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On the First Initial-Boundary Value Problem
of Compressible Viscous Fluid Motion

By

Atusi TANI*

Up io the present day many kinds of mathematical discussions on

incompressible viscous fluid motion have fully developed (cf. [32, 36]).

As for compressible viscous one, however, there have been only a few

works on it. In 1959 Serrin [50] proved the uniqueness theorem in a

bounded domain, making use of the classical energy method. In 1962

Nash [44] tried to show the existence theorem in Rs, but it seems to

the author that he has failed. Independently of them Itaya succeeded

to prove the existence and the uniqueness theorems on the Cauchy pro-

blem for it in [24-28], using Tikhonov's fixed point theorem.

Now in the present paper, we shall show that the first initial-boundary

value problem for it can uniquely be solved under suitable assumptions

for the initial-boundary data and for the boundary of the domain, from

the classical point of view.

In § 1 an exact statement and the main theorem (Theorem 1) will

be found. In §2 we perform the characteristic transformation and mention

the theorem of the transformed problem (Theorem 2). Firstly we prove

Theorem 2 and then show that Theorem 2 implies Theorem 1 in the

last section § 8. In §§ 3-5 linear equations connected with the trans-

formed equations are treated. In more detail, in § 3. 1 we briefly state

some basic results for a fundamental solution in the whole space Rs due

to Eidel'man [9, 18] and Pogorzelski [46-48] (cf. [25]). In §3.2 we

check the basic condition of uniform solvability due to Solomjak [52,

54], which is essential for the study of the boundary value problem in

applied mathematics, corresponding to the Lopatinsky condition for the
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elliptic system in the sense of Petrowsky [37-39] and the complement-

ing condition for the elliptic system in the Douglis-Nirenberg sense [1,

8, 53] . Once it is shown that this condition holds, we can construct the

Poisson kernel and the Green matrix [1, 10-12, 14, 15, 22, 29-31, 54].

We estimate the Green matrix in § 4 and the solution in § 5. Making

use of these results we give a proof of the existence in § 6 by the

method of successive approximation and that of the uniqueness in § 7,

therefore the proof of Theorem 2 is completed.

Acknowledgement. Deep gratitude is due to Professor N. Itaya

for his kind advices and encouragements throughout this research.

§ 1. Introduction

1. 1. Statement of the Problem. Compressible viscous isotropic

Newtonian fluid motion is described by five differential equations cor-

responding to the law of mass, momentum and energy as follows (as for

kinematics, see, for example, [34, 35, 40, 51, 55]):

- DP - dVk

~
2)

 vi - y! v« I
Dt p dxt \ dx p dxkl dxk dx

L 3) DS - 1 9 f- 90 \ , ju i dvi , dvk

Dt p6 dxk V dxk I ' 2pd V dxk ' dxj ' pd\ dxk

where p, density; t> = (t>i, t>2, ^3) , velocity; /^, coefficient of viscosity; p! y

second coefficient of viscosity; /c, coefficient of heat conduction; />, pressure;

f=(fi, fz, fs) , outer force; S, entropy; 6, absolute temperature; D/Dt

The summation convention will always be used unless the contrary

is stated explicitly.

By the physical structure of fluid we can assume that /*, jj! \ £, p
2

and S are functions of p and d such that p! ' + — /^O and /(, K9py
o

If S be smooth, then using the equation (1. 1) we have
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(1.4) _^S0__+ ,__

o D0 o 9z;&
9.rfc

Thus (1. 3) has the form:

T^a i ^
(1.3)'

Dt p6Sg dxk V Qxk / ' 2003,, \ dx

pSf, . *
i r~^r~\ _ / '

pOSe \ dxk ' Sg dxk

Hereafter, we shall consider (1. 1) , (1. 2) , (1. 3) ' under the following

initial-boundary condition :

(1.5)

From now on we always assume that the compatibility conditions

between the system of equations (1.1), (1.2), (1.3)' and the initial-

boundary condition (1. 5) are satisfied.

As a final result for the problem (1.1), (1.2), (1.3)', (1.5), we

have the following main theorem (as for notations, see §§1.2, 1.3):

Theorem 1. If Q be a domain in R5, bounded or undounded^

and its boundary F belong to C2+a and satisfy the Lyapunov condi-

tions, then there uniquely exists (v, 6, p) ^H2+CC(QT^ xH2+a(QT^

xB^a(QT^ for some T7e(0,T] such that (v,0,p) satisfies (1.1),

(1.2), (1.3)', (1.5), where (v0, 00f p0) tEH2+«(ti) xH2+a($) xH1+a(&

(0<p0=inf po (x) < po (x) < p0= sup po Cr)< + oo, 0<00^ inf 00 (x) <00 (x)
_ x^Q x&Q x^D

<0o^sup00(^)< + oo), ^(x,OeH2+«(rr),/eB1+L(Qr) and p, #' , K, p, S
X^Q

^0\oC
L(£Dp)e) with prescribed properties.

1. 2. Basic Notations. For s= (sly s2, s3) (s^s non-negative integers),

r (non-negative integer) , we define

(1.6)
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For any non-negative integer n and ae (0, 1)

(1.7) H"+a(2r) = M;M)l Hr
c"+a)^ z ~ j I -

2r+ |s| =0

2r+ |s| = (n—1)V° 2r+|S|=n

where

Hr ( 0 ) = = , SUJI I ^ C ^ O L

(1.8) sup

|^IS:r= sup

(1-9) bl:

(1.10) Hn+a(^) = {«(j

where

sup

(1.12) S"+a(Qr) = {w(^
r+|s|=0

For a vector function g (x, t) — (g^ *=1, g^Hn+a(QT') implies g£

s=Hn+a(QT) (f=l,2, - • - ,* ) and |g|r
(0) denotes f] i^l^, etc. For the

t=i
Holder exponent a — 1, notations such as |(7!r(I() are used.

(1. 13) <£„,= {(p, 0) e (0, +00) x (0, 4-00)}.

For » = 0,1,2,-,

(1.14) 0rot
L(^,5) = fe(p, fl)k is defined on 3) ̂  ^-times partially

differentiable and all its 7z-th order derivatives

are locally Lipschitz-continuous there} .
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Other notations, not described above, will be explained where they

appear.

1. 3. On the Domain. We shall always assume that the domain

in jR3, bounded or unbounded, to be considered here has a boundary

which satisfies the following Lyapunov conditions (cf. [21]):

1. At each point of the boundary there exists a well-defined tangent

plane and hence a well-defined normal.

2. For any point x^F there exists a single fixed number J>0 such

that the portion of the boundary inside a sphere of radius d with the

center of x intersects lines parallel to the normal at x in at most one

point,

3. If 0 be the angle between the normals at x\ and x2, then

where a and oc are positive constants independent of xl9 xz and

The sphere mentioned above we shall call by the Lyapunov sphere.

Let (xl9 x2y Xz) be a local rectangular coordinate system with the

center of f e/", i.e., we take the inner normal at £ as the xs axis and

place the xiy x2-axes in the tangent plane at f . Because of condition

2, the portion of the boundary lying inside the Lyapunov sphere around

? may be represented in the form:

(1.15) xs

where F(XI, x2; ^ is a single-valued function in a certain domain of the

(xly x^ -plane. Conditions 1 and 3 imply that

We shall call that 7"eCm(m>>l) if it satisfies the above mentioned

conditions and if in the neighborhood of each £ e/"1 it may be represented

by (1.15) with F^Cm(KQ)9 where KQ= {x'=(£l9xj\ |£'N(*i2 + £,f)1/I

^d/2} . It is easily seen that in KQ the function F satisfies the in-

equalities

(1. 16)

where & and ft are positive constants uniformly in f e/"1.

Let A be any small positive number. It is well known (cf. [54])



198 ATUSI TANI

that in J2 we can construct two systems {a)w} and {J2(fc)} such that

2. for any .r, there exists co(&) such that x^o)(k) and dist(.r, J2 — o)(fc)) >

3. for any A, there exists a number N0 independent of A such that
#o + l

n £(fc)=0,fc=i
4 (i). if J2 ( fc )nr = 0? in this case we shall denote k = k', then co(k/:> and

jj(fc') are tke cubes with the same center and with the length of their

edges equal to A/2 and A, respectively,

4 (ii). if a)(k)nr^=0, in this case k = k", then for a local rectangular

coordinate system {x} with the center of some f^

l < - / S 4 / l («-=l, 2), 0<£,-

where F is a function describing the boundary P in the neighborhood

of f (k"} and /?4 is a positive constant independent of A.

By changing the variables in such a way that

Q^ is transformed into a standard cube K= {\xt\^^^ (z"=l, 2), Q^XZ

SUK and the boundary in &(*'> is K'= {\xt\<(JiJi (z = l, 2), ^3 = 0}.

Furthermore, it is well known that there exist the smooth functions

and ^?(fe) (x) such that

1 if

0 if

= 0 if

Let {r(y)> be a covering of T and set r r
( ' )=r (y)X [0,T]. As we

saw above, jf(y) can be represented by the local coordinate system {x} in

the same way as Kf. Thus the function defined on PT
U} may be con-

sidered as a function «<» (*', *) defined on fr
(y) = {|^|<AA} X [0, T].
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§ 2, Preliminaries

2.1. Characteristic Transformation. For z;e^2+a(Qr) with V\FT

= 0 we consider a system of ordinary differential equations:

(2.1)
x (t',x9t)=v (x (-c \x9t)9r)9

d-c

By the assumption that v^H2+a(QT), we have a unique solution curve

passing (x, t) that satisfies (2. 1). If we put

then it is obvious that the transformation (x91) |—» (x0 (x, t) , tQ = t) is a

one-to-one mapping from QT onto QT and especially the boundary FT is

transformed onto FT- We denote the inverse transformation by (X(XQ, to), £

— £0) . For any function g (x, £) we define

(2. 3) g CTO, *0) - g (x (x0, *0), t = *0).

It is to be noted that (2. 1) implies

I d
dr

x(x0,0)=xQ.

Thus X(XQ, tQ) is expressed in such a way that

(2.5) x = x0+ r°v(x09^dr.
Jo

Hence

dx Cto

(2.6) = Z-f I z;Xo (x0, r) dr,

/O T\ v C/XQ 0 f OX

w- O
dx dx dxQ

where / is an identity matrix.

For simplicity we put

(2.8) - £ _ ~ ' = « , „ ) .



200 ATUSI TANI

The system of equations (1.1), (1.2), (1.3)' implies

(2. 9) -^-p =

(2. 10) A-^ - —
9*o p

(2. 11)

Condition (1. 5) implies

V (^0, 0) = V0 (XQ) , 6 (XQ, 0) = d0 (Xo) , P (X0, 0) = Po (X0) (

0 (^o, f 0) - 0, 0 (x0, t0} = 6l (XQ, O ( te, ^o) e rr) .

Next we state the following well known fact (cf. [42]):

(2. 12)

Lemma 2. I. L** reCm+a(m>0) awrf g^Cm+a(rT} . Then there

exists at least one function g*eCm+"(Qr) such that g* = g ow 7"^.

Using this lemma, we can extend 01e/?2+B(rr) to

which we also denote by 0j without misunderstanding.

2. 2. Restatement of the Problem. We shall use the notation

(x,t) instead of (x^tj) except the last section. If v^H2+a(QT') is

given in (2. 9) , then p is uniquely determined, being expressed by
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(2. 13) p(x, t) = poOz) -exp| - fV^AC^ r)dr\.
L Jo J

If in (2. 10) and (2. 11) we put

wt (x, i) = vt (x, t) - voi (x) (i = 1, 2, 3),
(2. 14)

te;4 Or, t)=B (x, t) - 6, (x, t) + Ql (x, 0) ~ 00 (x),

then (2. 10) and (2. 11) can be written in the form

(2. 15) Wl = Wj>(x, t, w)dkdmwj + ̂ t(x, t, «,) (i=l, 2, 3, 4)
of

and the initial-boundary condition (2. 12) is transformed into

(2.16) w(x,0)=0, w(x,f) rr = 0.

As a second main theorem we shall prove

Theorem 2. Under the same assumptions of Theorem 1, for some

T'e(0, T] Z/iere uniquely exists (w,p)^H2+a(QT,)xB1+a(QT^ such

that (w,p) satisfies (2.9) zmVA Wi-rvQi in place of v{, (2.15) and

(2.16).

First of all we proceed to prove Theorem 2 and next to prove

Theorem 1 briefly.

At first we consider the following linear problem connected with

(2.15):

,- = ^ 2> 3, 4) ,
(2. 17)

where <j)t (z'=l, 2, 3, 4) are any given functions which belong to HK(Qr)

and satisfy the compatibility condition. Here we assume that

(2.18)

where -Mi is an arbitrary positive number smaller than 00.

Let M0 be the positive root of 1 — 3x — 6xz — 6xs = 0. Then there
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exists T! e (0, T] such that

(2.19) (M+INIi^OT^Mo, ffo-M-ll^ll^-

On this account, matrix (go-) is well-defined and the following inequality

holds:

(2.20) \Qtj-d

where BI is a positive constant increasing in each argument and Bl J, 0

as Tl 0.

Lemma 2. 2. Assume (2. 18) . TAeTz £&e system (2. 17) z's zmz-

formly parabolic in the sense of Petroivsky, i.e., there exists a number

such that

(2. 21) max sup Re A, (f , *,*)<-<? (v fe 0 e Qr) ,y 1*1=1

where &/s are the roots of det {21J>W (if *) (ffm) -Aff,/} =0.

Proof. Since

det {SlfCif*) (tfm) ~ A 5 s >

x

we have

(2. 22)

1 — A2 —- — —QjkQjm£k£m 9
P

, _
A3— ~~

Using (2. 20) we obtain

- E I f f i / l
3 *

Because of the property of Bl9 there exists T2e (0, T2] such that
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i (T,, MO <1, 1 -6B, (T2, MO - 3ft (T2, MO2>0.

From (2. 13), (2. 14), (2. 18), (2. 20) and the properties of p0 and 00

it follows that the domain considered in (1. 13) becomes

(2.23) 5)*,= (p..exP[-(M1+||l;0||<l+«')9(l + 5I)T,],

p0 • exp [ (M + || »,1| <2+a>) 9 (1 + SO TJ )

x (0,- M, - II 0, || £+«> • T2, 0„ + M, + 21| 0, ||?,+«5).

Hence for <7e {/C, /*, (j!', ^g} we can define

(T— min (T(|0,0), 5— max
(<M)E<2)*p,e (P,e-)<=®*(),g

Thus for any (.r, t) ^QTz

(2. 24) max sup Re /I, (f, ̂ , 0 < - (1 - 6^ -
j if 1=1

Xrnin4-£-,
p. (5, + M, + 2 1 5,

^]--ff. Q.E.D.

Hereafter, for simplicity we choose T from the beginning in such

a way that T = T2.

§ 3a Green Matrix of a Linear Problem

3. 1. Some Results of a Fundamental Solution in the Whole

Space R*. We begin this section with a general, well-known lemma

concerning the extention of functions ([19, 54]):

Lemma 3. 1. Suppose r^C™,m = max (1 + a, in) and g e Hm (Qr) .

Then there exists an extention *g of g, which belongs to Hm(RT
s)

and satisfies the inequality ||*g||^.<C||g|| r
(m), where RT* = R*X (0, T]

and ||*<7||5vBs w defined by the formulas (1.7) -(1.9) ze;zYA i^r
3 instead

of QT.

Henceforth we shall always denote the extention of a function g

by *gr.

Since the properties of the fundamental solution in the whole space
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Rs are well known, we state them briefly.

First of all, in connection with (2.17), we consider the following

system of ordinary differential equations in t :

(3. 1)

where *2l(y, r, w; z'O = (*3l.*7(y, r, w(y, r)) (*C.) (£„)) - V can be
solved directly from (3.1), i.e.,

(3.2)

Then the parametrix Z0 of the equation

(3.3) -2- = *&(*,*, «;;£,)«

is defined by the formula

(3.4) Z0(.r-f,*-r;3>,r;te;) = (27r)-3 f
JI2

Lemma 3.2. ([13, 18]) If A be any matrix of N-th order ivith

complex components whose eigenvalues are Ai, • • • , ^ ^ , then

|| exp \tA\ || < I? (Zt || A || ) k - exp p - max Re Ay] .
fc = 0 j

Introducing the notation i-4| =S l-^*/l ^or tne matrix A=(Atj)9 we
t , j

have the following inequalities:

2N2 s

Since for £ = £ + ^(f, 77

Re A:(O =Re A

(3.5) Re
P

Re M0 = -
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we have

(3.6) max Re ̂  (C, x9 t) <- ff|£ \2 + B2\y\2,
3

where d is a constant in (2. 24) and

ft = (1 + 6ft + 3ft2) [ (20 + £' ) (po) -^ {po (0o ~ M - || ̂  || T <f +B> - T)

On the other hand the inequality

|*9l|<10B,|C

holds. Hence

(3.7) | exp [ (# - r) • *3l (y , r, w ; »0

where C0 = 4 V2 [1 + 2^(1, O)^-^ 4^(2, 0)52
2(J-2 + 8^(3, 0)5^-'], and

for a>0, be [0, 1) , K (a, b) = {a/ (1 - V) e} \ Thus we obtain

(3.8)

From (3. 4) and (3. 8) it follows that

Lemma 3. 3.

(3. 9) \Dt
rDx'Z*\ <C,(r' |s|) (t- r) -<3+2 ' '+i si)

x e x p f — LE
L 8ff, 2

(3. 10) J/'Ar^»%i<C1
(r-|i|+1)|j:- a;'| (/- r) -«+'"

xexp[- ^-gl'l.
L 8^(*-r)J

(j;"=a:' if k'-?|<|J:-?|; x" = x, otherwise),

(3. 11) |J/'ArZV
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where we use the notations AXx't'g(x^t^—g(x^t)—g(xf^tf^)^ Ax
x' — AXx't

and At ' — JJJ'.

Lemma 3.4.

(3. 12) \Dx'Z0(x-§, t-t\y, r;w) -Dx'ZQ(x-$, t-r;y + h, r; w) |

<C2
( |5i) |/i|g(^-r)- (3+|s!) /2-expr- \x-*\* 1

"~ L 8S2(£-r)J

Next the unique fundamental solution Z(x — £, t — r; $, r; w) of

(3.1) in H2+a(RT
s) is defined by

(3. 14) Z(.r-?, ;-r; f, r; «;) =Z0(:c-f, *-r; f, r; w)

f« f
+ ar0 I Z0(^ —3;,^ —r; y, r0; w)(S(y, r0; f, r;

Jr Jus

where $ is a solution of a Volterra type integral equation:

~ " c, £; f, r; w) =K(x, t\ ?, r;

r£ rf Jr0
(3.15) ^ Jr Js3

which is given by the Neumann series

0 (x91\ f, r; w) =I^Q
Km (x,t\£,i:\w),

r* r
(3.16) { m , , , , Jr ° J j B 3 ° ? ' ' °"Z

x^m_i(y, r0; ?9r;w)dy,

( K,(x, t-, f, r; w) -^(^, ^; f, r; w).

Lemma 3. 5.
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(3. 17) |Dt
r£)x'Z/|<C3Cr' |f |)(^-r)-(S+2r+|I|-a)/2

oo t — "C

(3. 18) \A/'Dt
rDx*Z'\<C^\x-x'\«(t-r')-w

Xexpf-A l**-gn (2r+|5|=2),
L /^/ t — I" J

(3. 19) |J/'Ar-D

where di=1/16di.

- , (0<2r+|5|<2,
i £ t — r

Lemma 3. 6.

(3. 20) |Ari>*fZ|<C8
(r'l'l)(^-r)"(a+2r-r |f |>/2

Z , (2r+M<2),
36 ^ — r

(3.21) \dx
x'Dt

r

+ \x-x' ^(^-r)-(5-^^}.exPr-A l^-^l2!
L I £j t "C J

(2r+|5!=2,re[0,l],|9e[0,a]),

(3. 22) |Jt''A
r-D/Z|<C8

(r'i!i){(*-O (t'-r)-'14-"*"1^

/ ̂

3. 2. The Basic Condition of Uniform Solvability, Let 2l(fc//) (g(k"\

r,-w\Ds} be a matrix obtained from 21 (f^'0, r, w; Dx) by the trans-

formation of the coordinate system into the local rectangular coordinate

system {x} around £ ( f c f f ) e 7" and the replacement of D% by D^. Let

2l(fc"} (f^'0, r, ze;; zx, D) be the matrix whose elements are the cofactors of
k"\ r, w; ix) — \)I. Then we have

Lemma 3.7. For arcy x/=(xlyx2)^R2 and any v such that
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(3.23) Reu>-^ /2, M2 + :r'4>0

the row vectors of the matrix Sl '̂0 (£(k'\ r, w; ix9 i>) are independent

modulo

(3.24) M+-n (x3-3:3
+^»),

y=i

where x^(^'s are the roots in xs of det{$l(k") (g(k"\ -c9w,ix) —ol} =0

with positive imaginary parts, and d is a constant appearing in (2. 24)

'with B1CS in place of Bl if \Dxx\<C*.

Proof. If we put (»„)(£>,£) = (&/), then 31^ (f(&">, r, w\ ix) is

obtained from 2l(f ̂ "^ r, ?x>; zx) by the replacement of gtj by g^. That

is to say from (2. 22) it follows that

P

Setting

(3.26) (^)-1 = o1 = a1, {(2A + ̂ ')/P)}-1 = «8, («/P^) -' = at,

we have

(3. 27) 9u9t*3:& = - amD, (w = 1, 2, 3, 4) .

Solving this equation in x^ we have

(3. 28) *,*<-> = (8f,0 -2{-gf*.(2, + g,2S2) ± (AJ

where

Vm) = )-£- [ {Re A.)2 + (Im A.)2} "2 - Re Dm]| '" (>0),

(3. 29)

D =-1
2

Therefore M+ defined bj- (3. 24) is expressed by

(3. 30) M+ = (z, - r3
+(1))2 (z, - S5

+(3)) (z, - 3



COMPRESSIBLE Viscous FLUID MOTION 209

XX ***•

The matrix y[(k'> (f (k'\ r, w\ ix, v) = (2I|f}) may be written as follows:

^ ( (Tms) 6 /— — +(1)\ /-^ „ -(1)\. /^ _ ™ +(3)\ /— _^ -(3)\
x-^3 -^-3 y \'̂ '3 -^3 / v^S "^S / \**'3 -^S /

X

-(^8-

V, 0, otherwise;
NX

where «5= {(ju. 4-^/)/p} "~1. Let 2-ti*'0 be the remainder when we divide

%"} by M+. Then

_ (ff™3)6 rTF^W - r*.-^ r^,+w - ^ -w^ r^ +w - ^ -<4n

(3. 32)

X (S,-X,

x

— r +(1)>i Tr — r +(4)>) -4- ̂ m3^ /r +(1) (3 "^S / \**'3 »'t'3 y ^^ ' \**'3 '

X

x ( x r - z , - > ) >

x(S3-x3
+ '4>), if

(n \ 6

\MrnZ) /— +(1) __-

x
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X (3;3-5:3
+(S>), if i=j=4;

^0? otherwise.

fN" R Tf n —O th^n T~ +(*) — ̂ F+(3) — o^ +(4) ~ -(1) _ ~ -(3) _ ~ -(4) \ T-f W P r mtV^-*-^1«•*-*• JL1 c/ — v/j tllcli ^63 —JC — Jc-3 . --03 ^~ ^63 •—^63 «y JLJL WC J J L I L
• ^ 4 ^

^i]^ — Z] fti'jxz'^y then in order to show that the row vectors of Sl '̂0 are

linearly independent as polynomials of x3, it is sufficient to show that

the rank of the matrix (#$) is 4 for any x' e j^2 and o satisfying

(3. 23). From (3. 32) it follows that

(3.33)

if U^O, t ,j=l,2,3;

s,+<i>_Zl-W)'ffM, if 0 = o, *,y= 1,2,3;

if z-=y=

v 0, otherwise.

Now let us consider det (a$) E=E^- By (3.33)

X

(3.34) J=^ _ (

X

x
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X \x$

if

In the case of D = Q, it is clearly by (3.34) that J^O. Next in the

case of D^O, since by (3. 28) and (3. 29)

(3. 35) (x^-x3~^ fe+(1)-

and by (3. 26) and the definition of as in (3. 31)

(3.36) fl'""gl +-gL. = 0,
2

we have for the product of the last two factors in (3. 34) ,

(3. 37) J1= - Ji-C^w^^-W) [(a.-aO-M-A

-f (fifiB^ys ~ ^/2^l-3) ̂ 2} 2] ¥=0 .

Hence J^O, i.e., rank (a$) =4. Q.E.D.

3. 2. On the Poisson Kernel. Making use of the fundamental

solution Z constructed in § 3. 1, we shall find a Green matrix G for a

system (2. 17) of the form

(3.38) G = Z-G0,

where G0 is a solution of a system of equations :

( DtW = y.(xtt,w;D,)W,
(3. 39)

Here we use the notations

91 (x, t, w-Dx) = (Slfj^d,) , Tr, P = r x [r , T] .
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In connection with (3. 39) , we consider the following system of

equations :

DtW=$l(x,t,w;D,)W in Q r, r+Jfc^flx (r, r + A],
(3. 40)

where (?, r) is an arbitrary fixed point in QT and 0<A<T — r.
For simplicity the transformation from x to .r[resp. x~] is denoted

by U/[resp. II /~\ and the inverse transformation, II / [resp. II /~\ . More-
over the following notations are used.

/(z) =n*f(.x) , f(x) =n,*f(x> , f(x, I) =ni,if(x, & ,
etc.

The regularizer R of

DtW=U(x, t,w; D
(3. 41)

W\t=r = 0, W\r,,,»=g,

introduced in [5] can be defined by the formulas:

(3. 42)

W^(xtt}=R^^ [
Jr

O^'> (x,t-y, r.) C(*'3 (y) ? (y, r.) dy ,

_ k/t r* r k/i _

\ Jr JX"

where HJ*"* (x, t ; y, r0) and W/*'' (z — y', f — r0) are called the Green
matrix and the Poisson kernel, respectively, of the system

DtW = Wk"i(e(k"\ r,w; Ds~) W + ?*'>
(3-43)

First of all, let us construct the Poisson kernel. Using the nota-
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tions in §3.2, we define as
(J>k) (j, k, s= 1, 2, 3, 4) such that

f a.(''fc) = 0 (5-1,2, 3; j,k= 1,2, 3,4),

(3. 44)
Ha^a^ = Sik (i,k = 1,2, 3, 4).

v. j=i

m^s are defined by the formula

i.e., from (3. 30) it follows that

(3. 45)

We define

m, =

(3. 46)

I]
t = 0

i(*') (2, r.) = -7^7- f a<"> (f t*'), r, «; ^, « f f ,
2OT Jr*

where N= (NJIC) and )% is a contour enclosing all x3
+(m) (wz = l, 2, 3, 4).

On account of (3. 31) - (3. 33), (3. 44) - (3. 46), Bf°"> can be ex-

pressed explicitly as follows:

X

x
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x (g^+g^x.
X (23

+<3> - 5:3-
(4>)

(3.47)

X exp (ixs
+mxs) - 23

+<3> • exp (£

>S) /— +(1) Cft — i fj —
\-3--3 vy sl~£l "r i/s2~C2 "

X /?f -™ I ^ "^ I "TV -~ +(3)^ ^TpJ + (3) -™
\l7 TTil-^l I \Jin2**'2 ~i I/wi3**'3 / \^3 •*'$

X

X

x

if
Vl/n3/ /— +(1) 7= — (1)\ 3_, (jjin") &-vn('i

v-^S -^8 ) Ct4 CAp ^t-,

x (8^5, + gM2s2 + gmsx,+) x

if o = 0, j,m = l ,2 ,3;

X exp (zs,+(4)x,) = exp (z

if j= m = 4;

v 0, otherwise.

Then Hf*"> is defined by

(3. 48) fl,«"' (S, *) = — — exp (* (2C7, 0 ) ̂ C

X f ""
Jff-ioo

Hence the same arguments as used above imply that the Green matrix

of (3.43) is defined by

(3. 49) H,^(x, f, y, r) =Z0^(s-y /,^-r; IOT, r; w)
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- ("A-O f H^(x~y^t-r^Z^\%'-y,TQ-v-^ka\T-
Jr JEZ

where ZQ
(k"} is a fundamental solution of (3. 43) .

Now let us put

q = D + d*x'2 (0<dz<8;dz, fixed),
(3. 50)

A^^det^*'* (£<*'>, r, ze;; £5?) - (g-^x'2)/}.

Then the following lemma clearly holds.

Lemma 3.8. For any x'<^R2 and any geC1 with Re g>0,

Ac**) = 0 «z ^3 has four roots x3
+(y) w&A Im Xg^'^O #;zJ /o&r S8~(y)

Since g^ and x3
±(</) have homogeneous properties, i.e.,

where gy is the root of A(k"} = 0 with respect to q,

(3. 51) |ffy(2) !<C10|^|2, ix3
±^|<C11(|x/|4+ ki2)1/4.

(3. 52) Im^,±">>C11(|s/|4+i«f|l)1/4,

hence |x3
+(y)|>C12(|;r'|4+ lg|2)1/4 for x' ^R\ q^C1 with Re g>0.

Lemma 3. 9. There exists a positive constant @5 such that if
1 and x'^R2 satisfy Re g> -/95|Im g| awrf k|2+ Ix^X), ^^ A(feff)

= 0 7z^25 /o^r ro<9^5 w/^A positive imaginary parts and four -with nega-

tive ones.

1 ~Proof. We have only to take /?5 = — (<J — $3) C^1 because of the
iLi

parabolicity condition and (3. 51) . Q.E.D.

For the sake of simplicity we assume that (3. 51) and (3. 52) hold

for (ir', q) stated in lemma 3.9 with the same constants C10 — C12.

Lemma 3* 10. There exists a positive constant $6 such that
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A(kff) = Q in x& with x' = £' + i-q' (f, if e,R2) has no real roots if

(3.53) Reg>-/?5]Im<?i, !f'|4-H<?!2>0, |?'|<&(|fT + k|2)1/4-

Proof. Referring to (3. 28) and (3. 29) it is sufficient to find /?6(>0)

such that

(3. 54) {(Re Dm)2+ (Im AJV/'-Re 5m

where

(3. 55) Dm = - — { (gngkl - gfc3gyi) (Si + *>0 4-

X (£, + z>2) }
 2 - am (gJ3)

 2[q-8s{ (f , + iflO 2 + (f 2 + t?f)
 2} ]

Denoting the left-hand side of (3. 54) by G (77) , we have by Lemma 3. 9

(3.56) G(0)>2CU|n4+kl2)V2.

Utilizing the mean value theorem and the estimate

we have only to take

fir f 9^ 1 V2~l 1
(3.57) A = min|— -l+|l + - ^ - ,1 .

14 L 1 Q + flO'tfCl + SO' + Sff,}) J' )

Q.E.D.

It is easily seen that Lemmas 3. 8-3. 10 imply

Lemma 3. 11. xz
±(k^ defined by (3. 28) with prescribed replace-

ments are analytic 'with respect to x' and q in the domain (3. 53) ,

and (3.51) and (3.52) hold 'with suitable constants Ct (i = 10, 11, 12).

Lemma 3. 12. There exist positive constants ^(^ft) and /?8(</?6)

such that A(x',q)=£Q (xf ' = £' ' + iy'} for x' and q satisfying



COMPRESSIBLE Viscous FLUID MOTION 217

(3.58) Req>-fr\Imq\, |f' |4+ |<

Proof. First of all, we consider the case ^' = 0. From Lemma 3. 9

llo

(3.59)

it follows that for /97 = min(/95) —/=) and some positive constant C13
V 6

+ a.-1 { (3«3f,

Next in the same method as those used in the proof of Lemma 3.

we obtain /38 = C13/2C14, where

' CM - 32 [ (a, -a^-1 (C2
U + C?5Cr2

2) 4- a.-'CJJ [ (a, - a,} ~l

v tc c~lc 4-Ari-2c'2 n ^.T^-^c \\ -1.9/7 -lc iA \\^> n'L/12 ^15 T~ ̂ v-^12 ^15 \J- ~T ̂ 12 ^15y / I ^tig ^15J

+ 1 c ro f \ —i/^* /^*—i/01 i —i/^* T ro / \ —iID \jL (al — a%) CnC 12 C15 -r <25 C15J • [^ C^i — a$)

v UC^ C^ {^ f~\ \- (~* ~^C^ \ 4- (~^ ~^/^^ X i 9/7 ~^(~* 1

C15 - 36 (1 4- 504 + 9a (1 + 502 (1 + 53) . Q.E.D.

10

From Lemmas 3. 8-3. 12 and the formula (3. 47) follows

Lemma 3.13. Bj*'> (x, q) =H^(x, q-Sjc'*) is analytic -with

respect to xf and q in the domain defined by (3. 58) and

(3. 60) £%,#,<*•> (ax', x,, a2g) = a*D*sfi^ (xf , ax,, q) .

As is well known in [54] (cf. [4]) H2
(lc"} can be represented in

the following form

(3. 61) ,<*'> (*', x3, g) =a l
(fc '> ?(fe"\ r, w; ix', --, g F(^, *,, g)v> Jx3 '

where

«,«*•> (f<**>, r, w; is, q) =9tt*"'(f(*'), r, w; fe, g-5ss'2),

(3. 62) y(^', z,, g) =«/*•> f «*•>, r, w; zz', --, g) W(z', Z,, g) ,
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9J (fe") (£(k"} f 71M • j-r fj\ — 9T(fc") (&W") 7" 7,7; • 7*7^ —v^l ^9 , (. , UL/ , ^O., l£ J — v4- VV » t j ^^ j *--^-/

' 2n L Jo ' ' Jr. A ( fef f ) (z's', z', zy,

zs , zy, g

(f_, a contour enclosing the roots of A(*') = 0 which belong to the lower

half space) .

Note that W is a solution of

(3. 64)

as

and has the following properties:

Ds^W(ax',xs,a
2q')=i

(^O. DO) N 3 >

X

for v5>Q and v(x',q) satisfying (3.58).

As for V we have for v (jf'j ^) satisfying (3. 58) and

, -£3, i

I T^s T7! <^"t

(3. 66)

In (3.48) if we put ff= -d3C + a(a>0) and q = t, + 5tC, then

(3. 48) ' /#*•> (z, 0 = — ̂  f exp (» (Z', C) -
(2^)3z JB>

X f """
Ja-too

By (3. 61) we obtain

(3. 67) Hi<*-> (Z, 0 = *'' (f <*">, r, ze; ; DB, A) *(Z, 0 ,

where
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(3. 68) K (x, 0 = — -!— f exp (i (x', Q -
(27r)3z Js>

X
a-io

In connection with .K, we define for non-negative integer

(3. 69) ^<"> (x, f) = — __ exp (f (x', C) -

X
-io

r+

Ja-i

From these it follows at once that the following formula holds.

(3. 70) K (x, i) = [£>,- (1 + 5,) A {n] ̂
M (?, *) ,

where ^=£

Lemma 3. 14.

(3. 71) lA'ZV-

Proo/.

(3. 72) DSDjKM = — ~ f exp (f (x', C) - 53C
20 (t'C) S'

(2?r)3z J«!

X r"
Ja-<

= ̂ r^rl2rT'Si""2"2"V2 f exp(*(5',(2?r) °z J«!

x f e
JB=

because D|33V is analytic and (3. 66) holds.

At first let us estimate H3(y) . Utilizing Cauchy's integral theorem

and changing the variables from f and q to fys and qy^ respectively

we have
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(3. 73) H, (?) = _J_ f exp (i(y', f) - W2) (ff) •',
(27r)8z J*2

r

1 2 2 2 f

"" (27T)'f5i J«2

x £(a)exp tos2) (g - W2)r (g + f2) -^

where L(a) is a contour Re q= — ̂ 7|Im g| +a. On L(a)

1

If we define

M= max<{0, —

then

where

Hence

(3. 74) j f exp (gy/) (g - ?3?
2) r (ff + ? 2) -Zty V(£ , y3

2,
I Ji(a)

'/< { (a2 + f 4) ̂ 7-'y3-
2 + T (2M+ 1)

• exp [ {a - Ici2a^ (1 + ̂  -V j yt«j .

Here we can choose a>0 such that

X /

(3. 75) a - -|ci2aV2 (1 + ft2) -'/«<() .
O

Thus we obtain

(3. 76) |H,(

We can also estimate in (3. 74) as follows



COMPRESSIBLE Viscous FLUID MOTION 221

(3. 77) I f exp (qyfi (q - fl,£ 2) r (q + ?2) -Dfc V (f , y3
2, <?) <fc

! Ji(o)

<2*-1 (1 + ft2) 1/4C17C19 { («2 + O ^r1 + T (2M+ 1) ft-1*-1} ,

therefore

(3.78) \Ht(y)\<Cn.

From (3.76) and (3.78) follows

(3. 79) |H,(y) |<Cf |.expf-— ^
L 16

where

C22 = [max {2C20, C21} ] • exp Cn

Next in (3. 73) if we use f |yx| and gly7!2 in place of f and g re-

spectively and proceed the same arguments as above, we have

(3. 80) |H,(

provided that

(3. 81) a + S3r
2&2« (1 + ft2) -1/2 - •|-r&a1/t (1 + ft2) - 1/4<0 ,

£

where 7 is a sufficiently small positive number.

We choose a such that both (3. 75) and (3. 81) hold and then fix

it. Therefore (3. 79) and (3. 80) imply that

(3.82) \H,(y)\<Cu.exp[-2d2\y\2-].

Thus from (3.72) and (3.82) follows (3.71) with C& | f |) = CM.

Q.E.D.

By (3. 67) , (3. 70) and (3. 71) we can easily obtain

Lemma 3. 15.

(3. 83) \Dt
rDzsH^(x, 0 i<

(3. 84)
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Xexp -

(x" = x if \x\<; xQ\; X"=XQ, otherwise),

(3. 85) W'DSDJH^ (x, f) |<C£+li|i|) (£-*o)*<r(6+2r+|s|

3. 4. Construction of Green Matrix. We shall find the solution

of (3.40) in the form of G0 = Ru where u=(uQ9u1) and R is a re-

gularizer defined by (3. 42) . u will be a solution of

(3.86) u = Pu + g, <7=(0,Zj r r i r + f t) ,

where P is a bounded operator on -H*+a(Qr,r+A) xH2+a(rr>T+h) when A

is small.

We go into more detail. u0 and HI satisfy

(3.86)' u0 = Pau, «i = Z| /.,.,«,

where
3, t,w; £»z-grad

- 3l(J:'> (£<*'>, r, a; ;!>,)] C7.. (2, t ; I, r) + ̂  TJW (x)

X [SI (x, *, w;

+ [21 (or, t, te; ;

(3'87)

(3.88) h = %X2 (0<%<1;A, sufficiently small).

Then the solution of (3. 86)' is given by

(3.89) H = £><">, u^
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The convergence and the estimates of (3. 89) will be found in the next

section almost along the line of [14].

§ 4. Estimates for Green Matrix

4.1. Lemmas of Integral Operators. Let us introduce the nota-

tions and some function classes.

(r, TI], r r, r,=rx [r, TJ],

J(X it; y, r) = |:c-yj + \t- if'2, rf(f, T) =inf d(£, 7),

(4. 3)

t — r

f — r

(4.1) | Dt
rD,'u \ <Cd-a~*r ~'s' -m - (x, t • $, r) (* - r)n/2

X?Fd(^, *;?, r), (2r+ 5J<^),

(4. 2) U/'A'^.'Bi^Clx-^i'd-'-11-111-^*,*; f, r) (^-r)"/2

(ii) H,*+— (a,r,, Qr) [resp. H,*+«-(/\iri, Qr)] = {A(x, <; f, r) |

(x,OeQr,r i[resp. (x, 0 e /•„,,], ( f , r ) sQ r ,

(4. 4) iAr£>/A|^C(i-r)(t-2r-ls|+a)''y-3-ro-*-a(x, f ; f, r)

(4. 5) M,-D,r£

-"-*-«(x-, i; f, r) tf.C^, <; f, r) (2r+ \s\^
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(4. 6) \At
t°Dt

rDx
sh\<,C(t-t,}^-*r-^a)>*d-*-m-k-«(x,t<>; f, r)

When xer, Dx
s means ££,. In Hd

k+«>2(QT,Tl9 QT) and HS**1^.^

QT) we add to the following conditions, respectively,

i r r
(4. 7) ]/(fc) (A) | = C(fc) (y) A (y, r0; £,

I j J

for any k,

(4.8) fj C

for any A*, where Q^*) = Q<*' H ^Cv, r,; f , r) ̂ - ( * - r)1/1 , ^^^

X [r, *] n \(y', r
(.

(iii) #/+a(Qri.r2,Qr) [resp. /+a(rr,,ri, Qr)] = {A(j:, <; f, r) |

(4.9) [Ar£>/A|^C(^-r1)(*-2r~ |s |+a)/2^(^,/;;f, r)

(4. 10) IJ/'A'^'AI^CI^-^r^-r,)'*-"-1"^,,^,*; f, r)

(4. 11) !J«''ArJD,iA|^C(*-*,)<*-Ir-"l+")/ftf(l(j:,*; f, r)

t, Or) [resp. #,*+" (/*„.„, 2r)j

, /; f, r) | (j:, 0 eQr,,r![resp. (x, 0

(4.12) \Dt
r

(4.13) IJ.-

(4. 14) \At
t°Dt

rDx
sh\<,C(t-t,)(-t:-*r~^w®t(x,f, S, r)

We define the norm ||A|| of a function h in (ii) and (iii) by the

minimum constant C in (4. 4) - (4. 14) .
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(iv) C*+a(a,ri) [resp. C*+aCrr,ri)] = {/(*, f) eClY"<*+0)/* (&.,>) [resp.

-c*+"J/1(rr.ri)]| A'/(*, 0 l«-r = 0 (r=0,l,-, [A])},

where

I! |ArA//lrm

2r+ls |=0

2] IArA//l$+ II IA
+|s| = fc 2r+|Sl=max(fc-l ,0)

= {/| |||/|||?r
+B)=sup|||/">iij;^< + oo (Cf. (i.

At first we give some fromulas.

Lemma 4.1. If A be small, then for .r, yeJ2

(4.15) \x-y\*>L\Z-9\> = L\x-y\\

Corollary of Lemma 4. 1.

(4. 16) ¥* (x, t ;y, r») Wt (y, r, ; f , r) <&d (x, t-?,r)

d(x, t; y, T)>-d(x, t; j, r) =-=4(x, t; f, r),
(4.17) V2 V2

$1 (x, t ; y, r0) ^(5(1/2)* (5, * ; y, TO) = (5(i/««j (^, t ; y, r0) ,

for x,y*sK with sufficient small A.

Lemma 4. 2. For any £>0

(* - r) -*"?•. (JT, < ; f , r) ̂ e^ A, 1 rf-* (.r, i ; f , r) y (V2), (x, * ; f , r) .

It is easily seen that Lemmas 3. 3, 3. 15, 4. 1 and 4. 2 impljT" that

(4.18) Z0e C7&S;-1-"OR' x (r, T], K x [0, T)),

(4.19) H^ e t/^l1.-J>" (^+
3 x (r, T], ^3 x [0, T) ),
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with any integer £0>0, vao€=(o,l], vw>o, vT>0 (^3^{
According to the notations in (3. 42) we consider the following

operators :

(4. 20) RV>h= f'rfr, f Rw(x, t; y, r,) C'" (y) A (y, r0; I,
Jr JSC*)

(4.21) 2?1A=Z7f.f^1A=77S:', f'dr, f /#*•>(* -y',*-r,)Cl")(y')
Jr JjT'

where

,(x-y,t-r;^'\r;w) if * = *',
(4.22) #*>(*, *;y,r) =

if * = **.

In order to estimate HQ
(kff) we begin with the following lemma.

Lemma 4* 3* Suppose

(4.23)

where %<J1 and I is sufficiently small so as to satisfy (4. 15). Then
7 1

Proof. It is sufficient to estimate D/VI = Dx*R\h (x e J^) . Let us
make use of the following notations:

1) <X*)=-P, (y,r,)=Q, (f ,r)=M,

2) (1,0=^, (?,r,)=Q, (f , r )=M,

3) (2',*)=P, (5',r,)=Q/, (F',r)=M',

4)

5)

Let the integral domain K' X [r, t] be divided into three parts Kt'

(t = 1, 2, 3) such that ^' x [r, t] = -£/ U Kt
f U ^/, where

/ = ̂ ' X [r, *] 0 |(y', r,) \d(y>, F(y'),r0; M)
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, t] n (?', r.) \

Let xeK and :rs>0.

(4. 24) D/V! (P, M) = J J [_DX'H^ (P- QO - ^sHa
(i;"> (P" - M') ]

(P"-M) J Jc^ (y

S*H^ (P- QO C<4'} (yO E CQ',

+ J JlV^*' (P- QO C'^ (yO A (2',

where P" = (xr, |x3 — fs | , 0 and |-s|<|&. Moreover it is sufficient to con-

sider the case $ e j?'*"' (j?'*"5 is a neighborhood of .fi'**' contained in a

Lyapunov sphere with £<*")e./~' its center). Indeed if g$S2(k"\ then

J^/ = 0 for sufficiently small % because £— r<rt — r<%A2.

Ljw (z = l,2) can easily be estimated, i.e.,

(4. 25) IVI^CffPII (<-r)(*-|I|+<0^,-I-*-"^(P, M) (* = 1, 2).

-r)("-ls|+2a:)/2!5^(P, M)

J j>«-*-«(P> Q) rf-«-*-«(

JJ [-]^'+ JJ
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-a(t- r)

x n
ii

if l-£-

n _ _
' ~"

+ JJ d-^-"(P',Q'}d-^-a(Q',

if l-k-a>0,

Therefore we have

(4. 26) IL^I^Cg5 (a4
8-^ + C^2>) Ih|| (;;- r) «*-"i+8>/lrf.-'-*-«^(P, M).

In the next place as concerns L^ we make use of the formulas

(3. 67) and (3. 70). If we put

(4. 27) $<*•> (£<*'>, r, a;; £»s, A) ^w (2E, 0 = ̂ w (Z, *),

then from Lemma 3. 14 it easily follows that

(4. 28) HS"> (x, 0 = [A- (1 + W 4wl"KM (z, *)

= S ^.^A/"J5fi^w(z,0,
2^0+|/ i ' i=2y

(4. 29) ^> (P- QO e C7S;;S;-f(1"y)'1>B (^3 x (r0, T], £3 x [0, T))

(V£0 = 0,1, 2, - . . ; vaoe (0,1]; v^>0; VT>0).

Now we assume that in (4. 28) y= |-i£L +1. Let m^^ (z = 0, 1, 2)

hold and let 2m0+\m'\ take a maximum value not exceeding |s|, i.e.,

2mQ+ \m'\ — 2M—^ °r |s|. Integrations by parts imply that
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(4.30) Za(I)= £ «„,
2/ i 0 +| /« ' |=2v

KS'

x DZD?. [C(t*> (50 £ CQ',

- S f A"-m°£>£-(''+1) D^K^D^D^ [C(*'> A] cos(ix, yO^A7

17'l^lw'l-l J

where JT2
/ is a boundary of j&T/ and n is an inner normal vector at each

point of /V- l/i(3ji) (z'^2, 3) can easily be estimated as follows:

(d 3~n IT" (3»*)|<rP(3'*)|l /i II (f rV*"l*l+0£V2,/ -3-*-a//i /p T i /A (]—<) Q^^';±. OJL J I jLyj I ̂ ^^28 II 'i I] \^ — t y ^0 ^tf' \-^ 3 -^*^ ^ \^ — "j Oy .

In order to estimate Li(3|1), let tQ = mm{t\ (x', f) ^Kz'}, ti = t — 2~i(t — t0),
j^~ / jf / /^ / « » \ r~r^ 1

(4.32) L^3'1^

= 13 S ^,,' f f Dt^
m*Df-m'D/K^Dl'

i = 0 \y'\<i\m'\ J J
X'2i

x A^D^D^'hdQ' + f] S ^,, f f D
i = 0 |7'|^|m'| J J

(4. 33) IL

Next we transform L/3'1'^ into the form

(4. 34) LJ'M = S ^,,' S [ f fDf»-m«D^-m 'D/
l^|<|m'| » = o L J J

X'Zi

x ^,DT°D^:-*'hdQf + D?;D$-*li { f f
K'zi

.Ds
sK^D?,+l^dQ'- f Dt*>-m'D£-m'
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where (z', 0) is a k"-local coordinate of z^m&(k'* which is nearest

of x and Fd is a boundary of K^ if 2mQ+\m/\ = \s\. (N.B. in this case

= 2rJil, then 2juQ+\/jt'\-2mQ-\m'\=2, hence Df'-n'D£-n/= Dt or

In the first case we have

00 r C ~ - —
(4.35) Z/!(3'1>2)= T] ^m' / y~!l I DxsK^D^'^k^dli~iDm°D™'~'fl'hdy'

/K^D^^D^D^-^h cos(n9

where Kti = K^^} {t = t^. In the second case, if we transfer 2{g} dif-

ferentiation from Jf(u) to another term in (4. 30) by integration by parts,

then this case is reduced to the case 2^nQ
Jr\7n/\=-^-. In the sequel

£

after some calculations we obtain

(4. 36) \l^

Hence

(4. 37) |ZV

where C28,> = Cg> + C® + Cg-1-1' + Cg'^ + Cff

As for AttQDxSVi and ^x
x°D/vl9 we can obtain the desired estimates

by an analogous way as above0 Q.E.D.

(4. 8) implies that

(4.38)

Since {^ = 0} eC°° and C^l> by the same argument as in the proof of

Lemma 4.3 (in this case, however, we do not need the condition r\ — r

<i%/l2) we obtain

(4. 39) fjr0 f /*!<*'> (z-5>.',*-
Jr JX'
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hence

(4. 40) H0^ (x, t • y, r0) e Uc\^>°'n(R+
s X (rfl, T] , £+

3 X [0, T) )

for v£0 = 0, 1, 2, ». ; vaoe= (0, 1]; v^Q; VT>0.

The following three lemmas can be proved in the almost same way

as those used in Lemma 4. 3.

Lemma 4. 4, Under the condition (4.23), uk^
?,Qr) and ||#(fc)A||^C31||/i||, where d" = min ( d, dz/2) provided that

Lemma 4. 5- Under the condition (4.23) except that r2 — •cl = %/i2,

jR(fe)A[resp. RJi\ defined by (4.20) [resp. (4. 21)], wAere the integral

interval with respect to r0 is (fi, ^) in place of (r, 0 , ^5 a bounded

operator on Hd
m+a (Qr i i r i> Qr) [resp. H/1** (rrifr§, Or) ]

w+B(QWri, Qr) [resp. R.h^H^^Q^ Qr)].

Lemma 4. 6. Under the condition (4. 23) , ,R(i:> [re5/>. -RJ w a bound-

ed mapping from Cro+a (Qr,ri) \resp. Cm*a(T,^ into C2+m+a(Q£)
1)

. .Tr.rJ ^ place of QT [resp. FT] •

4- 2. Estimates for Green Matrix,, As we have already seen in

§§ 3. 3 and 3. 4, Green matrix in Qr>T+h coincides with the unique solution

of (3. 86) . For sufficiently small h, this solution is given by the series

(3. 89) . Thus it is sufficient to estimate each term of (3. 89) . From

Lemma 3. 6 follows that

(4. 41) Z(.r-?, *-r; f, r; w) ̂ U^;n (Qr,r, Qr).

Let w(0)- (w0
(0), Wl

(0))^(0,Z| r r i r+f t) and let w (y )(v>l) define by (3.89)

and h satisfy (3. 88) . Then we have

Lemma 4.7. u= («„, «0 e^;2(Qr,r+,, Qr) xH£"-°(rr,^, Qr),

-where d5 = d^/2.
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Proof. By (4. 41) it is clear that

(4.42) u^^H^a'\\\u

Since Pi = 0, we obtain

(4.43) u^ = 0 for v = l,2,3, • - - .

From (3. 87), (3. 89), (4. 42) and Lemma 4. 3 follows that

(4. 44) |«„<» I ̂  1 PoMco> | ̂ CZ5C$A (t - r) ̂ d~^ (x,t ; f, r) 0,, (*, *; f, r),

where ^i = %a/2 + A". Similarly after some more calculations we have

f | J/'B.^CuCg^lx-x, -tf-'-GcV; f, r)0,,(**, *: f, 0,

(4. 45) J | J,'-a,a>|<£JC®A(t-«„)-rf-1-(*, f„; f, r)0 t l(x, t- f, r)

Next in order to estimate Im (w0
cl)) we transform w0

a) in the form

(4.46) «.<»(x,*;£ fr)=a,a ) (:c,*;£,r)

+ H ?<n W S { Ît C2» (f"''. ^; so ̂ ^r (s» *; f. 0 ]
r |S|=2

 X'f *

+ [a, (f, r) - as (£«•>, r) ]Z?,'̂ 1? (x-, <; f, r)},

where

0<K|<_28XIUV)

(4. 47)

asv'(£
u"\ r) and as are determined by the coefficients of (2. 18),

and 3; is an expression of x by the transformation (1. 17) of /''-local

rectangular coordinate system x.

From (4. 46) and (4. 47) we derive that

(4. 48) ! /«(«„<«) | ̂ CaCff^p, (*, r; f) + /,

where

^ = 1! .S I f fcw(y)^(y) W[a.(f"'>, r; y')J>/^(5, r,; I, r)]
J" J S ] = 2 | J J
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+ [a. (|, r) - as (£"'>, r) ] D,'U$S> (y, r,; f , r) } dydr, .

As for I, it is sufficient to estimate

(4. 49) /" = J j>'> (y) ̂ "> (y) {ff|| [ar, (f»'>, r : y') DfU$> (y, r, ; I, r) ]

+ [>,(£, r) -«.(£»•>, WUJDJUP (y, r.; f ,

where *1= {(y, r0) e Kx [r, *] I |y-£j + [r,- r!"2^-^- r)1/2} . It is lo
(. £ I

be noted that the coordinates y and 5 of y^Q(k"} n@u"} are connected

with y = h j ( y ) and y = h2(y) having the same smoothness and F is inde-

pendent of k" and j" . The integrand of (4. 49) can be expressed as

follows :

(4.50) 77

= JI,S E bs, (y) Z)/^? (A, (y) , r, ; A\ (I) , r) ,
l»l£l»l

where b,,(y) depend on the function hi and the derivatives of /z2 and

| = S,(I), and

(4.51) /7/A;i/}y(y,r,,;f,r)

i (y) , r»; A, (f ) , r) ,

where csv(y) depend on F^k'\ hi and the derivatives of F^"* and h2.

F(k>>) is a representation of F by k" -local coordinate system. From (4. 49)-

(4. 51) it follows that

(4. 52) r - £ /V f f C(fc//) (v) ?"'> (y) {2f. (f (n, r ; 7z/ (y) ) gsy (y)
|V|£|I| J J

X D / j S > (A, (y) ,!•„;£, (I) ,

If !v|<2, then

(4.53) l/

If |v i=2, v3<2 then

(4.54) *'J (y) f'•> (y) {«8 (f"'
1, r; A/ (y)) «„ (y)
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+ [«.(£, r) -«,(?«•>, r)]

+ I fo"' W'CSO {*,£..+ [fl.(f, r)
,

If |v|= V3 = 2, then we can reduce to the two previous cases. Thus we

have

(4. 55) «„

By induction we have

(4. 56) «,we.H£'(air+», Or), ||«.M||^CMCW 0 = 0, 1, 2, . . - ) .

Choosing A, % and hence A, sufficiently small, we obtain that UQ

= -SW° converges uniformly in Q r>r+/t. (4. 42) , (4. 43) and (4. 56) imply

that the assertion of the lemma holds. Q.E.D.

Lemma 4. 8. G (x, t- f , r ; «») s t/lr^'° (Qr,r«, 2r) •

Proof. It is obvious from (4. 41) and Lemmas 4. 3, 4. 4, 4. 7.

Q.E.D.

Lemma 4. 9. GeC7^'°(Qr,r) Qr)

Proof. The existence of the unique solution G0 for (3. 39) belong-

ing to C^a'(1+a)/2(Qr>r) can easily be proved by the usual procedures.

Thus we only have to estimate G0 for

Let n = r + — and let %&(£) be a smooth function such that

0, if t^

1, if

Then a)(X ^; ?, r ; rO =% f t(^ — ri)G0(^, ^; I, r; w) satisfies the system of

equations :
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(4. 57)
r=g1(j:^;?, r ; r O .

60 is obtained as a solution of (4. 57) by the uniqueness of the solution.

The property of %h and (4.41) imply that Q0 = Q for £<Cfi + — and
6

£>ti4- — . Since
o

(4.58) G0eHJr'0(a,,+,,Qr),

we have g0^H£t(QriiT9 QT) . For (4. 57), utilizing Lemmas 4. 3-4. 5 and

setting UjW = gj (j = 0, 1) , we can prove in the same way as in the proof

of Lemma 4. 7 that the solution a) of (4. 57) defined in Qr i,r i+fco for

some A0 uniquely exists and belongs to H%*a(QriiVl+ho9 QT) . Since (jO = G0

for *>ri + &/3, G0eHj+a(Q r i, r i+f to, Qr). It is to be noted that 7i0 is

independent of t*i.

In the next place, if we put G&(x9 1\ f, r; r2) =%h0(t— r2}GQ(x9 1\ f , r;

w) (r2 = T! + A0/2) , then a) is a solution of a system of equations analogous

to (4.57). Hence G.e^|,+«(a,,r.+».,Qr).

After a finite number of repetitions of this procedure, we obtain

G,s=Hl+a(QTl)T,QT}. From this and (4.58) we deduce Go6E/?J6
+a-0(Qr>r,

Or). Q.E.D.

The following lemma is an immediate consequence of Lemma 4. 9.

Lemma 4. 10.

(2r+
t— r

(4-59) - ' "•*•-" ' • (2r+M=2),
— r

~^I21
t—r J
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Remark. As for G0, the same estimates hold with \x —

and !-r"-?|+^(?, T) in place of \x — $\ and \x"-£\, respectively.

§ 50 Estimates for the Solution in H'+a(QT)

of a Linear Problem (2. 17)

The unique solution of a linear system (2. 17) in HZ+CC(QT) is given

by

(5. 1) f v ( x 9 0 = ^dr j^GCr, t- f, r; w)0(f, r, w)d£,

for (5.1) certainly satisfies (2.17) and belongs to H2+a(QT) as we

shall see below.

Let e and h be sufficiently small positive numbers. We introduce

the notations

QM(.a»,1*)=Ue(a*) X [/ " + h, t° + 2 A] .

Then in order to prove w e H2+a (Qr) ? it is sufficient to show that

(Qf tE(^,f°)) for v(;cV»)e5x[-A,r-2A] and H®l«-S»,w
^, where C41 is a constant independent of (x°, ^°) .

Lemma 5. 1.

(5.2) |ZVH^Cr)*(2-|!|+'*)/2Wrc'") if QA,

(5. 3) IZVfBl^l"^1-111"1^* k-x*|2)a/2||0

if QM(^,o
'where x* is a nearest boundary point of x,

(5.4) M/'ZVtfl^Culx-^rWrW (M=2) ,

(5.5)

Proof. Let %0 (r) and £i (f ) be smooth functions on R1 and .R3, re-

spectively, such that 0<Jxo, jf^l and

1 if r>— A

(5.6)
0 if r
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w is transformed into the form:

(5.7) w(x,t} = {'dr { Gfa(£,r)<# + {' dr f G0(l
Jo Js Jo Js

where % (f , r) = %0 (r — 1°) fa (f — XQ) . It is easily seen that

(5.8) !J/'D,»flJ,|^C«.l|a:-^r||0||rw (|s =2),

1 M(
s°D/«;2i^ca:n^-^)c2- |si+a)/2ii?iiirca) co< 1*1^2).

As for z^!, we shall estimate only when xQ^F, t°= —h. Other

cases can be estimated similarly to this case more easily because of less

singularities. For simplicity C72<c(^0) and Q/i£(^°, —K) are denoted by

U+ and Qo, respectively. By (3. 38) -Wi can be expressed in the follow-

ing form:

(5.9) «,= \'dt f Zfo^-^dS- [dr { G^Xl(S-^df
Jo JET- Jo Ju+

(5.10) ze; lfi= ^r Z*0%i^f- ^
Jo Jfis Jo Ji7-

where C/-= (RS-Q) R {|?-^°|^2e} (as for *0, see Lemma 3.1). It is

well known that (cf. [13, 25])

(5.H) U/0^^!,!,! ^^3,1,1,11^-^111*011^ (M=2) ,

Since 0(a;*,0)=0, we have for |5|^2

(5.12) |ZV#lfl|I!^C!W^

where

/.= f 'rfr f Dx'Zfrdt.
JO j£T-

After some lengthy calculations, we obtain

(5. is) i
therefore
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(5.14) iA/^i,i,2|^c^i;li2(£+\x-x*\2y2-^av2\\*<t>\\^B*.
For t — t0>:tQ

Jr\x — x*\2 we immediately derive from (5.14) that

(5.15) |Jl'fAr'tflflfl|^C^

For t — t0<^tQ-\-\x-x*\2 we put ^// = max{2^0 — t, 0} and then obtain

f* f f f
(5. 16) At Dxwljlj2 = \ dr \ D^Z^Af^ <pdg — \ d-c \ Dx

sZ%iAf^
Jt" JU- ' Jt" JU-

r" r x t r r
Jo Ju- x >r Jt" ju-

c* r 5
ij t<j)At I «f I D^ZfadS^ 2_] «/|(1).0 Jo Jir- i=i

(7=^2,3) can directly be estimated by Lemma 3.6. As for J4
(1)

we can derive the desired estimate from the following estimate obtained

similarly to Js

(5.17) f'rfr f D^
Jt" JU-

In order to estimate J5
(1) we transform this into the form

(5. 18) ///» [dr ( DJZ^d^At* [dr f Z>x%Xi#
Jo ju- Jo ju-

+ J«'« f'rfr f D,'Z'tode=J& + J&.
Jo Jff-

^A^ f'dr f [D,'Z,(x-f,«-r;f,r;«;)Jf JP-

- f'dt f [£>x% (x - £, *„ - r ; f , r ; w)
Jt- JET-

'dr f J (''[D,%(a:-f,<-r;f,r;JF-

f dr \ [Dx
sZ0(x-g,t-r;z,t;w')

Jt" Ju-

- DX
SZ, (x - f , t - r ; z, «, ; w) ] |.
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+ J,(- f'dr f ZV^(*-^*-r;M.;w)i.-.Xi#s
JO JU- i

We easily obtain by Lemma 3. 4

(5.19) |Ja«|^C#i:€(*-*.)('-"l+B)/1 (» = 1 ,2 ,3 ,4) .

(5. 20) J/,1^ = - J,'- f'dr f D,% (*-£,*- r ;*,*,; a;) jf ,<*£ .
Jo Jtf-

In an analogous way as Is we have

(5. 21) |^(V.,|^C^,(*-*.)(I-|"+"'/1.

As for Jgfa, we rewrite Jg^ according to the definition of Z' .

(5.22) J& = ̂ DX
9 f^to f Z0(^-y^-r0;y,ro;

JO Jjgs

where

y(y,r,)= f'rfr f tfCy.r.sf.r;!*;)^^-
Jo JZ7-

The fact that W^Ha(RT*}, which is proved by the same arguments as

above, implies that

(5. 23) \J
Hence we have

(5. 24) ! J,''I>,I«i

Next, for clearness' sake, we assume that x" = x0.

Ax
x»Dx

sw^z= fjr (Dx
sZ(x-^t-r'^,r',w}^x

Jo Jff

- fjr fz),D
IZ(j:o-f^-r;f,r;K;)%1Jg

Jo Jff

+ (V f 4,"D,>Zx1Aft'*4de
JO JU-~ff

dr { AS'DSZtodS-JXn,
o JJ7-

where (T= C/~ H {|f — x|^2|x — x0|} and x0* is a nearest boundary point

of xQ. Applying Lemma 3. 6 to the first three integrals and using the

same procedures as (5. 18) - (5. 23) we have
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(5.25) \d,"D,'^lll,t\^Ca,1,1,t\x-xtn*^%. (M=2).

Last of all, let us estimate w1]2. Let e be sufficiently small such

that U+r\&k"> = 0 for any k' . For arbitrary (x,t)f=Qa,

(5.26) G0OM;f,r;W)=I]i7 ( n<»

x77/[ J^r, j\H,("> (x, t- y, r,)?'*'' (y)»o(y, r0; f, r) dy

-Hi"'' (*-y', f-rOC'"' (50Bi(y', r.; f ,

(cf. §3.4),

hence w\^ can be expressed in the form

(5.27) w1 ,2(x,0=Ev<*" )(^)

where

(

(5.28)
C/,0= ^r

Jo J^-

Assuming that

Lemma 5. 2. 7f 0 e C0* (Qr) , Mew t/0^ e Ca (Q0|ft) , Urf e C2+a

and

(5. 29)

holds and connecting this with Lemma 4.6, we obtain w1,2^C2+a(Q0) .

Thus Lemma 5. 1 is proved. Q.E.D.

Now we proceed the p?~oof of Lemma 5. 2. In the same way as

in the proof of Lemma 4. 7 (cf. § 3. 4)

«o (y , r0 ; f , r) = f] w0
(1/) (y , r0 ; f , r ) , e/i (y , r0 ; f , r) = ^i(0) (y , r0 ; ?, r ) .
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Hence we have

(5.30) t/o?5 = i]t/o("V, t/10 = C/1
(0V,

v = Q

where

[7/">0 = r°dr f u^ty.r^etT^&Vtotf-^de.
Jo JZ7+

From the estimates of Wi,\ in Lemma 5. 1 follows that

(^ 3~n TT^^(=r>2+acr ^* [ii7"r(°)^iiK2+a)<r'^ iium <a>^o. OL; c/i 0ec ^y O t f t j , n ju ! 0|||r0,A z^A-Mslllplllr •

Utilizing the expression of UQ
(L\ Lemma 4.6 and (5.31), we obtain

(5. 32) W'V eC«(Q..O, |||t7,(lVIII

By induction we have

(5.33) CWe=O(£2o.O, |||f/ow|||

Hence the lemma holds with C48 = C49/ (1 — C33C36yl) for sufficiently small

h. Q.E.D.

Corollary of Lemma 5.1. For (x9 f) e Qhs (x\ t°)

a\ if Q/»(*v
(5.34)

(^ + | x - x* 1 2) tt/2 1 0 ]| T
 (a\ otherwise.

Lemma 5. 3. Clis|), Cgsl\ C43, C|is|) and C50 are positive functions

in Swj\ (2'a) II w |K2+") l l /} IKz+a> 1 1 / 9 1 1 ^2+a^ II n II C1^") fn ^ -1 n (fi^~l (^~l
in ^w/j. , || 7^0 II > II i/o || , l i t / i l l r , || Poll , \PQ) , Po, It/o; , (y) ,

ff and T and monotonically increasing in each argument.

Proof. We obtain this by tracing the lengthy calculations made in

§§ 2-5. Q.E.D.

The condition (2. 18) implies that

(5. 35)

From the definition of grf/ it follows that

\Dxgti\, \Dtgti\,
(5. 36)
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where .83 has the same property as Blt

Hence we obtain

f, <a/2>

(5.38)

(5. 39)

From these follows that

(5.40)

(0)1 .
r I-

r* \ / r«o0^r *)_/ *+ e^r,
Jo / \ Jo

From Lemma 5. 1 with $ = %$ we derive

(5. 41)

where C51J, 0 as T j 0. Therefore there exists TI e (0, T] such that

(5. 42)

Moreover there exists T2e(0, Tj] such that

(5.43) C^T^M^b^T^M,
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x {M - Cn (T,, M) bt (T,, MO } .

Hence there exists Af2>0 such that

(5 44) C52 (T.t M.) 62 (T2, MQ <M < M - C§1 (T., MQ £2 (T2, MQ
- 2= '

From (5. 41) and (5. 44) follows that

(5. 45) ®€=6J. t={w;e@rJ \Dx
2w\

For simplicity we again choose T = T2 from the beginning.

§ 6. The Existence of a Bounded Solution

of (2. 15) -(2. 16)

We construct the sequence {wn(x, £)} of successive approximate

solutions as follows:

, 0 =0e@ r°

wn(^:, 0 is a solution of (2.17) with (f) = ^8(x9t9

assuming that iw = <wn-1^&T°.

Then by the results in §§ 2-5 we have

(6.1) w»(x,t)= f dr f G (x, ̂ ; f, r ; Wn-0 »(f ,r , «;»
JO >

which belongs to @r°.

By induction we obtain

Lemma 6.1. t^ne© r°/or ?/ = 0, 1, 2, • • - .

Next, let us consider the difference wn — wn-i, which satisfies the

equality

(6.2)

' A (wn - WB_J) = 91 (x, t, wn_i; D,) (wn - ze;n_0

+ {9X(^, f, ze;B_i; D,) -?l(.r, ^, ze;n_2; ̂ )}^n-i

= 0 .
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From the definition of gtj it follows that

( ||9^On-l) -9ij(Wn-2) ||r(1)

(6.3)

M0*/(«>»-i)-

where B5, B6 and jB7 are monotorically increasing in each argument and

B5, B7l,0 as T | 0. Hence we have

(6.4)

X {S5 ««;._1>r(l"0 + II w,||<2+a)) + 1 + A + £3}]- exp [9(1 + S.)

where

5B-iGc, *) =P»(^) -expl - I

(6.5)

1 1

Pn-l

| r
(0)
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(6. 6)

where

^* = 5)?.»,

Since (0n-i — ̂ -2) (-^, 0) =0, we have

(6. 7) i (£,_, -£._.) (j:,

Lemma 6.2. If Q(x,t) be defined in QT, gx exist,

and @ satisfy the cone condition, then

Proof. See, e.g., [33].

From (6. 3) - (6. 7) and Lemma 6. 2 follows that

f %ii™ (x, t, ie;n_i) — 21?™ (x t wn_2) ^ Ha (Qr),

(6.8) I \\WXf (x,t,v>n-D
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where b4 is monotonically increasing in each argument and &4 J, 0 as

T I 0. Thus we have

(6. 9) || {&(>, t, wn-!-, DZ) -21O, t, zev-2; £>»)>!£;„_!||r
(B)

where &5 has the same property as &4.

In the next place we have

(6. 10)

(0)

X

x

I A xjDXPn-l __DxPn-2
\ &* x \

\ 0^^1 0~. 9

(0)

rCO)}



COMPRESSIBLE Viscous FLUID MOTION 247

(6.11)

! (0)
n-2\T

x | js.-,-^.,! ,.«»],

X | A (0-1- (3-0 lrcw+ |A0-i|rrol

|A(0-,-0-0 !r(0) + lA^-i

where

\6.m*- maxmax

As for <J0/ we can obtain the similar estimates for it to those of

rf f* 7 \ r I f* 7 \/ U + vn-idr,t )-f(x + Vn^d-c.t]
\ Jo / \ Jo /

(6.12)

o

««;„_,>,.*«>+

f 'Jo

^ (t -#.) ^

t
)

From (2.20), (5.36), (5.37) with WB_I and wB_2, (6.3), (6.7),

(6. 10) - (6. 12) and Lemma 6. 2 it follows that

(6. 13) || 58 Or, t, «;„_,) -»(*, «, ̂ n_2) ||r«
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where &6 and £7 have the same property as £4.

Hence a solution of (6. 2) is given by

(6. 14) (wn-wn_J (x, 0 = r <*r f G (*,*;£, r; wn-i)
Jo js

x [{2l(£, r, «;._,; A,) -3l(f, r, wn_2;

+ 58 (g , r, «;,_,) - 35 (f , r , wn_2

From Lemma 5.1 follows that (cf. (5,41))

(6. 15)

| A.'(«;„-«,„_,) \rW^CS2(b, + bi)<«;._!- Wn-2>r{2'a)

Now we denote <w>r
(2 'a)+ | ZJ^te; | r

 (a) by «t^»r
(2'a). Then from (6.15)

we derive

(6. 16) ((wn-wn-^T

where C53 is monotonically increasing in each argument and C53 j 0 as

T i 0. By induction we have

(6. 17) «WK- w,_1>r

The property of C53 implies that for some T" e (0, T]

(6. 18) C53 (T', 2Ml + 2M2) <1 .

Moreover since

«Wl - w,>£«> = «Wl»F-a)^2 (CM (T') + C62 (T') ) &2 (TO

we have

] CST^WI - w0»£<"< + oo .
n=l
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That is to say, {zvn} converge to an element zc' of -ff2"1 a (Qr') as

/i— >co. As is known the expression of pn> {pn} converge to an element

p of B1+tt(QT^ as ;z->oo. 2((.r, 1, wn\ A.), 35 (x, £, zcO and G(x, *;£, r;

tc;n) also converge to 31 (x, l,w, Dx) , 23 (x, t, w) and G (x, £ ; f , r ; w) ,

respectively. Consequently a solution of (2. 15) - (2. 16) is given by

(6.19) w (*,£)= I*' d-c ( G(* ,* ; f , r : z e ; ) a3 ( f , r ,w)<Zf .
Jo j£

Remark. For tc% Lemma 5. 1 also holds with 0 = 33.

§ 7. The Proof of Uniqueness

Now let us direct ourselves towards the problem of uniqueness

concerning (2. 15) . We assume that there exist two solutions (wt p)

and (w*,p*) of (2.15) in H2+a(QT} XB1+"(QT) satisfying one and the

same initial-boundary condition (2.16). The difference tv — tv* satisfies

(6. 2) as wn and wn_i are replaced by ^v and iv* respectively. Then

w — TV* can be uniquely expressed in the form (6.14) as zvn and zvn_i

are replaced by w and z<y* respectively, i.e.,

(7.1) (w-zv*) (x, t) = ^ dr f G(x9t\^9-c\w)
Jo J^?

x { [91 (?, r , w ; Dx} - Si ($, t, tt-* ; Ds) ]

As for w — TO*, in a way analogous to that used in the preceding section

for TO, — TOn_i, we have for some constant C54 having the same property

as C53

(7. 2) iiv- ic,*V2"*>^C5< (T, ((w))/3'^ + «w*»r
(2'a)) ««;- W*»r

(2"".

Hence there exists T0e (0, T] such that

(7.3) CM(T,)<1.

From these we derive ze; (x, t) = zv* (x^ t) for O^^^T0^T. Hereafter,

it remains only to make a finite number of repetitions of the same

procedure. The uniqueness of p follows from that of TT. Thus Theorem 2

is proved.
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§8. The Proof of Theorem I

By Theorem 2 and (2. 15) there exists a unique solution (v, 0, p) e

H2+a(QT,) xH2+a(Q rO xB1+a(QT^. Now according to the notations in

§ 2, we respectively define x and (v, 6, p) by (2. 5) and

Since (v,0,p) certainly satisfies (1.1), (1.2), (1.3)' and (1.5),

it is sufficient to prove (v, 6, p) ^H2+a(QT^ xH2+a(QTJ X S1+0(QrO

and the uniqueness. Here we do those of v only.

Lemma 8.1. // v(=H2+a(QT), then

Proof. We prove that \Da.
2v\t^<^ + °° only. Other estimates can

be derived analogously.

^^

|r^+!^oz;i^

"/2 1 Dlov | r
(0) -t- 81

hence | Z7> | ,(ar
/2) < + oo . Q.E.D.

Lemma 8.2. The mapping v = Fv from H2+a(QT) onto itself is

ond to one.

Proof. Suppose that v = v*, i.e., Fv = Fv*. Then from (2.4) we

derive

— -x(xv,t\ v) =v(xQy^=v(x(x0, r; £), t),
dr
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x(x0, 0; $) =x0;
(8. 2)

* * O, r) ==u* (x (XQ, r ;€?*) , r) ,

.rOe, 0;z;*) =

Therefore we have

-~-(x(xQ,t;v) -x(x09t; £*))
dr

' 3) = v(*(*o, r; 0), r) -V(X(XQ, r; 0*), r),

x (x0, Q',v)—x (x0, 0 ; £*) = 0 ,

hence

— - -r-
Z at

> 4) ^r ^^o , r; 0 -xx0 , r;

x(xQ,0;v)-x(xQ,Q',v*)=Q.

From (8. 4) it follows that X(XQ, r; ^) =x(x0, r; v*) , hence ^(^0, t)

= e* (^0,0- Q-E.D.

By Lemmas 8. 1 and 8. 2 the proof of Theorem 1 is now completed.
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