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On the Spectral Representation of Holomorphic
Functions on Some Domain

By

Toshihiro WATANABE*

§ 0. Introduction

The investigations of this paper will be concerned with the inverse
Fourier-Laplace transform of functions holomorphic in some domain.
On this subject the representation of entire functions has been
obtained by Paley-Wiener-Schwartz and Eskin (cf.; [2], [7] p. 238).
However as for the problem of functions holomorphic in bounded
domains, it seems to the author that only the case of a tubular cone
has been studied (cf.; [1], [6] Chapter VI Theorem 5, [7] Chapter
V § 26).

Among these works, Schwartz’ theorem characterizes a class of
holomorphic functions whose spectral functions” f(x) possess the

following properties :
(1 supp fC[0, o]
(2) e =0 f(x) e (R) for some EER.

Since a distribution in &’ is represented in the form of a finite sum
of derivatives of continuous functions of power increase, we can say
that Schwartz’ theorem essentially treats about a spectral function
f(z) in R' which satisfies the following properties :

40 @=L +&) 1@, supp £,cL0, o]

for some integer £=0 and constant §ER';

* Communicated by M. Sato, July 7, 1976. Revised February 21, 1977.
Department of Applied Mathematics, University of Gifu, Kagamigahara 504, Japan.

t) We call the spectral function the inverse Fourier-Laplace transform of functions
holomorphic in some domain.
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(2" eof, ()

is a continuous function of power increase.
In this paper, we shall first prove that the Schwartz theorem can
be generalized to the case where the spectral function g(4) satisfies

the following conditions :
P _
3 g(l)=(—67—yo>9go(l), supp &CV*;

4 g,(2) is a continuous function and, for any >0,

there exists a constant K, >0 satisfying the inequality
18 (D) | =K, exp(4, y,+ee).

Here V is an affinely homogeneous convex cone in R*, V* is the
closed dual cone of V, p is a multi-index and (%)p is a Riemann-
Liouville operator associated with the cone V (see [5], Proposition
1.1, p. 202). Since the support of the fundamental solution of <—%>P
is contained in the closed dual cone V*([5], Theorem 2.2 p.216),

<£>P turns out to be a hyperbolic differential operator. Secondly
we shall consider the case of the Riemann-Liouville operator <aiz -
F<_3%’ ;C_»p ([5] Proposition 1.1, p.202) associated with the real
Siegel domain

D={@, &) eR*": 1-F(§, &)V},

where F(., .) is a homogeneous V-positive symmetric bilinear form
on R™ with values in R*. Our result of this case (a main result)
characterizes a class of holomorphic functions whose spectral function

f(4, §) satisfies the following properties:
_( 0 a  0\Y
(5) G O=(5r-F 5 5)) £ O,
where £ (4, ) is continuous in (4, {) ER*X C", entire in {C" and
is of support in V*xC";

(6) for any >0 there exists a constant K, >0 to satisfy the inequal-
ity
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4
+(Lge)sp FGir-, 1) 4esp A}, C=¢+inecn.
4 P

£, ©) | < Kageh exp{—<l—e> sp F(*-1&, 1*-16)

Inequalities (4) and (6) can estimate the fundamental solution of

0 0 0 0\\V .
the operators (W—%) and <82 F<%, 7}5)) , respectively, where
the vectors p= (0 ..., p,) and o= (0,,..., d,) satisfy the conditions
0, 6, >—d,; >0 (i=1,..., ]) for a fixed vector d=(d,,..., d;). Also
the support of f,(2) [resp. g (4, £)] is contained in the closed dual

cone V* [resp. V*x C"] which is equal to the support of the funda-

0 e 0 0 0\
mental solution of the operator <32 yo> |:resp. <—87_F<79? ‘a?)) ]
Therefore the spectral function g(4) [resp. f(4, {)] is considered

to approximate the fundamental solution of the operator (32 y0>p

[:resp. <7§I—F<—a%, %))P] Thus we call holomorphic functions
satisfying the conditions (3) and (4) [resp. (5) and (6)] “V-hyperbolic”
[resp. “D-parabolic’].

Let us enumerate symbols and notations used in this paper (as
for the details of these symbols and notations, see [4], [5]). Let V
be an affinely homogeneous convex cone of rank / which does not
contain straight lines in R™ and V* be a dual cone of V with respect
to the scalar product (., .). Since it is possible to transfer to V the
structure of T-algebra ([8], Definition 3, p. 380), we fix a point e
in V to satisfy the condition (e, z)=spz ([5], p.-22, (2.13)) and
define the dual vector z* by sp (z*2)= (z, ). We denote by I',*(p)
the gamma function of the cone V*([5], Definition 2.2, p.22).
The symbol z*[resp. x4%] is meant by a compound power function
of V [resp. V*], where p is a multi-index ([5], p.20 (2.3)). Put
o*=(oy,-..5 p) for p=(p..., p). Then we have xz= (z*)e" ([5],
p-23 (2.26)). The vector p for which z* becomes a polynomial
are called V-integral ([5], Definition 3.2, p.37). F(,) denotes a
homogenecus V-positive symmetric bilinear form on R™ with values in
R*([4], p-199, (1.1)~(1.4)) and also F(,) is used in case where
it is naturally extended on C™ with values in C*. The vectors d= (d,)
([5], Proposition 2.2, p.20), n=(n,) ([5], p.14, (1.16)), g=(g.)
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a

([4], p- 201, (1.16)), 4 and 2 ([4], p. 212, (2.3), (2.4)) are proper
symbols associated with the cone V and the bilinear form F(,).

§1. The Case of “V-hyperbolic’ Holomorphic Functions

In this section we prove the following theorem which generalizes
Schwartz’ theorem [6] and characterizes the “V-hyperbolicity” of

holomorphic functions.

Theorem 1. Let h(2) be a holomorphic function in the tubular

cone
T={z€C": Im 2€V+y,, y, is fixed}.
Suppose that, for any >0, there exist a constant K,™>0 and a V-integral
vector p, satisfying
(L.1) |h(2) |SK| (—iz—y)"|
in the closed domain
T.={zeC": Im z—y,—cecV},

where V is the closure of V and e is the identity. Then the spectral
Junction® g(2) of h(z) is represented for some V-integral vector p, as

(1.2) g =(Z—n)'a®,

where g,(1) is a continuous function with support in the closed dual
cone V* such that, for any ¢>0, there exists a constant K. >0 satisfying

(1.3) g (D) | =K exp (4, yo+e).

Conversely, if g(2) satisfies these conditions for a V-integral wvector
o0, and a fized vector y,&R", then the Fourier-Laplace transform h(z)
of g(R) is holomorphic in the tubular domain T and satisfies inequality
(1) for a constant K,>0 and a V-integral vector p,.

Proof. We prepare an equality to use in the proof. Since we

1) As for the definition of the spectral function of the holomorphic function in the tubular
cone, see [7], p.230.
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have
(1. 4) [ cexp Gz D)™z
A4
. —p*pa¥
:Sv*exp (—sp (—i2)*A) 2> " da
= (——iz)"g L€XP (—sp DA+ da
\4

=Tys(—p*) (—iz)*, Im2€V, Re p,<— "

i=1,..., [,

the Parseval-Plancherel formula gives

s { (—iz—y)pae

= Q)" |L,u (=0 |7\ exp(=20r=35 D} 4"di
=Q2m)" I o (=p*) |72 o (—2Rep* +d*) (2y —2y,) "4,
where 2 Re pi<d;—% (i=1,..., ) and yeR" is chosen so that
z=z+iyeT.
Now let 2(z) be a holomorphic function in 7T satisfying (l.1).
Then, for a sufficiently large V-integral vector, the spectral function
g(A) of h(2) is expressed as follows:

(1.6) g =(2-5)" S+ e @R (2) (—iz—y,) "dx

(z=z+iyeT).
We set

&) =§ e (2) (—iz—y,) "dz.

R"+iy

Then in virtue of the Cauchy theorem the function g,(1) is inde-
pendent of the plane of integration in the tubular cone T and we
obtain from (1.1) and (1.5)

.7 g |sKesp® 0|
=Kexp(4 y) Qo)™ |1« (— (0¥ —pF)/2) |7

xI',.(~Re pf+Re pf+d*) (2y—2)" "7 "™

| (—iz—y0)" " |dx
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if y is chosen so that z=z+iyeT, Setting y=y,+e in (1.7),
we obtain inequality (1.3). If 2& V*, there exists y, & V+, satisfying
(4, y,—,) =0. Therefore if we set y=t(y,—,) +3, then yeV+y,
for any £>>0. Letting t—-+o0 in (1.7), we see that the right side
of (1.7) vanishes. Hence supp gC V*. Since inequality (1. 1) and
equality (1.5) gives

(1. 8) le™i®2h (2) /(—iz—3)" |
gng(Z'y) l <_iz—yo) fo™h1 l ELI,
zeT,,

the continuity of g,(4) follows from Lebegue’s convergence theorem.
Conversely, suppose that a function g(2) is given for some V-in-
tegral vector o, by (1.2) with g,(2) satisfying inequality (1.3). Let

us set
h(2) =Sv*e"("‘)g(2)dl.
Then we have
. 0 (21
— i@ Y
(1.9 h2) =\ ew( o -n) s @dz

=<—iz—yo>"*g e, (2)dA.

V*

Inequality (1.3) yields

(1_ 10) lg ei(l.x)go (Z) dl} éK:S e—(z.y—yo—u)dz’
v* v*
z=x+1iy.
Since the right side of (1.10) is convergent for y—y,—eecV, we
have inequality (1l.1) in the closed domain T,.. Let us show that

h(2) is a holomorphic function in the tubular cone 7. From (I.3),

we see that for y—y,—ececV

(1.11) le?*2idg, () =K. |4 lexp (A, —y+y,+ee) €L},
A= (A0 0es4).

Then in virtue of Lebesque’s convergence theorem we have
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(1.12) g kS L eOg,(Dd

oxt
o0
=—z—~g etg, (2 dA
V*

=\ Lewing az,
\ 4

where 2=(2, ..., 2,) €C", 2,=x,+1iy, and 1=(4,..., 4,) and also
each integration of (l.12) is continuous in z, and y, (k=1,..., n).
Since the first equality of (1.12) is the Cauchy-Riemann equation,
we conclude that 2(z) is holomorphic in the domain T.

Q. E.D.

§2. The Case of “D-parabolic’ Holomorphic Functions

In order to characterize the “D-parabolicity’” of holomorphic

functions, we prepare a lemma.

Lemma. Let h(u) be an entire function in C™ which, for any
e>0, satisfies the following:
@1 |7 (w) | < Keexp{— (1—¢) (4 F(u, )"
+(14) (& Flup )™},
where 2&V*, p,=21 (=1, 2) and u=u,+iu,=C". Then the spectral
Sfunction () of h(u):

f(C) =S e—ispF(C.u)h (u) dul

R"‘+iu2
is entire and for any ¢ >0 satisfies the inequality

(2.2) FQ) | S KA rexp {— (007 o)
X (Sp F(i*_‘f, i*_1$>>p;/2
+ @7 e (sp P4, 270",

where 1/p,+1/p;=1 (i=1,2) and {=&+ineC™.
Conversely, if f(C) satisfies these conditions for certain numbers

p:.>1 (i=1,2), then its Fourier-Laplace transform h(u) :
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ha={,  emreor@ds

+i

is entire and satisfies inequality (2.1) for any ¢>O0.

Proof. From inequality (2.1) we have
2.3)  |f©©) |SKexp{spF(&, w) +1+e) (4 F(uy, u))™)
x{. exp PP (0, w) = (1=9) & sy )™}
Put u;=1*u,. Then the integral of the right side of (2.3) becomes
@4 | expEpF@, w)— (- G Flu, w))*}du,
=S exp(spF (7, u) — (1—¢) (spF (*uy, T*u,))"""} du,
=2;9*/2S L exp {spF (2* 'y, u)) — (1 —¢) (spF (u, ui))’llz} du;.
Putting
r=(spF (4, u}))** and s= (spF ({*y, 1*7'p))*
and using the Schwarz inequality, we have
@5 & explpF(in, u) — (1-0) GpF (), w0))™}d
<Cap*e sup {exp(r-s— (1—e)7")}.
0Sr<oco

In virtue of the Young inequality we can estimate the right side of
(2.5) as follows:

(2.6) C ;" sup {exp(r-s—(1—e)r'")}

0=Sr<oo
<Ca " exp (570" +0)5").
Summing up, we obtain

@7, expEpFr, w)— (=) Gy Flu, u))}du,

SO exp {(pipy M o) (spF (1* g, 1)) ™).

Since A (u) is an entire function, the spectral function f({) is inde-
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pendent of #,=Im u. So we put

U= _P;P;/’z (SpF (i*_lE, 2*—1{:) ) 1/2(";/92“)2’*—12*—15

583

in inequality (2.3). Then by setting t= (spF({*7§, 1*7'€))Y2, we

have
(2.8)  expBpF (&, w)+1+e) (4 Fluy, u))™"}
—exp {—p7 0 L (14e)py 1)
—exp{((1+e)p; " 57" )
=exp {pr ¥ (5, 1 1))
=exp (677" (pr* — 1 +) )
—exp [~ (g ¥ —9) (PP (1, 2™
Inequalities (2.3) and (2.7) and equality (2.8) prove (2.2).

The

analyticity of f({) can be proved by a way similar to the proof of

Theorem 1.

Conversely, suppose that f({) is an entire function satisfying

inequality (2.2) for any ¢>0. Then the Fourier-Laplace transform

h(u) of f(©):
hw) = Sn"'

i

CeMEO () e [=E+iy,

can be estimated as follows:

(2.9) |h(u) | = K.exp{—spF (v, 7)
+ @i ) (spF (A9, 00 n)) Y
X\, 25 exp{—spF (s, &) — (657" —e)
x (spF (118, 1+-16))"" de.

Putting & =1*"'¢ in the integral of (2.9), we have
(2.10) S . et exp {—spF (4,, &)
— @) (PP (g, 179) ) de
=S , exp {—spF (1*u,, &)

— (8 o) (pF (&, €)™} a8,
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Further putting
a= (spF (A*u,, 1*u,))"? and b= (spF (&, &))",

and using the Schwarz inequality, we obtain
2.11) & _exp{—spF(I*u,, &)
R

- (p;—;pz—pzlﬁz —e) (SPF(E', 5,))p2/z} de’
<C. sup fexp(a-b— (g~ b}
0=S5<00

The Young inequality yields the inequality
(2.12)  C. sup {exp(a-b—(p}7'p, """ —&) b")}
0=5b<oo
<C exp{(1+&)a’?}

Consequently, we obtain
(2.13%) S 3 2;"*/2exp {—spF (u,, &)
R

_ (P;—lpz‘f‘;/ﬁz —o (SpF (i*_lf, i*—1§) )P;/Z} de
<Clexp{(1+6) (A F(uy u))"").

On the other hand the function ~(x) is independent of the plane
of integration {=&+1i7 (where »=constant). Therefore by setting

1=p: (8 F(uyy u)) " 3w, and c= (4, F(u, )",
we have
214 expl{—spF(u, 1)+ @ +o)
X (spF (317, 2#-))")
—exp {—p ™M (B L)
=exp (PP —py+€) ¢}
=exp{—(1—¢) (4 F(u, w))""}.

Thus inequality (2.1) follows from (2.9), (2.13) and (2.14). The
analyticity of f({) can be proved by a way similar to the proof of
Theorem 1. Q. E.D.
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Now we can state the main result concerning the “D-parabolicity”

of holomorphic functions.

Theorem 2. Let h(z, u) be a holomorphic function in the domain

D={(z, w)eC*": Im2+F(u,, w,)) —F(u,, u,) eV,
u=u,+iu,eC"}.

Suppose, for any >0, there exist a constant C,>0, a V-integral
vector p, and integers k, >0 (i=1,2) such that

(2. 15) (2, w) |SCA(1+spF (uyy ) +spF (s, u,))"
X | (—iz+F(u, w))®|+ (14+spF(uy, ) +spF(u, u,))"}
in the closed domain
D,={(z, u) €C™": Im z+F (uy, u,) —F (u, u;) —cecV}.

Then, for some V-integral vector p,, the spectral function

7, 0=

- Sn"’+' e iGA—IICW R (o u)dxdu,
lll2 iy

z=x+iyel", u=u,+iu,eC",

is represented as

(2.16) 1 O =(5r—F( g )" Stk O,

where the function f,(2, ) is continuous in (4, {) ER"X C™, entire in
LeC™ and is of support in V* X C™, and satisfies in V* X C™ the ine-
quality

@2 17) AR O |SK a4 eXP{"<%—S> sp F(4*7'€, 1*7€)

+<% +s>sp F(*~y, *~'p) 4-¢esp Z} s
{=¢+ineC.

Conversely, if a function f(2, {) satisfies these conditions (2.16)

and (2.17) for any ¢>0 and some V-integral p,, the Fourier-Laplace
transform

h(z, u) ZS i S *ei(l.z)+isp F(u,t)f(l, C)dldf
R"+igJv
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is holomorphic in the domain D and satisfies the inequality
(2.18) |h(z, u) | ZC|(—iz+F(u, u))e]

in the closed domain

D:: {(Z, u)ECH-m: Im 2+ (I_S)F(uu ul)
—(14+e)F(u,, u,) —cecV} CD for any ¢>0.

Proof. We denote by g(2, u) the spectral function of A(z, u)
with respect to z:

g(2, u)=S e~i4Dph (2, u)dx (z=z+1y)
R"+iy

where, for any fixed #C", y is chosen so that (2, ) €D. Then for
any V-integral vector p,,

@219 g0 w=(g+F@ w)"

XS,,.Hf"“"’h(z, u) (—iz+F(u, u)) "dz (2, u) ED.
Put
2200 %@ w) =SR,+we"’(""h<z, u) (—iz+F(u, 1)) "dx.

Then by Theorem 1 we see that g,(4, #) is continuous in AER*
and the support of g,(4, u) is contained in V* xC~. Since, for any
fixed u€C", the plane of integration of (2.20) is chosen so that
(z, u)eD, g,(2, u) is an entire function of u&C”. Since the inte-

grand h(z, u) (—iz+F(u, u)) "™ of (2.20) is holomorphic in the
domain D, we see that g,(4, %) is independent of y. Therefore it
follows from (1.5), (2.15) and (2.20) that for a sufficiently large
V-integral vector p, and y=—F (u,, u,) +F (44, u,) +ee (¢>0),

(2.21) 1go(4, u) | =C.(1+sp F(u,, u,) +sp F(u, u,))"
Xexp (4 —F(u,, uy) +F(u,, u,)+ee)
=Clexp{—(1—¢) (4 F(u, u,))
4+ (1+¢) (A, F(u, u,))+espi}.

Now if we apply Lemma with p,=p,=2 to the function
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(2. 22) £ O :S g, wydy,
R +iu2
then we see from (2. 2) that f,(2, {) satisfies inequality (2.17) and
is an entire function of {€C". The continuity of the function f,(4, )
with respect to AER" is obvious. We have from (2.19)
fa 0= etnreng uydy,

R”+iu2
(A )"
~(5i-Fa %)) 5@ O.
Conversely, if the function f(2, {) satisfies conditions (2.16) and
(2.17) for any €>0 and some V-integral vector p,, it follows from

Lemma with p,=p,=2 that g,(4, ») in (2.22) is continuous in AER"

and entire in {&C", and satisfies the inequality
(2.23) lg& (4, u) | =K, €xXp {_ (1—¢) (4 F(uy, uy))
+ (14¢) (4 F(u,, u,))+esp 4.

Then, by use of Theorem 1, the Fourier-Laplace transform A(z, u)
of f(2, {) is holomorphic in the domain D and satisfies (2.18) in

the domain D.. Q.E.D.
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