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A Mixed Finite Element Method for the
Biharmonic Eigenvalue Problems
of Plate Bending

By

Kazuo ISHIHARA*

Summary

In this paper, we obtain error estimates of a finite element solution by means of the
mixed method for the biharmonic eigenvalue problem of plate bending. Some numerical
examples are also given.

§1. Introduction

Let us consider the finite element solution for the biharmonic
eigenvalue problem of plate bending with the homogeneous Dirichlet

boundary condition :

ddu=2u in £2,

1
(1) u=0ou/on=>0 on 0%.

Here £ is a bounded convex domain in the two dimensional Euclid-
ean space R? with a smooth boundary 02, 4 Laplacian and 0/dn
differentiation in the outward normal direction to 0%.

In the finite element method for the static boundary value prob-

lem of plate bending:

ddw=f in £2,

2
(2) w=0w/on=0 on 08,

several schemes have been studied during the last few years. Here
fis a given function. Some of these schemes are the compatible

model, the hybrid method, the mixed method, the non-conforming
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method and the discrete Kirchhoff assumption model (see [1], [2],
[41, 61, [7]1, [91, [12]). However, neither the hybrid method nor
the mixed method has been applied to the eigenvalue problem (1).

The purpose of this paper is to obtain error estimates for the
finite element solutions of the eigenvalue problem (1), applying the
mixed method with piecewise linear polynomials proposed by Miyoshi
[9].

The plan of the present paper is as follows. In Section 2, we
give some notations and facts about the eigenvalue problem for the
biharmonic operator. In Section 3, we prove that the approximate
eigenvalues and the corresponding eigenfunctions converge with a
certain rate of convergence to the exact ones. Finally, in Section 4,
some numerical results are also given to see the validity of our theory.

Throughout this paper, C, C,, C, etc. are generic positive con-
stants, independent of 4, which are not necessarily the same at differ-
ent places. Here % is a parameter depending on a triangulation of
the domain £2.

§2. Preliminaries

We assume that the solution % of (1) is sufficiently smooth. Let
L,(2) be the real space of square integrable functions on £2. The
inner product and the norm on L,(£2) are denoted by (, ) and
[l<]l, respectively. Let H"(£2) be the real n-th order Sobolev space
(n=1, 2, ---) with the norm given by

= 2 1Dl

where a=(a,, @,) is a multiple index with non-negative integers,

|a| =a,+a, and D*=0d"!/0z110xz2.

We use the space H;(£2) which is the completion of the space of all
test functions on £ with respect to the norm of H"(2).

The standard variational formulation of the eigenvalue problem
(1) consists of finding a real eigenvalue 4 and a non-zero eigenfunc-
tion u€HZ(2) such that
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(3) {u, ¢p=4(u, ¢) for each ¢eH;(2)
where

{u, vy= (D*u, D*v).

lal=2

It is well known that all the eigenvalues {4} of (3) are arranged as

follows :
0<21§22§,23§<00.

The corresponding eigenfunctions are denoted by {«,} with the nor-

malization condition

(u;, u;) =0

ijs

where 0;; is Kronecker’s delta. It is also well known from the Rayleigh

principle that the eigenvalues are characterized by

21 = min _<u’—u> — min M’
“EH @) (u, ) veH2(2) (u, u)
u70 uF0
(4) A;= min (u, up 1=92, 3, «eee--

weH2 () (u, u)

u70
(v, uj)=0
=12, ,i-1

In order to introduce another variational formulation, we put (1)

into the following problem :

v=Adu in £,
(5) dv=2u in £,
u=0u/on=0 on 08.

The weak form of the problem (5) consists of finding a real eigen-
value 4 and non-zero eigenfunctions vu€H;(2), vEH'(£2) such that

a(u, ¢)+ (v, $) =0 for each ¢H (2),

(6) a(v, ) +2(u, $)=0 for each $SHI(2),

where

a(u, v)= S (0u/0x,+0v/0x,+ 0u/ox,-dv/dx,) dx,dzx,.
2
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Define the space V as follows:

V={{u, v} €H;(2) xH'(2) ;a(u, ¢)+ (v, $) =0
for each ¢=H'(2)}.

Then, the eigenvalues 4; of (6) are characterized by

A= min
{z,v}EV ! lu l ‘
U0

(7) i=9, 3, .

A, = min
Y ower |y’
uv0

(u,u;)=0
J=12, Li—1

§ 3. Finite Element Scheme and Rate of Convergence

For simplicity, it is assumed that the domain £ is a convex polygon.
We decompose the domain 2 into m disjoint triangular elements
4,(k=1, 2, -, m). By P, 1<i<n, (or P,, n+1=i<n+J), we denote
the nodal points of the triangulation 7" which belong to £ (or 992).
Here £ is the largest side length of all the triangular elements. We
also assume that the triangulation T" satisfies the following conditions
(see [9], [10]) :

(a) Q:kf_jlﬂk, 4,04,=0 (G#).

(b) The—minimum angle ¢ of all the triangles is bounded below
in such a way that 6=6,>0.

(¢) There exists a closed subregion 'Q"sz,A"’ of £ which is
composed of meshes of side length %, and the number of the
nodal points in 22— (2,) e, is of order O(A™) as A—0. Each
square in £, is triangulated by the diagonal of north-east

direction.

Let {} (=1, 2, -, n+J) be the piecewise linear functions

satisfying the relations
';5;' (P;) =5.‘j; lél, ]én_l_‘]

Define finite dimensional spaces Y* and Y% as follows:
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Yhzspan[éu ¢"za Tty ¢n+1]CHl(Q);
Yi={d;dEY" $=0 on 02} CH;(2).
For a given function feL,(£), Miyoshi [9] proved that the
mixed finite element solution {w, w#,} € Yix Y* defined by
a(w, ¢)+ (b, ) =0 for each g Y?,
a(y, ¢)+(f, ¢)=0 for each 4 Y%,
holds the following error estimate

where {w, w,=4w} is the exact solution of (2).
We define the finite element solution {4, @, 9} (@€Y}, &Y") of

the consistent mass scheme for the eigenvalue problem (6) by

a(d, ¢)+ (9, §)=0 for each 4= Y,

9 . A . .
(9) a(t, ¢)+4@@, ¢)=0 for each g7,

This scheme is equivalent to a set of the matrix eigenvalue equations

KU+MV=0,
KV+iMU=0.

Here U= (@ (P;)) and V= (9(P;)) are unknown vectors, and K and

M are the stiffness matrix and the consistent mass matrix given by

K= {a(éi’ éi)}, léli jéﬂ‘i-.],
M={($, §)},  1=i, j<n+l.

Let V* be a space defined by
Vi={{g, 9} €YixY"; a@, §)+ (9, ¢)=0 for each $=Y*}.

Then the eigenvalues {4} (=1, 2, ---, n) are characterized by

. . I A[|z
A= min Y
' {a,0}EVh ”aHZ ’
440
(10) -
A= min ’I?Hz, 1=2,3, -, n
(a.gl‘eovh Huil

@@,2,)=0
ji=L2  .i-1

We can normalize the eigenfunctions %, corresponding to 4, by
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(’ll;, 12]) :5,-1' and (u,, 12,) go-

We shall prove the convergence of the approximate solutions for
the first n,(=n) eigenvalues and eigenfunctions. First we shall give
error estimates for the approximate eigenvalues using the technique,
analogous to the one used by Kikuchi [6, 7] and Strang and Fix

[12]. Some lemmas are prepared.

Lemma 1. Let
Eiz{wi;wiespan[uh Upy o+ Ui, Hwi”zl}‘

For w,= Z au,eE,, define (i, 0.} V" by
j=1

(11) a (@, §)+ By 4)=0 for each $Y*,
(12) a (B é)-}-(éa,lju” $H=0  for each Y
Then, :

(13) @ —wi|| < CAR*.

Proof. By applying (8), the proof is complete.

Lemma 2. Let §' be an arbitrary i-dimensional subspace of Y&.
Let u, be an arbitrary non-zero element of S!(1=i=n) such that
(14) (uh) uj>=05 j=l’ 2: ) i—1.

When i=1, no constraint is imposed on u,. Define v,eY", {u,v}eV

and {u,, v} €V* by

(15) a(u, )+ (v, §) =0  for each $=Y*,
and

(16) a(v, ¢)+ (uy, ¢)=0  for each ¢=H(2),
(17 a@, ¢)+ @, $)=0  for each $€H'(2),
and

(18) a(v, @)+ (wy, §)=0 for each €Y,

19 a(u, ¢)+ (v, §)=0 for each $=Y*,
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respectively. Then, (v, u;)=0, j=1, 2, -+, i—1, and

(20) ol S 47wl P (14 CAR*).

Proof. From (8), we have
[ — || < Clfu| |2
By (17) and (16), we have
P =—a(, v)=(w, v)=|luwll-liw]l.
Since {4;, #;, v;} is the solution of (6), it holds that

21) a(u,, ¢)+(v,, $)=0  for each ¢=H'(2),
(22) av,, ¢)+2 (u,, ¢)=0 for each ¢ = H;(2).

Combining (22), (17), (21), (16) and (14), we obtain

(w;, u)y=—=2A"a(v,, )=, v,)=—2"a(y,, V)

=7 (uyy ;) =0, j=1, 2, -+, i—1
Therefore, from (7), we have
A 1P S0P = |- el
Thus,
' f| = 2wl
By (19) and (18), we obtain
oll? = —a (ui, v2) = (i, ) Syl |l

Sl (e — w1+ 121D Sl (Cliw 1A + 27 wal])
A7l (1+CAR*).

This completes the proof.

We are now in a position to prove the following theorem.

405

Theorem 1. Let 2, and A, be the eigenvalues defined by (6) and

(9), respectively. Then, for sufficiently small h,

|4 — 4 SCZh*.

Proof. Define two mappings Q:E—Y" and R: E—Y}

given
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by (12) and (11), respectively, that is,
U= Qw,, #@,;=Rw,.
By (11), (12) and (13), we have
1ol == @, )= (3 @ty @) SALE al-lla]

= Al|wil| [l S Al Gieos — @l |+ @il
S Allal (1 + Cah*).

Thus,

1Qwill® _ 8ll® 5 1 cant
Rl e =% FCAAD.

Since S,=RE; is i-dimensional, an application of the min-max

principle ([12]) gives

23) A= max AW o QWP o g4 cansy,

€8y Huth w,EE, HRw1HZ
(uhvvh]EVh

for sufficiently small A.
On the other hand, from (18) and (15), we have

[l P= —a(vi, ws) = (vsy wi) Z|will - [lwidl.
Thus, using Lemma 2 yields
eall* ol Pllwil P 1wl P27 |4l (1 + CAAF).

Therefore, we obtain

Bl > 2 (14 Cak*) =2, (1= CARY).

ﬂuhllz -
Thus, for sufficiently small A, using the min-max principle gives
(24) A=A, (1—Can®).

By combining (23) and (24), the proof is complete.

We next give error estimates for the approximate eigenfunctions.
For u,, define {2, w.}<V" by

(25) a(, ¢)+ (W, ¢)=0 for each =Y,
(26) a(w, ¢)+2A(u;, $)=0 for each =Yk



FEM FOR BIHARMONIC EIGENVALUE PROBLEMS 407

Then, from Lemma 1, we have

(27) ![é,-—u,-[lgC,Z,-h‘*:Cgh’*.

Making use of the fact that {#,, @, :--, 4,} are orthonormal in the
norm ii+||, we expand

(28) 8= 3 (4 @)+ (2, 28+

For ff-’EYé, define g7 Y" by

(29) a(fi, §)+ (8!, ¢)=0 for each ISE

Then, we obtain the following two lemmas for the estimates of ||f7|

i—1
and || 1:2—11 (%, 721:)121:”-

Lemma 3. Suppose that 2,<2A.,. Write ¢, as (28). Then, for
sufficiently small h,

I = CA*

Proof. Consider the quantity [|g7"—2|[f7>. By (28), we have

(30) (ff, &) =0, 1<k<i.

Since {4,, %, 9} are the solutions of (9), it holds that
31 a(ty, ¢)+ (0, )=0 for each g Y*,
(32) a(t ¢) +4(t, ¢)=0 for each =Yk
By (29), (32) and (30), we have

(33) @& 0 =—a(f, 9)=4@.f)=0, 1=<k<i

From (28) and (30), we have

(34) (5 1= 3, ) @y £+ =IIFE

Combining (25), (28), (31), (29) and (33), we have

(35) (s gD =—als, gD =~ 5 (5, a)-al@, &) —a(fl, 2D
= 3 (&, 1) (5, &) +IEHP =118

Therefore, from (34), (85), (29), (26), we obtain
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(36) g1 =2 Fil1P = (e, 87 — A (8sy F1)
=—a(fl, @) =A%, 1) =2, fO)—=2,
=2 (u,— %, 1) <A lu— 2]+ 1If7.

Combining (10), (29) and (30) gives
(37) [l MvAIR
Thus, from (36) and (87), we have
G =) IFN S A — 2.
On the other hand, by Theorem 1 and 4,,,>4, we obtain
A~ 2> (A —2)/2>0
for sufficiently small A. Therefore, applying (27) yields

£l = 22— sl < CR,
i+1 i

for sufficiently small 2. This completes the proof.

i—1
We now obtain an estimate of || 23 (£, @),
k=1

Lemma 4. Suppose 2, >A_,. Write 2, as (28). Define {f,, £}
eV* by

(38) fi= % &, aoa,
(39) a(fi, )+ @, §)=0 for each =Y.
Then, for sufficiently small h,

Il <Coht.

Proof. Consider the quantity —j|g:||2+2,.i|f:!}2. From (89), (38),
(31), (25) and (32), we have

i—1 i1
(whia g:) =—a (f:a whi) = él (éu ak)a (72&: whi) = kZ_II (éu ﬁk) ('z‘)k, whx‘)
i—1 i—1 a
=—- k;l (%, w)a(%, 0)= k§ (2 ) A, £,)

= E}l 21@ (é;, f‘k)z-
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From (39), (38), (31), (39), (38) and (32) we have
= —a(fy )= — 5 (5 @a, £)= T (5, 2) (3, £)
=—3 (4 walfy, 0 ==L (4, Wa(Z (&, a)i, 0)
== (8, @) (5, 2)a(d, )

kj=1

i—1 s D
= X (&, %) (&, ﬁj)ik(ﬁk: ;) = :z;llk(zu W)’

Pyt
Thus,

(40) |Ig:ill* = (abi, £0)-
By (38), we have

(41) (5 )= 3 (5 2 =IIfII.

Combining (40), (41), (39), (26), we obtain

(42) — &P+ = — (s 87) +2: (55 1)
=a (W, f1)+4 (&, ) =—2(uy fO+2(5 f)
=2 (&—w, ) Sllu— &) 1F.

By the property of the eigenvalue and (38) and (39), we have
(43) giIP =2 Ifae
Thus, from (42) and (43), we obtain
GRS ENIVAIEAI DR AL
On the other hand, by Theorem 1 and 24, >4_,, for sufficiently
small 2, we have

li _zi—1> (li _/2;—1)/2>0-

Therefore, applying (27) yields

A A el

3 i—1

for sufficiently small 2. The proof is complete.

We now prove the following theorem.
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Theorem 2. Let A, be an eigenvalue of multiplicity p+1(»=0,
Zi—1<2i:2i+1="'=25+p<21‘+p+1> Of (6) and Uiy Uiryy oty Uigy be the
corresponding eigenfunctions. Let @, be the approximate eigenfunction

corresponding to A,(k=1, 2, ---, n). Then, for sufficiently small h,
dist{u;, Span[@:, i1, -5 Gis,]} S Cht,
Jj=i, i+1, -, i+p, where
dist {u, B} =inf]||u—1#||.
aeB

Proof. Define 4} =Span[d;, -+, 41,1 by

+

i+p
P = ‘(u/” i) T J=i, i+1, -y itp.

k

i

I

For u,, define {¢;,, w,,}€V* by (25) and (26) (=i, i+1, .-, i+p).
Then, from (27)

”uj_'%.;”écahi-a .7:13 Z+1’ Ty Z+p

Write 2; in the form

i—1 itp .
g,= 2 ('%ja ﬁk)dk+k2 (én ﬁk)ﬁk+_f;'°
=1

k=1

Since 2;,,<2i;,+ and since u; is the eigenfunction corresponding to

4+, an application of Lemma 3 gives
£ S ChE,
for sufficiently small 4. Similarly, since 4,-,<<4; and u; is the eigen-
function corresponding to 4, an application of Lemma 4 gives
i—1
IS 8 2Dl SCRY,

for sufficiently small . Therefore we have

i1 ivp L
|fﬁf—5fﬂé‘lk§ (&, ﬁk)ak|i+”k§ (u;—%;, @)l |+ 17
SCht+ (p+Dllu,—2li+Ch*
SChY+ (p+1) Cohr + Cht = Ch?.

Thus, by the triangle inequality we obtain

llw,—afl| Stiu;— gl +1g,—af | S Ch*, j=i, i+ 1, -, i+p,
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for sufficiently small 2. The proof is complete.
We can now prove the following corollary to Theorem 2.

Corollary. If A, isa simple eigenvalue, then, for sufficiently small
h,

<Ch*.

[, —

Proof. Putting B;= (u,, %,) =0, define 2 by
af =B,
Then, from the proof of Theorem 2, we have
lu,—a}| S Ch*
for sufficiently small 2. Moreover, we have
=20 = o= 2 1y 42) +1[2F 11 =1 = 255+
=1—g.
Using the triangle inequality, for sufficiently small 4, we obtain
lfw, =l =[lu, — Bl +]18.8: — ]|
=l —af 1+ 1= o = b, —a7l|+ 150
Sllu,—aki+lu, —aX|F < Ch*.

This completes the proof.

Remark. Further, we can propose the generalized mixed mass
scheme with a parameter 8, 0<8=<1 (see [15]):

KU+ (BM+ (1—B) M,} V=0,
KV+1{8M+ (1—8) M} U=0,

where M, is the diagonal lumped mass matrix. This scheme includes
the consistent mass scheme (8=1) and the lumped mass scheme
(8=0) as its special cases. We can obtain error estimates of the
generalized mixed mass scheme, similar to those of the consistent mass

scheme.
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§4. Numerical Results

In order to show the validity of our theory, numerical experiments
are performed. We have used the FACOM 230-28 computer at
Ehime University and the FACOM 230-75 computer at Kyushu
University. Let £ be a square domain defined by

Q: —n/2<x,<n/2, —rn/2<x,<n/2.
Example.

Addu=2u in 2,
u=o0ou/on=0 on 02.

The above example is the same as the one given by Weinstein and
Stenger ([13], p. 194). Although the exact eigenvalues for this prob-
lem are not known, Weinstein and Stenger have shown the lower
and upper bounds for the exact ones by the method of intermediate
problems and the Rayleigh-Ritz method, respectively.

The square domain is divided into uniform mesh with isosceles
triangles as shown in Figure (36, 49, 64 and 81 nodes). The com-
putations were performed for the parameter $=0, 0.5, 1. Table
shows the results of the finite element solutions for the first four
eigenvalues, compared with the lower and upper bounds for the
exact values. It demonstrates that the approximate eigenvalues con-

verge with the mesh size in good agreement with our theorem.

Figure. Mesh pattern (36 nodes)
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Table. The results of the eignvalues for Example

eigenvalue (number)
mesh (node) h B
1 2 3 4

o 9. 7494 32. 0009 32.0011 66. 9656
36 _*/gl 0.5 12. 5516 46. 5794 51.2400 | 109.9170
1 17. 2642 77. 6260 98.6773 | 222.9727
_ 0 10. 5935 36. 9346 36. 9346 77. 6290
49 —‘/gl 0.5 12. 7965 49, 3474 53.0603 | 116.5038
1 16. 0165 71. 2238 84,5717 197. 3236
, 0 11.1828 40. 5867 40. 5867 85. 6151
64 ‘/g” 0.5 12.9371 | 50.9931 53.9416 | 119.2188
1 15. 2789 { 67.1105 76.2634 | 178.7896
N 0 11. 6053 43.3194 43,3195 91. 6870
81 ‘/g” 0.5 13. 0252 52. 0410 54,4127 120. 3749
1 14. 8062 64. 3767 71.0464 | 165.8120

lower bound for 4;* 13.2820 | 55.240 55. 240 120. 007

upper bound for 2,* | 13.3842 56.561 |  56.561 124. 074

* From Weinstein and Stenger {13)
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