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A Finite Element Method for Solving the Two Phase
Stefan Problem in One Space Dimension”

By

Masatake MORI*

Abstract

A finite element method based on time dependent basis functions is presented for solv-
ing a two phase Stefan problem for the heat equation in one space dimension. The stability
and the convergence of the method are studied, and a numerical example is given.

§1. A Two Phase Stefan Problem in

One Space Dimension

This paper is concerned with a finite element solution of the follow-
ing two phase Stefan problem in one space dimension for the heat equa-
tion. Given the data g¢,(¢), ¢.(¢), fi(x), fa(x) and b, find functions
w(x,8), u,(x,t) and x=s() in 0<xz<L, 0<¢t<T, such that

Ou 0%u
J 5,01 0<e<s(), 0<t=T,
(1. 1)
Ouy _ s O'us L, 0<t<T
8[ _0-2@, S<t)<x< ’ <t= ’
{ w0, (0,8) =0,(2), u, (s(@),¢) =0, 0<e<T,
(1.2)
w (L, 1) =9:(8), us(s(), ) =0, 0<¢ZT,
(1.3) s =56, 0 .6 L,
w (e, 0) _'./l (J") , ();/_:J": :/’)
(L. 4)
u(z,0) =/, (x), b=x<L,
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1.5 (s@,n), 0<t<T,

L e 60), 0+ O
where 0y, 0y, ki, £, and L are positive constants, and 7" is an arbitrarily
fixed positive number. The last equation (1.5) expresses the heat
balance and is called the Stefan condition. This condition (1.5) gives
the speed of propagation of the free boundary. Specifically, the functions
#; and 2, may be interpreted as the temperature of the water existing in
0<x<s(¢) and that of the ice existing in s(¢) <{x<{L, respectively,
which contact at the front x=s(¢) with each other.

For the moment we assume an appropriate smoothness for ¢,, 9, f
and f,, and we make the following four assumptions for these Stefan
data, First we assume that the initial data are bounded by quadratic

functions both from above and from below:

Assumption A. There exist positive constants A", Ay’, B," and By
such that

II/\

R
L—

b=<zx<L.
For the boundary data we make

Assumption B. There exist positive constants A,”, B,”, A,” and
B,” such that

08B "=0:() =A,", 0=i<T,
1.7
—A,<0,() < —3B,"<0, 0=:<T.
Set
A =max (A, AY), Bi=min(B/’, B/,
(1. 8)
Az =max (Ag” Ag”) N B2 min (Bz ) Bg”) ,

and define
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(1.9) bo= BB g g B
KAy + KBy KA, + K.B;

We shall show later that 4, and by are a lower bound and an upper
bound of s(¢), respectively. For the initial position & of the free

boundary we make

Assumption C.

(1.10) 0, bby.

Next we define

J ro= 2 (AR B) (£ 2),
(1.11)

1 ;= % (6, As+ £ By) (%: —%>,
and set
(1.12) 7=max (74, 7-)
and
(1.13) 7= max (%, Ld—zbm).

Then finally we make

Assumption D.

(1. 14) <1,

From Assumptions A and B it is obvious that
(1.15) 3B, <A,, 3B,<A,,

so that from (1.11) we have 7,>0 and 7_>0. As we will see later
the physical meaning of 7, and 7_ would be more evident if we rewrite

(1.11) equivalently as

_ 28,4 2k,B, _ 26,4,  2K,B,

1.16 =
A £ S L—b, by
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In the preceding paper [7] we proposed a finite element scheme
for solving the one phase problem and discussed the stability and the
convergence of the scheme assuming that the initial data is bounded by
a linear function from above. In the one phase problem the free boundary
function s(¢) is monotone with respect to #, while in the two phase
problem s(¢) is not monotone in general, so that we need quadratic or
some other kind of functions as the bounding functions of the initial
data in order that the maximum principle holds with our scheme. Cannon
and Primicerio [2, 3] proved the existence and the uniqueness of the
solution of (1.1)-(1.5) assuming that the initial data are bounded by
exponential functions under a similar assumption as Assumption D,

Various numerical methods have been presented for solving the one
phase Stefan problem in one space dimension. See, for example, Douglas
and Gallie [4], Meyer [6], Bonnerot and Jamet [1], Nogi [10], Kawarada
and Natori [56] and Mori [7]. See also Mori [8] for the numerical
solution of the Stefan problem in two space dimension.

The purpose of the pre-
sent paper is to present a finite
element method for solving
(1.1)-(1.5), and to discuss
the stability and the conver-
gence of the method.

Before proceeding to the

numerical method, we shall
give here some remarks on
the quantities &, by, 7, and
7_. First we claim that under
Assumptions A, B, C and D

the solutions «, and %, of (1. 1)~

Fig. 1.

(1. 5) are always bounded by

quadratic functions as follows (see Fig. 1) provided that |ds/dt|<7:
V(@) Su(z, ) =W (z), 0=2=(), 0=t=T,

(1. 17)
W(z)=w(z,) =V (2), s@)=x=L, 0=t=7T,

where
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} 0<z<s(?)

141 —
s* (t)
(L—=x)*

(1.18)  W(x) = {
S s
B2

}, s <z<L

O 2 } 0=x=<s(2)

-—Bz{<—EL_-——S%—~2>2—-1}, s <z<L.

(1.19) Viz)=

\

The mathematical tool which can be used in order to prove these in-
equalities is the maximum principle. We shall show here only the

inequality

(1. 20) W (z) = A1{1# }>u1(x 5, 0<z<s(?).

s2(2)
Define
(1. 21) di(z, t) =4, {1 —_j"_} —u(z, 1),
s2(8)
then, if |ds/dt|<7, we have
(1. 22) (7% aaz>d1(x t)—-A,( gt G‘a_a;?>§%7

24,0, x? ds
= ——X-—+1
s2(8) ( ois(@) dt >

2A,0 2A,0
Z V1 1 Z V1 1
=70 ( 5 )_ () A—77)
by (1.12) and (1.13), so that from Assumption D
0 0*
= =
(1. 23) (m s >d1(x £ =0.

Therefore, we obtain (1.20) using the maximum principle in view of
Assumption A, the boundary condition (1.2) and Assumption B. The
other three inequalities in (1.17) can be proved in a similar way.

If we assume that the derivatives of #; and u, at x=s(2) exist (cf.
[2]), then from (1.17) we have
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_ 24,  Ouy <_ 2B
J s =9z COD=10
(1. 24)
l R O E— -
L—s(@) — 0z —  L—-s(@®

so that from (1.5)

(1. 25)

26,4, 2k,B, - ds >_< 26,4, 2/clBl>
s(¢) L—s@ —dt \L—s() NONA

The bounding function 2k,A4,/s(¢) —2k,B,/(L—s(¢)) which bounds gi
z

from above is nothing but the difference between the gradient of W (x)
at x=5(¢) —0 and that of V(x) at x=s(¢) +0, and it decreases as the
free boundary moves to the right, i.e. as s(¢) increases. It vanishes
when the free boundary reaches the point s(¢) =b, defined by (1.9),
and hence we see that the free boundary s(¢#) can never go rightwards
beyond the point x=b4y. Similarly s(¢) can never go leftwards beyond

the point x=25, defined by (1.9). Hence we have

(1. 26) b, =s5(t) <by.

On the other hand, the bounding function 2k,A4,/s(&) — 2,8,/ (L—s(2))
bounding ds from above attains its maximum value 7, defined by
(1.16) at s(¢) =b,, and the function — {2k,4,/ (L—s()) —2K,B,/s(¢)}
bounding s from below attains its minimum value —7_ defined by
(1.16) at s(¢) =by, so that, as long as we assume (1.17), we have

ds

<.
dt =7

ds
1. 27 —r == <y, or
( ) T-=_-=T. o

In § 3 we shall show in a more consistent way that our finite element

solutions also satisfy inequalities similar to (1.17) and (1.27).

§ 2. Application of the Finite Element Method

In this section we shall give a finite element scheme for solving
(1.1)-(1.5) approximately. We write the approximate boundary func-

tion as s,(¢) in order to show explicitly that it is an approximation of

s(8).
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First we fix time #£>0, and divide the whole domain 0=x=<L into
two subdomains D; and D, separated by the free boundary z=s,(2):

Di={z|0=2=s.(8)},
2.1)

Dy={z|s. () =x=L}.
Then we partition D; and D, into n, equal and », equal subintervals,
respectively, and hence the free boundary x=s,(¢) always coincides with
a mesh point. The numbers of partition 7, and 7, are fixed throughout
computation. Although each of D, and D, might be partitioned using
a non-uniform mesh, we employed the equi-distant partition for simplicity.
We denote each mesh point as x;.

2= @, =01, mi @O = T 5,0,

1

2.2) x;=5,() + (J—n) h(2), j=mn4, -+, 2+ 1y
1 h@ = L=5).

In the usual finite element method the mesh points are always fixed as
¢t varies, while in the present problem they change with time ¢.

We construct piecewise linear basis functions {¢;(x,¢)} as shown
in Fig. 2:

r—xj;_
=z, <z =y
Xj—Tj

2.3 x,t) =8 x;.,—x

2.3) b= zm-e o
Tjy1— X
0; otherwise.

R
=
8
=
JR I

Fig. 2.
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For ¢, and ¢, 1., we employ the components of (2.3) in 0=x=<x, and
L pn—1<XZL, respectively. Note that the basis function ¢;(x,¢) is
time-dependent because x; depends on time z. See [7] for the deriva-
tives of ¢;(x, ) with respect to x and ¢.

Now we apply the Galerkin method based on the basis functions
constructed above. We expand the approximate solutions #%; and 7%, of

(1.1)-(1.5) in terms of linear combinations of ¢;(x,¢)’s:

J % (z, 2) =jZ a;(8)$;(z,2)
2.4
1 Iy (x, t) = !2 2“1 @) ¢;(x, 8),

where from (1.2) _
{ a,(t) =g:(2), an1+ng(t) =0,(2)
(2.5)
a,, () =0.

If we substitute (2.4) into (1.1), multiply ¢;(x,2), i=1,2, -, n,—1,
ni+1, .-+, ny+n,—1, and integrate over 0=xz=L, then we have the follow-

ing system of ordinary differential equations:

J Ml_dﬂ= — (0. K+ N) a,

dt
(2.6)
] M, da, = (52K2+Nz)az,
dt
where
ayp An,
2.7) a=| |, a=| |
Ay, Apytng

and M,, M, are mass matrices, K;, K, are stiffness matrices, and N,, N,
are velocity matrices [7]. We note that the matrices M,, K;, N, are of
(ny—1) X (my+1) and M,, K;, N, are of (m,—1) X (n,+1).

If we use the basis functions

1; 1 (xjo1tx5) <$§—1— (x;+ 2541,
(2.8) g;(x,t)=¢ 2 2

0; otherwise
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instead of ¢;(x,#) in the computation of the mass matrices, we have
equations for the lumped mass system, while the equations obtained
using @; (x, £)’s are for the consistent mass system.

The explicit forms of M, K, N, (v=1,2) are as follows:

Lumped Mass System:

h,, j=i, v=12,
(2.9) (M,):;=

0; otherwise,

1
h
(2.10) (K)i={ _2

v

s J=ikl, v=1,2,

«

5 J:Z! ”21,2’

>

0; otherwise,

L (3i11)%n
67, dt

(2.11) (Nyoy={ _1 . ds,

31, dt

+

; J=i+1,

y J=E,
0; otherwise,
1 . ds
3(ny+n—i) F1 -
67, 3, 2 —1) } A

(2. 12) (NZ) ij= 1 X dSn

3n, dt

;

; j=ik1,

ALY

0; otherwise.

Consistent Mass System:

We have only to replace the mass matrices by the following ones:
1 ..
E—h,; J=i+l, y=12,

(2 13) <Mu)”= %hv; .7:1’ l)=1, 2’

0; otherwise.

In the next step we discretize the time # using an equal time mesh
At :
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(2. 14) t=kdt, k=01, m; t=-L,
m

and replace the time derivatives of a; and a, by the time differences:

da, . a,(kdt) —a,(k=D)4) ,_; ,

2.15 : ,
( ) dt A4t

Then we have simultaneous algebraic linear equations from (2.6).
Similarly we make an approximation

ds, = ds,

2.16
( ) dt 4t

where 4s, is the increment of s,(¢) from ¢=(k—1)4¢ to t=*kdt. We
compute ds, by replacing the gradients of #, and #, at x=s(¢) by those
of #, and @, at x=s,(¢) in the right hand side of (1.5). Although
the functions {&, @,, 5, (¢)} should be computed simultanously and con-
sistently, we employ an approximation such that we compute {7, &}
and s,(¢) alternatively.

We summarize here the whole procedure obtained. We introduce
a parameter 0 with 0=<X6=<1, which denotes the mixing ratio of the
forward difference (6 =0) and the backward one (6=1) in the discretiza-

tion of the time derivative.

Initial Routine:
ai(o) =f1(xi) 5 ]:O’ 1’ sty Mgy

a; (0) =f2(x;); j=m+1, - 0+ n,,

(2.17)

(2.18) 5.(0) =b.

General Routine:
Repeat the following process for £=1,2, -, m.
(i) Compute 4s, (k4¢) and s, (kdt) using a,((k—1) 4¢) and s,((k—1) 4¢)

by means of

(2.19)  ds, (kdt) = { E1n3@n, 1 ((B—1) 4¢) n Kottsln, 1 ((B—1) 48) }At,

s, ((B—1) 42) L—s,((k—1)4t)

(2. 20) 5, (RAE) =5, ((E—1) dt) + ds, (kdt).
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(i) Compute M, K, N, v=1 2 using 4s,(kdz) and s,(kdt).
(iii)) Solve the following linear equations for a,(k4t) and a,(kd?):
2.21) {M,+04¢t(0,K,+N,)}a,(kdt)

={M,— (1-0)4¢t(0,K,+N,)}a,((k—1) 4t), v=1, 2.

§ 3. Stability

In this section we consider the stability of the scheme (2.17)-
(2. 21) obtained in §2. Here we shall confine ourselves to the case of
the lumped mass system, while the stability of the scheme of the con-

sistent mass system will be referred to at the end of this section.

In order to simplify the description we introduce

Ot _ Omidt
G.1) M (R4t) = s,,“’(/end_t)“’ o (kdt) = (L—s, (kd2))*
and

_ A5 (kdr) _ Ay
@:2) By = o B = ey

When the argument is k4¢, it may be omitted. A; and 4, correspond to
the parameter A1=04¢/h, where h is the space mesh size, appearing in
the finite difference or in the finite element method for the usual heat
equation. In the present case, since h; and A, are time dependent, A,
and A, also depend on z.

We define here two linear discrete operators P, and P,:

(3.3) Pi(k, j)wi=—0 {xl— <j~ %)3} wh + {1 +20 (xl + %ﬁl)} w

~o{n+ (j+-;-)31} wia— 1-0) fu- (=3 )8 wi

. {1—2(1—0) </11+%,81>}w’,‘~‘1

- -0 {u+ (+ 58w

j=1,2

s %y "y n—1; k=1, 2: ey,
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. k ° 1 k
@A) Pl wim—0{t— (mt m—j+ = )8l
1
+ {1+20 (az—gzez)}w’;
—0{/124- (n1+nz—j—%>ﬂz}w’,‘-+1
— (1_‘0) {]\2"‘ <n1+77,2“j+-%—>ﬂz} w’;:i
1 _
—f1-20-0) (1)} wi™
= A=0) fiurt (mat m— = ) Bl
=+l e, mtn,—1; k=12, m.
If we write
(3.5) at=a;(kdt),

then the scheme (2.21) is expressed simply as

Pl(k’j)al;=0’ J=19 27 ) 721—1, k=1, 2, T, m,
(3. 6)

Pk, 7)a =0, j=m+1, -, m+n,—1, k=1,2, - m.

In addition to the assumptions for the Stefan data given in § 1, we

make two assumptions for the choice of the parameters #;, z, and 4t
We set

K1—=‘max (/\71A1 + ,\:ZBZ, E2A2 + IclBl) ’
(3.7)

KZEmin (Ale, AgBl) .

Assumption E.

Ky

(3.8) ) s
k. K
Next writing
oy, At _ Oymtdt
(3. 9) AIME-——ién——— and AZM=EEZE)T N

we make



~
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Assumption F (lumped mass system).

(3. 10) ﬁ;max (a7 (1+ 51{17> 1*(1+ 671122 ).

We shall see later that 6,<s,(kdt) by, so that A, and 4,” are the
upper bounds of 4; and 4,, respectively.

Note that, Assumption E becomes trivial as 4¢—0 and 7, n;— o0
while Assumption F remains essential except when 6=1.

The aim of the present section is to establish the stability theorem,
which will be obtained as a byproduct of the proof of the following
finite element analogue of (1.17) (see Fig. 1):

2
n

) 2
Bl{(xf —2> "‘1} =, (x;, kAt)éAl{l_-fj },

n

1 .-

j=0 ) 7y,

2

(3.11)

~A2{1—%}f§;}gm(@, kd?) g—BZ{<I£:‘S": _2>2—1},

J=ny, e, nt 7.

We shall prove these inequalities by induction with respect to %, and

for that purpose we need the following five lemmas.

Lemma 1. If
1 1
< -1 < -
[ ZBI<1+ 2n1>=7zlan1_1=2A1<1 o )
(3.12)
ZBZ<1+ 1 )S—nzaﬁ,‘il§2A2<l— 1 >
2n, ) T e 2n, /)’
(3. 13) bmésn((l—‘ 1) Jt) ;/_bl'l,
Lthen
1 \_ ds, (140 1
3.14 —r(1- )g <r.(1- )
( ) ! ( 2ny /T At —h( 2n,

Proof. Suppose we have 4s,({4¢)=0 when we compute the right
hand side of (2.19). Then from (2.19), (3.12) and (3.13) we have
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ds,(48) —  2mA, <1_ 1 >_ 2k,B, <1 L1 >
At~ s, ((I—1) 42 2n; ) L—s,((I—1) 42) 21,

- bm 27l1 L“"bm 2”2

S(ZICIAI _ 2”232)(1_ 1 >§T+<1— 1 )'
T\ b, L—-b, 2n, /7 2m

We can prove the left inequality of (3.14) in the same way supposing
that 4s, ({4t) =<0. Q.E.D.

Lemma 2. Under Assumption E,

2K,A 2k.B 2k.A 2k,B
3.15 { b R At I}Atgl, { i ISR 272 }Atﬁl,
(6. 15) (L—b,)* b - by (L—bx)* —

(3.16) bu—bn=7 At by—ba7_dt.

Proof. If we substitute the explicit forms of &, &y, v— and 7, into
the above four inequalities, they are expressed equivalently as follows

in that order:

(3. 17) 2(/62A2+/C131)3 Atél}, 2(ICIA1+,CzBZ)3 AtgLZ,
Kk, A, B, K1k, A,B,
2(kAs+ £.By) (KA, + £,Bs)? 1<,
(3 1 ) I‘CIICZAIBZ
.18

2(k A+ k,B,) (£, A+ K,
K1kyA,By

B) ye< 12,

It is evident from Assumption E that all these inequalities are

valid. Q.E.D.

Lemma 3. Under the same hypothesis of Lemma 1 and under
Assumption E,

(3.19) s, (148) <by.

Proof. Since
(3. 20) —r_dt<ds,(ldt) <y.dt
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from Lemma 1, the increment of s, never exceeds 7,4t or y_4t¢ at each

step. When d4s,(I4t) =0, we suppose s,(({—1)4t) <by—0, 007, 4t

in view of (3.20) and prove that s,([dt) <by, while when d4s, ({4¢) <0,

we suppose b, +0<s,(({—1) 4¢), 0<<0<y_4¢ and prove that 4,<s,(l4¢).
First assume that 4s,(l4¢) =0. Suppose that

(3.21) 52 (U—1) 42) <by—0, 0=0=r. 4¢,

where b6,<<b,—0 because of (3.16). Define an auxiliary function

(3.22) F,(0)= {ZlclA, 28,58 } "

by—0 L—by+0
Then it is obvious from (2.19) in view of (3.21) and (3.12) that
(3. 23) 0<ds, ({4t) <F, (9),
so that, if F, (§)<9, then
(3.24) s, (ldt) =s,((I—1) dt) + ds, (42) <5, (([—1) 4t) + F, (8)
=5 ((I—1) 42) +0=<bx

from (3.21). So what we need is to show that F,(0)<0. It is easy
to see that F, (0) <0 follows from

a

(3.25) ' F.@)| <1
do =0

and

(3. 26) F,(r.dt)<r.4t.

If we write (3.25) explicitly using (3.22), we have

2K, A 2k,B.
3.97 [ 26,4, 2B, }At§1,
( ) by L—=bypy —

which is guaranteed by (3.15). The inequality (3.26), on the other
hand, can be shown to hold as follows using (3.16) and (1.16):

(3. 28) F. (1, 4) = { 2,4, 2k.B, }At

by—17. 4t B L—by+7.,.4¢t

< { 26,4, 2K,B,

4t = At,
b, L—Zym} T+

which verifies F, (0) <0.
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When 4s,(l4¢) <0, we define

(3.29) F (5)5{ 26,4, 2k.B } m

L—b6,—0 b,+0

Then b,<s,({4t) can be derived from &, +0<s,(({—1)4z), 0=0<7_4¢

in the same way as given above. Q.E.D.

Lemma 4 (lumpcd mass system). Under the same hypothesis of
Lemma 1 and under Assumptions D and F,

I ——1———-_2_/11 (l4e) + %Bl (L48) Zm|B:(L42) |,

2(1—0)
(3. 30)
1
1 _25—6)”2 (4r) ——82 (Ldet) Zn,|B. (L42) |.

Proof. We begin with the first inequality.

1 151=———1——~l1 0,4t % S Xﬂ

(3.3) ——— A= _ 04t
2(1—06) 37 2(1-0) 65,2 0, At

1 6,4t
1 -0
sa—0 a5t

I\

%

—2—(1%55-——/11 <1+ 671212> (from Assumption D)

(%

1 1 _
e 1>
2(1-0) (L4 6n12>=0 (from Assumption F).

The second inequality can be proved as follows.

Uldt X i,_
257»2 1 dt

(3.32) Al+%ﬁl—m|ﬂllzzl—(nl+%)

zal{l—%lji)nr}zzlcl—mzo.
1

The other inequalities can also be proved in a similar way. Q.E.D.

Finally using Lemma 4, we have the following local maximum
principle for the present scheme, the proof of which is exactly the same

as that of Lemma 1 in the preceding paper [7].
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Lemma 5 (lumped mass system). If (3.30) holds for =k and
if
(3. 33) 2520, j=1,2, - nm—1,m+1, - n+n—1,
then the following maximum principle holds for the scheme
Pl(k,J)wl;:p;r, J=1, 2, "t nl_l,
(3.34)
Py(k, whi=p% j=n+1, - n+n—1,
locally at k:
(3' 35) min {w‘l)c’ wﬁl, wmm 1} <wj<max {wo, wn,, wmax 1} +Pj,
j=0, ]_’ e 7y
(3.36) min{wy,, Wi in, Wit Swi<max{wk, wh ., Whaxo +25,

J=ny, m+1, - n 4,

where
k-1 k-1
wmm 1= min w; o, 'lUmax 1= max wj; -,
0<j<n, ISjsny
(3.37)
k-1 __ k-1 k-1 __ k-1
wmin.Z = mln w] 5 wmax’Z = max w]
SIS 0y n=j<n,4 ngy

Now we are ready to verify the inequalities (3.11). We introduce

the following quantities for simplicity.

A{l—%} Jj=0,1,-- ny,
(3. 38) W,=
—Ao{l (711+”2 7’ } J=ny, o, nit.
{ } Jj=0,1, - m,
(3. 39) V,= "
B{ it ny—J >'_1} J=a1, e, myt 1.

Lemma 6 (lumped mass system). Under Assumptions A, B, C,
D, E and F, the following inequalities hold for k=0,1,---,m

(3. 40) V,<at<W,, j=0, - n
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(3.41) Wiéa}jtévh J=ny, e, nyt 7y,

(3. 42) b s, (kAE) <by.

Proof. We shall prove this lemma by induction with respect to k.

When £=0, (3.40) and (3.41) are nothing but (1.6) of Assump-
tion A, and (3.42) is (1.10) of Assumption C,

Suppose that (3.40), (3.41) and (3.42) hold for k=[—1. If we
put j=n;—1 in (3.40) and j=#,+1 in (3.41), we have

-1 1
(3. 43) 231(1+ nl)gnlan._lgml(l 2”1),
(3. 44) 2B,(1+ 1 >§~nza;;;1§2A2<1— 1 )
2n, 2n,

From these inequalities together with (3. 42), we see that the hypothesis
of Lemma 1 holds. Then, since the hypothesis of Lemma 3 also holds,
we immediately see that (3.42) is valid for £=I. Next we define the

difference between W, and al, i.e.
(3. 45) di=W;—a},

and prove that )20, i.e. the second inequality in (3. 40), by using Lemma
5. The hypothesis of Lemma 4 holds, so that (3. 30) is valid, In order
to use Lemma 5, we need to show that P,(/,j)d}=p;=>0, which cor-
responds to (3.33). The inequality ;=0 can be proved as follows from

Assumption D:

(3.46) P, )di=P.(,j) (W,—a) =P, (, ) W, (=p)

=— <i\1+ —;—&) (W,-_I—QW,- + Wyiﬂ)‘*‘jﬁl(ﬁ?iq“ Wia 1)

— ZAltfldt {1+L<‘]2+—1—> SnASn}
2 6/ 0,4t

s2 n,

v

| |
240 fy s | o || > 2A0L gy 20,
ART; ;

2
Sn n

j=1,2, - m—1.

In view of the boundary condition
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(3 47) Wozaé’ W‘M:aﬁxzo

from Assumption B, we have W,>a! by Lemma 5.
The other three inequalities can also be verified in the same way

with the aid of the following three inequalities:
[ P,(1, ) (@5— V) =0, j=1,2,--, 2, —1,
(3.48) 1 P, ) (@s—W)=0, j=m+1, -, m+m—1,

P, ) (V;—d) =0, j=m+1, -, m+m—1.  QED.

Lemma 6 asserts that, under Assumptions A, B, C, D, E and F, the
maximum principle in the sense of Lemma 5 holds for the present

scheme (8. 6) locally at each £=1 2 --- m, so that for stability we have

Theorem 1 (lumped mass system). Under Assumptions A, B, C,
D, E and F, the scheme

P(k, j)ab=0, j=1,2 -, n—1,
(3. 49)

P?(k,j)al}:()y j=n1+1, Tty n1+722—1,

is stable in the sense that the following maximum principle holds
locally at k=12 .- m

0<at<max(as, akar1), 7=1,2, -, m;—1,
(3.50)

min (af, ,a,, @ime) <a5<0, j=n,+1, -, n,+n,—1.

Theorem 1 can be shown to hold also for the scheme of the con-

sistent mass system

(3.51) [1—60 {/11— = %)Bl} ]a’}_l + {4 +126 (xl + %39}4

+{4 12(1— a)</11+ )

~_~
»—v_.«
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+[1+6(1—6) {/11+< )Bl}] aji,

=12 - n—1; k=12 .- m

s

(3. 52) [1 60{/12 (ot %)Bz}]a, 1+{4+19( &)}

—+

1-60 {lz‘l‘ e j—%’>ﬁ2}]a§‘“

[
[1+6(1 0) { <7zl+n2—-j+—?1)—>ﬁg}]a§:}

+la—120-0) (/Iz——%,&)}a']‘”

{
+ [1-{-6(1—0) {lz+ <n,+nz—j——;—>3}]aj+i,

j=ﬂ1+1’ sy, 721-{-722—1; k=1, 2’ "',m
if we replace Assumption F by the following one. We define here

Ulﬂldt m__ O'andt

3.53 = , Ar= )
(3.53) T, (L—b,)*

Assumption F (consistent mass system).

w0 ). w2
(3. 55) ﬁgl¥<l+%1;g_>, ,1;"<1_ 2112 )zG_lo

It is easy to see that for £=0,1,---, m
{ =< (kdt) <2,

(3. 56)
M=, (k) <N

§4. Convergence

In this section we shall show that the approximate solution {#,, #,, s.}

converges to the solution {ay, #s, s} of (1.1)-(1.5) uniformly as 4z—0.
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For simplicity we shall confine ourselves to the case of the lumped

mass system with =1, i.e.

_{/11_< )B,}aj 1+{1+2</11 —3—B>}a’}
{ ﬂl}aj+1—-aj Loi=1,2, e, 1,
4.1 { (, e )32} “+{1+2< ~—Bz>}
-

Ao+ 721+71n—‘_/"' ;)[%}aﬁﬂza}“,

J=m+1, - -1,

Now we make two assumptions for the limit 4¢—0, #,, 7,—>oc0 and

for the smoothness of the initial and the boundary data.

Assumption G.

2
I MW= Ot _ onstant ,
bz

m

4. 2)
1 = ~(—£2n—2:t)—2 =constant.
M.
Assumption H.
(4.3) fu,f:eC(x), 91,9, €C'(2).

. dg, - dz.fl
Jm«» £, 22 =022,
4.4)

. dg, — d*
1 9.(0) =/£,(0), o 0) =0, I L.

We extend the approximate solutions {#,, %,, s,(¢)} which are defined
only at the discrete points £=kd4¢ to those defined also at the inter-
mediate values of z, l.e. kdt<t<<(k+1) 4¢, as follows. First we define

s,(¢) by means of the linear interpolation

(4.5) s, () =s,(kdt) +ads,((k+1)4dt), kde<e(k+1) 42,
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where

_ t—kdt

(4. 6) a="t""

Accordingly, ¢;(x,t) is also defined for any ¢, Next we extend a;(#)
again by means of the linear interpolation based on a;(k4¢) and
a;((k+1)4dt). Once a;(¢) is extended, then # (zx,¢) and #,(x,¢) are
defined by (2.4). Note that the value of #, (x,¢) at ja,<<x<(j+1)h
is equal to that of the linear interpolation based on a,(¢) and a;,,(?).

In regard to the extended {s,(¢#)}, we have

Lemma 7. The functions {s,(¢)} form an equicontinuous uniformly
bounded family in 0<¢t<T.

Proof. From Lemmas 6 and 3, we have 6,<s,(kdt) <by, k=0, 1,
.-+, m, so that by the definition (4.5) of s,(¢) we see that s,(¢) are

uniformly bounded. Similarly from Lemmas 6 and 1, we have
4.7 |ds, (kde) |<rdt, k=12 --- m.

This inequality together with (4.5) implies the equicontinuity of {s,(#)}.
Q.E.D.

According to this lemma, we can extract a subsequence from {s,(#)}
which converges. Namely, if we write this subsequence as {s,(¢)} anew,

and if we let the limit function be s,(#), then for any ¢>0 we have
(4.8 152 () — 5 (2) [ <&

for sufficiently large 7.

In the next step we regard the boundary function s(¢) to be the
given function s,(¢), which is uniformly Lipschitz continuous, and let
#, be the solution in D; and #, be that in D, of the heat equation
(1.1)-(1.4) associated with the moving boundary s.(¢). Then, if we
consider the domains D, and D, separately, we can prove in the same
way as in the proof of §4 of [7] that #%, and #, converge uniformly to
@, and @, respectively, as 4¢—0, 7n;, 7,—>oc0 under Assumptions A, B, C.
D, E, F, G and H. The only different point is that in [7] s,(¢) and

5. (¢) are monotone while in the present case they are not monotone, so
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that Lemma 4 in [7] does not hold. We see, however, that the con-
clusion of Lemma 4 of [7] is also valid with A replaced by 2A4,/6, in
D, and by 2A4,/(L—by) in D, if we remind of (4.7) and the discussion
about the inequalities (1.17) in §1.

What is left to be done is to show that the functions #,, #, and
S (¢) satisfy the Stefan condition (1.5). For that purpose we define

the second difference of a}:

k Kk, k
ai_,—2a5+a .
(:‘I;:_,J__l_,vjﬁj—,__jﬂ ’ _/: 1, 2’ ey 7“._-1,
h?

(4.9)
L=l L

k k k
ot @284 A
h

Then, by considering D, and D, separately, we can prove the following

lemma. For the proof see Lemma 5 in [7].

Lemma 8 (lumped mass system, 0=1). Under Assumption A,
B,C, D, E F and H,
(4.10) [fI=M, j=1,2, - m—1, m+]1, -, mtn—1; k=12, - m.

We can also show that the following inequalities are valid as in the

same way as in the proof of Lemma 6 in [7].

Lemma 9 (lumped mass system, 0=1). Under Assumptions A,
B, C D, E F and H,

Mman, 1 ((R+1)42)  ma._.(kd42) ‘<MAt1/2
| s, ((B+1) 42) s,(RAt) 1= 7

(4.11)
1 Myln, 1 ((R+1)d2)  nya,, . (R4L) I<MAtl/2
L—s,((k+1)4t)  L—s,(kdt) 1= =~

Now we define a piecewise constant function

Eian,_, (k4L) Kofon, .1 (RAL)
4.12 (1) = fman i (RAD) | Bamaan, . (RAD)
(12 =@ s, (kdt) L—s,(k4t)

kAt<<t<(k+1) 4t.
Then from (4.5) we have

5

(4.13) 5a(t) = j‘z,,(r) dr.
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From Lemma 8, on the other hand,

0% (o ().7) and
0x

0’122
CAON)

exist, and are given explicitly as

0

— 1 2 (5, 8), £)
0x

-1 (k42) +{an,((k+1) 42) —a,,_,(k42)}

T kA +ads, (k1) A2) —s, (kdD)}

(4.14)
aﬁz
£y a (. (), 8)
oy it (AD) + 0 {1 (B 1) 48) — 0 (D))
C (L= 5, (BAE)) —a{sn ((B+1) A2) — s, (R42)}
Define
(4.15) 6@ = — - (5,(0), 0) + 622 (5, (8), 8),
0x 0x

then we have

Lemma 10 (lumped mass system, 0=1).

(4.16) l2n (2) —Ca () |IS M4,

Proof. From b6,<s,(¢)<by and Lemma 9, we have in D,

@y (kL) + 0{any (k4 1) 48) —ap_ i (RAD)}  a,,_,(kAL)

4.17)  n,
s, (kdt) +a{s,((k+1) 42) —s,(kdt)} s, (kd4t)
_ atsa ((k+1) 42)
s, (kdt) + a{s, ((k+1) dt) —s,(kdt)}
M, ((k+1)42)  ma,,_,(kdr) <abMMAt’/2
5. ((k+1) 42) s, (kAE) 1= b,

We can verify a similar inequality in D,, and from these inequalities in
view of (4.12) and (4.15) we conclude (4.16). Q.E.D.

We write
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13 t
(4.18) 5a(t) = L £, (o) de+ j (2 (2) — o (2) ) dx.

As 4t tends to zero the second term of the right hand side vanishes

according to Lemma 10, so that we have

4.19)  s.(t) = f{——/zl %’2 (5..(5), ©) + Ky ‘Zﬁ: (sw(r),r)}dr,

i.e,

Oy
e O ®,0.

ds., (£) 0,
4. 20 e = (5. (8), ) T £
(4. 20) 5 1 ax( @),8) +£
This shows that #,, 4, and s, (¢) satisfy (1.5).

Finally, the assumptions for the Stefan data made by Cannon and
Primicerio [2] cover the assumptions in the present paper, and hence
the solution of (1.1)-(1.5) is unique [2], so that we have the main

convergence

Theorem 2 (lumped mass system, 0=1). Under Assumptions A,
B,C,D,E F,G and H, the approximate solution obtained by (2.17)-
(2.21) converges to the solution of the Stefan problem (1.1)-(1.5)

as 4t—0, ny, ny—oco.

This theorem also establishes the existence of the solution of (1.1)-
(1.5) under Assumptions A, B, C, D and H.

§ 5. Improved Scheme

Although the scheme given at the end of §2 is very simple and
easy to compute, the speed of convergence has been observed to be a
little slow. However, it can be remarkably improved with a slight
modification of the scheme. The idea is to revise 4s, and s, at each
step immediately after the new data are obtained. The improved scheme

is as follows.

Initial Routine:
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a;(0) =fi(x;); j=0,1, -, n,
af(o) =f2(xj) ; J=n+ 1, s, 7,
(5.2) 5,(0) =b.

5.1

General Routine:
Repeat the following process for k=1,2, .-, m.
(i) Compute ds,((k—1/2) dt) and s,((k—1/2) 4¢) using a,((k—1) 42)
and s,((k—1)4¢) by means of

(5. 3) Asn( = %) At>

_ { K171, 1 ((E—1) 42) N Kot 1 ((B—1) 42) }At
s, ((B—1) 4¢) L—s,((E—1) 4¢) ’

(5. 4) s,,<<k—_;_>m:> =5, ((k—1) 48) + %As,,((k—-;-)z!t).
(ii) Compute M, K,, N,, vy=1, 2 using 4s,((k—3%) 4¢) and s,((k—3) 4¢).
(iii) Solve the following linear equations for a,(k4¢) and a,(k4?):
(5.5) {M,+04¢ (0. K,+ N,)}a,(kds)

={M,— (1-0) 4t (0,K,+ N,)}a,((k—1) 4¢), v=1,2.
(iv) Compute 4s,(kdt) and s,(kdt) using a,(kd4t) and s,((k—3)dt)

by means of

I‘:Inlanl—l(k‘dt) + /Czﬂzanlu(kdt) }At

66 dsy(han) = | PR (. B (10

(5.7) 52 (R4E) =sn<<k———;—>4t> +—;—Asn (kdt).

We can show in almost the same way as in that of §3 that
Theorem 1 also holds for the stability of the improved scheme under
Assumption A, B, C, D, E and F. In the present case the arguments k4t of
Ay, A3, By, Bz in (3. 3) and (3.4) should be replaced by (k—3%)4¢. Then
it is easy to see that we have

(5. 8) _r_<1_ 2i2>§ 4s,((I—%) 42) STT<1_5%>

At -
in place of (3.14), and
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(5.9) bm§5n<<l—-%> At>§bM

in place of (3.19). In the proof of Lemma 3 we must derive

sn(<z—%>4z>g;,, from s, ((— 1)4t)<by—0, ogag%nm in stead of
(3.21). For this purpose we need %FJr (0) <0 and %F* (%n At>
§%7+At, which, however, follow from F, (0)<{0 and F,(y.4¢) <y 4t.

Therefore at each step from (k—1)4¢ to <k—%>dt the scheme given

by (3.3) and (3.4) is stable. Then we repeat the same reasoning once
more at the step from (k—%)dt to k4t replacing a4}y by ab_, and
@7l by @1 in (3.12) and also replacing s,(({—1) 4¢) by sn<<l—%>dt>

in (3.13), so that we have (3.14) and (3.19). Hence we have

Theorem 1’ (improved scheme). Under Assumptions A, B,C, D,
E and F the scheme (5.1)-(5.7) is stable in the sense that the maximum
principle (3.50) holds.

In order to prove the convergence of the improved scheme, we
extend s,(kd4t) defined at discrete points to a continuous function in the

following way:

an (kd2) +aAs,,<<k+ %) 48); RAt<t (k+%>m:,
(5.10)  s.(2) =
1sn<<k+%) 4¢) + <a——;-> ds, (kA2) ; <k+%>dt<t§kdt,

t—kdt
4

o=

The extention of a;(#), i.e. that of #, and #%,, to intermediate values of
¢t is exactly the same as is done in § 4. Then we can again extract a
subsequence from {s,(z)} that converges.

In the definition of c¢% of (4.9) we replace A,((k—1)4¢) by
h,((k—%) 42).

2, (¢) in Lemma 10 should be modified to be
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By, (RAE) KottyGn, 1 (RAE)
s, (kdt) L—s,(kde)

kA<t <k+ >At
(6.11) 2z, (t) =
£yian, 1 ((k+ 1) 4¢) + Kana@n, .1 ((B+1) 42)

5. ((k+3) 4t) L—s,((k+3)4t) ~

<k+ ).4t<t<(k+ 1) 4e.

In regard to the extended solution %; we have

0,

(5.12) - &2 (5,(0), 8)
x

oo (RAE) + @@, s ((k+1) A8) —ay, - (RAD))

s, (kAE) + 2a{s, ((k+31) 48) —s, (k4)}

kAL<t< (k + %-) 4t

@1 (RAE) +{an, 1 ((R+1) dL) —a,,_,(kdE)} )
s ((k+3) 48) + (200 —1) {s, (k+1)dt) —s5, ((k+1) 48)}’

\k + >At<t< (k+1) 4¢,

and hence the estimates we need for the proof of Lemma 10 become

n, | Gn=1(RAD) +o{an 1 ((k+1) 42) —a,, i (R4D)}
BT s kdt) + 205, (R +3) 48) — 5, (kdE)}

_ am_l (kdt)
5. (k42)

'ng,Atl/z ,
(5.13)
@pyos (kdE) + a{an, 1 ((B+1) d2) —a,,_, (k4E)}

Psn (3 d8) + 2a—1) {5, (kT ) d8) — 5, ((k+ ) 48))
a1 ((k+1) 42)
L sa((k+3) 42)
which are shown to be valid in a similar way as that in § 4 using (4. 11)
in view of |4s,((B+1)4e)|<71dt and |ds,((k+1)de)|<7dt. The
situation is the same for #,, so that for the convergence of the improved

scheme we have

<M,” 4¢'7,

Theorem 2’ (improved scheme, lumped mass system, 0=1). Under
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Assumptions A, B, C, D, E, F, G and H, the approximate solution
obtained by (5.1)-(5.7) converges to the solution of the Stefan prob-
lem (1.1)-(1.5) as 4t—0, n,, n,—oo.

§ 6. Numerical Example

We applied the present method to the following problem:

6. 1) 0<z<L=2.
1 3
6.2 0,=0, 0,=10, ki=—, k=—,
(6.2) ! ’ "0 10
7:(¢) =1
. —-i(co:, Tt + —5—>, 0<:<1,
(6. 3) 8 3
gz(t): I
- 3 1<e55,
e
6. 4) s(0) =b=1,
fl(x):l_x7
6. 5)
fo(x) =1—x.

The computation was carried out by means of the improved scheme

of the lumped mass system with 0=1. We employed two sets of

parameters:
(6.6) dt=0.1. n=n,=5.
(6.7) 4¢=0.001, »,=n,=10,

The data and the parameters satisfy all the assumptions we have
made, and the computation was actually stable. Fig. 3 shows the change
of s,(¢) obtained using the parameters (6.6). It can be shown theo-
retically that s(#) approaches to 8/7 asymptotically in the present case.
It turned out that, even with the coarser mesh sizes (6. 6), the accuracy

of the result was good enough. In fact, the differences of #,, %, and
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0 T T I
0.9 1.0 1.1 *

Fig. 3. The change of s.(¢).

s,(¢) with (6.6) and those with the finer parameters (6.7) are less

than 10~° at the points corresponding to the mesh points of the solution
obtained with (6.6).
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