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A Common Fixed Point Theorem
for a Sequence of Multivalued Mappings

By

Kenjiro YANAGI™*

§ 1. Introduction

Recently, fixed point theorems for multivalued contraction mappings
in metric spaces were obtained by many authors ([5], [2], [7], [1], [4],
[6], etc). On the other hand, Dube [3] proved a theorem on common
fixed points of two multivalued mappings.

In this paper, we shall give a common fixed point theorem for a
sequence of multivalued mappings satisfying some conditions in complete
metric spaces. In our theorem, we shall obtain an extension of the re-

sult of Itoh [4] to the case of a sequence of multivalued mappings.

§ 2. Preliminaries

Let (X,d) be a metric space. For any xr&X and AC X, we define
D(x, A) =inf{d(x,y):y= A}. Let CB(X) denote the family of all non-
empty closed bounded subsets of X. For A, B€CB(X), let H(A, B)
denote the distance between A and B in the Hausdorff metric induced by
d on CB(X). The following lemmas are direct consequences of defini-

tion of Hausdorff metric.
Lemma 1. If A,BeCB(X) and x= A, then D(x, By<H(A, B).

Lemma 2. For any x€X, A, BeCB(X),

|D(z, A) — D(x, By |<H(A, B).

Lemma 3. Let A, BECB(X) and ke (1, o) be given. Then for
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ac 4, there exists be B such that d(a,b) <kH(A, B).

(X, d) is said to be metrically convex if for any x,veX with x

v, there exists an element & X, xr=%z=y, such that
d(x, =) +d(z,y) =d(z,y).

In Assad and Kirk [1], the following is noted.

Lemma 4. If K is a nonempty closed subset of the complete and
metrically convex metric space (X, d), then for any x€ K, y& K, there
exists x€0K (the boundary of K) such that

d(x,2) +d(z,y) =d(x,y).

§3. A Common Fixed Point Theorem

The {following is a common fixed point theorem for a sequence of
multivalued mappings 7,: K—CB(X) when K is a nonempty closed sub-

set of a complete metrically convex metric space X.

Theorem. Let (X,d) be a complete and metrically convex
metric space and K be a nonempty closed subset of X. Let T, (n=1,
2,-) be a sequence of multivalued mappings of K into CB(X).
Suppose that there are nonnegative real numbers «, B, v with a-+

(@+3) (B+7) <1 such that
H(Ti(x), Ty()=ad(x,v) +B{D(x, Ti(x)) + D T;(3))}
+7{D(x,T;(») + D, T:(x))}

Jor all z,yeK and for all i,j=1,2,--. If T.(x) CK for each x

0K and each n=1,2, ---, then the sequence T, (n=1,2,+) has a

common fixed point in K.

Proof. Since X is metrically convex, there exists x,& K such that
T (xy) CK. If a=p=7y=0, any 27, (x,) is a common fixed point. In
fact, for n=2,3, -+, H(T,(x,), T,(2)) =0 and then =€ 7T, (2),n=2,3, -
Since H(T)(2),7T:(2)) =0, we have s 7;(2). So we assume that
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«w+pB+7>0. Since -+ (w+3) (3+7)<<l, there exists £>1 such that
A+kB+Fky) (ko +EB+kY) /(1 —kB—ky)*<<1. We choose sequences {x,} in
K and {y,} in the following way. Let x;=yv,&€T,(x,). By Lemma 3.
there exists vy, & T,(x;) such that d(v,v.) <kH (T, (xy),Ts(x)). If
vwe K, let ro=yv,.. If y,& K, choose an element x, = 0K such that
d(x,. ) +d (s, v,) =d(x,,v,) by Lemma 4. By introduction we can

obtain sequences {w,}, {y,} such that for n=1,2, .-,
@) Yo €T (x0),
(®) Ay o) SEH(To(20-1), Toe i (22),
where
(¢) if y,.,,€K, then x,.,=V,.;, and
(d) if v, &K, then x,,,€0K and
A(Zns Zns1) +A(Ln1s V) =d (X5, Y0e1) .

We shall estimate the distance d(x,, r,+;) for n==2. There arise three
cases.

(i) The case that x,=y, and x,.;=y,.;. We have
d (2, Tpsr) =d (Vay Yas1)
SkH(T, (x0-1), Tora (22))
<kad (xn-1. T,) +EB{D (201, T (x0-1)) + D (X, Ty (2,)) }
+7{D (Zy-1. Tyt (22) ) + D (20, Ty (201)) }
<kad(x,-y, x,) +RBLd (0pms 0n) +d (0, Tnsr) }
+kr{d (201, 2,) +d (20 2010) )

Hence

A —=kF—kp)d (20 £n) = (RO +E3+E7) d (2021, 70),
and

d (:Cn, ~rn+1) § k%;%d (-rn-l, xn) .

(ii) The case that x,=y, and x,.;%y,.;. By (d) we obtain that
d(xny -’cn -1) éd(x‘nv .Vn H) = [Z (yna A\'n+1) .

As in the case (i), we have
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ka+kB+kr
d ny Yn S‘—“‘“—“"—d n— n)s
(Vs Vi) = Sk (Za-1, Tn)

thus

Az, 70 S A d (s 2.

(iii) The case that x,=*y, and Z,.;=9y,:;. In this case x,-; =y,
holds. We have

A (Zny Zn+1) <A (L, Y1) + A (Vny Zns1)
=d (Zp, ¥n) +d Yn, Yn-1) .
From (b) it follows that
A Yny Ynr1) SEH (T (Z0-1) , Trsr (x0))
Skad(xn-1, 2,) +RB{D (Xn-1, Tn(2n-1)) + D (25, Ts1 () }
+&7{D (2n-1, Tp+1(x0)) + D (20, Tr (20-1)) }
<kad(Zp-1, 2,) +kB{d (xp-1, ¥n) +d (Zn, Tns1) }
+ 7 {d (Zams, Za) +d (Zn, Zass) +d (T ¥a) }.
Hence we obtain
d (X, Zner) = (L +k7) d (24, ¥2) + (R + k1) d (201, )
+ kB (Xn1, ya) + (RB+kT) d (X0, Ty
S A +kD) d(xn-1, ¥) HEBA (Zaos, ¥a) + (RB+ET) d (20, Zrs)

which implies

1+%
O e (G

Since Zp_;=Yn-: and x,5y,, it follows from (i) that

a (l'n—1, yn) é %d (xn-z, 1'1:—1) .

Thus it follows that for every n>2,

D 2y < (L RB kD) (R KB KD 7
= (1—kB—Fr)*

The case that x,5~y, and x,_,5~v,., does not occur. Since

2, xn—l) .
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ka+kB+kr - (1+kB+ky) (ka+ kB+ky)
1—kB—ky — (1—kB—Fky)? ’

we proved the following; for #n=>2,

pd(xn—l, -7:11) ’ or
d (zn, Lpy1) =
Pd (x"—-25 xn—l) s
where p= (1+kB+ky) (ka+kB+ky)/ (A —k3—Eky)%. Put

0=p " max{d(x,, x;), d (x,, 25) },

then by induction we can show that

d (x,, xTno) P50 (n=1,2, ).

It follows that for any m>n=>1,
m—1
d (x4, ) <0 3 P72

This implies that {x,} is a Cauchy sequence. Since X is complete and
K is closed, {x,} converges to some point &€ K. From the definition
of {z,}, there exists a subsequence {z,} of {z,} such that z, =y,
(i=1,2,---). Then for n=1,2, ---, we have
D(x,,, To(z) =H(T,,(t5,-1), TW(2))
gad(‘rnr‘l’ z) +B{D(xm—l9 T’n,- (xﬂ':'“l)) +D<2, Tn (Z))}
+7{D (x'ﬂ-i‘l’ T,(2)) +D(z, Tni (‘r‘ni—l) )}
ga{d(xni—h xni) +d(xni’ 2) }
+19{d (‘rni~17 xm) + d(:’ x/u) + D<xnis Tn (:’) ) }
+7{d (Xp;-1s 20) + D (20, T (2)) +d (=, 2,) }.
Thus

D(any Ta(@) < (g0, o 20 +d (2, 20).
1-B8—7
Therefore, D(x,,, T,,(2)) >0 as i—>co. By the inequality D(z, T,())
<d(x,,2) + D(x,, To(2)) and the above result, it follows that
D(=,T,(2)) =0. Since T,(2) is closed, this implies that z&7T,(2),
n=12, Q.E.D.
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Remark. If a,f,r=0, then a+ (@+3) (f+7)<1 if and only if
A48+ (@¢+B+7)/A—p—7)*<<1. Hence putting T,=7T for n=

1,2, .-+ in our theorem, we obtain the result of Itoh [4].

Since every Banach space is metrically convex, we have the following

corollary for singlevalued mappings.

Corollary. Let E be a Banach space and K be a nonempty closed
subset of E. Let f, (n=1,2, ) a sequence of singlevalued mappings
of K into E. Suppose that there are nonnegative real numbers «, (3,
v with a+ (a¢+3) (B+71) <1 such that

Ifi (@) —fi ) |Sa|x—y| +B{llz—rfix) | +Ily—1f3 ) [}
+rilz=f ) | +ly—=Sfi (@) ||}
for all x,ye K and for all i,7=1,2,.--. If f,(0K) CK for each n

=1, 2, -+, then there exists an unique common fixed point =< K.

We conclude this paper by stating an open problem whether our
theorem holds when nonnegative real numbers «, B, 7 satisfy av +28+ 27

<1 instead of a+ (a+3) (B+7) <1.
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