Publ. RIMS, Kyoto Univ.
14 (1978), 283-307

Microlocal Parametrices for Hyperbolic
Mixed Problems in the Case Where
Boundary Waves Appear

By

Seiichiro WAKABAYASHI*

§1. Introduction

In this paper we shall construct microlocal parametrices for
hyperbolic mixed problems at non-glancing points in the case where
their Lopatinski’s determinants have real zeros, and we shall inves-
tigate the reflection of singularities. It was proved for hyperbolic
mixed problems with constant coefficients in a quarter-space that
singularities corresponding to boundary waves generally appear
when Lopatinski’s determinant has real zeros (see [2], [11], [12D).
We shall show that singularities corresponding to boundary waves
appear in variable coefficients cases.

Microlocal parametrices for hyperbolic mixed problems were
constructed in some cases by using the theory of Fourier integral
operators. Chazarain [1] constructed microlocal parametrices for
the Dirichlet problem for wave equations at non-glancing points.
Microlocal parametrices for the Dirichlet problem for second order
operators were constructed at diffractive points by Melrose [6] and
Taylor [10]. But it seems very difficult to construct microlocal
parametrices at glancing points which are not diffractive. On the
other hand there is a problem of constructing microlocal parame-
trices when Lopatinski’s determinant has real zeros. This problem
has no difficulty and we can investigate the reflection of singulari-
ties corresponding to boundary waves by constructing microlocal

parametrices. We can construct a microlocal parametrix as the

* Communicated by S. Matsuura, July 23, 1976.
Department of Mathematics, University of Tsukuba, Ibaraki 300-31, Japan.
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composition of a microlocal parametrix for the Dirichlet problem
and a microlocal parametrix for the Cauchy problem for a system
of pseudo-differential operators on the boundary when Lopatinski’s
determinant has real zeros (see §5). However, we shall construct
microlocal parametrices more directly in that case.

Now let us state our problem and assumptions. Let R"*' denote
the (n+1)-dimensional Euclidean space and write z'= (z, -, z,),
z" = (x5, z,) for the coordinate z= (z,, Z,--, z,) in R**' and
&=(&,, &), &=(&,, &) for the dual coordinate &= (&, -,
§,) in R**'. We shall also denote by R:*' the half-space {r= (z,,
z)eR*; 2,0} and use the symbol D=i"(0/0x,, -, 0/0x,). Let
P(z, &) be a polynomial of order m of n-+1 variables & with C~
coeflicients and p(z, &) its principal part. We assume that p(z, §)
is a strictly hyperbolic polynomial with respect to § and p(z, 1, 0,
-+, 0)=1. Thus we can write

P(-’I), E) :H§=1(EO—Z? (JJ, EI))'H?—:{ (50_21_ (.23, §I>)s
where the Af(z, &) are continuous in (z, §) and
Im 2#(z, §)=0 when Im §,<0, &R

We consider the mixed initial-boundary value problem for the
hyperbolic operator P(x, D) in a quarter-space

(1.1 P(z, Dyu(x)=f(z), zER", £,>0,
(1.2) Di7u(z) |.,2=0, x>0, l1=sk=m,
(1.3) B, ', D)u(x) Iz0=o=gj ), x>0, lg,]él-

Here the B;(z’, D) are boundary operators with C* coefficients.
Now let (z%,£”) be a fixed point in T*R"\0 and put z°= (0, z*).
We may assume that the 2} (z, ') are enumerated in the following
way :
Im 2} (2°, &)=0 for 1570,
Im AF (2 &) >0 jor [+1<5j<1
Then we put
L', &)= (b;(z', 40, ', &), &), b; (', A, §),

L by & ge .. 1 ( b, &
27ri S":E’P(O’ xls E) dfo, ’ 2mi Sce’ P(O, IIJI; E) dw)j“
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where b;(2', &) is the principal part of B;(z’, §) and C,, is a simple
closed curve enclosing only roots A%, (0, z’, §),-, 4 (0, z’, &) of
p0, ', 2, &)=0, and we define Lopatinski’s determinant’ for

{#, b;} by
Rz, &)=det L(z', &).

Remark. It is easy to see that
R(.Z‘,, E,) = (_ l)“u—mHlSjOrsu (1;'- (0: xls E’) _2:)/1-11!15-:1551_511 (l;’ —'2’=—>

1 £, )& 52
Xdet( o s (0, x,’ £ dgo)j.k—-:l....,l’

where p, (z, &) =1II\_,(&—2} (z, §)).

We state the assumptions that we impose on {p, b;} :
(A. 1) (2% &) is not a glancing point for p, ie., A (z° &), 1<)
=</, are simple real roots of p(z°, 4, &) =0.
(A. 2) R, &)= (&—6&.(z, §))'r(z, &),
where &, (2, &) and r(z’, &) are C~ functions defined in a conic
neighborhood of (2%, &) in T*R"\0, &, (z', &) is real valued and
homogeneous of degree 1 in &, & (2%, &) =8, r(z”, §)+#0 and 6
is a positive integer.
(A. 8) There exist Ix! matrix valued C* functions U(z’, &) and
V(z', &) defined in a conic neighborhood of (z%, &) in T*R"\0
such that

- ;e A ¢ —&(@& &)L, 0
U, LG, VG, & =] NN
det U(z”, §&) #0, det L,(z", &) #0, the (i, j)-entry of U is homoge-
neous of degree 1-p,-m; and the (i, j)-entry of V is homogeneous
of degree p; for 1<i</, and of degree p,+m+L—i for ,+1=i<l,
where 6 is a positive integer, I,, is the identity matrix of order ¢,
L, is an (I—6)x (I—6) matrix and deg B;=m,.

Remark. (i) If the condition (A. 2) with #=1 is satisfied then
the condition (A. 3) also holds. In fact, taking U(z’, §&)=I and

t Lopatinski’s determinant defined above is different from original one.
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V', &€)=r(z’, &)~ ‘cof L(z’, &), we have ULV=(§,—§& (2, §))L.
(i) Suppose that A} (z°, &), 1<j<l, are simple roots of p(z’, 2, §)
=0. If rank (B;(x’, AF(z% &), &€"));4.... =L, —0 the condition
(A. 3) follows from (A. 2) (see [4]).

Let I" be a conic neighborhood of (z”, &) in T*R"\0 and U a
neighborhood of z* in R". Let us define a microlocal parametrix for
the problem
(1. 1)’ Pz, D)u(x)=0, zeRy"™, z, >0,

(1.2)  Di'u(@) loeo=0, 2,30, 1<j<m,
(1.3 Bi(@, D)u(x) l.y0=0ng ), >0, 1=j=i,

where 1=k

Definition 1. 1. A right microlocal parametrix (Poisson operator) for
the problem (1.1)'— (1.3)" at (2% &) is a triple {E,, I, [0, ¢) x U}
satisfying the conditions
(i) E, is a continuous linear map: 2'(U)—C=([0, &) ; 2'(U)) T,
(ii) PE,(g)=C=([0, ¢) xU),
(i) BE,(g) |.-—0ug€C (1), 1=j=l, if WFE(@)CT,
(iv) E.(g) |.,<. is smooth if WF(g)C {z,=c}.

The remainder of this paper is organized as follows. In §2 we
shall formally construct a microlocal parametrix. In § 3 the procedure
of § 2 will be justified and singularities of a microlocal parametrix will
be studied. In §4 we shall construct microlocal parametrices for
the problem (1.1)—(l.3), following Melrose [6], and study
reflection of singularities of solutions to the problem (1.1)—(l.3).
A microlocal parametrix will be constructed as the composition of a
microlocal parametrix for the Dirichlet problem and a microlocal
parametrix for a system of pseudo differential operators on the
boundary in § 5.

The author wishes to thank Professor M. Matsumura for his

helpful discussions and his encouragement.

t It is easy to see that for any f€C>([0, ¢); 2'(U)) there is FEC®((—¢, &) ; 2’ (U))
such that f=F|, =,.
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8 2. Formal Construction

In this section we first determine the boundary values of the
phase functions and solve the eiconal equations to determine the
phase functions. Then we discuss the transport equation on the
boundary and the transport equations.

There exist a conic neighborhood I, of (2%, £”) in T*R"\0 and
¢’y §)eC=(I,) such that ¢(z’, &) satisfies the equations
(2 1) 81g5(x’, E,)_Sl(xla V,,,gﬂ(x’, EI))zsl—El (xOI’ E”):

&(xg’ x”: 51) =$”'5”,
where 0,=0,,=0/0x; and V..f= (0.f, -, 0,f). Moreover $(z’, §) is
homogeneous of degree 1 in &. Let y(z’, v/, &) be a C* function
in R*" such that x=1 in I,N {|€|=1} and supp xCI’, where
I''(cctl'y) and I', are conic neighborhood of (2%, &) in T*R"\0
and

I'={(, y, &); @, &)l and (v, &)},
Since (0°/0x;06,f(x", ")) =1, it follows that the operator A:

2" (R)>g(x")— (4g) (z') =SeXp[i (g’ §) =95 €))]
X&'y, §)g(y)dydas' e 2’ (R)
is a properly supported pseudo-dieffrential operator, if necessary,
shrinking I',, where d¢ = (2r)™"d&’. A is elliptic in a conic neighbor-
hood of (2, &). Thus there is a microlocal parametrix (pseudo-
differential operator) B of A at (2%, £”), lLe., there exists a conic
neighborhood I of (z¥, &) such that ABg—geC~(R") if WF(g) I

Let us formally construct a microlocal parametrix for the problem
(1.1)’—=(1.8)" with k=1 at (z°, &) in the form

2.2 E@=Dk{explis, @ s O)laya, v, &) By 6)dyde

+Hexpli@, ©)-g07, €01ats, ¥, &) B 0Ny az,

t I';7CCrl'y means that the closure of [y is included in the interior of [
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) e _ 1 , . .
a(e, ¥, €)= DIt 5| ¢, ¥, D& expli]dén
271 )ges
Then we have

23 PE@=T{explit, @, 5, )1 7.8
F D@ (@, V.5 D +3(8;5 2) +a(8; 3.7 D)}a, (2,5, &)
x (Bg) (¥') dy'de'+§exp[i¢ @, &)—§0, N1
X[Eitoer| 150790 + Diuieit® (@ P D 43¢5 2)
+q(¢y; x, D) } C; (x, y/, &) E(’;_ICXP [ixogo]dso]dyldfl9

where  p'(z, £) =P(z, §) —p(z, §), p<(x, OD=0%p(z, §), h(x, &)
=¢(z', &) 4.8,

1

o

q(¢; z, D) f(z) = (X1’ (z, V.0) D"+ Zai=2

S(¢; x) =P1 (xs Vz¢) + Zlal=2

2% (z, 7.¢) iD$),
1

(24

2@ 7.9)
X (D*$) + Dtera PO (2, 7.9) D)@

+ Stz o PO @, 7.6) D f(D) explib (@5 2, ) om

h(g; x, 2) =¢(2) —¢(z) — (z—z) -V.$ ().
Thus ¢;(z, y', §), 1<j=[, are determined by the eiconal equations
2.4 odi(z, €)= (z, V.9, 4,00, =, &)= (', &),
where ¢;(z, y', &)=¢,(z, &)—¢;(0, ¥, &). We easily see that
é;(x, v, E)YeC=([0, &) xI',) for some >0, if necessary, shrinking I",.
If a;(z, ¥, &), 1=<7=<[, can be written as asymptotic sums
(2.5) a;(z, ¥, &)~ ai(z, ¥, §)
in a certain sense, we obtain the transport equations
(2.6) {Z1a=0® (z, V.9,)D*+5(4;5 x)}laj(z, ¥, &)

+q(¢;5 =, D)ay(z, ¥, §)=0,
ai'(z, v, §)=0, 1750, v=0, 1, 2,....

(2.6) is an ordinary differential equation for a% along rays
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corresponding to (2.4). Thus we can solve the transport equations
(2.6) when the boundary values of a} are given. Put
(2- 7) a‘}(oﬁ xl) y/: 5/) = d:‘(‘rla yl’ 5/) ec (Fo): 1§]§11’ V=0’ 1,"' .
Then we can assume without loss of generality that the solutions
a;(z, ', &) belong to C=([O0, ¢) xI")). Moreover from (2.6) we
have
(2.8)  Dwaj(0, 2, ', &)= 25-,04f /35, (0, ', V.¢) D (', »s €)

+s, (&, €)a;(@’, ¥, §)+q;(, &, D)ay (0, &, ¥, £,
where D5 f(0,2") = D5 f(x) |. 20,047 /38, (0,2, V. p) =045 /08, (0, &', &) | empurs
P (z, §) =0p/3;(z, ),
Sj(x/) EI) ='—P(O) (0’ l", ’?'f (0: .’E’, Vz’SZ):Vz'SE)—IS(Sbj; 05 .13/),
q_i(xl; EI: D)=_P(0) (0, x/: Z;-: Vz'ﬂl;)_IQ(gbi; 0, x,s D).

We represent ¢;(z, ', §) as asymptotic sums

(20 9) C; (.2?, yly E)N :p=oc‘;’p<x: y’y E)-
From (2.3) we put
(2.10) i (x, ¥, )=, ¥, §)o(x)p(x, V.d)7

2.11) e (x, ¥ ) =—[{Zi-0® (z, V.g) D +5(dy s D)} (, ¥, &)
+q($; z, D)ei™ (z, ¥, ©)1p(x, V.g) ™
C;Tl"‘Eos léjél—llz Y, /‘l=0: 1: 2: )

where p(z,) €C% ([0,¢))T, o(x,) =1 in a neighborhood of z,=0 and
the &(z’, ¥, €)eC=(I") will be determined by the transport equations
on the boundary. Then we have PE,(g)~0 in some sense.

Next let us determine the a;(z’, 3, &) and the & (<, ', &). We
obtain formally

(212 BE® |.m=Di{epli@@, ) -0, £))]
X (b, 27 (0,2, V. (2, €)), o)
+ e @ 4, ) D+ (95 2)
+4(¢5 &5 D}a,O, &, ¥, €) (Be) () dyde

HewliG@, €)-30/, OMITRt5| . B

T C%,([0, &) ={f(x)&€C=([0,¢)) ; supp f is compact}.
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+Z]u|=lbl(ea) (', Vzﬂl’o)DR'f'hk (9[)0; x’) + (P ; x,’ D)}
xc; (0, z', ¥y, £)&7d&](Bg) (v')dy d¢,

where b},(-rl, $)=Bk(xls E)_bk(x’a 5)3
hk (¢: l‘l) :b}, (x/) V:¢ (0, .Z")) + Zlal=2

x (D¢ (0, 7)),
u(g; @, D)f(O z) = { L= (@, V.40, z)) D"

+ e g OO @, 7.8) (DG (0, 2)) + Diater o B (@5 7.8)D7)

LB @, 7600, 7))

X0, &)+ Doy BE (@ F.HDHFERE ) oo

Thus we have the transport equations on the boundary
(2.18)  Lrb(s 270, 2, Vo (2, §)), Vod)as(x', v, &)

{0 e leh8™ gV s . &
+ 5 gy Sce' 50, 2, & Vod) 46,)25 & 3> )

D Do (80 @ BT ) 00 @ 5, V)28 (0,2, )

XDa;(@s s E)+ ZiE Tiaf oo\ 0@, 6 P
e/

xp(0, 2, & Vo) —bkp<s>]sa'—‘p-2da}Dsc~; @, ¥, &)

+ DSy @, Ea(a, ¥, &)+ XihSy (&, §)e, v, &)

:5u05k1X(x 3 y ) ’E ) +fk(x s y; 5 ); lgkéla ”:03 1’ 2:"',
where

Sy (@, €)=h,(¢;5 2)+b2 (2, A5, V..9)s;(x', &),

S, €)= Titgor |l 2)

— (@ (' £ 7 Dap(()’ xl) Eo: Vz’¢~) —b,-hept
Dbl (& b V) =002 e gy ke

+ Tiaimbie (Dp) «p@- ’2} gimpdé,,

(2- 14‘) f;; (x,a y,’ 'S,) ~ Z;Ll {b?) (.’E/, Z;F (O: x/’ V:’SE), V:’gz) q; (xls EI: D)
+t. (s 2’5, D)}a;* (0, z,y, &)
ppNES Z:L'z S [_ bk(%x ;SOS’ %’SQ)Q(%;O,JC', D) (0,2, y',8)
Cer [ERa-14

+ZF=°t"(¢°ﬁ x D)C —1;;(0 :(,‘, y,5)+Z I{Zlal ;b(“)D“
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e )} e O, oy )+ Dimabie (0,25, ©) |d,
v=1, 2,
(2.15) filz', o, §)=0.
In fact (2.13) follows from (2.8) and (2.10)—(2.12). Putting
S(xl: 6’) = (Skl (xls E,);"" Skm Sg].(x” EI): Ty Sgl-—ll)kh. 19
(2- 16) av(x/, y’a EI):’(d;(x’a y,s E’),"', d;la ¢ (xla yla EI))
ey Cion)s
(2- 17) F”<xla yla E'):z(anox(x" Ia EI) +f;9 f;)"': fll‘)a
we can rewrite (2.13) in the form
(2- 18) L(],‘,, Vz’ﬂlj(xla El))ay(x,’ y’a E,>+Z?=16L/aCiDjav(xl, yl: E,)
'I'S(xls §,>a"<x,: y', El)sz(xls y,: El)) U_—‘O) 1) 2> Y
where aL/30,=dL/3C,(x', ) lcropnse Put
(2.19) @@, y, &)= V(&' FV.P)+ 25-0V/;Dyv («, ¥, §).
Multiplying (2.18) by U(@V.$) + Xi0U/3GD, and using (A.3)
and (2.1) we have
(2.20) =& )y, &) + {Di— 23-406,/0C, (2", V o) D,}
X'l)’}(l'/, yl’ ‘SI)ZGZ(xI; y,a EI): lékgﬁl,
(2.21) Lz, V., vz, y, &) +Q, &, D) Vi(z',y, &)
+Q§(xla éla D,)U:(xla yla EI)ZG:(:LJ, y’, E/)s
where l)":'("{);,"', 7}‘,‘), v;’:‘Cv:""J U;/), v::‘(v;’-}-l,"'; v’;)ﬁ
(2.22) T(x', &) (=(T;&, §)))=2i-.[0U0/; (', V., §))
X AD; (L (', V.) V(z'y V..p))} + UIL/3C;(D,V)]
+US(«, §)V,
W', &, DY) (=(W,;(, &, D')Ff(x'))
= 214=:{0U/0C;D; (LoV /L, D,f (z”))
+U0L/dC;D; (0V /L. D,f (z'))}
+ 215.4=10U/08,D,[0L /3L, D; {(V+0V /L. D) f (z)} ]
+ 225.:=.USOV/C;D,f (x') + 313-,0U/C; D {S(V
+ 2i=0V/D) F(z)},
(2- 23) G’ (xly y,) SI) "_‘t(G;(x/a yls 5’):"'3 G’; (x,: y,: El))
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= U+ 25-0U/C; D) F (=, y', &),
T.= (Tjk)i‘if’+l ..... s Te= (lez) Jok=0741,...,13
Q, & D)=T.(«, &)+ W.(z, &, D),
Q:(x's &, D)= 13-0L,/;(x'y V..)D;+ Ti+ Wi,
Representing v’ (2', y’, §’) as asymptotic sums

(2- 24’) v (xly yl’ E,)NZ:;O v (x,’ yls S,)’ ”=09 13 2:"'3

we have
(2.25) =& @, &))ur (s ¥, &)+ (Dy— 23-.06,/3C;D;)
Xvr (', 'y €)+D5a T (&, §)vr s »s €)
zapOG; &, ¥y, &)= Dicon T (@, ¥, §)
- Z.Ii=1 Wki (xslg’, D’) v;”‘_l (xla y” E’) b 1 §k éoly
(2. 26) L, (z, V.g(z'y &)) vr(x, ', §)=0,G:(x', »', &)
-Qix', &, DHvr—Qi(«, €&, D’)U:F_ls ) /“=0’ 1, 2,
where v '(z’, ¥, £)=0. We can solve (2.25) and (2.26) with

the initial conditions

2.27 ve(x, v, &) o4 -==0 (v"‘l,l<,g_,°EO for some ¢,),

y, =0, 1, 2,--,

In fact, since (2.25) is a system of ordinary differential equations
for v along rays corresponding to (2.1), we can determine
v (z’y vy, &), 1Sk=] by (2.25) if G* and v**™' are determined. Then
v*(z’y ¥, &) can be determined by (2.26). Thus v*'(2', », &) is
obtained from (2.24) which is justified in §3. (2.19) gives
a'(z'y ¥y, &) and, therefore, (2.6), (2.7), (2.10) and (2.11) give
@z, ¥, &), 1Sjsl, and cf(z, ¥, & (ISjsli-l, p=0, 1) if
a ™z, v, &), 1<j=1, and ¢ (2, ¥, §) (1=7=1-1, =0, 1,--+) are
determined. From (2.14), (2.15), (2. 17) and (2.23) we obtain
G**'. Therefore the above arguments give the a;(z, ¥/, &) and the
c;(z, ¥, &) if (2.5), (2.9) and (2.14) are justified and if the
a (', ¥, §) defined by (2.19) are shown to satisfy (2.18).

§3. Main Theorem

A ray corresponding to (2.1) is a solution of the equations
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(3.1 dX'/ds(s; 'y €)=, —Vebi (X' (s5 2/, §), Vo (X, €))),
X(; 2, &)=x.

Then X'(s; z', &) is a C~ function, homogeneous of degree 0 in &
and defined when z’ belongs to a small neighborhood of z and
(X' (s;2',&),8)el’,. Now we can assume without loss of generality
that

I=U,x7, U={z'€eR"; |z;,—25|<e, 1=j<1}

and 7, is a conic neighborhood of & in R"\{0}. Thus we can
assume that X' (s; ', &) is defined and (X'(s; =/, &), &) &I, when
(', &)el, and 23—¢g—z,=s=2}+¢—x,, if necessary, shrinking I',.
T,;(x', &) defined by (2.22) is homogeneous of degree p;—p;
and, therefore, T;;(z’, §) belongs to a symbol class S*~#(l), i.e.,
0208 T (z'y &) | S Cop (14 |7 [)pimri™ ¥
when (2, §€)el, and |&'|=1.

In order to determine v} we consider the equations

3.2) (D~ X3-206,/0C;(x'y Vo)D) v (2, 3y &)+ (6,—6,(2", &)
XUy (x” y/’ ‘fl) + 3',=1Tlei (x,: 5,) v; (xly y’s EI)
=G0k (x’: yl; E’) +G1k (.’L‘,, .’)’/, E’)’ 1 ékéﬁ’,

(3.3) un (@, ¥, €) [ z0-, =0, 1Sk=6
Lemma 3.1. Assume that Gy, (z', y', &) S (") and

gu(®, ¥, &, ) eSw = (I'yx (=0, 0]),

ie., when (', v, &, s)el'yx (=, 0] and |&|=1

Gu('y ¥y €) ZS exp[i(§,—§, (2%, §&))slgu (@, ¥, &, s)ds,

|02705:0%.0igu (' 3"y &5 8) | S Carprye; (14 |€ [)1mremmmmlrl,
and that supp Gy (2, v, &) I,
glk(x” y,5 &, =01 (, )& or SSx—&—x,,

where 1Sk<6. Then the solutions of the equations (3.2) and (3.3)
can be written in the form
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w5, =" eplie—&(, €)5ld@,y, &, 9ds
1<k<0,
where d,(z', y', €, s) S ™ ([',x (—o0, 0]) and
di(z’, ¥, &, 5)=0 if (¢, &)&l or s=ai—e—x,.

Proof. Along the ray defined by (3.1) (3.2) becomes the
system of ordinary differential equations

P X289 8) yie-a, N, ¥, &)

+i25:—-1Tkj(X,: El)vj(X’: yla E,):'iGok(X,: yls Sl)
+iGu (X, ¥y, &), 1=k=6.

Since 9,(X (53 & €0, 55 &) gy, =0, we have

G v (X (5,85, =i aepl-if (@-aw,enL,
+ T, (X' (g5 z', &), §)}dql{Gu (X' (s 2, §), ¥, &)
+G10’ (XI (SI; xl’ EI), y” 6’)}’
where U,/='<‘Ul,"', 'Ua/): Gjﬂlzt(GjI:“" Gjﬂ’)) j=0,’1, and Ta'=
(T:;): ;= ...o» Thus putting s=0 in (8.4) we have
v (2, oy ) =i|_ds expli(6—& (", €))s]
X {CXP[—iS T, (X' (g; &', &), §)dqlGo (X' (s5 2/, &), 5, &)
+S dS’CXp[_l.S ’T01<X’ (q; x’y El)s EI) dq]gxﬂ/(X, (5’; xl: 51)) yl9
E,; 5—51)}:

where ¢, ='(g,""*, ). On the other hand it is easily seen that
if the (7, j)-entries of M(a’, &, s) are homogeneous of degree p;
—p; in & the (i, j)-entries of exp[M(z, £',s)] are homogeneous of

degree p;,—p; in &. So the lemma easily follows. Q. E. D.

Lemma 3.2. (i) Let vi*(x', y', &) be solutions of (2.25)— (2.27).
Then we have for 1<kZ6’
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0
(8.5) G 5')=S exp[i(§—&. (2", §))sldy (2,5, &, 5)ds,

(3- 6) d;"<xl’ y,’ 519 S) ESI—“—MI—."-F(PO X ('— o, O])a Yy #:0; 13 2""'

For 6+1<k<] we have

B w @y, ) =ur@,y, ) +| ewli-66 )5
xd (', y's &5 8)ds,
(3.8) v (@, y, &) eSnmme(ly),
3.9 dr(x,y, &, s)eS o mme([yx (—oo, 0]), v, p#=0,1, 2,
Moreover we have
(3.10) supp wi (@, ¥, §)Clh,
(3.1 dr @, y,&,9=0 if (,&)&E or s=—e+ai—z,.

We can define di(x’, y', &, s) eSw o™ ([\x (—o0, 0]) and v (z,
y, &) eSS (I) by

(3.12) a; (&', ', &, )~ Dindi(x, v, €, 8,
(8.13) v (2, ¥, )~ vk (2, v, €D,
respectively, and put
W@, s ) =w, oy O+ expliE—a, )5
Xd; (xlﬁ yl’ SI’ s)dsﬁ

where vy, (2, ¥, §)=0 for 1Zk=6 and a,=1 if 1<kZ6, =0 if
0+1ZkZ1

(i) Let ai(x, y, &), &, y, &) be defined by (2.16) and
(2.19). For 1=ZkZl we have
G149 ey, &) =any, O+ eplie—a6, €4
Xay (z, ¥y &, 5)ds,
(3.15) ay(z, v, £)eS—m([0, &) xI"),
(3.16) ay(z, ¥, &, )e8 ([0, &) xI'yx (— o0, 0]),

where the ai(x, v, &) are the solutions of (2.5) and (2.6).
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Moreover

(8.17) supp D3 (0, z', v/, &) CI', for any a,

(8.18) ay(z, ¥, &, )=0if (v, &)&l', or s<xl—e,—2x,.
(iit) For 1ZkZ0—1

B.19) @y, D=ailn ¥, O+| explie—&G, £))s]
Xck(z, ¥, & s)ds,
(3- 20) CS’i (xﬁ y’: E) = Zﬂnite sump (.Z', Soa V,/SZ (xly El))—jC;f;’ (xs yly ‘S)’

(8.21) et (z, ¥, &) eStimm=t==x([0, &) X I'y,x C)
(with obvious de finition),

(3.22) (@ s & ) = Doaite sumd (2, &y Vo)) ity (2, ¥, &, 9),
(8.23) cthi(z, ¥'s &, 5) @SHImTmT ik ([0, €) X [y x CX (—o0, 0]),
where the ci*(x, v, &) are defined by (2.10) and (2.11). Moreover
(8. 24) supp D (0, =’y §)CI',X C for any a,

(8. 25) ct(z, v, & 5)=0if (y,a §)YET or sSx)—e—2x,.

Proof. By induction the lemma can be proved. From Lemma
3.1, (2.15), (2.17), (2.23) and (2.25) it follows that (8.5), (3.6)
and (8.11) are valid when v, =0, 1=<k=<6. Then by (2.26) we
have (3.7)—(3.11), when v,u=0, ¢'+1=<k=</ Let us assume that
(8.5) — (8.11) hold for v=y, and g=0 and that (3.14)— (3.25) hold
for v=y—1 and ¢=0, 1, 2,---. By the induction assumptions, Lemma
3.1, (2.25) and (2.26) we can inductively obtain (3.5) — (3.11) for
v=y, and g=1, 2,-~. Thus (3.12) and (8.13) can be interpreted as
the asymptotic sums of symbols. Thus a;(z’,y’, &) and ¢&o(z’, ¥, &)
can be defined by (2.16) and (2.19). Then the transport equations
(2.6) with the boundary conditions (2.7) give (3.14)—(3.18) for
v=y, From (2.10) and (2.11) (8.19)—(8.25) also follow. From
Lemma 3.1, (2.14), (2.17), (2.23), (2.25) and (2.26) it follows that
(3.5) —(8.11) are valid when v=y,4+1 and g£=0. Here we have used
the fact that f;*'(z’, y,§) can be determined by (2.14) as the
sums of the asymptotic sums of symbols and the integrals of the
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asymptotic sums of symbols. So the induction argument is complete.
Q. E. D.

We can define a,(z, ¥, &)eS ([0, &) xI',) and a,(z,v,&,s)
eS8 ([0, &) xI'yX (—o, 0]) by au(z, 5, &)~ Nran(z,y, &) and
au(z, v, &, s)~Yian(z, ¥, &, s), respectively. Put

1

ay(z, ¥, E’)=7ﬂ?gc e (z, ', &) & explix,&,]1déE,
el

=aii(z, ¥, €)+| _expli(6—& (", £))slat (w5, €,9) s

Then, a}(z, ¥, &) ST~ ([0, &) xI'), ie.,

|0zoi0r s (z, ¥y &) | S Coprp (14 |§ ) 1mmmrmrtmlr]
when (z, 3y, &€)€][0, &) xI', and |£|=1,

and a¥%(z, y', &, s) ES%;MX—"—F([(): €) ><I'10>< (—o0, 0D,
a;ﬁ(x; y', E,s S):-O lf (y,, EI)$[’1 or séxg_eo—xl'

Therefore we can define a(z, y’, &) by

a(a, ¥, €)=a @y, ) +| explie—a6", £))s]
Xe (z, ¥y, &, s)ds,

ez, ¥, &)~ DTk Do, (@, 55 §),

&z, ¥y &5 )~ Dith Bt (3, ¥, €, 9.

Then e,(z, ¥, §) €8 ([0, &) xI"), ez, ', &,5) €S ([0, &) XTI,
X (—OO, O]),

el(‘r: y,s Sls S)=O if (yla E/)e[vl or S=xi—&—Zi.

Moreover &(z, y', &) and e, (z, ¥, &, s) belong to S~ when z,>0.
So we can define the distribution

(3.2 B =Snl{explis, @ ¥, €)Ta, @5, €) (Be) 0 dy &
+{ayae(’ as explits o, v, )+ G—a@, €297

Xay, (2,3, €,) (Bg) )1+ {expli F(a's €) ~§ 5/, €))]
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xeu(@,5', €) (Be) () dy'as' +ay ae || as explitp (@, )

—gZ(y', EI) + (¢ —-& (xo" E”))S} le (x, yla §,s) (Bg) (),
g2’ (),

as an oscillatory integral, where U is a small neighborhood of z".

Definition 3.3. Let 2'=2'(t; y', ¥) and '=C"(¢; v, 7)) be the
solutions of a system of the equations

(8.27) dr’/dt= (1, =V.& (', T')),
(3.28) dg'/di=V_.& (z', T,
(3.29) z'=y', '=7" and 7,—& (', ") =0 when £=0.

Then the curves {(x'(¢; 9y, 7), {'(¢; v, p))El,; tER} are said to
be boundary null-bicharacteristic strips. Let z=xz;(¢; 5, ') and
C=L;(t5 'y '), 1=j=l, be the solutions of a system of the equations
dx/dt: (13 —chz;-* (.Z‘, 91))3
ac/de=rv .z (z, £),
z,=0, 2’=%', {'=7%" and {,=2}(0,y', %) when ¢=0.
Then the curves {(z;(t; ¥, 1), {;(t;5 5, 7)) t=0}, 1=j<l, are
said to be outgoing null-bicharacteristic strips. Further we define
CGU)={, ¢, vy, Y)el\xly; (@, )=, 1) or z,>y,
and there exists a boundary null-bicharacteristic strip which
contains both (2, {') and (', %)},
C.(l)={(z,Cy,7)e(T*((0, &) x U)\0O) X I, ; there exists an
outgoing null-bicharacteristic strip which contains both
(z, 0) and (0, ¥, 7 0, ¥, ), 1)}, 1=/

Let us define wave front sets for vu=C~ ([0, ¢) ; 2'(U)). Since
we can regard uC= ([0, &) ; 2'(U)) as an element of 2'((0, ¢) X U)
we can define WF(u) for ueC=([0, ¢) ; 2'(U)) by regarding u
as an element of 2'((0, &) x U).

Definition 3.4. For u=C~([0, ¢); 2'(U)) we say that a point
(¥, &) in T*U\O is not in the set WF,(u) if there exist ¢ =C (U),
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a conic neighborhood 7, of £’ and a positive constant & such that

¢ (x")#0 and
|7 [¢ (") Diu(x)](x, &) |=C A+ D7F
when &€, 2,€[0, ¢) and &, 7=0, 1, 2, ---.

The following lemma is an immediate consequence of the defini-

tion.

Lemma 3.5. Let usC~([0, ¢); 2'(1)).

G) (@, &)&EWF,(u) if and only if there exist a properly
supported pseudo-differential operator in x' variables elliptic at (xV,
§Y) and a positive constant e, such that Au(z, z')eC([0, &) x U).

(i) WF,(Au) CWF,(u) for every properly supported pseudo-
differential operator in x' variables.

(i) w(WF,(w))=U\{z'€U; there exist a neighborhood U, of x’
and a positive constant e, such that ueC= ([0, ¢)xU,)}, where «:

T*U\O0—U is the natural projection, i.e., n(x’, &) =x.

Now we can state our main theorem.

Theorem 3.6. Assume that the conditions (A.1)— (A.3) are
satisfied. Then {E,, I', [0, &) x U} is a right microlocal parametriz
Jor the problem (1.1)'— (1.83)" with k=1 at (z°, &), where the operator
E, is defined by (8.26) and e(>0) and U are suitably chosen. More-

over we have

(8. 30) WEF(E,(g)) c UL,C;(I')oC,(I'y) e WF ()1,
(8.31) WE,(E,(g)) cC (1) WF (g) for g2’ (U).

Remark. (1) It is obvious that we can construct microlocal
parametrices for the problems (1.1)'—(1.3)’, 2<k<l, at (2%, &)
and that we have the estimates (3.30) and (3.31) where E,(g) 1is
replaced by E,(g), 2<k<l. (i) C,(I,) is related to a boundary

t Let 4 and B be sets, C a subset of AXB and D a subset of B. Then we write Co D
={as 4; there exists b in D such that (a, b) in C}.
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wave.

Proof. Let a;(z’,y,&), 1=j=<l, be symbols in S* " (I;) and
b, (z', ¥, €, 5), 1=<j=<l, symbols in ==+ (I", x (— o0, 0]) such that b, (z’,
¥, &,5)=0 when s=<s, for some 5,<0, and put a(z’,y’, &) ="(@,",
a,), b=:(b,, ---, b,). Then it follows that

a@, ¥, ) +{_ewlii-6@" @)@, ¥, €, 9as
eS8 (I',x (— 0, 0])
if
(U, P&, €))+ TidU/5 DY) fal@s o'y &)
+{7 exlice—a.”, @05l v, €, 9ds) =0 (mod 5.

Thus the arguments in §2 and Lemma 3.2 show that {E, I', [0,
¢) X U} is a microlocal parametrix at (z° &”). Applying the method
of stationary phase for (3.26) we obtain

WF(E,(g)) C U.lil-—-lA:f (') WF(g),
WE,(E,(g)) C4, (L))o WF (g),

where

A;(Ty) = {(z, 8,5, 7)€ (T*((0, &) x )\O) x 'y 5 L=V .¢;(x, 5, §),
y=—V,p;, if V0op;=0 for some (v, &e&l, or if &=
& (2, &) and V.¢;(z, ¥, &)+sV(5—& (Y, €))=0 for
some (', §&)el’, and s<0},

LT)={, T, ¥, P)elxlv; &, =0, 1) or =
Vo (x'y &), 7' =V,p(y, &) if §=6&(", &) and Ve, (§(z, §)
—d(, &))+sV . (6,—& (2, €)) =0 for some (v, &)el, and

s<0}.
It suffices to show that there exists a boundary null-bicharacteristic
strip which contains both (2, {') and (', %) if {'=V.J(, &),
=V, y&, &), &=6(2", &) and V. (§(z, &)=, &)+ Ve (6:—
& (2%, £))=0 for some (¥, &) &l’, and s<0. For the same argument
as in a proof of the above assertion yields characterizations of

A;(I) and, therefore, one can prove the theorem. The uniqueness
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theorem for a system of ordinary differential equations and (2.1)
imply that C'(; »', 9)=V.d @ (t;y, 1), §) where z'(t; 5, 7)
and {'(¢; &', ) are the solutions of (3.27) —(8.29). Thus we have

(.30 2 @, ), = mh@ ), 1SiSn

(8.32) yields
(3.33) Vel @5 55 1), €)=90, )} = (=6 =", §)).
Thus by (3.33) with t=—s we have
Vg (', E)=Vug (@ (=555, 1), §).
Since we may assume that det (0°¢/0x,0&,(z'y &));4mn.....#0 for (&,

g)el, we obtain z'=2'(—s; v, ') and C'(—s; &, 7)=V.¢ &, §)
= Q. E. D.

§4. Microlocal Parametrices and Uniqueness Theorem

It follows from Duistermaat and HO6rmander [3] that there
exists an operator F: 2'((—e, &) X U)—>2'((—¢, ) X U) such that (i)
PF(f)—feC((—¢, 9 xU) if WF(f)CT*((—e, &) xU)\0, (i)
WF(F(f)) C{x,=c} if WF(f)C{z,=c}, where ¢<e and U,(cU)
is a neighborhood of z in R". We write

D'([0, &) x V) ={f€2'((—¢, &) xU) ; supp fC[0, &) x U}.
C=[(0, &) ; 2'(U)) can be mapped injectively into 2'([0,&) x U) in
a natural manner:

C=([0, &) ; 2'(U))2f~Ff€ 2'([0, ¢ x U).
From partial hypoellipticity we can regard F(f) |-z as an element
of C=([0, &) ; 2 (1)) if feC~([0,¢); 2'(U)). Thus we can define
maps W?: C=([0, ¢) ; 2'(U))—2'(U) by
WS(f) =limzy=+0B; (x’, DYF(f) (x, ), 15
Put

E(f, g+ &) =F(f) Lozt LinE; (8= W)
for fEC=([0, & ; 2°(V)), g<€2'(U), 1=j=i
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Then we have the following

Theorem 4.1. Under the conditions (A.1)— (A.3) the above
operator E*: C=([0, ¢ ; 2'(1))x{2' (O} - C([0, &; 2°(U))
satisfies the following properties:

(i) PE(f, g, &) —fEC([0, &) X U)
if WA(FH)CT*((—~e, &) x U)\O.
(ii)  BE°(f; g 81 lep=0—g;,€C™(U)
if WF,(f), WF(g,)cl', 1=j=<l,and WF(f)c (0, &) XU,
X RX7,.
Giii) WF(E(f, gi»-++» 8)) Clx.=c} if WF(f) C {x,=c} and
WF, (f), WF(g;) C {z,=c}.

Here ¢, (<e) is a small positive constant and U, xy, (CI') is a small

conic neighborhood of (z%, &’'). Moreover we have

WF(E°(f, g, £)) CCoWF(H) ULULC; (L) oCo (L))o
{UILWF () U (Coe WF (f)) U WE, ()11,

WF,(E°(f, g5 81)) CCO(FO)O[UI'=1WF(gj) u (éaOWF(f))
UWE,(f)],

where

C=1{(z, & 3, D (T* (0, & x\0)*; (z,8)=(y,7) or >y
and there exists a null bicharacteristic strip for p which
contains both (z, &) and (y, 1)},

Co=1{(, &, y, P E(T*U\O) X (T*((0, &) X D\O) ; z, >y and
there exists a null bicharacteristic strip for p which contains
both (0, z', &, &) and (y, p) for some £,ER}.

Let us construct a microlocal parametrix for the problem (1.1)
—(1.8) in the case where f belongs to ([0, ¢) x U), following
Melrose [6]. We assume in the remainder of this section that
(A.4) {B;(«', D)}.g;<: Is a normal system on the hyperplane z,=0
and m;Em—1, 17/

Therefore we obtain a Dirichlet system {B;},<;<. of order m on z2,=0

by complementing suitably {B,},;i<jznm
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Lemma 4.2([5], [8], [9]). There exists a Dirichlet system
{B;(x'y D)},<;<ms uniquely determined, such that for any uesC=([0,
9 2'())

Pa— (Pu)~=}7.,B;(z', D) {3(2,) ®B; (2’ D)u(x) |«p=s}.

Moreover we have
et L § B &~ o)
1 det< 271_1. P_ (0, _Z‘” ~§0, E/) dso j=1+1,..., m
= (Sgn 0) (_1)1(1—-1)/2b1 (.Z", 1; 03"': 0) . b;‘

1 bj(xl, E) Eé—l £ ) <
Xdet( Omi P+ (0, x,’ S) d§o>;.k=1....,l’ Im 51:03

where b} is the principal part of B., ¢ is a permutation defined by
ma(j):'j'— 1: lé.]gm: and p- (x’ _E) =H?=—11 Eo—z; (.’II, '—EI))’ Im §,=0.

Put

M=1{fED'([0, ) X U) ; f=Xj=i0Bj (&, D) (0(x) Qh;(2)),
hJ'E@I<U)}:

M= {f€D'([0, &) xU) ; f= 172002 (2) ®h;(z), h,eC (D)},

C=([0, &) x U) = {fE D'([0, &) xU) ; fEC([0, &) x U)}.

Lemma 4.3. ./ is uniquely determined by {P, B,---, Bj}.

Proof. Assume that {B,--:, B,, B,s1,--, B,} is another Dirichlet
system of order m on z,=0. Then we have

7B (2, D) (0(2,) @B, (x', D)u(x) |z=0)
=NBi(@, D) (0(x) @B |.pm0) + LB (@', D) (0(x,)
@E,‘u !1°=0)

for uC=([0, ¢ ; 2'(U)), where {B)}.<;s, is defined for {B,--,
B, By, -, B,} by Lemma 4.2. On the other hand it easily follows
that for any g,€92'(U), 1<j<m, there exists u in C*([0, ¢) ;
2'(U)) such that B;(z', D)u (z) lep=0=g; ("), 1<j<m (see [5]). This
proves the lemma. Q.E. D.

Definition 4.5. Let uc9'([0, &) xU). We define WF,(x) by
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WF (u)={(z', §)eT*U\0; **(NWF(u)+#* ¢ for any
conic neighborhood 7 of (z/, &)},

where the inclusion ¢: U—(—¢, ¢) X U is defined by ¢(z’) = (0, z').

Definition 4.6. A right microlocal parametrix for the problems
(1.1)—(1.3) at (2% &) is a triple {E', I', [0, &) x U} satisfying
the conditions

(1) I’ is a conic neighborhood of (z*, "), U is a neighborhood
of z¥ and >0,

(ii) E'is an operator: ([0, &) x U) x {2'(U)}'—>2'([0, &) x U),

(i) PE'(f, &> &)—f—XiBi(@, D) (0(x)®g; ")) eC ([0,
) XU)+ M+ M, if WE,(f), WF(g,)CI' and WF (f|:>) € (0, &) X
U XRX7, where I'=U, X7, and 7, is a conic neighborhood of &,

(iv) WEE(f, gus &) leso) Clm=cl if WE(f.50) C{zi 20}
and WF,(f), WF(g,) C {z,=c}.

It follows from partial hypoellipticity that we can define maps
Wi: 9'([0, & xU)—>2'(U) by
W;(f) =lim,»-B; (z', D)F(f) (z,, Z).
Put
E'(f, s 8)=F () = (F(f) lopmo) ™+ Di=i (E; (g, = Wi ()™
for f€9'([0, &) x U), g,€2'(U),

where (F(f) |a=0)" € D' ((—e, 0]xU) is defined for F(f) |z
C*((—¢&0]; 2'(U)) in a natural manner. Then we have the following

Theorem 4.7. Assume that the conditions (A.1)— (A.4) are
satisfied. Then modifying U, I' and ¢, if necessary, {E', I', [0, ¢)
x U} is a microlocal parametriz for (1.1)—(1.3) at (2% &Y).
Moreover we have

WFE (f, g5 &) ’z0>0) cCo WF(flzpo) u [Uj}:,Cj([’o)o
Co(I') o {ULL,WF (g,) U (Coo WF (f2>0)) U WE, (£)} ],
WE, (B (f, 815 8)) CC (T o [US_, WF (g;) U (Cio WF (f [2>0))
U WF, (1.
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Using the result obtained by Lax and Nirenberg [7] the same
argument as in [6], § 11, yields the following

Theorem 4.8. Let (zV, &)el'=U,xy, and usP'([0, &) x U).
Then we have (xV, &')& WF,(u) if there exists v in M such that
(z¥, &) WF,(Pu—v) and

(@, €& C,(I")o[Coo {WF (U |2>0) N (0, &) x U, x RX 7}
U {(WF, )\ {=", &)1 nIll].

Corollary 4.9. Let u=C~([0, ¢); 2'(U)). Then we have (zV,
§ )& WE, (w) if (z, ') & WE,(Pu), (x,§") & WF(Bu =), 1=/,
and

(@, §)&EC,(I'y)o[Coo {(WF () N (0, &) X Uy x RX71)
UA{WE, (w)\{(z¥, §)})nT}].

§5. Some Remarks

Let ¢ : {2'()}'-=C([0,¢) ; 2'(U)) be a microlocal parametrix

for the Dirichlet problem

P(z, Dyu(z)=0, xR}, x,>0,

Di7'u(x) |.,20=0, x>0, 1=k=<m,

D{,’”‘u(x) |ro=0=h’j(x,)’ .Z'1>0, léjél
at (2°, €”). The operator & can be constructed in the same way as
in §2. The phase functions ¢;(z, y, §') are defined by the eiconal
equations

ao¢j (JL‘, yls EI) :2:— (.Z‘, Vz'¢i),

6,0, «', ', §)=("—y)-&, 1=j=L

Then we have the following

Lemma 5.1. Under the condition (A. 1) a microlocal parametriz

for the Dirichlet problem can be given in the form

8 ooy ) = Zha D {explis, (@, ¥, ©)lan(, ¥, )
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X by (y')dy' d&' + Zi=1SeXp[i (@' =y)-&la(z, ¥, E) P (y) dy' dE',
(agﬁ(o’ xl, y', 5/)’.__, a(l’llu Cgk(o’ x/’ y/’ S/)""a C(I]—llk)kh... N
ZX(xIJ yla El)tLdCr,» El)_l:
where a,, and a, are symbols, a%, and a} are their principal symbols

as multiple symbols,

a(@ ¥, =T o (e, O E explinglds,
Cegr
Xeu(x, v, §),
and

Li(z', &)= (0, z’, &), 77

LS PO, &, &) d e, o S PTIETITITAE) s e

k27fl. Cgr ? 277.'1.* Ces

Here we note that
det L,(z', &)= (=100 o0y (A7 (0, 2/, &) —2F)

+ -\ -
X H11+1_S_j§l 1Sk=m—1 (2;' — % ) ~

Lemma 5.2. Assume that the condition (A.1) is satisfied. For
he2'(U), 1=k<l, we can define pseudo-differential operators %,

in x' variables by
Zi=1gjk(hk) :Bj (xla D) & (hu"'s hl) I’n=°'

Moreover the principal symbols 85, of #, can be given in the form

B’y v, €)=y, v, &)L(&, &) Li(x, &)

Under the conditions (A.1) — (A.3) we can construct a microlocal
; for the problem

ZinZu(h) =g,(z), g,€2'(U), 1=j=1.

parametrix & = (&) ;4=

Thus putting E,(g) =& (Zu(g), -+, “u(g)), we obtain a right

microlocal parametrix for the problem (1.1)'— (1.3)" at (2% &).
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