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On Limiting Gibbs States
of the Two-Dimensional Ising Models

By

Yasunari HIGUCHI*

Abstract

We consider limiting Gibbs states in the two-dimensional ferromagnetic Ising model
at sufficiently low temperatures. We prove that every limiting Gibbs state corresponding
to a boundary condition such that N*/N-<6<3/5 on every boundary is =, where N*
is the number of up-spins on the boundary and N~ is that of down-spins. We also prove
that for each 6>>3/5, there exists a boundary condition such that 3/5 <N*/N-<6 on
every boundary, and the limiting Gibbs state corresponding to this boundary condition
is u*.

§ 1. Introduction

It is conjectured in general that every Gibbs state is a convex com-
bination of #™ and #~ in the two-dimensional ferromagnetic Ising models
while Dobrushin [1] has shown that it is not true in the three-dimen-
sional case. Indeed, this conjecture was proved for translationally invar-
iant Gibbs states by Gallavotti and Miracle-Sole [3] (at low temperatures)
and by Messager and Miracle-Sole [6] (up to the critical temperature).
The uniqueness of the Gibbs state at temperatures not lower than the
critical one was shown by Lebowitz and Martin-Lof [5].

In order to prove the above conjecture, it is enough to show it for
the limiting Gibbs states. Gallavotti [2] showed that the boundary con-
dition with up-spins in the upper half plane and down-spins in the lower
half plane gives us (u"+47)/2 as the limiting Gibbs state at low tem-
peratures. Recently Abraham and Reed [9] proved that the above
boundary condition shifted upwards by a+/2#z, where 2n is the length of
the side of the n-th box, gives us the limiting Gibbs state C,u"+ (1

—C,)u” (C, is exactly given) at any temperature lower than the critical
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one. Also at the symposium in Oberwolfach in October 1976, Messager
and Miracle-Sole reported that the boundary condition with up-spins in
the upper half plane and arbitrary spins in the lower one gives us a
translationally invariant limiting Gibbs state.

In this paper, we will prove what we stated in the abstract. We
will also show that if the boundary condition is periodic on every boundary
with a period independent of the size of the box, and if N-/N <0<1
on every boundary, then we have #~ as the limiting Gibbs state.

We will state our results in § 2 with the necessary preparation of
notations which are used throughout the paper. In § 3 we will show a
key lemma for the proof of the results. The proofs of our theorems are

given in §4 and §5.

§ 2. Results

Let Z* be the two-dimensional lattice and £={+1, —1}% be the
space of all possible spin configurations on Z’. We assign £ a product
topology. Let V be a finite subset of Z* and 0V={xeZ:\V;x is a
nearest neighbour of V} its boundary. For each w& £, the energy on
V with boundary condition w is a real valued function Ep(-) on £,
={+1, —1}" such that

$0) = =83 0T —8_T* 5@ W),

where >'* means the summation over all pairs {x,y} such that
TEA, yEB

(i) z€A, yeB and (i) x and y are nearest neighbours. The finite
Gibbs state on £, with boundary condition ® is the probability measure
defined by

@ v (0) =[Zr] texp{—Ep(0)}, 0&Ly,
where
@ Zp= 3} exp{—~ B¢ (0)}.

Py is also regarded as a probability measure on £ in the usual way.
Throughout this paper we consider
Vo=A{x=(z, 2 €2 —n+1<2'<n,i=1, 2}

and denote Py=Py, £,=%,, for simplicity. We put 0V,=V,.\V.
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which does not change the definition of P2. QOur problem is to study
the limiting measure of P; as n—>co, i.e. the limiting Gibbs states. We
denote by x#" and 4~ the limiting Gibbs states corresponding to the bound-
ary conditions " and v~ respectively, where " (x) = +1 and 0~ (x) =—1
for all x& 2%

Our results about the limiting Gibbs states are the followings.

Theorem 1. For any 0< 3, there exists (3,(0) € (0, c0) such that
for any wef with

3) lim £ 37 max{o (), 0} <4,

N P TSIV,

and for any (3>(,(0), P? converges weakly to y~ as n—oco.

Theorem 2. For any 3<<0<4, there exists some (3,(0) € (0, o)
and we R such that

(4 lim L 3 max{o(z), 0} =4,

nooo Pl TS0V,

and P, converges weakly to n" as n—>o0 for f>8,(0).

Theorems 1 and 2 imply that 0=3 is critical [or this convergence.
However for special w8, we have a sharper result. To state it, we

prepare

Definition 1. Let p be a positive integer and o {+1, —1}*. We
say that we £ is periodic on 0V, with the unit configuration @ if @
appears repeatedly on the boundary 0V, clockwise. There may remain

less than p points on 0V, on which we let w to be arbitrary (see Fig. 1).
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Fig. 1. Example of periodic boundary condition @={—, —, +} (p=3)
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Theorem 3. For any 0<0<4, there exists (;(0) € (0, c0) such
that for any B3>(85(0), P? converges weakly to u~ as n—oo, if w is
periodic with the unit ® on every boundary for some we{+1, —1}7
with integer p>0, and if
(5) Im L 3 max{o(z),0 <0,

n—o P TSV,

§ 3. Fundamental Lemma

To prove the theorems in the preceding section, we apply so called
“the contour method.” For &£, w8, we associate the pair (7, wlv,)
with a set of connected bonds of dual lattice L of Z?, which gives the

separating lines between the regions of opposite spins (see Fig. 2).

+ 4+~ =~ + 4+ + === + 4+ + +]=— =
R e e e +{+ |+ A== H
T [ e g e g +F [ EEE ] ++ = ===
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-l EE ] il el el el el el el el I B T+ [+ ==+ ==
el il el i el e e ++ [+ |+ ] === +H+ |+ ===
++ i+ H ] ] ol St il Nt el et el e ot ol o e ol R
Sl Bl Bl B ol el el el |+ [ o Sl o Bt ol Bl b
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T oA+t - - - ——IF T Hl=== ——IF FFl= ==

(@) (o,0lsv,) (b) separating lines (c) contours
Fig. 2.
|

+ | - — |+ + - — |+

or

(@ (b)
Fig. 3.

These separating lines form some connected graphs in L. When a
vertex of L belongs to four bonds contained in one of the above graphs,
we separate this graph at this point as in Fig. 3. Then we obtain a

collection C, (0, w) of contours in

U ={@,v’)eL; —n—1/2<d'<<n+3/2,i=1, 2}
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(see Fig. 2). Thus we have a one-to-one map from £, into the set of
all collections of contours in U, for each fixed w. There may appear
two types of contours: one is closed and the other is open. Any open
contour starts from some point of U,\U,_,; and ends at another point of
UNU,_,. We denote the collection of closed contours in C,(0,w) by
I, (0,0) =47 (0,w), -, 75(0,w)} and the collection of open contours by
A, (0, 0) ={A (0, w). -, (0,w)}, where s depends on 7, 0 and w, and ¢

depends on 7 and w. Then it is easy to see that

P2 (0) =[Z2]" exp{—28I4,(0, w) | — 28I, (0, 0) |},

where

720, 0) =214 (0,0)| and 4,0, =312 (0, 0)]

are the total lengths of closed and open contours in C, (0, w) respectively,

and
Z‘ﬁigﬂexp{—%l/ln(d, w) | —=23I", (0, 0) |}
Define O, (w) ={4,(0,w);c<2,} and m,(w) = min{|4]: 40, (w)}.
Note that
i, (0) <min{N; (@), Ny (0)} <4n,
where

NS (w) = 27 max{w(x),0} and N, () ZIEZW max{—w(r), 0}.

SV,

Lemma 1. For any ¢>0, if 3>[((¢e) :4;6
&

log 3,

lim Py ({0 2,; |4,(0, w)| =m,(®) +en}) =0

n—>co

for any o Q.

Proof. Let us fix w2, n>1, and A€, (w) arbitrarily. First,
we will estimate the probability of the set {0 &€2,:4,(0,w) =A}. Take
any A*€(0,(»w) such that |A4*|=m,(w). Let 04 be the element of 2,
such that (1) 4,(0z,w) =4, (i) (01, 0) =¢, A=A, A¥*. Then we can
define a bijection Ty u: 2,—82, by
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6(x) if xe&D(4, 4%),
(T 440) (x) =
—6(zx) if xeD(4, 4%),

where D (A, A*) ={x&€V,;0,(x) F04(x)}.
Note that

(6) 'An (TAA*G’ U)) I + ’]—'11 (T/ld*a; (D) Jgn"'n ((D) + 'Pn ((T, a)) !
for any 0€4£, such that A4,(d,w) =A4. Hence we have
(7 Pr({0€£,;4,(0,0) =4})

—<_e—2ﬁ(|A|—m,.(w)) [Z,;] -1

X > exp{— 2814, (T 440, 0) | = 28|, (T 440, ) |}
0ER,; Ap (0, 0)=4
ge—zﬂ([Al—-mn(w)) X
On the other hand, it is not hard to verify that
® #{A€ 0, (w) ;14| =ky <3*.
Hence combining (7) and (8), we have
Pr({0€ 2,5 |4, (0, 0) [=m, (0) +en})
SCOHSt. X 31!1." (w) +€n e—zﬁen

< Const. X 34*8m g 2% () a5 p—>oo,

for >P(e) = 42+s log 3, which proves the lemma,

e

§ 4. Proof of Theorem 1

We will begin this section with some definitions. Let #>0, w4

and 4€0,(»w) be given.

Definition 2. We say that p€V, and g€V, are A-equivalent if
we can draw a curve in {(z}, z?) ER? —n—1/2<x'<n+3/2,i=1,2}

from p to g without crossing 4.

Put R,(x) ={yeV,;y is A-equivalent to x} for xr&V,. A contour

A€ is said to be a defining contour of R,(x) if A separates R, (x) from

a neighbouring region R, (y).

The boundary 0V, is decomposed into four natural sides;
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Av={(@ 2 €0V,ix'=n+1}, Ai={(z",2") €0V,;2°= —n},
A ={(x, x*) €0V, x'= —n},
and
Al={(x" ) edV,:>=n+1}.

We denote the origin by O.

Definition 3. Let A be a subset of 0V,. We say that R,(0)
touches A if there exist x&R,(0) and y= A such that (i) x and y are

nearest neighbours and (ii) the bond connecting x and 3y does not cross 4.

Proof of Theorem 1. It is enough to prove the theorem for 2<(0
<3. Let we® be a boundary condition satisfying the condition (3).

Let us fix 0<:=,<-110

N,/ ()< (0+¢e)n. Take f>B(e), where f(¢) is given in Lemma 1. We
divide O, (w) into three parts: O (w) ={4<=0, (w); R4+(0) touches only
one side of 8V,}, O%(w) ={4€0, ()\O:(w); 4 has a contour from one
side to its opposite side in U,\U,_;} and O3 () =0, (@) \{O% (w) U2 (w)}.

Then we have

(83—0) and a sufficiently large #>0 such that

Pr({c€8,;0(0)=+1})

3

2 2 Pi({o€8,;0(0)=+1, 4,(0,0) =4}).

i=1 gg0i(o)

I

We treat O (w) in different ways according to the following two

cases of the boundary condition w. Divide 0V, into four parts:
B,={(z', x*) €0V,; ' >0, z>0},
B,={(z!, z*) €0V,; ' >0, £’ <0},
B ={(z', %) €0V,; £'<0, 2°<0}
and
By={(z',2*) €0V,; £'<0, £*>0}.
Boundary conditions are classified into

Case 1; Zimax{a)(x),O}g(Z—e)n for all 7,

IEBH
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Case 2; > max{w(x),0}>(2—e)n for some 7.

zeB!
However O (®) and O%(w) are studied in the same way for all w.

Let us put L,={4€0,(); |4|=>m, (®) +en}. By Lemma 1, P? ({0
e8,;4,(0,0) €_L,})—>0 as n—oo for all o.

Now consider A€ (w). Then R,(0) touches only one side, say
A,. There exists a defining contoun A of R,(0) form (#+3/2, k) to
(n+3/2, hy) such that |A|>2n+ |h,—h,]. Reversing the spins in R,(0),
we obtain the inequality |A4|=m,(w) +27n. Hence A< _L, and so

) > PP({oe2,;00)=+1,4,(0,0) =A4}) —>0 as n—>oo.

A€ 0L (@)

Next, consider A0 (). If R,(0) touches the minus boundary,
ie. R4(0) touches the set {x€dV,;w(x)=—1}, then putting D,(0)
=R,(0\{resR,(0);0(x)=—1 for all 68, such that 4,(0,w) =4},
we have
(10) Pr({0€£,;0(0) =+1, 4,(0, 0) =4})
=Py ({0€8:; 4,(0,0) =4}) Pp o ({0;0(0) = +1})
<Pr({0€2.:; 4,(0,w) =4}) Py ({050 (0) = +1})
from FKG inequality.* We will show that A€ [, if R,(0) touches the

plus boundary. Since A=(2 (w), there exists a contour A from one side
to the opposite side of U,\U,_;. If 4 has more than one such contours,
then |A|=>4n> N, (0) +n=>m,(0) +7 and so AS_L,. So we can assume
that A has only one such contour 4. We can also assume without loss
of generality that A is a contour from (#n+$%,4) to (—n—1%, k) such

that the origin lies below 4. In this case, note that
[AI=12]+ 2] max{w(x),0} + > max{—w(x), 0}
€WV’ 2EVn"
if w@’)=—1 and w(x”)=+1, and
[4=121+ 2 max{—w(x),0} + > max{w(z),0}
rEoVy” zEdV,"

if w(x’)=+1 and w(x”)=—1, where 0V, ={x€0V,;x lies above A}
VY ={x€0V,;x lies below A} and z’, x” are the points such that

1) z’€0V; and x”"<0V,, (ii) '’ and x” are nearest neighbours. If

* See e.g. [10].
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1 is not a defining contour of R,(0), then |A4|>>4n and so A= _L,. If 4

is a defining contour of R,(0) then w(x’)=—1 and w(x”)=-+1 since
R,(0) touches the plus boundary. It is easy to see that [A|=>2n+ (A7
Fh7) and 33 ’max{ —w(x),0}=>4n+h +h,—N; (0), where A~ =max
{—",0}. ﬁ?r’:ce [ A|>61— N} (0) =>6n— (0 + &) n=m, () +9en and so 4
e _L,. Thus. we obtain

11) 2= P2({6s8,;00)=+1,4,(0,0)=4})

AS02(0)

<Pp({c€,:4,(0.0) =A}) Py ({0€2,;0(0) = +1}) +0 (1)
as 72—>00,

Now we consider % (w) in two cases.

Case 1: Z{ max {w(x), 0} <<(2—¢)n for all i If A=} (w),
R4(0) toucheszif;o or four sides of 0V,. Assume that R,(0) touches
the plus boundary. If R,(0) touches four sides of 0V,, we have |A|
=Ny () =8n— N} (0)=>5n>m,(w) +2n and so Ae_L, I R,(0)
touches two sides of @V, say AL and A2, then there exists a coutour
e from (n+3,h) to (hy, —n—1%) such that the origin lies below 4,
where |y, |h|<<#n. Then it is easy to see that |A|=>2n-+ ||+ |h.| and
AL 1= (en—hy —h3) "+ N} (0) — n+hy—hy,— (en—hi —h{)"), where
h*=max{h,0} and A~ =max{-—h,0}. Therefore we have

IAI>NF (0) +2(en—hi —hi) ™ +2(hi +hi)=>m, (®) +2en

and so A€ _[,. If R,(0) touches the minus boundary, then the same
argument as the one showing (10) gives us
Pr({0€,:0(0) = +1,4,(0,0) =4})
<Pry({0€82,; 4,(0,0) =A}) P ({6€82,;0(0) = +1}).

Thus we obtain

12) > Pr{oef,;00)=+1,4,(0,0)=A4})

AS 0,3 (0)
<PP({6€f.; 4, (0,0) €03 (0)})
X P (40€8,;00)=+1}) +0(1)
as n—>co,

Let us take the subsequence {#’} such that ® satisfies the condition of
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case 1 for each #’. Then combining (9), (11) and (12) we have

lim P ({0€82,;0(0) = +1}) <p” ({0€2;6(0) = +1}),

n’—>c0
which implies

(13)  lim PL({6€82,;60) =+1}) =4 ({6€8; 6 (0) = +1}).

n’—%

Case 2: 3 max{w(x),0}>(2—¢)n for some i. We assume Z=1.

- zEB}
Define BL={(z". %) €0V,: x', 2’>— (0+3e—2)n} DB.,. Let A€ (w)
If A has a contour from AL\B: (or A\BL) to AL\B. (or AL\B: respec-
tively), then |A|>(0+3¢)n=>N; (v) +2en>m, (w) +2¢n and so A€ L,.

Even if 4 has a contour from 8V,\B% to B. we have
[A|>(0+3e—2+2—e)n>N, (0) +en>m, (0) +en

and so A€ _[,. Remove the above two kinds of A’s from 2 (w) and
denote the remainder by P, (w). For A€ P, (w), let A be the collection
of all contours in A starting from dV,\B% and P, (0) ={A;4€ P, (»)}.
Take A€ P, (). If R;(0) touches the set {x€dV,\BL;w(x)=+1},
then (i) A has a contour A, from A2 to A2 such that the origin lies
below A, or (ii) A has not such contours. Estimate |4, in the case of
(i) and estimate the length of contours from AZU A3 to ALU A} in the

case of (ii). Then we have
[A|>4n— (N; (0) — (2—e)n) >3n>m, (») +9en
and so A= _[,. Thus, we obtain

2 Pr({0€8,;0(0) = +1, 4,(0,0) =4})

A0 (w)
= X Pr({0€8,;0(0)=+1,4,(0,0) =4}) +0(1)
AP0 @)
= X Pr({0€£2,:0(0)=+1,4,(0,0) =4}) +0o(1)
A€y ()

where Py (w) ={A=P (»); R;(0) touches the set {r&dV,\BL:;w(x)
=—1}}. For A€ P; (»), we have

Pr({0€82,;0(0)=+1,4,(0,0) =4})
=P} .0 (@(0)=+1)Py(4,(0,0) =4)
where ®(x) =w(x) for x€0V,,= —1 for x€0D;(0)\0V,. Using FKG
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inequality, we have
Pg;[«» (0(0)=+1) <Ppp®o (0(0)=+1)
where

+1 for xe GE; ,

0 (0, ¢) (z) = "~
—1 for ze¢ UBL.

n=1

Hence we have

2 Pr(0(0)=+41,4,(0,0) =4)

A€ 03 (@)
<PR®9(0(0) = +1) Py (4.(0, 0) €07 (0)) +0(1)
as n—>co, which together with (9) and (11) implies
Pr({ceL,;0(0) =+1})
<Py (0(0) = +1) PR (4,(0, 0) €03 (0))
+PR%9 (0(0) = +1) PR (4, (0,0) €0 () +0o(1)
<Pp®?(c(0)=+1)+o(1),

because P2 (0(0) =+1)<<Pp®9(6(0) =+1).
On the other hand P2®® converges weakly to 4~ as n—oo for
sufficiently large B (see Appendix). Taking the subsequence {#”} such

that o satisfies the condition of case 2 for each #»”, we have

lim P2 (6(0) = +1) <y~ (6(0) =+1)

)
which implies

(14) lim P.(0(0) = +1) =4 (6(0) = +1).

The above arguments apply to any x& Z% and hence we obtain

(15) lm PP(0(x)=+1)=u (c(x)=+1), x=Z?.

—>00

The weak convergence of P? to st~ follows from FKG inequality and
(15).

§ 5. Proofs of Theorem 2 and Theorem 3

First, we will prove Theorem 2. Let us fix 3<{0<{4 and §>F(0—3)
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arbitrarily, where B(-) is given in Lemma 1. Define v by

+1 if _ig_ﬁngﬂszwl,

w(x)=
—1 otherwise
/ x? = 2|zl
xz
+\--|--/ +
+ +
+
+ +
11
. +
/A B\
N x? = —J_X[xl‘l
Fig. 4.

Then it is easy to see that lim lN,f (w) =0, and m, (w) =3n (see Fig. 4).

Let S,={0=8,;4,(0,») contains contour A,z(0) which connects A and

B}. Lemma 1 implies that P?(S,) —1 as n—c0. Take 6&S,. If 145(0)

intersects the line [_={(z', 2?) € R* x'=0.x2*>0}, then |143(0)|={2

+ (0—3)}n and so '4,(0,w)|=0n. Again from Lemma 1, we have
P?({ceS,; .5(0) intersects [.})—0

as n—oo0. Therefore
Py ({c=82,; R4, o (0) touches the plus boundary})—1
as n—oo, Using FKG inequality we have
Pr(@(0) =+ =Py (0(0)=+1) ro(1)

as n—>oo. Hence, as in the proof of Theorem 1, we can deduce that

P2 converges weakly to #*, which completes the proof of Theorem 2.

Next we will prove Theorem 3. Fix any ¢ such that 0<d<{4.

Assume that we 82 is periodic on every boundary with period # and the
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unit configuration @< {+1, —1}”. It is obvious that

lim L N7 (0) =% S max {@ (), 0} .
n—o 77 =1

We will denote this value by ¢ (@). The assumption of the theorem is
that § (@) <<0. If 4€0, () has a contour A from one side to the opposite
side of U,\U,_,, then it is easy to see that |4|=>|4,(0;, w)|+2n=>m, ()
+2n, where w, €48, is the restriction of v~ to V,, ie. 0, (x)=—1 for
all x=V,. Hence Lemma 1 implies that

(A7) Pp({cef,;4,(0,w) has a contour from one side to the opposite

side of U,\U,-1.})—0
as n—oo for 3>A(2), where 3(-) is given in Lemma 1.
From (17) we have

(18) Pp({0€£2,; R4, .0 (0) touches the plus boundary})
<Py({0€2,:14,(0,0) |=8n— (0 +&)n}) +0(1)

as n—o00 for 8>[(2), where e=4_1_6@. Since |4, (07 )| =N* (0) < (8

+e)n=(4—9¢)n, we have

(19) 81— (0+e)n=4n+9en>m,(w) +en .

Then (18) and (19) imply that

Pr({o€8,; R4, .00 (0) touches the minus boundary}) —1

as n—oco for 3>{3(9¢) 23(56(4_6)>' Using the argument as in the
prool of Theorem 1, we can prove that P; converges weakly to x4~ as

n—oo for /j’>[3<]—%(4—6)>. Thus, we have proved Theorem 3.

Appendix

In the proof of Theorem 1, we left over the verification of the

weak convergence:

(A.1) lim P09 = 4~

n—ro0

for 2<(0<(3 and sufficiently large 3>>0. It was told that (A.1) can be

shown by the same idea as in [9]. But for the completeness, we will
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give here a sketch of a proof of (A.1) by our method. We appeal to
Gallavotti’s formula of representation of P?®9 and estimations of numbers
of paths of the random walk. For the simplicity of notations we write
a=0—24+3¢ and v=w(0,¢). Note that 0<la<{l.

Let

W,={p=@'+4%, '+ €L; [p'|<logn,i=1, 2}.

Any A€, (w) consists of only one contour; A= {1}.

Lemma A.1. lim P2(1,(0, ) N W,5¢) =

n—o0

Proof. We have Gallavotti’s formula (cf. [2])

exp{—Bld| = >3 ¢" (1)}
(A.2) P22, (0, 0) =) =— T .
EZ exp{—Bit|— 23 o'}

for any A€, (w) where I denotes a finite set of closed contours which
are connected with each other. We denote also by /” the union of con-

sisting closed contours as sets in R? The function ¢” satisfies the esti-

mate¥

2" (DI=0( -0 as g—oo,

Ir'sp

for any pe L. Hence we have
(A.3) 2 le" (D= Zle" (=3 ®B)I4A].
rni+¢ PEX I'>Sp

Combining (A.2) and (A.3) with Lemma 1, we obtain

A9
Py (2.(0,0) NV, aé/s)<“ L )e‘l’<—3+6</3))|/1|+ o
() 0} q PWa A= p, AR H2a+0)n AR
exp(—RB—0(3))I4l

|X1=@+2a)n

as n—o0 for any >3 (0) where 6>>0 is an arbitrarily small constant.

The numerator in the right hand side of (A.4) is rewritten into

* The original proof of this estinate in [2] is not correct. But one can get this estimate
by careful computation along the same line as that of the original one. There is
also another proof by Gallavotti and others in Lecture Notes in Physics, vol. 20,
Springer.
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@+2a4 0)n

2 ) R (p)exp(—=B+0(B)k

PEWR k=24 2a)n

(A.5)

where RE(p) is the number of possible contours 1€, (w) such that
A2p and A=k

It is obvious that Rf(p) is smaller than the number of possible
paths of the simple random walk in L which starts from 7= (—an+3,
n+3%) at time O, passes through p and ends at = 7®+%, —an+1) at
time k& Let T%(q,p) denote the number of paths of the random walk
which starts from g= (¢'+3%,¢°+%) at time 0 and ends at p= (p'+1,

P+ 1) at time d, where d— [p'—q'|— [p*—¢*| is non-negative and even.

Then we have

(A. 6) RE(p) <3 T (ry, p) T (1, )

where )’ denotes the summation over all d; and d, such that d,+d,=k,

di— A+a)n—p'+p* and dy— (1+a)n+p'—p* are non-negative and even.
On the other hand, we have

d\[si\/[s
A. 7 Td , — ” > < 1 < 2>
A7) @»=2(2) ()7
< v dt
Tt te=dommma 2 g me,) (811 2,])

=y e
by rta=@=my—m) /2 1] gl (22,)1 (225)!

d! 22(d—ml—mz)

! mal (d— my—my)!

where Y.” denotes the summation over all s, and s, such that s;+s,=d,
si—|p*—q'] and s,—|p*—q*| are non-negative and even, and #;= (s;— p¢
—q'D /2, m=p'—4q'|, i=1, 2.

Apply the estimation (A.7) to (A.6) and then use the Stirling
formula. Tedious calculations lead us to the estimation that the numer-

ator of the right hand side of (A.4) is less than expn[8¢'A(B) (1+a
40) + (24 2a) (0 (8) —B) +210g{<1+a+ g) <1+4[1;+20) }+o(1)], where

2a
A(B) =exp(—pF+0(B)). On the other hand, we can see easily that the
denominator of that of (A.4) is greater than

CODSt. X 2(2% za)n.e—(,] a2 20)”/\/71 .
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Thus we obtain
P (2, (0, 0) N W o)
<expn{8e AR (1+a+0)+4(1+a)d (P
+2log F(0,a) +o(Q)}+0()

as n—>oo0, where F (0, a) = (1—!— a—l——a-) <1+l+i>a2_(l‘“). It is easy
2 a 2a
to see that there exists 6,>0 such that F (0, a) <1 for 0<<¢<(f,. Since

A(B)—0 and 0(8) —»0 as f— oo, we obtain
lim P2 (2,0, ») N W,==¢) =0

M—>00

for sufficiently large 5>0.

Lemma A.2. Let Y= {p= (pl-l——;—, pl—l-%) eL; p1>0}. We have

(A. 8) lim Py (2,(0, ®) NY=¢) =0.
Proof. Divide Y into two parts Y,={(@'+3%,p'+3)EY; —an<p'
<0} and Yi={(@'+i,p'+3) EY;p'<—an}. Applying the same tech-

nique as in the proof of Lemma A.1, and noting that

: Lo (e 11
an+pHN(n—pY)! \an+p'/ (an+n)!" (an)! n!
for 0<<a<{1, »'<0.
we obtain
(A.9) Pp((0,0) NY,#9¢)
<expni8eA(B)(1+a+0) +4(1+a)d(B) +2log GO, a) +o (L)}
+o(l)

as n—oo, where G(0,a)=1+a+0) <1+—1~+—6> ‘g-are .
a

In the same way as above, we also obtain

(A.10) P2(2,(0, ) NY2+#¢)
<expn{8e 4@ (1+a+20) +2¢7 (1 r )
"
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x (1+ a+%o)A(B)2+2<1+a>(log(1+z@5%5>

—log 2+ 20 (8)) +o(1)} +o(1),

as n—>o0, For sufficiently small 0 and large 3, the right hand sides

of both (A.9) and (A.10) converge to 0 as 2—co. This implies (A. 8).

Now it follows from Lemmas A.1 and A. 2 that

Pr({c=8,; R4 . (x) touches the plus boundary})—0

as n—oo for sufficiently large 8>>0 and any fixed x& Z%. This implies

the convergence (A.1) as in the proof of Theorem 1.
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