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Asymptotic Wave Functions and Energy
Distributions for Symmetric Hyperbolic
Systems of First Order
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Kiyosi KITAHARA*

§1. Introduction

This paper studies from the view point of L2-theory the asymptotic
behavior for t—oo of solutions (with finite energy) of symmetric hyper-
bolic systems of first order with constant coefficients. For each solution
of such systems the corresponding asymptotic wave function will be
constructed from the initial data. The asymptotic energy distributions
of the solutions will be investigated making use of the asymptotic wave
functions.

Wilcox [8] studied these problems for solutions of the wave equa-
tion

where teR, x=(x,..., x,)eR* and v=u(t, x) is a real valued function.
He constructed asymptotic wave functions and calculated using these
functions the asymptotic energy distributions of solutions for t—o0 in
subsets of R". Further he generalized these results to solutions of the
wave equation in exterior domains [9].

The purpose of this paper is to extend his results in R" to sym-
metric hyperbolic systems of first order with constant coefficients which
satisfy the conditions stated below.

Consider the first order symmetric hyperbolic system
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1.1) L[V(t,x)]=(—ag— ; a—a—>V(t x)=0

with the initial condition
(1.2) V(0, x)=h(x),

where I is the unit matrix of order N, the A; are NxN constant her-
mitian matrices and V(t, x) and h(x) are vector-valued function whose
values lie in N-dimensional complex space CV. Let P(4, ) be the char-
acteristic polynomial associated with the operator L;

(1.3) PG, =det (I~ 3. £;4)

where ¢ and A denote the dual variables of x and ¢ respectively. The
polynomial P has the factorization

1.4 P(2, &)=Po(4, Y °P(4, )Fs--- Py (4, )P

where the factors Pj(4, ) are distinct homogeneous polynomials in (4, &)
and irreducible in the polynomial ring C[4, &,,..., §,] of (n+1) variables
over the complex number field €. Since the coefficients of AN in P(4, &)
is 1, the factors are unique, apart from their order, by requiring the
coefficients of the highest power of A in each P4, £) be 1.

We recall that a homogeneous polynomial Q(4, £) is said to be
strictly hyperbolic (with respect to the vector (1, 0,..., 0)) if for every real
£e R"\{0} the roots of the equation Q(4, £)=0 in A are real and dis-
tinct. Let Q(4, £) be a homogeneous hyperbolic polynomial of order u
and assume that Q(0, £)#0 for any £eR"\{0}. Then p is even and the
roots of Q(A, £)=0 can be enumerated so that

(1.5) An(§)> - >A(>0>4_4() > >A_(8),  p=2m.

It is easy to verify that the A (£) are real analytic functions of & in
R™"\{0} and positively homogeneous of degree 1. Further we have

(1.6) Al&)=—2(—0), lkl=1, 2,..., m.

Now we state the conditions that we impose on the operator L.
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(L.1) In the factorization (1.4) of P(4, &), Po(%, £)=A and the Py, <),
j=1,...,m are strictly hyperbolic polynomials such that P,0, {)#0 for
any ¢{eR"\{0};

(L7 Pk 0= 1 G=23@)  j=l. M,
where
(1.8) Ajmf&)>+>2;1(O)>0>2; _1(O)>-->2j, (&)

From (L.1) it follows that the normal or slowness surface S={s;
P(1, s)=0} of the operator L consists of Em sheets S;,={s; 4;,(s)=1},
j=1,.., M, k=1,...,m; which are analytlc closed hypersurfaces enclosing
the origin in R*. Then we assume

(L.2) The Gaussian curvature K;,(s) of S;, never vanishes anywhere
in §;;(j=1,.., M, k=1,...,m)).

Remark. The condition (L.!) can be replaced by the following
weaker one. In fact one can discuss by Appendix Theorem 4.1 in the
same way as under the condition (L.1).

(L.1)’ The factorization into linear factors in A of P(4, £) admits the
form

1.9 PO, =27 110~ 1,E)%,

where the a; (0<j<I) are constants and the A;(¢) (1=<j<I) are real
valued analytic functions of ¢ in R"\{0} which satisfy

(1.10)  24(&)#0 for 1<j<I and ALEO#FME) for j#k, 1=5j, k<I.

To state our main theorem, we introduce the following notation.
We denote by © the unit sphere in R" and by s;,(0) the inverse of
Gauss map': §;,—0 for each (j, k) with 1<j<M and 1=k=<m,.

We define

T For the definition see for example Sternberg [6] or Matsumura [4].
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(1.11) A5 () =|x|/lgrad 2;x(s;ONl,  x=[x[0 € R"\{0}.

L2(R") denotes the Hilbert space of complex valued square integrable
functions v in R* with norm

1

(1.12) Ioll={{,__locoreax}”

A C%-valued function Ve L?(R") means that all the components of V
belong to L2(R™).
Under the conditions (L.1) and (L.2), we have

Theorem 1.1. For every solution V(t,-)eL?*[R®) (t=0) of the
equation (1.1), there exists an asymptotic wave function V=(t, -) e L*(R")
(t=0) such that

(1.13) lim [[V(t, )= Vo(-) = V=1, ) =0,

where Vy(x) is the static solution corresponding to the initial value
V(0, x) (if exists) and V*(t, x) has the form

m

<

(1.14) Ve, x)=j§1 |k|z=1Vﬁ"(t’ x)

and

(1.15) Vet X)=G; (A% 11 () =1, 0) /2% 11 (0) |x|~ (D12,
x=|xl0e R,

where G;u(r, 0)e L*(Rx @) will be defined in terms of the initial value
V(0, x) and called asymptotic wave profile.t If the A; are real sym-
metric and the initial data V(0, x) is a real valued function, V>(t, x)
is also real valued.

This theorem is used to calculate the asymptotic distribution of the
energy of V(t, x) in bounded and unbounded subsets of R". In fact,
we have the following corollaries.

t As to the explicit formula, see (3.11) and (3.12).
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Corollary 1.2. For every bounded measurable subset K of R*
we have

(1.16) lim &, K, )=&(V,, K, 0),
t—00
where &(V, K, t) denotes the energy of V(t, x) on K:
(1.17) &V, K, t)=S V1, x)[2dx
K

and if the static solution does not exist, we define &(V,, K, 0)=0.

Corollary 1.3. For any measurable cone CcR® with its vertex
at the origin, the asymptotic energy distribution

(1.18) eV, O)=limé&(V, C, 1)
t— 0
exists.

Corollary 1.4. For any measurable cone CcR® with its vertex
at the origin and for any point Xe R" the limit

(1.19) e°(V,C+x)=lim&(V, C+X, 1)
t—00
exists and
(1.20) E°(V, C+x)—&>(V, C)=&(V,, C+X, 0)—&(V,, C, 0).

For a measurable cone C with its vertex at the origin, we denote
by Cs,, the cone

{as; () eR"; «>0,0eCn O}.

Corollary 1.5. Let C be a measurable cone with the property
that

(121 Cs,,n(=Cs,)=9
for any (j, k) with 1=jSM and 1ZkZm;

Let he LA(R") be a function such that
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(1.22)  Eo(Oh(®)=0 ae,
supp E; ((OA(E) =(sgnk)Cs, ),  1Sj<M, 1<|k|<m,,

where Eq (&) and EJk(f) is the orthogonal projections onto the eigen-
spaces of the matrix ZEA corresponding to the eigenvalues 0 and
4; (&) respectively, and ﬁ is the Fourier transform of h.

Then, the solution V(t, x) of (1.1) with the initial value V(0, x)=h(x)
is asymptotically focused in the cone X+ C for any fixed XeR" in the
sense that

(1.23) &=V, C+%)=¢&(V, R, 0).

Moreover, if the A; are real symmetric, then there exist real valued
initial data such that (1.23) holds.

The remainder of this paper is organized as follows. §2 is devoted to
basic studies on wave functions, wave profiles and asymptotic wave func-
tions. The proofs of the results stated in §1 are given in §3. §4 is
an Appendix in which we give an algebraic theorem' (see also S. Matu-
ura [5]).

The author would like to express his sincere gratitude to Professors
M. Matsumura, H. Suzuki and S. Wakabayashi for their kind advices.

§2. Asymptotic Behavior of Wave Functions
v;:(t, x) for |x|] — o©

Let A(€) be a real valued function on R" satisfying the conditions;
@.n Ae C*(R"{0}),
(2.2) ME)>0  for any ¢eR"\{0} and
2.3) Ma&)=al(&) for any «>0 and any ¢&eR"\{0}.
Then the set

2.4 S={seR"; A(s)=1}

t We need this theorem in the proof of Corollary 1.3.
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forms an (n—1)-dimensional closed C®-manifold embedded in R" which
encloses the origin. Let us denote by K(s) the Gaussian curvature of
the hypersurface S at each point s. Throughout this section we assume

2.5) K(s)#0 for any seS.

Consequently the Gauss map: S3s—0(s)e ® is a C*-diffeomorphism of S
onto @ where @ is the unit sphere in R" and 0(s) denotes the outward
unit normal to S at s. The inverse of the Gauss map is denoted by
s(0) (see for example Sternberg [6]).

Now consider the C®-map s*:

2.6) S35 ——s5%(s)=grad A(s) e R".
Then, it follows from the assumption (2.5) that
2.7 *={s*(s); se S}

is an (n—1)-dimensional closed manifold (hypersurface) and the map s* is
a C>-diffeomorphism from S to S*. We define the function 1*(x) by

|x|/]s*(s(O))] for x=|x|6 e R"\{0},
2.8) A¥(x)=
for x=0.

A¥*(x) satisfies the conditions (2.1), (2.2) and (2.3), and we have
2.9) S*={s*eR"; 1*(s*)=1}.

For each h. € L>(R"), we define the function v.(t, x) by
2.10)  vi(t, )=F [h(Oexp{FiA O (x), i=—1,

where %~ ![u](x) denotes the inverse Fourier transform of u and h the

Fourier transform of h. wv.(f,-) is a L2?(R")-valued solution satisfying
the evolution equation

(2.11) (OlotLiM£D).(t, x)=0
and the initial condition

(2.12) v:(0, x)=h4(x),
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where A(+D,) is the operator defined by
(2.13) MEDJu(x)=F M)A (&)].

According the fact that 0/0t+iA(+D,) is a hyperbolic pseudo-differential
operator, we shall call the function v.(t, x) wave function.

For each H(r, 0)e LA (Rx ®), we define the corresponding function
wE(t, x) by

(2.149) wE(t, x)=H(A*(x)F 1, 0) (l*(B))%lxI“"‘”’z,
x=|x|0 e R"\{0}.
Then we have

Proposition 2.2. The function w3(t, x) has the properties:

@.15) we(t, e LAR")  for all teR.
(2.16) fim [we(t, -] =O0.

t—
2.17) ltiggollwf(t, M ezey=1Hll L2r x coys

for any measurable cone C<R" with vertex at the origin where C,
=Cno.

Proof. The definition (2.14) and Fubini’s theorem imply (2.15) and
W2t DlEaer= | a0 1HE2*@F 1, 0)PA*O)d.
Making the change of variables rA*()F¢ in the second member, we find
2.18) we(t D= dp{_ IHG. O)Pa,

where dO is the surface element on @. Letting t—oo in (2.18), we get
(2.16) if we take C=R", and (2.17) for general C. Q.E.D.

Definition. For each h,eL?*(R") the corresponding wave profile
G, e L (Rx 0O) is defined by



(2.19)

(2.20)
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(A*(e))%‘K(S(G))I_%E n (ps(@)) ( — ip)(n— 1)/2

G.(p, )= for p>0 and 6e0,

L0 for p<0 and 0€0.

AHO)2IK(O)] 2h_(~ ps(8)) (ip) 112

G_(p, )= for p>0 and 6e0,

|
[0 for p<0 and 0€e0,

where for H(r,0)e LXRx®), H(p, 0) and H(p, 0) denote respectively

the partial Fourier transform and the inverse one of H(r, ) with re-
1

spect to r, and (xi)2=exp{Lmi/4}.

The map

(2.21)

RxS32(p, s)——(p, 0(s) eRx O

induces an isomorphism of L?(Rx S) onto L*(Rx ®) and we have

(2.22)

SRXCOIH(p, 9)|2dpd@=SRxS(Co) |H(p, 0(s))|*|K(s)|dpdS

for any He L3(Rx @) and for any measurable subset C, of @, where
dS is the surface element on S.

Proposition 2.3. Let C, be a measurable subset of ®. Then

(2.23)

(2.24)

G, and G_ are orthogonal in L*(RxC,).

H Gi ” L2(RxCo) = ” h;t Il L2(%Cs)?

where Cs={as(@)e R*; a>0, e C,}.

(2.25)

Here, h,
spectively.

and G, denote the complex conjugates of h, and G, re-

Proof. (2.23) is obvious since the supports of G,(p, §) and G_(p, 6)
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=G_(—p, 0) are disjoint.
Using Parseval’s formula, (2.19), (2.22) and A*(6(s))=|grad A(s)|"%, we
have

" G+ “iz(nxco)= ||G+ "%.2(R><Cu)

S G+ (p, O(s)IZIK(s)ldpdS
RXxs(Co)

=§:p”"dpgs(c°) Ik (ps)|?|grad A(s)|~*dS.
In the last integral, let us make the change of variables:
(2.26) R.xS3(p, s)— E=pse R"\{0}.
Since

d¢=p!|grad A(s)|"'dpds,

we find

uG+nizmxco)=SCSIE+(5)W¢.

The corresponding result for G_ follows by the same argument.
Finally, if h,=h_, then h,(—&=Ah_(¢). Combining this relation,
(2.19) and (2.20), we obtain

G (=5, D)= O)IK (SO 2 (= ps(0)) (ip)™ D72
= (O IK(SO)I 2h_(ps(8) (— ip)™ 12
=G_(=p,0)=G_(p,0) for p<0,0e0,
and
G.(=p, 0)=0=G_(~p, 0)=G_(p,0) for p>0,0€0.

From these relations it follows that G, =G_. Q.E.D.

Definition. For the wave function v.(t,x) with v4(0, x)=h.(x),
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we define the corresponding asymptotic wave function v3(t, x) by
(2.27) b2, ) =(HO)RGL(1F(x) —t, ) x|~ 172,
x=|x|0 e R"\{0}.
This name can be justified by the following theorem.

Theorem 2.4. For h,eL*R"), let v.(t, x) be the solution of the
equations (2.11) and (2.12). Let v3(t, x) be the corresponding asymptotic
wave function defined by (2.27). Then

(2.28) lim flv. (¢, -)—v2(t, )| =0

Proof. Since CP(R™{0}) is dense in L2(R"), it is sufficient to prove
the theorem for functions h, e L2(R") such that A, e CP(R"{0}). Thus
we may assume that

(2.29) supphy c{feR"; 0<asA(+&)<b<w}.

From (2.10) we have

0. (t, x)=(2n)‘"/zg Fa@exp {ixt F k(£ )

asA(xg)

=(2n)-"/2§m(§)9ﬁi(iz) exp { & ixE FitA(E)}dE .

Transforming to the polar coordinates (p, s) with respect to S (or A(¢)),
we get

b
(2.30) oLl x)=(2n)-"/2§ prtexp{Fitp}dp
x | RuCEp9)exp {£ipxs} [sHs)|-1ds.
Let us set

@.31) w2(o )= Raltps)exp {£ipxss*(o)~1ds.

Applying the method of stationary phase to this integral, we find
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(2.32) w(x, p)=n/|px|)n=1)2

x[ ﬁi(iff(i@)) exp {—in(n—1)/4+ipxs(+6)}
[K(s(£0))[2]|s*(s(£0)) ]

+ ﬁi(ipls(¢6)) exp {in(n—l)/4iipxs(-T—6)}]
[K(s(F0)[2|s*(s(F0)|

+4(x, p),
where the function gq(x, p) satisfies
(2.33) |q(x, p)| S M|x|~(»+1/2 for all xeR"\{0} and pel[a, b],

M being a positive constant independent of x and pe[a, b], but de-
pendent on a and b. For the method of stationary phase, see, for ex-
ample, Littman [2] or Matsumura [4] (Theorem 5.1). Substituting (2.32)
into (2.30) and using the relation A*(460)=|s*(s(+6))|"!, we obtain

@39 oalt, N=(ORDRx 02 GHOK O
x s (2 p(6) (F i)~/ exp {ip(es(0) — D}dp

b
a

+ (= 0)/2m2 x| r2( (13— 0)| K (s(~ )2
x Ra(£p5(— 6)) (£ 1p)=D/2exp { £ p(xs(— 0) — )} dp
+@ny 2 a(x, p) ot exp {Fipt}dp.
Now, we have
239 xs(+0)=IxI05(+6)
= [x] (2 grad A(s(£ O)S(£ O)s*(s(£O)
= IS O)IHS(£ O] = £ 1),
since s-grad A(s)=A(s)=1 for seS. Consequently,

236)  vu(t, )=(HO2R-2{ GO KGO
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x (& ps(O) (Fip) 02 exp {ip(1*()— D}dp
+ @ (=0 2P| o1 (= ) K(s(— 012
X (£ p5(= ) (1) "2 exp {F ip(*(—) +1)}dp
+@yr2| g(x, P exp (Fipt}dp.

Since h, satisfies (2.29), the first term on the right in (2.36) is exactly
the asymptotic wave function v3(f, x). Hence, in order to complete the
proof we only need to show that two remaining terms tend to zero in
L?>(R") when t—oo. For the second term on the right in (2.36), it
follows from (2.16). Consider the third term. By (2.32) the function
q(x, p) has the order |x|~®1/2 yniformly in pe[a,b] and in Oe®
when |x|]—0 and has the order |x|~(**1/2 by (2.33) when |x|—o0.
Consequently there exists a function g,(x)e L?(R") such that

(2.37) lg(x, p)I=q+(x)  for any pe[a, b].

Then we have

@38 |{lat porrexp(Fionap| <({ omrdp) la .

If x is fixed, the third term on the right of (2.36) tends to zero when
t—oo0 by Riemann-Lebesgue Theorem. Since (2.38) holds, it also con-
verges to zero in L?(R") when t—oo by Lebesgue’s Theorem of domi-
nated convergence. Q.E.D.

Let 6,(t) and 0,(t) be two real valued functions of >0 that satisfy
(2.39) —t=0,()<0,(r) for all ¢>0.
Denote by B(t, 6,(t), 0,(t)) the expanding spherical zone of the form
(2.40) {xeR"; t+0,()) SA*(x)<t+06,(0)}.
Then we have

Proposition 2.5.
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@41 8@, B, 0,0 0:0), =" 1Gu(r, Eacordr+o(0),

where o(1) denotes a function of t which tends to zero for t—o0, uni-
Jormly in 8,(t), 6,(0).

Proof. Note that

02(t)
@42 2 Moo=, dr| G, 02O
and
(2.43) oL@, Il — 10EE gl S lvL(E, ) =020, -l
for any measurable subset B of R®. Combining (2.42), (2.43) and (2.28),
we get (2.41). Q.E.D.

Corollary 2.6. Let 0,(t) and 0,(t) satisfy the conditions (2.39)
and

(2.44) lim 0,(f)= — o0, lim 6,()=co.
t—®© t—+0

Then we have

(2.45) lim &(v., R"\B(1, 6,(1), 0,5(1)), £)=0

Proof. Taking Co=0 in (2.24), we have
(2.46) 1G s l2mxoy=Ihsl =1l
On the other hand
(2.47) &y, R, )=&y, R, 0)=|h.|>2
Combining (2.41), (2.46) and (2.47), we get
&(vy, R"\B(t, 0,(1), 6,(1)), 1)

=£(U:b R, t)—éu(v:t’ B(t, 6,(0), 0,(0), 1)

02(2)
=l 2= 164, lEaceydr-+o()
1
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01(t) 2 ®© 2
=S 1G+(r, ) F2(0ydr+ . (t)“Gi(", F20ydr+o(l)
2

—0

=o(1) t—oo by hypotheses (2.44). Q.E.D.

Corollary 2.7. For any bounded measurable subset K of R"
(2.48) t]_l_)lg s, K, £)=0
Corollary 2.8. For any &>0 there exist constants 6,=0,(h., ),
0,=05(hy, &) and to=ty(h, &) such that
(2.49) &y, R, 0)—e=&(vs, B(1, 04, 0,), 1)
<&@., R, 0) for all t=t,.

Proof. For any functions 0,(t) and 0,(f) with the property (2.39)
we have

(2.50) Wy, R, 0)—&(vy, B(t, 0,(0), 05(1), 1)
=S_wI|G;t(7', -)l'%z(e)dr—é"(vi, B(t, 0,(t), 0,(0)), 1)
01(1) ©
ég_w 1G+(r, .)||{z(@)dr+ge (')IiGi(F, M2 copdr

02(t)
+ ‘SB © 1G+(r, )3200,dr— & (v, B(t, 0,(2), 0,(2)), 1)

for all t>0. Now Proposition 2.5 implies that there exists a constant
to=1o(h, &), independent of 6,(f) and O,(tf) such that the last term in
(2.50) is less than ¢/2 for all t=t,. Moreover, there exist constants
0,=6,(h4, e)<0 and 0,=0,(h., €)>0 such that

0y =)
(" 1620 Mzdr+ 7 1620 M odrsef2

Here we may assume that ty,=max(—0,, 6,). Therefore, putting

0 for t<t, 0 for t<t,
gl(t) = H 02(0 = s
0, for tz=t, 5 for t=1,
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we get (2.49). Q.E.D.

Proposition 2.9. For any measurable cone C of R" with vertex
at the origin, there exist

(2.51) &=(vx, O)=limé(s, C, 1),
(2.52) vy +v_, C)E}i_’rgé’(v++v_, C, 1)
and

(2.53) 2y, O)=|hsl}2zcs

(2.54) e, +v_, O)=&%(,, O)+&>(v_, C),

where Cs={as(@)eR"; >0, 6 Cn O}.
Proof. Note that
(2.55) £ 2y — 102 ezl
Slvs@, )—o2@ ),
(2.56)  &@3, C, D= S: 1G (s E2ccordrs
@51 8F+2, € 0= 16,0, )+6-(, Mircodr

where Co=Cn@. Combining (2.55), (2.56), (2.57) and (2.28) we get
(2.51) and (2.52). Letting t— o0 in (2.55), (2.56) and (2.57), we find

(2.58) E°(vs, O=[Gl}2mxco)
and
(2.59) E2(v4+v-, O=|G++G_[}2(rxco)-

Combining (2.58), (2.59), (2.23) and (2.24), we obtain (2.53) and (2.54).
Q.E.D.
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§3. Proof of Results en Symmetric Hyperbolic Systems

Consider the operator L= I(a/a:)+z A[0[dx;) satisfying the con-
ditions (L.1) and (L.2) in §1. The roots 0 and 4;,(%),j=1,..., M, |k|
=1,...,m; of the equation P(4, {)=0 in A are eigenvalues of the matrix
A = zn‘, £;jA;. Let us denote by Ey(¢) and E;y(§) the orthogonal projec-
tions' gllto the eigenspaces corresponding to the eigenvalues 0 and 2;,(%),
respectively. As is well known, Ey(¢) and E;, ({) can be represented
respectively in the form

G.1) Eo(é)=(2m')-1§rom(:f—A(f»-ldc
and
(.2) E,-,k(é)=(2ni)-1§n = AO,

where I'g(§) and I';,() are positively oriented circles which encloses the
eigenvalues 0 and 4;,(¢), respectively, but no other different eigenvalues.
The matrix valued functions Ey(¢) and E; () are measurable and posi-
tively homogeneous of degree zero. Further they have the following
properties which are valid for almost all ¢ eRn.

(3.3)  EYD=Eo(®), EFu(D=E;x9),

Eo(QE; () =E;(Eo(E)=0 and

E;lQE; (D) =E;p(DE;n)=0 if (@, #(", k)
(3.4) 0(Q)=Eo(§) and EF(O=E;u(®)

mjy

G E@+ ¥ Eu0-L

1 k=1

For a solution V(t, -) e L%(R") of the equations (1.1) and (1.2), we put

B.6)  Vo(t, )=EOV(t, &), Vjult, O=E; OV, &),

T These projections can be defined for almost all é=Rx.
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BN h(Q)=EoDh(©) and h;(&)=E; ().
Then we have

(B.8)  V(t, x)=Volt, x)+z z ity X),

6170

(3.9 @ =0, Vo0, &)=ho(®)

610 L O=Fil DVt D, Ppu0 O=hyu®)

The asymptotic wave profile G;, corresponding to each h;, is defined by
1
(A7 k(01K j 4(s;,.(OD])?
x hj4(ps;(0)) (—ip)tn=12
3.11) Gj,k(p’ 0)=
for p>0 and 0e®

\
|
|
[0 for p<0 and 0e€O

and
2 OV (5. (O

x by~ ps;, i (8)) (i)~ 1)/

(3.12) G,.(ps o)=<
for p>0 and 6e@

0 for p<0 and 0e®

Then the asymptotic wave function V'F,(f, x) corresponding to Vj,(t, x)
is defined by (1.15).

Proof of Theorem 1.1. If V*(t, x) is the function defined by (1.14),
we have

lIV(t,-)-—Vo(-)—V°°(t,-)Ilég1 kZ 1Viults )=Vt I -
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Applying Theorem 2.4 to V;, and V%,, we get (1.13). If the matrices
A;(j=1,..., n) are real symmetric and if h(x) is RN-valued function,
then we have

(3.13) Eq(—8)=Ex() and E;(—8)=E; _«&).
Therefore,
(3.14) Vo(—f)= t70(5) and ﬁj,k(—€)=ﬁj,—k(f)-

Applying (2.25) of Proposition 2.3 to these functions, we see that Vy(x)
and V=(t, x) are real valued. Q.E.D.

Proposition 3.1. Let 0,(t) and 0,(t) be two real valued functions
of t>0 which satisfy (2.39) and (2.44). If we put

(3.15) B ()={xeRn; t+0,()S A% ;(x)<t+0,(0)}
and

M my
(3.16) B(t)=\U \UB;®),

j=1 k=1
we have
(3.17) lim &(V—V,, R"\B(t), t)=0.

t—00

Proof. There exist a constant a such that

(3.18) &e(V—V,, R\B(1), 1)

Mz

IIA

5 8(V; RMB(), 1.

j=1 k=1

o

On the other hand, we have

3.19 &V R"B(), 1)
=6V R, )—&(V;4 B(), 1)
SEVip R, )= E(Vj 1 Bj,iy(0), 1)

=¢5'(Vj,k’ R"\Bj,lkl(t)s t) .
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Combining (3.18) and (3.19) and applying Corollary 2.6 to each &(Vj,,
R"\B; (1), 1), we get (3.17). Q.E.D.

Proof of Corollary 1.2. From Proposition 3.1 it follows that the
right hand side of the inequality

IVeW, K, )—/é(Vo, K, D= \/E(V=V,, K, 1)

tends to zero when t—oo for any bounded measurable subset K of R”.
This means (1.16). Q.E.D.

Lemma 3.2. If fe LP(R"), ge L4R") (1/p+1/9=1, p>1, g>1) and if
T,, T, and Ty—T, are non singular linear transformations in the
vector space R*, we have

(3.20 tim | fgtr—Ti0dn=0
[gj=»/R"
and
(32D tim | f(Tn—Dg(Tn—0dn=0
[{|»o/R"

Proof. Given ¢>0, we choose a compact subset K of R" so that

{Sm x lf(ﬂ)lpdn}up <e¢ and {SR” \K|g(,1)|qd,7} Mg

If we put K({)=K—T,{ for { e R", then there exist t,>0 such that
(3.22) KnK({)=9, thatis, K({)<R"\K
for all { with |{|=¢t,.

Consider

SR" |f (gt —Ti)ldn

=S ”n +g ”n +S ”n
K K() R™\(KUK())

=I,+1I,+1; respectively.
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By Holder’s inequality,
1/p 1/q
rs{{, irenirant™{{ 19— Ti1ean}

<174, lo@isan} " sal 1,
Similarly

I,=e|gll,

and

n={( | isaean{(  genieant”

<elglle

where | - ||, denotes L'(R") norm. Thus we get for any { with |{|=¢,

§,..fenatr— Ty dn| <11, +21g1,).

This means (3.20). In order to show (3.21), let us make the change of
variables: n—~&=T,(n—T7'{). Then

[, STn=0g(T-an

= |det(T2)|-1S F(TiT319)g(E — (I — T, Ty HY)de.

Rn
Noting that f,()=f(T,T31€)e L?(R") and applying (3.20) to the integral
on the right, we obtain (3.21). Q.E.D.

Remark. We use this lemma only in one dimensional case n=1.

Proof of Corollary 1.3. Consider

mj

M
> 3 VRldx

Jj=1 |k|=1

(3.23) EVy+V>, C, t)=SCIVo+

=g(V0, C, t)+
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+T ‘Hz"l{g(vyjk, C, z)+SC(VO-V;.-;,,+ Ve, Vo)dx}
P

+ Ve VE wdx,

(i.k)*(j'.k’)SC

where for {, zeCV, {-z denotes the inner product {,Z,+---+{yZy. We
shall show that

(3.24) 1imSC|V;.-;k(t, X)-VE o, Dldx=0, if (j, £, k)
t—00
and

(3.25) h'mS Vo) - VEult, )ldx=0.
t—o.,/C

From (1.15) we have

320 [ V5t 0 Ve Diax
= 05,0108, ©)7dO

x So 1G, (% 1O =1, 0)- Gy (A% e (O)r —1, O)ldr

where Co=Cn@. Since G;; and G;_, are orthogonal in L%(RxC,)
by (2.23) of Proposition 2.3, this quantity tends to 0 when t—oo if j=j'
and k'=—k. For the cases where j# j', or j=j' and k'# %k,

(3.27) A @) #2% o (0)  for ae. 0e0.
If not, we have
A @=21F 1 (6) on O,

since 4%, (0) and A} ;- (0) are analytic on ©@. This implies S7
=8% \k» S0 S;q=Sj ) by duality between S;, and S¥,. This
contradicts Theorem 4.1 which will be given in the Appendix. Thus we
have (3.27). Then, by (3.21) of Lemma 3.2,

(3.28) li_?;l)go IGJ,k(A}k, 'k|(9)r— t, 0) . G.]',k'(}’;k' , |k' |(0)r— t, 0)'dr=0
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for a.e. 0 ®@. On the other hand, there exists a constant « such that
123 e ()2
X S:|Gj,k(k*,|k,(6)r—t, 0)- G (A% i ((O)r —t, B)]dr

<«af Gj,k( ) H)HLZ(R)” G ",k’( ) 6)”L2(n),

and
Il Gj,k('a 6)“L2(R)a ||Gj',k’(" H)HLI(R)ELZ(@)-

Consequently the integral (3.26) converges to zero as t—oo by Lebesgue’s
Theorem of dominated convergence. Thus we get (3.24). (3.25) can also
be verified in a quite similar way. Letting t—oo in (3.23) and applying
Proposition 2.2 and (2.24) of Proposition 2.3, we get

(3.29) %i_{l;é’(Vo-}-V“’, C, 1)
M omy
=}£n;g(Vo, C, t)+,§1 “clzl“i;j,k”il((sgn ©Cs; 1)
Then we find by Theorem 1.1
(3.30) g2V, C)y=¢&V,, C, 0)

mj

M ~
2
+j§1 IkIZlLl“h,,kHLZ((sgn BCs, 1)

Q.E.D.
Proof of Corollary 1.4. If we introduce new functions
(3.31) V'(t,x)=V(t, x+X) and h'(x)=h(x+X),

we have

Xj

(1%+§1 4,2 %) =0,
(.32) [

V'(0, x)=h'(x) e L*(R").

Applying (3.30) to V', we find
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(3.33) lim&(V, C+X, )=lim&(V’', C, )=&>(V’, C)
M my
=6(Vs, C, 0)+j§1 lg‘;l”ﬁ},k”b((sgn KCs, )
Now,
(3.34) h'(&)=h(&)exp {ix¢}.
Hence,
(3.39) (&) =Eo(OR'(&)= V(&) exp {iXE} .

This implies that Vg(x)=Vy(x+X), and therefore
(3.36) &(Vy, C, 0)=6(V,, C+X, 0).

Moreover, from the relation

(3.37) ﬁl],k(é) = Ej,k(é)ﬁl(é) = ﬁjk(é) exp {ix¢},
we have
(3.38) 1R, 22 (s 0Cs, 1o = 1l z(sen Cs, -

Substituting (3.36) and (3.38) in (3.33), we get

(3.39) lim&(V, C+X, )=&V,, C+X, 0)
t—>00
M m;
+j§l Ik%-'l I ﬁj,k”Lz((sgn KCs, o)
From (3.30) and (3.39) we find (1.20). Q.E.D.

Proof of Corollary 1.5. From (1.22) and (3.9), it follows that V,=0.
From (1.21), (1.22), (3.7) and (3.30), we have

é(V, Rr, 0)=| h|>= | h||?

I
Mz
M3

(. JE0h©Pd
1/R"

1 |k

m

{on

I
Mz

|E; (ORE)I2dE

|k|=lg(sgn k)CsJ'”‘I
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=¢*(V, C).
Combining this and (1.20), we find
&=V, C+x)=&>(V, O)=6&(V, R*, 0).

Consider the case where the A; are real symmetric. For each (j, k)
with 1j<M and 1<k<m;, choose a CN-valued function g;,e L%R")
such that supp §;(§)=Cs,, and define

9gj,- x)=g j,k(x) .
Then we have
ﬁj,—k(f) = éj,k(_ f) .

Put

M mj
E(f)= z—-‘& “‘;:115 j,k(é)g j,k(&)

J

Then the function he L*(R") satisfies (1.22). Moreover we have from
(3.13)

mj

W—9=5 3 E(-90,=

J=1 |k[=1

M
= Z Z Ej,—k(é)gj,—k(é)
5.

this implies that h(x) is a real valued function. Q.E.D.

§4. Appendix

Theorem 4.1. Let P(A, &) be a polynomial of (n+1)-variables
(4, &q,.., &) with complex coefficients and let

@0 PO, = 1 (@i D)

be the factorization into irreducible polynomials in the polynomial ring
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C[4, &] of (n+1)-variables over the complex number field. Let Q be a
domain in R" and assume that the factorization into linear factors in
A of P(4, &) admits the form

(4.2) PO, O=TLO—4@P  for all Ee,

where the B; are constant positive integers and the 1) are analytic

functions on Q such that
(4.3) i# = W) #A/0).

Then we have

p 1
“4 I1 0,0, 9=T1 (=4,(0) in @
For the proof we need the following

Lemma 4.2 (Hérmander [1] Appendix). If a polynomial Q(4, &)
has no multiple factor, there exist a polynomial R(£), not identically
zero, such that the zeros of Q(4, &) as a polynomial in 1 are all differ-
ent for every & with R(&)#0.

Proof of Theorem 4.1. Set

@.5) o, &)= no 0.0 &).

Then there exists, by the above lemma, a polynomial R(£) such that the
roots of the equation Q(A, £)=0 in A are all different for ¢ with R(&)#0.
Put

Q,={{eQ; R(®)=0}

and
Q= i\gj {€eQ; 1(O=2(5}.

Then, 2, and Q, are closed in Q and have no interior points, so the
set Q\(Qo U 2,) is a non empty open set and we have
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}jo(z—x,(f»=gu, 5 for EeQ\(QUQy).

Since the A4,(¢) and Q(4, £) are analytic functions of ¢, we have (4.4).
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