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On an Application of the Averaging Method
for Nonlinear Systems of Integro
Differential Equations

By

D. D. BAINOV* and G. H. SARAFOVA

Summary The present paper justifies a variant of the averaging method for a system
ol integio difterential equations ot a standard type, and finds an estimation tor proximity
ot the solutions ot the considered system and its averaged system.

In paper [1] the averaging method for a system of ordinary differ-
ential equations of a standard type is justified. An estimation for prox-
imity of the solutions of the initial and the averaged system is found.

In the present paper this method is applied to a nonlinear system
of integro-differential equations of a standard type. An estimation for
proximity of the solutions of the initial and its corresponding averaged
system is found, using two of the schemes for averaging proposed in [2].

Consider the equation

(1) 0= sX<z, z, j‘ﬂtgo @, s, x)ds)

with initial condition

@) z(0) =z

where z, X, p= R", and ¢>0 is a small parameter.
Let the limit

T t
3) lim L j X<t, z, j 0(t, 5, 2)ds)di =X, (2)
T—co T 0 ]

exist,
An averaged equation corresponding to (1) will be called the

equation
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4 f=eX,(8)

with initial condition

) §(0) =z

The following theorem holds:

Theorem 1. Let the functions X (&, z,v) and ¢(¢,s, x) be defined
and continuous in the domain Q{t, s=0,z DCR",ys R"}, where the
domain D is assumed to be open, and let, in this domain, the follow-
ing conditions be satisfied :

1. There exists a constant M, such that |X(¢, x,y) | =M.

2. The functions X, z,y) and ¢(2,s,x) satisfy the Lipschitz

condition
1X(, 2, 9") —X(¢, 2", y") |S4{|="—2"| + |y +5" |}, A=const.,

||¢(ta S, .Z") _(p(t9 S, 1,'”) ”éﬂ(t’ S) H.Z',—‘.Z'””.
1 t T
3, TIdrju(r, 9 ds—0, t-co.
0 0

4. The limit (3) exists uniformly with respect to x 9.

5. The solution £=£(), €(0) =x,€9D of the Cauchy problem
(4), (5) is defined for every t=0 and lies in 9 with some of its
p-neighbourhoods.

Then, for each arbitrarily chosen, sufficiently large positive number
L>0 there can be found such a number €,>>0, that for e< (0, ¢,] on
the interval 0<t<Le™' the following inequality would be satisfied :

[x(2) —& @) | Ke' POV AMLO () +2¢ () +2vV2 MLy (e) (L+0(e))}

where

]

LW[X (z, e, fW’ 5, 8) ds> ~ X (5)}{;

6)  ¢(e) = sup {sup

o<r<L (¢c9

Q) 8 (s) = sup rzzo(%),

0<r<L

®) 30 =-} fdr j u(z, $)ds
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Proof. We assume that z(¢) €9 when 0<¢t<<Le™'. For the differ-
ence x(¢) —§(¢) there holds the integral representation

z(t) —E(0) =¢ L[X(r z(9), fga(r, 5 2())ds)
~X(r, 600, f@(f, s,«s(s))ds>]dr+s HX (r.6@,
[oe s e@as)-X(r.@, (oG5 e@)as)]as

e [[x(me@, quo(r,s,«s(r))ds)—Xo(e(m]dr,

whence the following estimation follows
© [z —@l=ed [ {lz@ —¢@ 1+ [0 9126) ~£ @ dsfar
et [ar [(n, 9160 —¢@las+e| [ X e@)an)
Here
X5, 6@) =X(5,6@), [ 00,5 6@)ds) X E@).
The function X,(r, £(r)) satisfies the Lipschitz condition. Indeed,

1X,(c, &) — X, (z, €7 ||§”X<f, &, j bz, 5,6 ds)

~X(r,¢, j 0,5, 8d5) |+ 13E) - X @]

<aE =842 [ a9 18 -7 as+ im L[] x (e, 0,

an(r s, &7 )ds (r, g”, Jﬂ}z)(r, s, é‘”)ds) dc

§M|5'—5”H+/1£rﬂ(f, ) [§"—€"|ds+2]|§" =&
e - s"nhm_j dr j 4z, s)ds

=[20+ 2 (D) ]11§" — €71

Here the notation p,(7r) = I,a(z‘, s)ds is introduced.
0
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We estimate the last summand of (9) on the interval 0<¢<<Le™'.
For this purpose we divide the interval into m parts with the help of
the points £,=0, ¢, -+, tn_y, tn=2Le™' and we find

(10) Hej:)g(r,é(r))dr“;g aﬁglj:“‘[za(r,S(r))-)g(r,S(h))]dr"

+

aEﬁ?&@H@M%

For the first summand on the right hand side of (10) we obtain

the estimation

an o8 [1xe 6@) - X, e 1ar| < 2 ML 5
= Ju m m

where 0(¢) is determined by (7) and 0(e)—0 as e—0.
From condition 4 of the theorem there follows the existence of the

function

1 t
YL&@@ﬁ

Then
o| [ 0ar|ec0 @ 5 sup0(Z) =p(e)  0(0)-0 as e
For the second summand of (10) we get

(12) 5 (ot s@as| szmico.

From (10), (11), (12) there follows the estimation

0(e) +2m¢(e).

13) “5 fX. (r,é(r))drug “ZLZ L _AML

m

From (9) and (13) we obtain

lz@—¢@l=ed [{l=@ —@ 1+ [(a6 9126 £ las}ar

+ AMLS (s) + ML
m

+ *é:l'§(e)+-2nn¢(e)

or
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2@ =6 @ |=[aML3 (&) + AL AL 5(e) 1 2mp e |ercinon

m m

whence we get the estimation

() —& (@) || e’ @I AMLO () +2¢ () + 2+ 2AML¢ (e) [L+0(e)]].

The proof of the fact that xz(¢) €9 when t=[0, Le™"] is trivial.

In this way Theorem 1 is proved.

Suppose that the limit

T oo
(14) 1imlj X (s, j 0(t, s, 2) ds> di =X, ()
T—e T Jo 0

exists,

Then the following theorem holds:

Theorem 2. Let the functions X (¢, x,v) and ¢(¢,s, x) be defined
and continuous in the domain Q{t,s=0, z€ DCR",y= R"} and let the

Jollowing conditions be satisfied in this domain:
1. | X@ z,9)|SM, M=const.
2. | X@x,y) - X@ 2", y) = =" =" + ]y ="}

le@, s, 27) —o(t, s, z") |=n(t, 5) | 2" — 27|

t T
3. %jdfj‘ﬂ(f’ 5)ds—0, t—»>oc0; l=const.
0 0

4. The bmit (14) exists uniformly with respect to x< 9.

5. The solution §=£(t), £§(0) =x(0) €9 of the averaged equa-
tion is defined for every t=0 and lies in 9 with some of its p-neigh-
bourhoods.

6. lim 1 ﬂ“ Lw(o(z‘, s,§())ds||dr=0

t>c0

=vy|zx’—z"|, v=const.

7. l’ Jm<p (¢, s, x")ds— jm(p @¢,s, x")ds
0 0

Then, for every L>0 there exists €,>>0, such that when 0<e=<g,
on the interval 0=t<Le™' the following inequality is fulfilled:
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lz (@) —§& () | =@y () + AMLA (&) +2¢, ()
+ 2«/2/‘LML’¢l (&) A+v)}

where

L "”[X (s.¢, J;wqo(t, 5 £)ds) ~ Xy (E)]dt “}

dr.

$1(e) sup {sup

o<r<L l¢co

r(e)=égLrF<%), F(t)=%£t” j "oz, s, £(2))ds

The proof of Theorem 2 is analogous to that of Theorem 1.
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