D), B, t, w, and G(x,1; &, t;
w,) also converge to WA(x,?, w; D,), B(x, ¢, w) and G(x,¢: ¢, t;w),

respectively. Consequently a solution of (2.15)-(2.16) is given by

t
(6. 19) w(.z:,t)=j‘ dz‘j Gz, ;6 c:w)BE,c, w)dE .
0 2
Remark. Tor w, Lemma 5.1 also holds with ¢="1.

§ 7. The Proof of Uniqueness

Now let us direct ourselves towards the problem of uniqueness
concerning (2.15). We assume that there exist two solutions (w, 0)
and (w*, 0*) of (2.15) in H**(Q;) X B'**(Q,) satislying one and the
same jnitial-boundary condition (2.16). The difference v —w* satisfies
(6.2) as w, and w,_; are replaced by w and w™ respectively. Then
w—w* can be uniquely expressed in the form (6.14) as w, and w,_,

are replaced by w and w™* respectively, i.e.,
12
(7. 1) (w—1w*) (x, t) = f der(x,t;E,f;w)
Jo 2

XA, v, w; D) —AE, ¢, w*s D,) Jw*
+B(E, v, w) —B(E, v, w*)}dE.
As for w—w™*, in a way analogous to that used in the preceding section
for w, —w,_;, we have [or some consiant Cj; having the same property
as Cy,

(7.2)  {w—w*)r®O<Co (T, (whr @ +(w*Hr @) (ww —w*) .

Hence there exists Ty (0, 7] such that

(7.3 Cou(To<1.

From these we derive w(x, ) =w* (x,¢) for 0<¢z<T,<T. Hereafter,
it remains only to make a finite number of repetitions of the same

procedure. The uniqueness of p follows from that of zv. Thus Theorem 2

is proved.
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§8. The Proof of Theorem 1

By Theorem 2 and (2.15) there exists a unique solution (9,0, )
H**(Q.) x H**(Qy.) x B**(Qy.). Now according to the notations in
§ 2, we respectively define x and (v, 8, 0) by (2.5) and

J v(x,t) =0(x(x, 1), to=1),
8.1) 0(x,8) =0(x(z,8), 8s=10),
1 o(x,t) =0 (xo(x, 1), ti=t).

Since (v,0,p) certainly satisfies (1.1), (1.2), (1.3)’ and (1.5),

it is sufficient to prove (v,0,p) € H***(Qr) X H**(Qr.) X B**(Qr-)

and the uniqueness. Here we do those of v only.

Lemma 8.1. If € H**(Q,), then ve H**(Qy).

Proof. We prove that |D,*v|%?< +co only. Other estimates can

be derived analogously.
[4:" D, 0| <[4 D910 | D581 1P + | Dogis 11V 14:" Dao(zi(, £), ts= 1) 2@
+ 14" (Dox0) *| 70 + | (D) *| 11 4. D3, 0] 7
<[t L1 Da 2O BT (0325 + o] 7}
+9B;,{9(1+ B)) 9|, D39+ +2|D, 9|7 + | D, 5|%”}
+162B,(1+B) T **| D% 9| p® +81 (1 + B)* {T**9% (1 + By~
X (19129)*| D388 + | D291} 1,

hence |D; v|{%? <+ oo. Q.E.D.

Lemma 8.2. The mapping v=F% from H**(Q;) onto itself is

ond to one.

Proof. Suppose that v=v* ie., Fo=Fg* Then from (2.4) we

derive

[dixm,r;ﬁ)=ﬁ<xo,r>zv<x<xo,r;@>,r>,
T
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x(x0, 05 D) =;

8.2

d - _ N
d—rx(:co, 75 0%) =9* (2, v) =v* (x (0, 7; 0%), 1),

x(x, 05 %) = 4.

Therefore we have

J —5?(:5(330,7; 9) — (2o, 7; %))

(8.3) 1 =v(x(zo, 73 9), 7) —v(x(x0, T; %), ),
x (20, 0; 0) — (10, 05 %) =0,
hence
[ é—g;(x(x“;@)_x<xo,r;@*>)s
8.9

1 éi‘vxlT(O)(x(xo,f;ﬁ)——x(xo,f;ﬁ*))z,

x (o, 05 9) — x(x, 0; %) =0.

From (8.4) it follows that xz(x,, v;9) =x(x, v;0%), hence o (xy,?)

=% (20, 1) QED.
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By Lemmas 8.1 and 8.2 the proof of Theorem 1 is now completed.
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