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§0. Introduction

This work started as a continuation of [1] but in the meantime the
scope of the project widened and the intimate connection with homogeniza-
tion problems [2, 3] became apparent. The contents are briefly as follows.

In Section 1 we review for completeness the physics of transport
processes. We focus on those points that bear upon the asymptotic analy-
sis when the mean free path tends to zero. We refer to [1] for many
references to related work and to [4,5] for additional information on
asymptotic problems.

In Section 2 we give a probabilistic description of linear transport
processes much like in [1]. The material is standard in the theory of
Markov processes. The theorem at the end of Section 2. 5 and the results
of Sections 2.6 and 2.7 are of direct interest to the asymptotics. They
are also of independent interest.

Section 3 contains the main results, namely the asymptotic limit of
small mean free path in transport theory. Without cellular-space struc-
ture (i.e., without homogenization) the results are fairly complete al-
though interface problems are not treated. With cellular structure and
boundary layers the analysis has yet to be carried out. We employ the
theory of Stroock and Varadhan [6] which seems to be just the right
tool for our problems.

The analysis herein is restricted to transport problems that involve
scattering only (no fission) to highest order in the mean free path param-

eter. Processes that involve particle creation, multiplicative processes, can
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be formulated as branching transport processes. Their asymptotic analysis
requires several additional considerations not given here (cf. [21]).

The general scheme by which asymptotic results are obtained is to
first construct formal asymptotic expansions in the usual way as in [4, 5,
8] and in Sections 3.1, 3.5 and 3. 6. Sections 2.5, 2. 6 and 2. 7 provide
simple sufficient conditions for the existence of such expansions. Then
we prove that the expansions are truly asymptotic. To prove limit theo-
rems (invariance principles) we follow along the lines of [6] and the
set-up abstracted by Kurtz in [7]; this is done in 3.3 and 3. 7.

We thank M. Williams and E. Larsen for many discussions on the
problems considered here. We also thank the referee of the paper for
carefully reading the manuscript and suggesting many improvements and
corrections.

Finally we thank S. R. S. Varadhan for generously sharing with us
his insight into the problems considered here and introducing us to many

important ideas and techniques which enter into much of what follows.

§$ 1. Physical Theory of Transport Processes
1.1. The Transport Equation

In many physical phenomena the quantities of interest satisfy, within
certain reasonable approximations, linear transport equations. Radiative
transport theory [9,10] and neutron transport theory [11,12,13] are
perhaps the best known examples of physical theories leading to the
transport equation we shall study here. Gas dynamics on the other hand
leads to Boltzmann’s equation [14, 15,16] which is nonlinear. The re-
levant linearizations of this equation do not admit the kind of probabilistic
treatment we intend to give so we shall not discuss gas dynamics here.

Let ¢ (¢, z,v) denote the density of particles at time £=>0, at location
xr< R® and with velocity v R®%. The word “particles” stands for photons
or neutrons depending on the context and will be used throughout in a
generic sense. The particles move on straight lines in the absence of
collisions. We assume that they collide with obstacles in the underlying

medium and that the latter are not affected by the collisions; the particles
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do not collide with each other. The last assumption leads to a linear
conservation equation for ¢ which we now describe.

In the interval (¢, ¢+ Jt) we have

P+ 4, x+vde, v) — P (¢, x, V)

— 0¢ (ty xz, 7}) . a¢ (t, z, 'U)
< » +v = >At+o(dt).

This is the total derivative of ¢ and v-b?— stands for the dot product
x

of v and the x gradient. In the same time interval ¢ (¢, x, v) increases
as a result of collisions at x, ¢ which convert particles of velocity v’ ==v
into particles of velocity w. It decreases as a result of collisions that
convert particles of velocity v to velocities v's=v. Let 2'(¢. z, v, v") de-
note the fraction of particles per unit time converted from velocity v’ to
velocity v and assume it is a continuous function of v and v’. Let
0 (¢, z,v) denote the fraction of particles per unit time converted to veloc-

ity v's=v. Then we have

¢(t+dt, x+vdi, v) —p (&, x, v)
= < JZ @z, 0,v)p@E, x, v )dv' —0 (¢, x, v)p (¢, x, v)>4t+o(dt)

where the integral is over all velocities in R® Combining the above

expressions we get the transport equation

11y &=z 08¢, )
ot 0x

= [3¢,5,0,9786, 2, v)dv ~0 ¢, 2,162, 2, ).

The functions 2 and ¢ are called the differential and the total scattering
cross-section respectively.

Equation (1.1.1) must be supplemented with initial and boundary
conditions. In the absence of boundaries, x& R® and (1.1.1) is to hold

in all of R® for both x and v and
(1.1.2) $ (0, x,v) = (x, v)

a given initial particle density. Boundary conditions are considered in the

next section.
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If for each x and ¢ we have
(L 1.3 j.}?(l..r, v, v)dv =0, x,v),

then the collisions are called poiniwise conservative; there is no creation
or anihilation of particles. As a consequence jj(ﬁd‘vdx, the total num-
ber of particles, does not change in time. If the left hand side of (1.1.3)
exceeds the right hand side then we have net creation of particles: other-
wise net destruction. In many important problems (1.1.3) does not hold
pointwise but the solutions of (1.1.1) admit nontrivial steady-state be-
havior. Such situations are also called conservative but they are clearly
different from (1.1.3). To emphasize the difference we shall refer to

(1.1.3) as the pointwise couservative case.

1.2 Boundary Conditions

Let @ be a domain in R® A typical boundary value problem is the
following

1.2.1) -g;iw-g—‘b: fzqsdv'—m, zed, veR', £>0,
.

#(0, x, v) =¢o(x, v), z€D, veR®,
—#-vp(, x,v) =9, x,v), t>0, 20D, 2-v<0.

Here 7 denotes the unit outer normal to the boundary 09 of 4. Pro-
blem (1.2.1) is well defined as can be seen from the following conside-
rations. Let dS denote a surface element at x with normal 7. Then
A-vp (¢, x, v) dSdvdt is the number of particles crossing &S at x with
velocity v within dv and at time ¢ within d¢z. To confirm this we inte-
grate (1.2.1) and use Green’s Theorem to obtain the identity

1.2.2) j J‘(}S(t, x, v)dvdx+ J” [ ‘[ Ao (s, x, v)dvdSds
1] 0 J >0

29

_ L j b0 (z, v) drdv + t ( j 6,5, ¢, v) b (¢, v, v) dodxds

(r!

n Jj 4G, , v)dvdSds |
8 Ja.vo

Jo
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The left hand side of (1.2.2) represents the total number of particles in
49 at time ¢ plus the total number of particles that exited from 4 up to
time ¢ The right hand side is the total number of particles present at
time £=0 plus the total number that entered 4 through the boundary
up to time ¢ and (the middle term) the total number that were created

in 9 up to time £ We have defined ¢, by
1.2.3) 6, (t, x, v) = P(t, 2,0, 0)dv — 0 (4, %, v).

Uniqueness for (1.2.1) is easily established from (1. 2. 2), assuming that
|0,| <M< oo, because ¢=>0 and we have the inequalily

o)< L fgs(, (z, v) dzdv + ﬁ ‘ LQ ng G, , v)dvdSds+ M ﬁf@ (s)ds,

where
0(2) = L f¢ ¢, z, v)dvdz .

Existence is discussed in the next section and again in Section 2.1 in a
probabilistic setting.

Another typical boundary value problem involves reflection of parti-
cles at the boundary. Let B(Z x, v, v’) denote the fraction of particles
which at the point €04 and at time ¢ are converted from outgoing
with velocity v’ (#-7v'>0) to incoming with velocity v (#-v<{0). The
reflecting boundary value problem is then

(2.4 D2.4,.00_ quﬁdv’—o‘qé, zedD, veR, £>0,
ot o0x

¢(0,$,'0)=¢0(x,7)), .ZEQ, WERS

1.2.5) —7-vd(, x, v)
= M’NB @z, v,v)A-v' ¢, x,v)dv' +9 (¢, z, v),
t>0, z=049 , 7a-v<0.
The left hand side of (1.2.5) is the flux of particles incoming at the

boundary and the right hand side is the incoming flux due to reflection

plus the incoming flux due to exterior sources.
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Let us denote by 03(Z, x,v), #-v>0, the fraction of particles reflec-

ted at x99, t>0, which arrived at the boundary with velocity v.
Then,
1.2.6) 0(t, z,v) = j B, x, v, v)dv’

e’ L0

and hence, from (1.2.5)

1.2.7) —L 70 (2, x, v)do
A0

== j 65, x, v)h -vp(t, x, v)dv+ j g, x,v)dv,
V>0 700
t>0, z09 .

Equation (1.2.7) is the analog of (1.2.2) at the boundary points, i.e.,
it is the law of conservation of flux at the boundary.

When 65(¢, x, v) =1 then we have total reflection at the boundary.
In general, 0<{0; (¢, x, v) <<1 and strict inequality on the right corresponds

to partial reflection at the boundary.

At the interface between two adjoining media boundary conditions are
imposed to preserve continuity of flux. Thus, if ¢, (¢, z, v) and ¢, (¢, z, v)
denote the particle density in 9); and 9, respectively, we have the follow-

ing boundary value problem (assume no reflection).

(1.2.8) %9;51+v.%ﬁ= jzlqsldv'—m,, zed,, ve R, >0,
X

(1. 2. 9) 'aai‘;z"l'v'%?z: j22¢2d0’~62¢2, J:E@z, 'UERS, t>0,
x

$:(0, x, v) =y (x, v) xED,

$:(0, z, v) =du(z,v) z€D,

1. 2.10) — A v (2, z, v) =0: (¢, z, V),
x€0d,, 20D, N0D,, A, v<0

— iy vy (¢, 2, v) =0, (¢, x, v),
re€dd,, rF0D,N0D,, Ay-v-0

(1.2.11) — vy (8, x, 0) =Fyvh (£, , V),
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A v<0, 7, v>0),
— v (8, x, v) =Ry vh (¢, £, V),
Ayv<l0, #A;v>0, z€09D,N09D,.
Clearly (1.2.11) can be written simply as (since 7;= —#,)
1.2.11) ¢ (¢, x,v) =¢ (¢, x,v), 2z€0DN0D,, veER®.

However, it is appropriate to write (1.2.11) since this is the general
statement of flux continuity. If the motion inside &), and ), is not
linear between collisions (see the probabilistic treatment), then the multi-

plicative factors in (1.2.11) need not cancel in general.

1. 3. Existence and Uniqueness

The existence of solutions to (1.2.1) which we shall outline yields
also that ¢ is nonnegative if the data is nonnegative. Therefore, the
conservation law (1.2.2) yields uniqueness if |g,|<M<oco. In the par-

tially reflecting case instead of (1. 2.2) we have the conservation equation

1.3.1) L J(ﬁ @, z, v)dvdx+_j: .fasv L-u>oﬁ.v¢ (s, z, v) dodSds
= L) J¢°<x’ v)dzxdv+ ﬁﬁ L) J(Ts (s, z, v) (s, x, v)dvdxds

+fj j 05 (s, %, ) 706 (5, z, v) dvdSds
0 Jog Ja.w>o

+ff f 0 (s, x, v)dvdSds .
0 Jag Jrw>0

Here we have used (1.2.6). From (1.3.1) and the fact that 0<<gp<<1
uniqueness follows as for (1.2.1).

We pass now to the question of existence and we shall restrict atten-
tion to (1.2.1) with 4 a bounded open set in R®. One must distinguish
two cases here. When the differential scattering cross-section 2 (¢, x, v, v’)
is a symmetric function of v and v’ the existence theory for (1.2.1)
is identical to the one for its adjoint and thus it will follow from the
general considerations of Sections 2.1, 2.2. Problem (1.2.1) is well-

posed under very general conditions on the data and for t< [0, T, T<oo
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but arbitrary.

When 2 is not symmetric the existence theory for (1.2.1) follows
in a weak sense from the probabilistic treatment. The iteration argument
below leads directly to the desired results as we now show.

First we rewrite (1. 2.1) as an integral equation by the usual method
of characteristics. Let £=t4(x, v) denote the time for a particle to reach

049 starting from x& 49 and moving with velocity —w. Then we have

1.3.2) @ x,v) =<t do(x- vE, V)

X exp(— j:o‘(s, z-—-v(t—s), v)ds>

+y(t=tg)

—1
= g(t—tm,x—vt_@, ‘U)
n-v

X exp(— ﬁL_LQG(S’ r—v(t—s), v)ds>

+j;£ exp<— j:d(r,x—v(,j_r)’v)dr>

—tAtg
% j)](s, z—v({—s),v,v)p(s, x—v(t—s),v)dv'ds.

Here tAtg=min (¢, te) and y(z<{te) equals one if </, and zero other-
wise. We assume that the data ¢, and ¢ are compatible, i.e. for x99,
7-v<0, ¢(x,v) =90, z,v). We also assume that — (7-v) ‘g (¢, x, v)
is uniformly bounded x€049, 7-v<<0 and 0<t<<T<oo.

Regarding the w-behavior of the data ¢>0 and ¢=>0. and the scat-

tering cross-section Y we assume the [ollowing

(1.3.3) sup ¢y (x, v)dv<loco
J red
(1.3.4) sup sup ¢ (¢, x, v)dv<oco,

J =0 rso0

(1.3.5) sup sup sup 2 (¢, z, v’, v)dv’ < oo .

Y =0 z€9 vER®

These hypotheses are quite reasonable especially when there is a cut-off
in velocity space so only velocities of up to a finite magnitude enter into
the problem. Regarding the total scattering cross-section ¢ we assume

that
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1.3.6) 0<o<M<co,
Now (1.3.2) can be solved by iteration. We let

1.3.7)  ¢O@¢, x,v)
=y (t<tg)dy(x—vt, v) exp(— J;EO' (s, z—v(@—s),v) ds)

—1

+Z(t2t_¢p) g(t-t_q_),x'—'()t_qj, 'Z))
v

7.

t
><exp<— Jl , 0‘(5,x—v(t—s),v)ds>
—ta
and
1.3.8) " (L, x,v) =Kp™ (¢, 2,v) n=1,2,

where
I3

(1.3.9) K@, z,0) = J

t—tALg

exp<— fa‘(r, rz—v(t—7), v)d;’)

X jZ’(s, z—v(t—s),v,v)d(s, z—v(t—s), v )dv’'ds.
From these definitions we find that
Isup sup ¢ (¢, x, v) dv<C<oo
2ED 120
and inductively
/ n
jsup ¢™ (2, x, v) de—(C—t)~C
2D n!
where C and C’ are constants in view of our assumptions. Since the

solution ¢ of (1.3.2) is formally

= S 4
¢ :é‘usé
our estimates above show that this series converges and ¢ exists in the
norm
(1. 3. 10) jlsup sup (s, z, v) |[dv  (¢<Co0).

<5<t z€9

This concludes the proof of existence.
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The bounds obtained above for the iteration process are, of course,
very crude and behave very poorly for ¢ large. On the other hand the
large ¢ behavior of solutions to (1. 3. 2) is a much more difficult problem;
it is actually an eigenvalue problem. Uniqueness, as observed earlier,
follows simply [rom conservation relations such as (1. 2.2) or also, {from
(1. 3. 2).

The reflecting boundary value problem (1. 2. 4)-(1. 2. 5) is treated as
follows. We rewrite the equation and boundary conditions in integral

form.

(1.3.1D) 6@, z, v) =% (<to) h(x—vL, V)

X exp<—~ J::o‘ (s, x—v(@E—s),v) ds> +o(t=ty)

X[fl B(t—to,x—vtg,v,v)70-v'P(t—1g,
NV Jrawr>0

x—vtg, V') d?}’——:—lg (t—tg, x —vig, 7))]
fiv

X exp <—— J;L_tgo‘ G, x—v(E—s),v) ds)

+ jj exp<~ Lbd(r’x‘”@*ﬂ,v)dy)

RN
X jZ s, x2—v(t—s),v, )00, x—v(E—s),v)dv'ds.

It is clear that even if the velocities are effectively cut off from above
and below (in magnitude), there still are singularities in (1. 3. 11) due to
grazing angles at the boundary. In the probabilistic context one can give
reasonably sharp conditions for existence (in a natural way). This is done
in Sections 2.1 and 2. 2 ahead. A crude sufficient condition for the usual

iteration scheme associated with (1.3.11) to converge is the {ollowing

1.3.12) j‘ —1 sup sup sup B(Z, x,v, v )7 v ]dv<1.

~

ey =20 xS0 v

The physical meaning of (1.3.12) is that the reflection process is suffi-
ciently weak, in a uniform sense, and near grazing angles emerge from

reflection with very small probabilities.
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1. 4. Cellular Geometry, Homogenization, Force Fields

Exact solutions for any of the boundary value problems of Section
1.2 are rarely available except for simple geometries and, essentially,
homogeneous media. On the other hand direct numerical solution is also
out of the question because the problems are too big and badly condi-
tioned. Therefore, it is necessary to treat these problems analytically at
first before doing any computation. Fortunately a small parameter is
usually available so asymptotic analysis is called {or.

The small parameter is the mean free path between collisions mea-
sured in units with respect to which the size of the region of interest &)
is of order 1. We shall denote this parameter by ¢>0. In many situa-
tions, such as in the case of nuclear reactors, the scattering cross-sections
3 (x,v,v") and 0 (x,v) (assumed time independent) vary with x in an
approximately periodic manner and with spatial period comparable to the

mean free path ¢, i.e. small, If we let y-——-'E be the spatial variable

<

measured in units where the mean free path is one then 2 and ¢ are

actually functions of z, y, v and v’ ie,

(1.4.1) 2=2<x, Z o, v’), O‘=6<x, x, 71>

[ €

and for each fixed x, v, v, 2 (x,y,v,v) and 0 (x,vy,v) are periodic
functions of v with period 1 in all coordinate directions,

Problem (1.2.1) in scaled form becomes now

0@, x,v) | 1_ 04°(¢, x, v)
1.4.2 Rk M R et R A Rl Bell 2
( ) ot T < i 0x

:EIE j‘2<x, %, v, v’>(/)‘9(2, x,v)dv’

———1—2-(7<x,£,W>¢é(t,x,v), zed, veR, t>0,
e e

—A-vdt (¢, x, v) =0°(¢t, x,v), t>0, z€09, A-v<0.

Here the time has been rescaled so that in the é—0 asymptotic limit the

effects due to scalling in the equation balance in a nontrivial {ashion,
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The data @° and g° depend on & in general. The basic problem is to
study the behavior of ¢° as e—>0 and obtain asymptotic expansions.

The geometry of the above problem, where the coefficients vary rapid-
ly in a periodic manner, is referred to as the cellular geometry. The
limit we seek to analyze is the homogenization limit, so called because
the first approximation usually satisfies an equation with spatially aver-
aged, i.e. homogenize;d, coefficients. In addition, a small mean free path
limit or a diffusion limit is superimposed in (1.4.2). A description of
the above problem can be found in [5].

The results of Section 3 show that the solution ¢° of (1.4.2) can be
constructed by solving homogenized diffusion equations and half-space pro-
blems.! The probabilisitc formulation assists in finding natural hypotheses
for the validity of the expansions and yields more insight into the struc-
ture of the limits.

The reflecting boundary value problem (1.2.4), (1.2.5) is scaled
the same way. The boundary reflection function B will in general depend
on ¢ now, and, it will turn out later, the principal term of B must be
totally reflecting, ie. dz=1 in (1.2.6).

The interface problem (1. 2. 8)~-(1. 2. 11) with the scaling of (1. 4. 2)
remains .intact and it is, in fact, a very important problem in nuclear
engineering where the two media &), and 4, are the core and the
moderator (or reflector) respectively. The core is a problem with rapid
periodic spatial variations while in the moderator only a diffusion ap-
proximation is sought.

Force fields can also exist. In general linear transport theory most
problems of interest lead to equations which have abstractly the form
1.4.3) %=§L¢E+%.&¢*+ Log*, ¢(0) =4,
where [;, L, and [, are linear operators. The asymptotic analysis of
Section 3 applies formally to any such problem provided some general
conditions are supposed to hold. It is more difficult however to find

simple sufficient conditions for the validity of the formal expansions.

t In Section 3 we do not consider cellular structure and boundary layers simultaneously.
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1.5. Half-Space Problems

Half-space problems are perhaps the only nontrivial boundary value
problems that admit reasonably explicit analytical solutions. They have
been studied extensively [9, 11] by essentially two different methods. The
first is invariant imbedding [9] which lends itself readily to numerical
analysis. The second is by eigenfunction expansion [11] where a careful
analysis is needed to obtain the necessary orthogonality relations.

From the viewpoint of asymptotic analysis centered about the diffusion
approximation, half-space problems enter in the boundary layer analysis.
Here the diffusion solution is matched to that of an appropriately local-
ized half-space problem. However, a relatively small portion of the full
solution of the half-space problem enters the asymptotic formulas and this
is an additional simplifying feature.

We consider the half-space problem in connection with the diffusion
approximation without homogenization. It is time-homogeneous and under
the additional hypothesis that the velocities take values on the unit sphere
we have that ¢=¢(x, #), <0, —1<u<<1, (u=x-component of veloc-
ity) satisfying

@sn a5 wee man ~o (s,
x —1

<0, —1=p=1, —up0, n) =¢ (1), —1=p=0.

Perturbation theory requires, in addition, that
1.5.2) fZ W, wdp =a(u),

i.e. the half-space problem is conservative. If (1.5.2) is not satisfied,
the asymptotic expansions have a degenerate form which is less interesting
(and actually simpler to analyze) than when (1.5.2) holds.

We require the following qualitative properties from (1.5.1) under
(1.5.2):

(i) The limit lim,,_., ¢ (x. #) exists for each

(1.5.3) swz=o ([ sw<e)

and is independent of
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(i) This constant limit is approached exponentially fast.

For the actual formulas we would like to have explicit results for

(1.5.4)

(i) The limit of ¢ (x, ), as x— — oo, as a functional of ¢ (4),

(i) The emergent distribution ¢ (0, #), 0<{u<C1 as a functional of

¢ ().

For general 2 and ¢ it is hardly surprising that explicit results in (1. 5. 4)
are not available. On the other hand properties (1.5.3) are valid under
very general conditions and this is, in fact, the subject of ergodic theory
that is taken up in Sections 2.5-2.7. Probabilistic methods are well
suited for the analysis of general qualitative properties.

The two quantities (i) and (ii) in (1.5.4) are related in a simple
manner, assuming (1.5.2) and (1.5.3) hold. Let us restrict attention

to the symmetric case
(1.5.5) () =2 ny, —1<pu, <1,

and derive this relation. Clearly, in view of (1.5.2) ¢=1 is a solution

1
of (1.5.1) (without boundary conditions) and since j pdn=0
-1

1
(1.5.6) f_lz )T (A — (W T =u, —1<p<1,

has a solution 7(4). unique up to an additive constant. We are assuming
that the Fredholm alternative applies to the operator on the right of
(1.5.6). Along with =1 we have now another solution ¢=x+7 ().

Elementary manipulations yield thus the identities

(1.5.7) [ r@w©,m-pan=o
(1.5.8) [ 260,m-Druan=o
where @ is defined by

(1.5.9) b= lim ¢(, 1)

and is independent of s in view of (1.5.3).

The indentity (1.5.8) now yields the desired relation

(1. 5. 10)
= mrwan)” (- [ rwewans [mree© mans).
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We note that the nonuniqueness of 7(4) does not affect the value of ¢
as one can verify using the identity (1.5.7). Thus, it is enough to have
access to u¢ (0, x), 0<<u<C1, in order to construct the relevant asymptotic
expansion. This quantity is perhaps most easily obtained by invariant im-
bedding [9]. We outline this procedure here.

Solving the problem (1.5.1) in the region —oo<lx<y with the

boundary conditions
(1.5.11) —up (v, ) =), —1<u<0,

does not alter, clearly, the quantity x¢ (y, 1), 0<{u<C1, which is the emer-
gent flux distribution. We shall exploit this fact to obtain a functional

equation for the operator R transforming the incident flux at v to the

reflected flux at y
0
(1.5.12) w0, H =~ [ R w90, Han, 0=u=1.

Actually, it is more convenient to introduce special notation and define
R in a slightly different manner. Let
(1.5.13) O (x, 1) = (xr, 1), 67 () =0 ()
P (x, ) =¢(x, —1), 07 (W) =0(—p, 0=<pu<l,

and
(1.5.14) 2T p) =2, 1)

2T ) =2 (—u, — 1)

2T ) =2 ) =2, =) =2 (= ),

0<u, w'<1.

Then (1.5.1) takes the form

(1. 5.15) ﬂ@'&:= j‘12++<ﬂ’ uY ¢t (x, u)du’
0x 0
+ fZ“ (u, )¢~ (x, u)du’ —0* (1) ¢* (x, 1)

8¢+ ! ’ ’ ’
—n0 (5 )9 ()
0x 0
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+ fZ" (u, 0" ¢~ (z, u)dp' —0~ (1) ¢~ (x, 1)
<0, 0<p<1,

1g™ (0, 1) = —p(—p), 0<u<l.
We also define R, for any =<y,

1
(1.5.16) ,u¢+<y,u>=ﬁR(xz,u')qs-(y,ﬂ')dﬂ', 0<u<I.

Differentiating this equation with respect to y, using (1.5.15) and the

definition (1.5.16) we arrive at the following nonlinear integral equation

for R(u, #y) [9, Chapter IV].

(1.5.17) <‘7 +é”) + 6"/$“°)>R(ﬂ, 110)

0

1 ’
=27 (U, t) + L 24 (n, ﬂ')——R(ﬂﬂ,’ﬂ(’) an’
b [ R 5=, pyap
oo

+ Jl fﬂﬁﬂi’lz” ', v M‘Z”/d”” ’
), Iu, ,d”

0<u, t,=1.

Despite the difficult-looking form of (1.5.17), it is well suited for
numerical integration especially by solving an initial value problem whose

steady solution is R (x4, #,) of (1.5.17).

It is worthwhile to specialize (1.5.1) and (1.5.17) to the isotropic
case:

(1.5.18) z(u,msé—, 5(u) =1.
Then (1.5.17) becomes

(1. 5.19) (% n l)R (2, 110)

0
= % <1 + fﬂ(‘/‘l’,—”’)dﬂ’> <1 + fi{—(ﬁ!}’—@dﬂ’)

and hence R (4, #t) =R (U, ). Letting
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1 / 1 7’

(1. 5. 20) H(ﬂ>:1+IMdﬂ,:1+JM‘iﬂ’
0 yzi 0 X

we find that H(x) is Chandrasekhar’s H function [9, p. 97] which satis-

fies the nonlinear integral equation
1 1‘H' ’ 7
(1. 5. 21) H() =1+-L 0l (1) f ZACOPp
2 o ut+u

The values of this function and many identities are given in [9, Chapter
V and Table XI, p. 125 with w,=1].
In the isotropic case 7(#) of (1.5.6) is equal to x« so that (1.5.10)

becomes

1.5.22) ¢ =—§—[ [wocmyaw+ [ uus©, maul

S| fwvmran+ [ [ R mrp(=nrawan|

1 7 1,2
=3 [T LHW (EHOI g ryan.
2 Jo 2 nu o U+ Uu

On using equation 22 of [9, p. 109] it follows that
T «/—3—- ! ’ ’ ’
(1.5.23) =L [ H@W (- wrdn .

We have therefore, in the isotropic case, an explicit expression for ¢
which is a basic quantity for the asymptotic analysis.

The isotropic case is not the only one that allows the reduction via
H functions. What is necessary is that 2 (4, #') be a degenerate kernel,
i.e., a sum of products of functions of # and #’ (as well as symmetric).
The analysis of the general H function can be found in [9, Chapter V].

Problems with reflecting boundary conditions can be treated in a
similar manner. Since we shall reconsider these problems in a probabilis-
tic setting in Sections 2. 6-2.7, we shall not discuss them further here.
The sample of methods described above is intended to show that the
boundary layer problems (half-space problem) that will appear in the
constructions of Section 3 are far [rom intractable and a good deal is

known about their effective solution.
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§ 2. Probabilistic Theory of Transport Processes

2. 1. Construction of Transport Processes

Transport processes constitute a special class of Markov processes
that are useful in modeling a variety of phenomena including the ones
contemplated in the previous sections. We shall outline the construction
of these processes here and we shall discuss some of their properties in
the following sections. The probabilistic formulation of the asymptotic
problems is in many ways more convenient than the corresponding one
of the physical theory. The formal structure of the expansions differs,
however, only insofar as the probabilistic approach deals with backward
equations which are conservative while the physical approach deals with
forward equations that are not necessarily (pointwise) conservative.!

We shall consider a pair of processes (X (¢), Y (¢)), t=0, with values
in R"X R™ which is constructed as follows. Let (§(2),%(2)) denote the

solution of the deterministic system of ordinary differential equations

@ 1.1) O _Fe@,10), £ =z,
d—’;ﬁ;l:Hcsa),n(z)), 7(0) = .

We shall assume that F' and H are smooth and bounded vector functions
so that (2.1.1) has a solution for all #£Z=0. To indicate dependence on
initial conditions we shall also write §(2) =&, x,v), 7(0) =72, z, v).
Let g(x,y) be a nonnegative smooth and bounded function and let 7,

be an exponentially distributed random variable so that

(2.1.2) P{r; >t} =exp<— ﬁtq(é(s),v(s))dsy
In the interval 0<<{z<{t; we define (X (&), Y(¢)) by
(2.1.3) X(@) =£@®,

Y@ =90, 0<t<lrt.

' To deal with non-conservative equations probabilistically one must consider branching
transport processes. We shall not do this here (cf. [21]).
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At time 7; the Y process jumps to a new value and thereafter the motion
continues along solutions of (2.1.1). Let n(x,v, A), xr=R", yeR",
ACR™ be a probability measure for each x and y and a continuous

function for each Borel subset AC R™ Then we define

2.1.4)  P{r,;<t,Y(r) <A}

_ ﬂn(é(s),'fi(S),A)q(é(S),W(S))

xexp(— fq(f(*r),n(r))dﬂds.

Let ©, be an exponentially distributed random variable such that
(2.1.5)  P{r, >t}
=exp (— J:q G, X, YD), 706, X1,Y0)) ds) , X, Y, given,
where X,=X(5) =£&(r)) and Y,=Y (7)), the value immediately after the
jump. In the interval v,;<<z<{t,+ 1, we define (X(2).Y()) by
(2.1.6) X)) =¢(,N,Y),
Y() =70 X, YY), o<t<5+75.

The process is now continued in the obvious manner. If it is uniquely
defined then the resulting (X (#). Y (¢)) is a Markov process which is a
consequence of the exponential distribution of the interjump times. For
uniqueness we must show that with probability one only finitely many
jumps occur in each finite time interval. The uniqueness of solutions of

(2.1.1) takes care of the rest. Assuming that
2.1.7 0<lg<<M<T o0,
we have that for a>0
(2.1.8)  Pl{ri+0pt -+t
= P et ten) > pmatl < @ [ fpateiroben)

— eaLE{e—a(r;+---+rn.l)E{e—arn |X (?n—]) , Y (’fn—l _) }

Seal<__N!_> 5 %IL:TI-I-‘.'+TII'
«

Choosing @ so that Ma™'<1 and letting n—>oc0 we find that indeed
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T+ 41,00 as n—>oo with probability one. Thus (X(&),Y (7)) is
well defined and it is easily seen that it is a right-continuous (X (2) is
continuous) Feller process and hence a strong Markov process. We shall
denote by P, , and E, , the probability measure and the expectation of
this process, starting at (x,~). This measure is in the space of trajectories
in R"™ with continuous first # components and right-continuous remain-
ing /12 components having left hand limits. The right-continuous ¢-algebra
of events up to time # is denoted by &, £=0.

Let f(x,v) be a bounded measurable function on R"X R™ and define

u by
(2.1.9 u(t,r,y) =E. {f(X®,Y®))}.

By conditioning on the first jump time 7; we obtain the {ollowing integral

equation for u:

2.1.10) u(t, x,v)

—7E@, 10 e (- [1¢©,16)45)
: f:f”“—s’5<~‘>’=>7f<5<s>,v<s>,dz>q<é<s>,n<s>>

xexp(— [ a€ ), 1) dr)ds.

It is easy to see, independently of previous considerations, that (2.1.10)

has a unique solution and that
2.1.11) lu (¢, x, ) |<sup|f(z, )|
z,y

This is done by the usual iteration arguments.
Under additional smoothness conditions on f, (2. 1. 10) can be written

as a differential equation, as can be easily verified.

@.1.12) @i%f—’y—)afu(t, 2, y), >0,

u(0,x,y) =f(r,n),

where

2.1.13) Ly (z, v)=F (z, y) 9—"—33—”
x
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FH G, 22 1 0.9(,9),

@.1.19)  Q.0(z, ) =a(z, y) fg(x, Dz, y,d2) —q(z, )0 (z, ).

The operator _[ is the infinitesimal generator of the Markov process
X(@),Y(®)) and it is the sum of two terms: The streaming terms along

the vector fields F and H (here F—é@— stands for F dotted with the
x

gradient operator) and the jump operator Q. For each fixed z, Q, is
itself the generator of a Markov process, a pure jump process. We some-
times refer to this process as Y,(¢z). From (2.1.9), uniqueness and the
Markov property it follows that the process (X (#), Y(#)) is completely
determined by its generator [ in (2.1.13). Equation (2.1.12) is the
backward Kolmogorov equation.

Let g (¢, x,y) be a bounded continuous function such that

(2+ 1), 2,9

ot
is also bounded and continuous. Define M, (¢) by

t
(2.1.15) M, =06, X®,Y@) - [[(L+.0)a6, X0, ¥ )ds.
s

From the fact that the expectation in (2.1.9) satisfies (2.1.10), and
hence (2.1.12), it follows that

(2.1.16) E.yiM,; ()} =9(0, z, ).

Using (2.1.16) it is easily verified now that M, (¢) is a right-continuous

martingale bounded for each £<{co:
(2.1.17) E{M,)|Fs=M,(s), 0=<s=t.
We may also write (2.1.15) in the form

2119 96,X®,YE)
=00, 2,9+ [ (2+L)06, X@,Y ©)ds+ 7,0,

where M,, (8) =M, (¢) —¢g (0, z,y) is a zero-mean martingale.



BOUNDARY LAYERS OF TRANSPORT PROCESSES 75

2. 2. Boundary Conditions

Let 9 be a bounded open set in R™ with smooth boundary and let
tp be the first time X (¢) reaches' 849, the boundary of 4), starting from
(r,y), x€ 9. We recall that X(¢) is continuous. Clearly 74 is a stop-
ping time i.e. the event {¢5>#} belongs to &, for all £=0. The minimum
of ¢y and ¢, ¢\ tg, is also a stopping time.

Let «(¢, x,~) be any bounded continuous solution of

@2.2.1 %;iz u, t>0, red, yeR™.

Then «(t—s,X(s), Y(s)), 0<s<{, is a bounded, right-continuous martin-
gale and by the optional stopping theorem [17]

2.2.2)  E, {u(@—tN\to),X(Nta),Y (tNLa))} =u(t, z,).
This identity can be rewritten in the form
2.2.3 u(@,x,y)=E, {u(0,X©@),Y®), t=ty}
+ B, {u(t—to, X (to),Y (ta)), t>10}.
If now u(Z,.r,y) is a solution of (2.2.1) subject to the boundary condi-
tions
2.2.4) (0, z,y) =f(z,y) z=9, yeR"
w(t,x.y) =h(x,y) xz€09, yve{J:%(x) -F(x, J)=0}
it follows that (f and /i are bounded measurable)
(2.2.95) w(t, x,y) =E, {f(X(@), YY), t<ts}
+ B, {7 (X (t9), Y(L9)), t>ta}.

In (2.2.4) 7 denotes the unit outward normal to 04 and the restriction
on y will be denoted more compactly by #-F=>0. It is clear that at the
instant X (#) touches the boundary, its velocity F'(X(z), Y(¢)) is pointing
outward.

The expression (2.2.5) is well defined since the measure P, , of the

process is well defined and f and /i are bounded and measurable. It is

Y tg= 400 if X(¢) never reaches 09.
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necessary to verify that the function z defined by (2.2.5) satisfies
(2.2.1) and (2.2.4) in an appropriate sense. By a renewal argument
similar to the one used in the previous section it follows that # of

(2. 2.5) satisfies the integral equation

@.2.6) (2,9 =10<i) FE®,10)
xexp(~ [0¢@,76)4s)
+1(@E>10)h(§(F0),1(Fa))

e A IGORIONY
+ [ a8, 9760, 76, 42

xa@ @, 16)ex(~ [[aC€ @, 10)dr)ds,

where Zg is the first time &(¢) reaches 909 starting from (x.v), z€ 9.

We assume here that f and /. are compatible
2.2.7) S, =h(r,y). x€0D, # -F(x,y)=>0,

and ¢ (1<<fg) =1 if t<{Fy and zero otherwise.

It is easily verified now that (2. 2. 6) is the integral equation version
of (2.2.1), (2.2.4). Therefore the necessary identification of the solu-
tion of the boundary value problem (2.2.1), (2.2.4), actually its integral
equation form (2.2.6), with (2.2.5) is complete. Incidentally, the usual
iteration arguments provide existence and uniqueness for (2. 2. 6) independ-
ently of previous considerations.

We consider the process with reflection. For each x99 let S*
={y: # (x) - F(x, y)=0} and S™ = {y: #(x)- F(x, y)<0} and let B(x,y, A),
x€04d), v&St, ACS  be a stochastic kernel for each x€909. This
means that for each x€09), yeS*, B(x,y, A) is a probability measure
on S™ (of total mass equal to 1) and B(x,y, ANS™) is continuous in x
and y for each Borel set A in R™ For z€49 (4 is an open set), y
arbitrary, let the generator of our process be [ of (2.1.13) as usual.
For r€049 and y& S~ again let £ Dbe the generator but for x84

and y&S™ let the generator be given by
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228  (B-D@» = | B,y,d0) -0,
zedd, yeSt.

More precisely, the process proceeds as usual in the interior or at bound-
ary points with inward pointing velocity but, upon hitting the boundary
with outgoing velocity, its velocity is instantaneously switched to an
ingoing one according to the probability law B(x, y, A).

To insure uniqueness, and hence the Markov property, it is enough to
show that in any finite time interval the process returns to the boundary
finitely often with probability one. We need for this one additional as-
sumption as follows. For each ¢>0 there exists a §>0 such that

(2.2.9) inf inf B(x,y,d=z)=0.

rsog yest Ji-F<—¢
Let 7,, 7, -+ be the successive time intervals between returns to the boun-
dary. For any a>0 we have
(2.2.10) P, ottt 1, t) <e*E, {e*rtto)
= e, (e T E e [ X (0,0), Y (Gu)} ),
0p="T1++7,.

It suffices to show that for « sufficiently large
(2.2.11) E, e <3<1

where €04 and y=.S~ and ¢ is the first return time to the boundary.
This along with (2. 2.10) implies that only finitely many returns occur

in each finite time interval. But we have
(2.2.12) 1~Eﬂ,y{g—«=}.—f B(z, v, dz) E, {1 e~}
s

>0 inf inf E, , {1—e¢™*}.
rE0D AF< ¢

For x€049 and v such that 7 (x) - F(x, v) < —¢, it follows that t=>% AT
where 7 is the time until the first jump of Y after leaving x and 7 is the
deterministic time it takes the path to reach 984 starting from (x,y).
Clearly 7 is positive uniformly in x84 and y such that 7 (x) - F (x, v)

< —z¢. Thus,
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(2.2.13) E,,{e*}<E, ,{e N}

<E,,{e % 2<%} + ¢ P, {£>%}

By choosing « large enough the right hand side of (2.2.13) can be
made less than one uniformly in x£09) and y such that #-F< —e. This
combined with (2. 2.12) yields (2.2.11).

Therefore the reflected process subject to (2. 2. 9) is uniquely defined,
is a right continuous strong Markov process as before, and we will denote
by PE

Let f(x,y) be a bounded measurable function on 4 X S, where we
define

, its measure and EF  expectation relative to this measure.

(2.2.14) S=S"US,

since we are also contemplating situations where S is not R™ but some

other space, a compact metric space,T say. Put
(2.2.15) w(t,z,y) =Ez {f(X@), Y(®)}.

In a manner analogous to (2. 2.6), if we let 5 be the first time to reach
049 along the orbits of (2.1.1) starting from (x,v), x4, it follows
that

(2.2.16) u(t, x,y)

~1(t=<12) FE @, 1®)exp(~ |2 ©),7())ds)
#1010 [ BE ), 1(0), d2)u(t10, (o), )
xexp(— [ “a(e(),7())ds)
[ [ut=s80, 916,76, 42

xa @), 16 em(~ |2 @, 16)dr)ds.

' The compactness will be used later in the ergodic theory and the asymptotic expan-
sions.
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We know already that the solution of this equation exists and is unique.
Existence follows also by the usual iteration arguments independently of
the above considerations. It is not difficult to verify now that (2.2.16)
is the integral equation version of the boundary value problem (defined

when J is smooth)

(2.2.17) -0”—(%3&)-=£u (¢, z,¥), >0

u(0,z,y)=f(x,y), z€9, yeS, z€0D, yeSs~,
u(t,x,y)zf B(z,y,d2)u(t, z,2),
s
re0d, t>0, yeS~,

This problem is the backward Kolmogorov equation of the reflected process
X@®,Y®).
Let G and 0G be defined as {ollows

(2.2.18) G=(9DxS) U{(x,y),z€0D,yveS},
(2.2.19) G={(x.y), r€09, v S"}.

The reflected process is a process' on G=GU0G. Let g(¢ x,y) be a
bounded continuous function such that (9,+.L)¢g is also bounded and

continuous on [0, c0) XG. Let ys(x,y) be the characteristic function of

G and let

(2.2.20) M, =9, X@),Y®)

_ j:xG(X(s),Y(s))<%+I>g(s,X(s),Y(s))ds

~ [0 (X ), Y (6= [Bo G5, X (), Y (5-))

=905, X(£)),Y(s=))1dN (s).

Here N(2), t=0 denotes the right-continuous increasing step process of

unit jumps defined by

(2.2.21) N@ =0, 0,=0<1<7=0,,

 Actually, the process spends zero time on 8G by construction.
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N(@) =1, 0=0<t<t+0=0,,

N(i‘) =k’ Op=T+ -+ttt -+t =01,

where ©, is the first time 0.4 is reached and 7,, T, *-+, are the times be-
tween successive returns to the boundary. The process N(#) increases
only when (X(2),Y (#)) is in @G but spends no time in 0G since it is
instantaneously reflected; N(#) is well defined since only finitely many
jumps occur in each finite time interval. The integral with respect to dN

in (2.2.20) is an abbreviation for the expression
~3 (B=Dg (6., X0, Y 61050

where Y (6.—) the left hand limit of the right continuous process Y (¥)
at the instant 04) is reached and before reflection. Paths with jumps
times equal to the hitting times at the boundary occur with probability

zero and are excluded from consideration.

We shall show that
(2.2.22) E} {M,(5)}=¢(0, x,¥).
From this it follows easily that A4, (¢) is a right-continuous martingale
just as the M, (2) of (2.1.15) was a martingale. From (2. 2. 20) we have
M, @) =3 [0t 0s X (NG, Y (ENGD)
—9 NG, XN, Y ENT—))]
+3 0N, X (N0, Y (tN0:-))

—G(ENCes, X (ENCL1), Y (ENCe1))]

NN
<~+ L’)g(s, X (s), Y (s))ds

+9(0, .z, y) —i
0s

k=1 JtN0k-
—g (B—1)g(0,, X(0,),Y (0:,—))7(0:.=¢2).

This identity holds for any ¢,<t<G,.;,7=0,1,2, -+, and the sums are
over finitely many terms with probability one. We rearrange terms on

the right as follows
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M, =3 [g(tm,xmm, Y (06 —))

k=1

=G ENOios, X (ENO-), Y (ENOe1))

_ cz;‘:’f(%u)g(s,X<s>,Y<s>>ds]

+ 3 (000 X(0,Y (02) ~ 90, X (@0, Y 0:-))

—(B=1)g(0:, X(00),Y (0:—)) ]x(0:=2)
+9(0,z, v).

Now we take expectations. We have
E2,{M,(®)} =00, %, %)+ E%, {33 E{o (¢ Aoe, X(UAGL), Y(ENT.))

—G@ENO ey, XENCr), Y (ENOLoy))

L )06, X9, Y (6 s\ T

EATke-1
+EL AL EA9 (04, X (01), Y (01))

—0(0:, X(01),Y (@:—))
~(B-=Dg04,X(0:),Y(0r—))|Lop-} 1 (0:=2)}
=9(0,.x, y),

which proves (2.2.22). The expectations inside the sums on the right
are zero, the first by the optional stopping theorem for the martingale
(2.1.15) in the interior of &), and the second because of the definition

(2.2.8) of the reflection operator

(2.2.23) E{g (0r. X(0:) . Y(00)) |F .-} = By (62, X(0), Y(0:—)).

We shall need in the next section a more elaborate version of the
pair (2.2.20), (2.2.22) which we shall consider next.

Let a(x,y) be a bounded continuous function on G and &(x.y) a
bounded continuous function on 9.9 XS with b (x.v) <1. Let g(¢, x.v)
be as in (2.2.20) and define U,(¢) and V7, £=1,2,3, -+, as follows:

ENTE—
(2.2.24)  U,(t) —exp { L a(X(s),Y (s))azs}

k-
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X g(t/\dk, X(t/\o'k)s Y(tAUk‘))
—g(ENO 1, X(ENC,-1), Y (EN\Ox_r))

NOk-1

~ [ e [ acxm,ya)ar

-<-a-+,£’+a>g(8,X(5)aY(5))ds’
Os

_ 1
(2.2.25) Vk—1_b(X(0k)’Y(gk_))g(Gk,X(Ga,Y(Gk))

—9(0e, X(0%), Y (0:—))

1
T 1-b(X(0),Y (0:—))

XG0 X (0, Y (0:—)), k=12 -

H 3

(B—I+b)

We note that, as above, for £=1,2, .-+,
(2.2.26) E{U:(®) |G ipony =0, E{Vi|Ze-}=0.
We now define
o k—1 (74
@.2.27) W@®=3 [H exp ” 2 (X (s), Y(s))ds}
k=1 lji=1 tAGso1

k-1 1
'En—b(X(a,),Y(aj—))

U (2)

+ f[ exp { J;::U:a (X(),Y () ds}

=1 1-
.}ﬁl 1 Vi (0k<t)] .
7= 1-b(X(0,),Y(6,2)) B

This expression is well defined and the sum runs over finitely many terms

with probability one. In view of (2.2.26) we have
(2. 2.28) EZ {W(@®}=0.

By rearranging terms in (2. 2.27) and cancelling several of them when

using (2. 2.24) and (2.2.25) we arrive at the identity

(2.2.29)  EE, {A O 9, X®),Y @)

- L‘A@ (.g;u‘m)g(s,X(s),Y(s))ds
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_ L‘A(s) (B—I+b)g(s,X(s),Y(s—))dN(s)}

:g(oy z, y)’

with

(2. 2. 30) A(t)=exp[j:a(X(s),Y(s))ds

* j:log <1~b(X($,Y(s—))>dN(s)]'

When written out explicitly, the integrals with respect to dIN take the

following form:

(2.2.31) flog(1_b(X<$,Y(S_))>dN(s)

_5 1
VE}Og(l-b(X(ok),if(ok_))>x<“k§’>’

(2. 2. 32) jO”A () (B—I+)g(s, X (s),Y (s—))dN(s)

:‘ [ L 1
2, exp { L @ (X (), Y () ds} 115 —b(X(0,),Y (0, —))

c(B=I1+b)9(04, X(04),Y (0:—)) 1 (0:=2).

From the identity (2. 2.29) we conclude that the expression under

the expectation on the left side in (2. 2.29) is a martingle.

2.3. Connection with the Physical Theory

The physical problems of linear conservative transport theory do not
deal with the statistics of a single particle but with the average density
of a random number of them. However, the motion of one particle does
not affect the others (by linearity) so that all pertinent information can
be obtained by integrating {unctionals of a single process relative to the
measures already constructed and by integrating over the initial points
with respect to appropriate measures given as data of the problem.

Consider first the problem without reflection. Let a(x,y), f(x,v),

g (x,y) be bounded measurable functions on G and let / (x,y) be bounded



84 ALAIN BENSOUSSAN, JACQUES L. LIONS AND GEORGE C. PAPANICOLAOU

measurable on 0G. The generalized’ solution of the boundary value

problem
@.3.1) %’iét—‘”’—-yl=£u<t,x,y>+a<x,y>u<t,x,y)+f(x,y),

t>0, (z,y) €G
w0, z,v) =g(x,v), (v G
u(t, z,y) =h(z,y), (x,y) €0G

admits the probabilistic representation
2.3.2) (@, z,v) =Ew{exp< fa(X(s), Y () ds)
X0(X©,Y ), t<ts)
VE., {exp< ﬁ a(X(5),Y (5))ds)

Xh (X (0), Y (t0)), £t}
# B, [en( [[acxm, Y )ar)

xf(X(a),Y(a))do}.

Here tg is the first time X (¢) reaches the boundary 849 of 49 and the
data g and A are assumed compatible at t£904), y&S*. The representa-
tion (2.3.2) follows easily from a ininor modification of (2.1.16). In
general, with compatible data or not, (2. 3. 2) is the probabilistically natu-
ral generalized solution of (2.3.1).

The expression (2. 3. 2) is the expectation of a functional of a single
particle starting at (x,y). If G(x,y) is the initial density of particles,
F(t,z,v) is the density per unit time of particles created inside and
H (¢, z,v) is the flux density of particles per unit time entering from the
boundary (so that x€049, v&€S™) then the expectation of the functional

in (2.3.2) over all particles is

' That is, the solution of the integral equation version of (2.3.1).



BOUNDARY LAYERS OF TRANSPORT PROCESSES 85
2.3.3) w@) = j ju(t, z, )G (z, y)dzdy
2 Js
t
+ f j ju(t—s, z, v)F (s, x, y)dsdxdy
o Jols

+ [j ju(t——s,:c,y)H(s,x,y)dst'(x)dy,
Jo 09 JS-

d8 (z) =surface element on 09 .

In particular, if a=hA=f=0 in (2.3.2) and ¢g(x,y) =ya(x) where A is
a subset of 4), say, then the corresponding w(z) in (2.3.3) is the
expected number of particles in A at time ¢ that have not yet reached
94). It is clear from this example that all relevant expectations can be
constructed by the above 2-step procedure i.e., first by an expectation of
the form (2.3.2) and then an average of the form (2.3.3). The con-
nection with the forward equations corresponds to inserting ¢-functions in
(2.3.2) for the functions ¢, A, or f depsnding on the situation.

For the reflected process the situation is similar. Suppose a, f, g and
h are as before and let &(x, y)<{1 be another bounded measurable func-
tion on @G. The generalized, as above, solution of the boundary value

problem

@.3.4) i”%ﬂ&:;u@,m)+a<x,y>u<t,x,y>+f<x,y>,
t>0, (x,y)eG
u(,z,y)=9(x,y), (z,9)eG
[(B@ v aut 0 -5 +0@ 0629
+h(z,9) =0, (z,v) €0G

admits the probabilistic representation!

(2.3.5)  ut,z,y)=Ez,{ABOIX®,Y )}

e A0 7@ e, v6)a

+E§y{L’A(s)h(X(s),Y(s—))dN(s)}

T We drop xe and xs¢ since the process spends zero time on @G anyway.
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where

t
2.3.6) A =exp” @ (X(5),Y (s))ds

0

* J;Llog<1—b(X(s§,Y(s—))

)dN(s)} :

Here we employ the notation of Section 2. 2. The representation (2. 3. 5)
follows from (2. 2. 29) and, as before, it gives the probabilistically natural
generalized solution to (2.3.4).

The functions @ and

represent’ creation or annihilation (killing)

rates for the process in the interior and the boundary, respectively, depend-
ing upon the sign of a and &; negative corresponds to annihilation. Aver-
ages over collections of particles yield expressions such as (2. 3.3) here
also.

As an example, if a=b=¢g=f=0 and A=1 then
2.3.7) u(t,z,y) =EZ {N@®}

is the expected number of times the process reaches 84 up to time ¢

starting from («,y) and it satisfies the boundary value problem

@38 GBI ruay), 0, (3,96

u(0,z,9)=0, (z,y)€CG
u(t,z,y) = L_B(:c, v, d)u(t, z,y)+1, (z,y)€0G.
As another example consider the case a=f=¢g=0 and
h=1, b(x,y)=1—e"% a>0.
Then

(2.3.9)  u*(t,x,y) =EE ,{e-=YO} =3 ¢~*PE (N (£) =k},
k=0

which is the generating function of the distribution of the increasing

process N (), satisfies the boundary value problem

T The collision operator Q in (2.1.13) and (2.1.14) i still, however, a generator so
that Q1=0. This explains why, even with the terms a and &, we continue to refer
to the processes as a conservative transport processes.
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aiaj(—ta,i&)_ziua(t’ z, y)a t>0, (.23, y) EG;

#*(0,z,9) =0, (x,¥)eCG,
j‘ B(x,y,d2)u®(t, x,2) —u*(¢, z, y)
5

+A—eHu*@¢, x,y)+1=0, >0, (z,v)<0G.

2.4. Asymptotic Problems and Homogenization

Diffusion approximations are of principal interest to us here for both
the absorbing and reflecting processes. After describing the diffusion limit
we shall consider the homogenization problem.

Let €0 be a parameter and suppose that instead of . in (2.1.13)
we define ¢ by

@41 L=(1F0@ ) +FO@ )L

+(ZHO (29 + LHO @, 9) + HO@, 9))- L
e e 0y
+1o.

e
_1<Q FH(z )ﬂ)
S\ Y 0y

1 0 0
F® o+ H® —
+ s( (z, ) . (z, ) ay)

0 0
O] . (O] -
+ <F (z, ¥) 92 +H® (z, y) ay>’

and denote the corresponding (free-space) process by (X°(#), Y°(2)).
We shall analyze the asymptotic limit of this process as &—0. The
way the various terms in _[® are scaled relative to each other reflects
(i) the situations of physical interest and (ii) the situations for which a
nontrivial limit exists. Naturally, in addition to the usual hypotheses for
the existence of the process for ¢>>0, we need hypotheses for the asymp-

1

totics. From (2.4.1) it is clear that the parameter ¢ ' is a measure of
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the frequency of jumps for the Y*®(¢) process: We speed-up the jumps
but at the same time increase the intensity of the external forces and
the velocities.

Now the hypotheses for the asymptotics are,* roughly, of two kinds

(i) Ergodic properties of

(2.4.2) L=, HO. O
0y

(i) Centering for F®,

We also need a uniqueness theorem for the limiting diffusion process and
smoothness if error estimates are desired. Only (i) presents a problem,
generally, since (ii) will be simply imposed as a condition here.

The operator [, is the generator of a Markov process on S (=R"™ up
to now) with x playing the role of a parameter. Let Y, (), t==0 denote
the process. Recall that Q, is defined by (2.1.14). We want. {or the
asymptotics, Y,(Z) to be ergodic in a sufficiently strong sense so that the
Fredholm alternative is valid for [, in a convenient form. Physically
this is a requirement about the local (x is fixed here) “velocity” process:
that it equilibrate rapidly.

The centering condition is that IF® averages to zero relative to the
invariant measure of Y, ().

So far we have discussed the free-space problem. What about the
absorbing process of Section 2.1 with the scaled generator (2.4.1)? A
certain amount of information can be deduced immediately from the result
at hand on the free-space problem. However, this information relates
to the limit of X®(¢). To find the limit properties of Y*(#) when X° is
on 94 it is necessary to do a boundary layer analysis. This turns out to
be a problem of much the same form as (2.4.1) only now the ergodic
theory for the problem corresponding to _[, is somewhat different.

The next three sections deal at length with various ergodic problems
which will be encountered in Section 3. The reflected process also re-
quires boundary layer considerations even though we restrict attention to
X® () and its limit.

Homogenization is the analysis of the asymptotic limit of processes

* They are discussed in detail in Section 3.
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with generators of the form (2.4.1) where, in addition, the vector {func-
tions F¥, ;=23 H?, i=1,2,3 and ¢ and 7© of Q change rapidly with

x. Specifically, we assume that
(2.4.3) FP=F(x,Cy) i=2.3,
H?=H®(r,2.v) i=1.2,3
7=q(x. %, v)
r=n(x.Z, v, A),

where {&R" and as functions of { they are periodic of period 1 in all
components and for all £, y. We may therefore consider the function as

defined on the unit n-dimensional torus 7". The operator L¢ is now

defined as in (2.4.1) with the new F, H, ¢, 7 and with z=2L ie., with

<
rapidly varying, periodically, coefficients.

Again a major portion of the asymptotic analysis of the homogeniza-
tion problem is concerned with ergodic properties of the operator cor-
responding to [, in (2.4.2) above. In the next section we analyze
the situation that is needed for the free-space problem. Boundary layers
and homogenization, simultaneously, can also be treated but we do not
do so here. The analog of the results of Section 2. 7 with homogenization

is valid again but will not be considered here.

2.5. Ergodic Properties of Transport Operators

It is necessary for the perturbation analysis to have available a cer-
tain amount of information about the ergodic properties of Markov proces-

ses on some state space S with generators'

@51 Qf()=a®) [7(,d) F() —a@)FG).

Here ¢ is a bounded measurable non-negative function and 7 (y, A), y€ S,
ACS, is a measurable function of v and a probability measure for each
yeS.

For the analysis of the homogenization problems it is necessary to

" The continuity of ¢ and 7 is removed here since the ergodic theory holds in greater
generality.
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have available ergodic properties of Markov processes on 7T X.S, where

T is a finite dimensional torus, with generators

2.5.2)  OfC¥=F(» L&D

+a€ ) [79,dF &2 a9 FE ).

Here f(&,~) is smooth in &, F(& y) is a smooth function of £ with

values in R"™ where 7 is the dimension of T and F%g stands for the

inner product of F with the gradient of f.

We introduce the following hypotheses regarding (2.5.1).
@)
(2.5.3) 0<a<q (y) <qu<{oo

for some constants g, and q..
(ii) There is a reference probability measure ¢ on S such that 7 (y, A)

is absolutely continuous relative to ¢ with density 7 (y, 2) such that
(2' 5- 4) O<7TL£7T(y, Z) gﬂu<oo, y,ZES,

where 7, and 7, are constants.
Let P(¢,v, A) denote the transition function corresponding to Q of
(2.5.1) and let Y (), £=>0, be the corresponding process. We have that

(2.5.5) P, y, A) =y.(y) e *®*

4 j jn(y, d2) P(t—s, 2, A)q(y)e-1®ds
0 S

and that the process is well defined in view of (2. 5. 3). It is well known
that under hypotheses (i) and (ii) above there exists a unique invariant

probability measure P (4), i.e.,
(2.5.6) PA) = f?(dz)P(t,z, A), >0
S
and that for ¢ large there is a constant a >0 such that

(2.5.7) |P(t,y, A) —P(A)|<e™™, yeS, ACS.

As a consequence, the recurrent potential kernel ¢ (y, A)

(2.5.9) 60, ) = [P, 4)—P(a)]ds
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is well defined and the equation

(2.5.9) Qo) =—h), vES

has a bounded solution for ecach bounded measurable /2 such that
(2. 5. 10) jh(y)ﬁ(dy) =0,
s

In other word, the Fredholm aliernative is walid for (2.5.9).

We are primarily interested in the corresponding results for Q of

(2.5.2). However, before continuing with the analysis of that problem
we shall give, for completeness, the elementary arguments that yield the
results (2.5.6), (2.5.7) (and hence the Fredholm alternative for Q of
(2.5.1)).

First we show that there is an 2>0 (fi<{o0) and a 0>>0 such that

(2.5.11) P,y A)=04(A), ves, AcCS.

From (2.5.5) it follows that

13
P, y, A= f j\n(y, 2) 14 (2) €719 (d2) g (v) PRIt
o Js
From this and (2.5.3), (2.5.4) we obtain

P(t,y, A) =mqe 'tp(A),

which implies (2.5.11) with A=1/q,, say, and ¢=m,q,(q.e) "
Next we verify that there is a positive constant 9<1 such that for
n=234,-

(2.5.12) |P (nth, v, A) — P (nh, z, A) |<0"', y,ze€S8, ACS.

Let B}, be the subset of S, depending on y and 2, where the signed
measure P (A, y, ) —P(h, z. ) is positive and Bj, its complement (Hahn

decomposition theorem). From

J [P(h,y,dE) —P(h,=,d0)]=0

we conclude that
25.18) |, [P(h,9,d0~P(h 2 d0)]

— L [P(h,y,dC) —P(h, z,dO)].
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Moreover, there is a positive constant p<1 such that

@514 [ [P(hy,d0~Phzd0]<e<1.
In fact

(2.5.15) p=1—¢

since

P(h,y,B)—P(h,z2,B)=1—[P(h,y,B") +P(h,=, B7)]
<1-0[3(B") +¢(B")]
=1-9.
Now we have for n=2,3,4, ---.

(2.5.16) |P(nh,y, A) —P(nh,z, A)|

:%L[P(}l, y’dc)—P(h,z,dC)]P((n—l)h’C’A)}
=jJ‘B+Z[P(h,y,dC)—~P(h,z,dC)]P((n—1)h,c, A)
+ L_B[P(h, v,dy) —P(h,2,dp)]P((n—1h,7, A)!

§L+ [P(h,y,dl) —P(h,=,d0)]
xsup| P((n—=1)h,C, A) —P((n—1)h, 7, A)|

<0sup|P((n=1)h,C, 4) =P((n=1)h,7, A) |

from which (2.5.12) f[ollows by iteration., We are therefore in a posi-

tion to ascertain the existence of a unique limit P (A) for P(¢, v, A) as
t—co and that this satisfies (2.5.6). Clearly sup, P(¢,y, 4) and
inf, P(¢,y, A), with AC.S fixed, are, respectively, nonincreasing and

nondecreasing with #7oco and
0<lim inf P (¢, v, A) <lim P (¢, ¢, A)<Iim P(¢,&, A)
theo g iTo t1oo

< lim sup P(¢,y, A)<1.

tle gy
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But the right and left ends of this chain are identical by (2.5.12) so
lim,,.. P(¢,y, A) exists and is independent of y; we call it P(A). The
equation (2.5.6) follows from the Chapman-Kolmogorov equation and
the bounded convergence theorem. Note that from (2.5.11) we have

the lower bound
(2.5.17) P(A)=04(A).

To obtain the estimate (2.5.7) we write t=nh+s (¢ is large), with
n>>2 an integer and 0<s<h, and

|P(t,y,A) —P(A)|
:}j [P(h+s,9,d0) —~P @] P((n—1)h,C, A))|.

Now we decompose the right hand side as in (2.5.16) and deduce the
result (2.5.7) from (2.5.12).

We note that once estimate (2.5.11) 1is obtained all the results
follow (using also (2.5.3)). In view of this, the analysis of the process
with (2.5.2) as generator, in -particular the Fredholin alternative, will
follow once an estimate like (2.5.11) is available. We shall proceed
now with this objective.

Let us denote by P(¢, &, y, A), ACTXS, =T, y= S the transition
function corresponding to Q of (2.5.2). It satisfies the integral equation

(2.5.18) P (4,8, v, A) =y (E(®), ) exp(~ fq GO y)ds>
| 7@, 00 Pe=5 20,5 0066, 9

xexp(— ['az (), »)dr)s(@z)ds

Here we have assumed that £(¢) =& (¢, {, y) €T satisfies the differential

equations
(2.5.19) %=F(E(t},y), £>0, £(0,8, ) =C

and 7 (Z, v, B). BCS, has density 7(Z, v, ) relative to a fixed probability
measure ¢ (B) on S.

Evidently, it is necessary to impose restrictions on the nature of the
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solution curves of (2.5.19); in particular upon their dependence on y&S.
In the most interesting application in which (2. 5.2) arises, homogeniza-
tion in neutron transport problems, the space S may be taken as the
interior of the unit sphere in # dimensions and F({,y) =y. We shall
treat this case in detail and, to avoid lengthy expressions, we set #=2,

Thus, we shall assume that
(2. 5. 20) S={ye R |y|<1}
T = 2-dimensional unit torus

and (Z(¢), Y(2)) is the process on 71'X.S with transition function P (¢, &,
y, D), DCT XS satisfying

(2.5.21) P, &8, v,D)=9pl+ye,v) exp( — jotq €+ ys,v) (ZS>
+ jﬂt Jn(CerS, ¥, y) P(t—s5,C+ys, v, D)g(C+ys, v)

X exp(— LQ(C-F Y7, y)dT>dy1ds.

Here we have assumed that the jump probabilities 7 are absolutely con-
tinuous with respect to Lebesgue measure which we denote by dy; it is
normalized to total mass one on S. Lebesgue measure on 7', normalized
again, is denoted by df. We shall show that there is an 2>0 (A<oo0)
and a 0>0 such that for any DCT XS

(2. 5. 22) Ph,C, y,D)zaf jdydz.

This is just like (2.5.11) so the results (2.5.6)-(2.5.10) (the
Fredholm alternative) will follow for the present problem also.

It is enough to show that (2.5.22) holds for sets D of the form
AXB where ACT and BCS.

We iterate (2.5.21) three times, keep the third term and discard the
others and use (2.5.3) and (2.5.4) to obtain the lower bound

P(t, C, y, A X B) Z (T[ﬂ][)ze_qu‘
[’ t—s;
. J; ds; J; ds; ~Ldyl j;dyz %AxB(C +yS1+ Vit ¥, (t—sx—sz), yz) .

By restricting the ranges of s, and s, we obtain further
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(2.5.23) P(@¢,¢, v, AXB)=(mq)’e™ ™

t/3 2t/3
. J; ds; j;/n ds; deyz Ldy1XA(C+NS1‘|‘ yiS2+ yZ(t_Sl—SZ))-

In (2.5.23) the point {+wvs, +vs,+ v, (—s,—s,) €ER® is identified with
its corresponding base point in 7'={0,1) X [0,1). If we introduce the set

A= U {A+nCR,

nez2
then we can replace .4 by A in (2.5. 23) and allow the argument of
%7 to be in R
Let &'=C+ys;+v,(t—s,—s,). We have

@520 [dvina@ )= [dyaa(@ v

= j‘dyl 2 XA(C’ —n+ y152>-
S ncz2

In this equality, the point £’ +ws, is regarded as a point in 7" (reduced
point), with ACT, on the left. On the right, £’ +w,s, is regarded as a
point in R*and AC[0,1) X [0,1) C R®. There is a point #’ of the lattice
Z? such that |£'—n’|<<1. We have then the lower bound

4 ’ 1
La’y;xz(C’ + ¥152) = Ldyle(C —n +y1s2)2? LXA(Z) dz
provided s,>>3. Combining this with (2.5.24) we have that

(2. 5.25) j‘dyIXA(C, + 3152) 2—12‘ jd:,
S Sy J4

provided s,>3.
If £>9 in (2.5.23) then s,>3 and (2. 5. 25) applies. Thus,

P8, v, AXB)=> ()%™ j dedy
AxB

which proves (2.5.22) (this argument is an improvement of a previous
one, supplied to us by the referee).

For a general orbit structure obtained by solving (2.5.19) one way
one might derive the result (2.5.22) is by assuming that each coordinate
of £(¢) is bounded above and below by constant multiples of the orbit

of some simpler problem such as the rectilinear one just analyzed.
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We summarize the results concerning (2.5.2) as follows:

Theorem. Let S={y=R":|y|<1}, T=n-dimensional torus and
Sor (&,y) €T XS and f(&,v) a real bounded and differentiable in
Junction define

Qf ¢, y) =y 5ff,fc Y) 4 g, y) jn(é v, 9 F (& v dy’

—q&,»fE ).

Assume that (2.5.3) and (2.5.4) hold for q and 7 (as functions of
the extra wvariable % as well). Then Q is the generator of an ergodic
Markov process (Z(t), Y (t)) on TXS with a unique invariant mea-
sure P(d¢, dy). Furthermore, if h(£.y) is a bounded function on
TXS such that

[ p@ Pt dy =

the equation
Qo (Z, vy =—=hE ¥

has a bounded solution, i.e., the Fredholm alternative holds.

Remark. In the theorem the equation —Qg=~h is understood to
hold in its integral form (cf. (2.5.21)). Thus & need not be differentia-
ble in J and so ¢ need not be differentiable in &,

If ¢, 7 and h are differentiable in ¢, then so is ¢ and Qg = —/ holds
in the usual way.

If ¢, # and A depend differentiably on a parameter z, then ¢ also

depends differentiably on ..

2.6. Reflection and Transmission Operators for Half-Space

Problems

The boundary layer analysis, just as the homogenization problem,
requires information about the ergodic properties of certain processes de-

fined on a half-line. In this and the next section we shall examine in
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detail these properties. We begin by [ormulating the problem under con-
sideration.

Let S be a compact metric space (such as the unit sphere in R"),
the state space of a Markov process Y (#), let ¢ be a fixed reference prob-

ability measure on it and let Q, defined by

=<

(2.6.1)  Qf(¥)=q() L?T(y, y)f)edy) —a() f(y),

be the generator of Y (#), t=0. We assume that

(2.6.2) 0<gi<<q(y) <q.<oo,
(2.6.3) 0<m<nm (v, V) <m, oo,

where ¢,, q,, @ and 7, are constants. As discussed in the previous sec-
tion, Y (¢) is ergodic with invariant measure P (A) and if P(z y, A),
ACS, is the transition function of Y (2),

(2.6. 4) P(t,y, A) =P{Y(z) € A]Y(0) =y},
then, there is an >0 such that

(2.6.5) sup sup [P (¢, v, A) —P(A)|<e™,
. y=S ACS

at least for / large enough. With ¢(y) and 7 (v, ') continuous, Y (#) is
a right-continuous strong Markov process on S.

Let 2z (y) be a function from S into [—1, 1], say, which is continuous,

and assume that

2.6.6) [z P 0.
s

We also assume that = (y) is nontrivial ie.,

(2.6.6") P {=(y) #0} >0.

For the potential theory ol the half-space problem (Theorem 2, Section
7), it will be necessary to introduce one more condition regarding = (y)
as follows. Let =(Y (¢)) =z, be the stationary process on — co<£< oo
with values in [—1,1] obtained by letting Y (#) be as above and with
initial distribution P ie. P{Y(0) .1} =P (d). By (2.6.6) E{z} =0

and
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Etemd = [ [P, 9,90 Pz (0200 =T ®), 20,

is the covariance function. Note that I'(#) is even about £=0. More-

over, in view of (2.6.5),

(2.6.6") ¢*= fr(z) dt = r T (£)dt]

=2 fILW[P(t’ y1, dys) —P(dy:) 1dtP (dy,) z(2) 2 (1)
=2 fp(d”)z(yz)Q"‘z(yz)

= tim B{(-L {'s.as)} 0.

t1oeo

In the sequel we assume that ¢°>>0 as the notation indicates.
On (—o0, ) XS we consider a Markov process, which we must

show is well defined, with infinitesimal generator

(2.6.7) O, v) =2 () a—f%’ﬂwm, ¥,

yeS: —OO<77<OO ]

where Q acts on f as a function of v only and it is given by (2.6.1).
Let Y(2), =0 be the process on S generated by Q. Define H (%),
t=>0 by

(2.6.8)  H(@®) =1+ J:z(Y(s))ds, 7€ (—o0, 00).

Since only finitely many jumps occur, for Y, in finite time intervals and
since [z|<1 it follows that H(z) is well defined and continuous and
(2.6.7) is the generator of (H(¢),Y(z)), t=0.

We decompose the state space .S into sets as follows.
(2.6.9) S ={yeS:z(y) =0}
S ={HeS: = (v) <0}

Let v be the first time that H(¢) =0 starting from 7<{0 and with Y (0)
=vy& S, which is a stopping time. If 7=H(0) =0 and y&.S™ we define

=0 but if yv&S~ we allow the process tn evolve until the time ¢ that
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again Fl(r) =0. Clearly, from (2.6.8) we see that Y (r) €S with this
definition. We must also show that t<{oo with probability one.
Because of (2.6.6) and the validity of the Fredholm alternative for

Q, Q7 'z exists and is a bounded function of y. Thus
(2.6.10) S, ) =7—(Q7'2) (v) 7€ (—00,00), yES,

satisfies szO i.e., is a harmonic function. Let 7& (a, ), a finite interval,
and let 7., be the first time H(¢) is equal to a or b starting from 7 with
Y (0) =y. From the optional stopping theorem we have

E, f(H(@w) . YY) =11, 5).
Hence, if
A ={a is reached before b}
and A is the complement of A, we have
E, {f(a. Y (tw)) | A} P, {A}
+E, AL (0, Y () |A} Py {A} =/ (0, 3).

Letting a— — co and noting that f(a,v) —>—co for all y we conclude

that for any 7<b and y&S.
P, ,{b is reached} =1

Therelore, the random variable Y () €S' above is well defined for any

7<0 and yeS or =0 and v&S~.

Let
(2.6.11) U@, v, )=E, 1Y) e}
where,
(1, y) € {1<0,yeSt U {7=0,v=S5"}
and

AcSm.

We have just shown that (2.6.11) is well defined and by the usual
arguments of Sections 2.1 and 2. 2 we have that U satisfies the boundary

value problem’

' Tts integral equation form. This is the convention throughout.
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oU . _
(2.6.12) z(y)577—+QU—0, {1<0,yeStU{1=0,yeS7},

U(O;y:A):xtl(y)> yES+, ACS+-

Let f(y) be a bounded measurable function on S™ and let for 7<C0
2613  (T.HW= [ U@9d)6"

=E, {f¥ ()}, yeS™.

The linear operators 7, #7<CO, are called the transmission operators,
They are transition operators of a Markov process induced on S™. From
the strong Markov property of (H(#), Y(¢)) and the translation invari-

ance of the generator Q (translation in %) we deduce that for 7, 7,<<0

(T"ll+'lzf) (y)= (T’Ix(Tﬂz)) (y) = (Tﬂz(T"hf)) (¥), yes*.

The principal result of the next section is that as 7——oc T,f ap-
proaches a limit exponentially fast (Theorem 1). This means that the
induced process on S” is strongly ergodic. It will be shown in Section
2.7 that there is a probability measure U (A), ACS™ and a constant
a>0 such that for all —7 sufficiently large

(2' 6. 14) !U(')?? Y, A) _U (A) ;gedv’

for all ACS" and y=S™. If f(y) is bounded and measurable on S™ and
if

@.6.15) 7= |, F &)U @,

then (2.6.14) implies that

(2. 6.16) lim T, f () = £,

uniformly in yeS™.
The reflection operator R is defined by

(2.6.17) Rf(y)=L‘U(O,y,dy’)f(y’)=Eo,y{f(Y(T))}, yesS.

The terminology for both R and 7T, is suggestive of the meaning of these
objects in the moving particle model of a transport process.

There is a useful relationship between the limit £ in (2.6.16) (or
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2.6.15) and Rf which we shall now derive.

For f(9,vy), a differentiable function of 7 and a bounded measurable
function of vy, Of(7,y) is defined by (2.6.7). We now define O* acting
on f*(n, A), 7<<0, AC.S, which are differentiable for each fixed A and

measures for each fixed 7 as follows:

2.6.18)  O*f*(n, A) = — jz(y)aaﬁ(v, dy)
4 7

+ Lf*(??, dy)q(y) _Lﬂ(y, y)o(dy’) — LQ(y)f*(v, dy).

With this notation we have the following Green’s identity: for any 7,<7,
and any /(7.y) such that Qf=0 and f* (v, A) such that Q*f*=0

2.6.19) 0= ["an [ [r* @, a3 (0, 9) — £ (0, G F* (0, d5)]

= [z 792 aw) = [ 201 795> 01y

Let /2 (v) be a bounded measurable function on S™ and let z (%, y) be

the solution of

(2.6.20)  2(¥)2=+Qu=0, {7<0,y=S}J{7=0,ye5"}

Ou
07
©u0,y)=hr(y), yes .

Let 7 =lim,, .« (7, y) which is a constant by (2.6.16). We apply first
the identity (2.6.19) with %,=0, 7,= — oo to the functions

f(777 y) =u(77, y) _7‘;
f*(, A) =P (4).
This yields the result

(2. 6. 21) [z @@, ~F) Py =0
which we may rewrite, using (2.6.17), as
2.622) [ z)h0)PE+ | )RR P(dy) =0,

Let us apply (2.6.19) with 7,=0, 7,= — oo to the functions
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21, ) =1P () ~ [ =) P65, 4).

Here ¢ (y, A) is the recurrent potential kernel of Y (¢) defined by (2. 5. 8)
where P(¢,y, A) is the transition function of Y (#). Clearly this choice
of f* satisfies O*f*=0 so the identity (2.6.19) applies. We obtain

(2. 6.23) ‘ﬁz(y)(u(O,y)-ﬁ)th(y’)P(dy’)¢(y’,dy)==0-
This implies that

[rou©9 [207P@r8, av)
[z [0 P@p0,an

(2. 6.24) h=

which, using (2.6.17) and rearranging, takes the form
(2. 6.25)
[zonP@n| [ rw=zewe,an+ [ RG]

= .
[0 P@ (2000, av)

with the denominator positive by the hypothesis below (2. 6.6"”). This is
the desired relationship between & and RA.

We turn next to the half-space problem with reflection. The reflected
process (H®(¢), Y®(¢)) is defined on the state space {(—oo0, 0] X.S}. In
the interior set of points {(— oo, 0) XS} U {{0} X S°}, the generator is Q,
given by (2.6.7), as before. On the boundary {0} XS* the process is
reflected instantaneously according to a given probability law B(y, A),
yeS*t, ACS™, just as in Section 2.2. We assume that the kernel B
satisfies condition (2.2.9) (x corresponds to the single point 7=0 here)
and this insures that the process hits the boundary finitely often in finite
time intervals, with probability one. We denote by Pf, and by Ef, the
probability distribution and expectation starting at (7,7y) of the reflected
process.

We consider the solution of the [ollowing initial-boundary value prob-

lem!

¥ Recall the convention that (2.6.26) is taken in its integral equation form.
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(2. 6. 26) 0ult,,9) _(yy 02 0.9) Loy
ot 07
{7<0,yeStU{r=0,yeS7}, >0,
u(0,7,y)=0

[ B@,av)ue0,0) -u¢,09=—hw), ves*.

From (2.3.5) we obtain the representation
t

(2.6.27) u(t,, y):E,l,?y” h(YR(s—))dN(s)}
0

—EE{ h(Y*(0:-)) 1(0:=0)}

where N(¢) and @, 0, G,. -+ are defined in (2.2.21).
It is clear that in order to treat the time homogeneous problem, i.e.,

the problem obtained by setting %iz() on the left side in equation
z

(2. 6. 26), it is necessary to impose restrictions on /1 or else a solution will
not exist. When a solution does exist it will not be unique without
further specifications, for example behavior for 7— —o0. Thus we need

a Fredholm alternative for the problem

(2. 6. 28) z(y)@“%ﬁ+gu(m ) =0,

{1<0,yeStU{r=0,yeS57}
(2.6.28) [ B(y,dy)u(0,5) ~2(0,9) = ~h(z), yES*,
5
and for uniqueness we impose the additional condition

(2. 6.29) u(,v)—>0 as 7—>—o0.

In order to see more clearly what the restriction on 4 must be we
employ the reflection operator R of (2.6.17) to write (2.6.28") as fol-

lows.
(2. 6.28") BRu(0,y) —u(0,y) = —h(y), y&S*.

Here B is the operator with kernel B(y, A) as in (2.6.28). If the
operator I— BR was invertible then problem (2.6.28) would reduce to
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problem (2. 6.20) with /& replaced by (I—BR) 'h. However, the opera-
tor BR has 1 as an eigenvalue since both R and B transform the func-
tion one (on their respective ranges) to itself. Equivalently, from

(2.6.27)
lim E2,(3 A(Y*(0:—)) 2(0:=0))

will not exist (N(#) —oo with probability one) unless & is appropriately
restricted.
The operator BR is the transition operator of a discrete-time Markov

process on S and for () bounded measurable on S~ we have

(2.6.30) BRf(y)= L_B(y,dy’) L'U(O, y',dy”) S (¥")

= L‘f(y”) L_B (y,dy U0, 5", dy”).

If we assume, as we will do, that there exists a probability measure ¢
on 8™ and a ¢>0 such that
(2.6.31) B(v, A) =04 (A4),

then it follows that BR is strongly ergodic with Ugz(4), AcCS*, its
unique invariant measure (and the Fredholm alternative holds). It is

enough to notice that
|BR(v;, 4) —BR(v,, A) [<p<1,
yLy.E87, AcSY,
as a consequence of (2.6.31). The rest goes as in Section 2. 5. In fact

|BR(y;, A) —BR(ys, A) |

:l L—[B(yl’ dy) -—B(yz, dy)]U(O’ Y, A)i

<[ [BOLdy) -Bndn]=0<1
1Y Ye
where S7,,,.,, is the set of y’s where B(y, A) —B(y, A) is positive
(Hahn decomposition). Ilere p=1--7 by (2. 6.31) asin (2.5.14).
Thus, the relevant ergodic properties for the reflected process can

be deduced in an elementary way from a hypothesis such as (2.6.31).
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We require no ergodic or other properties from U; all is based on the
B. If we know that U(0,y, A), yv&S5~, ACS", satisfies a lower bound
like the one for B, then that in turn suffices for the ergodicity of BR
without assumptions on B, other than the ones made before (2.6.30).
Note that the invariant measure Uy of BR is the asymptotic distribution

of Y®(g,—) as k—>oo.

Let us return to (2.6.28) and assume that
(2. 6.32) f T w(dy) h(y) =0 .
S+

Then, by the Fredholm alternative and (2. 6. 32),
(2.6.33)  «(0,y) =X ((BR)*~Unh(y)+c, ves',
k=0

where (BR)°(y, d) =y4(y) and (BR)* for k>1 are the interates of the
transition operator BR. The sum in (2. 6.33) converges since (BR)*
tends to Uy geometrically fast as k—oo. In (2.6.33) we have also
added a constant ¢ on the right hand side which is to be determined
from (2.6.29).

In fact, with «(0,y), v S, determined, problem (2. 6. 28) is identi-
cal to (2.6.20). Thus for each constant ¢, (2.6.28) and (2.6.28")
have a unique solution u(7,v;c¢). From the ergodic properties of
U@,v,d) as 7—>—o0 (cf. (2.6.14)) it follows that lim,,_.u«(7, ;)
will exist for each ¢ and we will have

(2.6.34)  limu(y, y; ) = L T@n) Y (BR*-Th®») +e.

7—>—co

If we choose the constant ¢ so that the right-hand side of (2.6.34) is
zero, then (2. 6. 29) is satisfied and (2. 6. 28)-(2. 6. 29) indeed has a unique
solution if /2 is such that (2.6.32) holds. The special constant ¢ so

chosen will be denoted ¢,

(2. 6.35) o= | U@ L (BR*-Th().
The solvability condition on 71 for the problem

(2. 6. 36) z(y)%%wu: —f ), 1<0,
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«—0 exponentially fast as 7——o0,
j Bu—u=—h, 7=0, yeSt,
s

with f—0 exponentially fast as 7——oo, is the same as above, namely
(2.6.32). However, the constant ¢ must be chosen in accordance with

Theorem 2 of Section 2.7 (cf. (2.7.41)) and it depends on /2 and f.

2.7. Potential Theory for the Half-Space Problem

In this section we shall first show that, as 7——oo, U(7, v, A) has a
limit U (A) and that (2.6.14) holds. Then we shall prove some related
results that will be also needed in the asymptotic analysis of the follow-

ing secctions.

Theorem 1.! Let U(y, v, A), 7<0, yeS, ACS™ be the solution
of (2.6.12). Then there is an 7,y —oo<7,<0 and a 0<1 such that

(2 7 1) !U(WO, :\vl: ‘4> - LT(WO; Y, A) }..<_10; Y1» yZES9 ACS+

Remark., From (2.7.1) it follows that

(2.7.2) lim U (g, y, A)=U (4), AcCS*
7—>—o00

exists uniformly in y&.S and, moreover, the limit is approached exponen-
tially fast ie., (2.6.14) holds. The passage from (2.7.1) to these re-

sults is as in Section 2. 5.

Proof. Let P(¢,7,v, D) be the transition function of (H(£), Y (2))
whose generator is Q of (2.6.7). Here DC {(—o0, 0] xS}. Let ¢ be
a positive number to be chosen later and suppose that £,<—7, Let
P(t,y, A), yeS8, ACS, be the transition function corresponding to the
generator Q of (2.6.1) ie.,

(2.7.3) P(t,y, A) =P{Y () € A|Y(0) =y},

and let P(A). ACS. be its invariant measure. From the results of

' This theorem is due to S. R. S. Varadhan (private communication).
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Section 2.5 we know that (2.6.5) holds. Since ~(y) in (2.6.7) is

not identically zero and since (2. 6. 6) holds, it follows that for some 0>>0
2.7.4) Pllz(v) I=0y =7>0.

Let us also choose ¢, sufficiently large so that

(2.7.5) |P(t, v, A) —P(A) 15—2— ,

| P (0, y1, A) — P (4o, 32, A) ISIE ,
as we know is possible by (2.6.5).

We shall need the following general fact about two probability mea-
sures P; and P, (on some general measurable space X).

(i) There exists a measure P, and two measures P,” and P,” which

are orthogonal to each other such that
(2.7.6) P, =P,+P/, P,=P,+P,.
(ii) Py(X) =1—sup [P, (A) — P, (A) |
Acx
P/ (X) =P/ (X) =sup |P,(A) =P, (1) |.
ACX

These facts are verified as {follows. Define the signed measure y(A4)

on X by

v(A4) =P (A4) =P, (A4)

and let B* and B~ be a Hahn decomposition for y(A) so that B*U B~

=X, BtNB =0, v(B'N.A)>0, v(B NA)<0, for all AcX. Now
define

2.7.7) Pa(A)=%(P1(A)—|—PZ(A))—%v(B*ﬂA)—i—%v(B‘ﬂA).

Since v(A) =v(ANB*) +v(ANB) it follows from (2.7.7) that
(2.7.9) Py(A) =P, (A) —v(B N.)
=P,(A) +v(B N4.
Define also
(2.7.9 P =v(B' N, PG =—v(B ).

From (2.7.8) and (2.7.9) it follows that (2.7.6) (i) holds and that
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P’ and P,” are orthogonal. To verify (ii) in (2.7.6) we note from
(2.7.8) that

Py(X) =1—y(B).
But
sup [P (A) —Py(A)]

=jg§lP1(AﬂB+) +P(ANB") —P,(ANB*) —P,(ANB7)|
=sup|»(B*NA) +»(B"NA)|=v(BY.

Thus, the facts stated in (2.7.6) have been proved.

We return now to the proof of the theorem. Let P(%,3;. 4) and
P (2, 5, A) be denoted, respectively, by P, and P, on S and let P; and
P/, P, be the other measures described in (2.7.6). From (2.7.5)
and (2.7.6) it follows that

(2. 7.10) Py(8) =1=sup |P,(4) =P, (4]
=1-7

and

(2.7.11) P/ (S) =P, (S) =1—Py(S)

=sup [P, (A) —P,(A) I<r/2.

Note further that

sup | Py (A) —P(4) |
AcS

<sup|P;(A4) —P:(A4) | +sup|P:(4) —P(4)|
AcS ACS

<I_+L=
2 4

-

Hence,
(2.7.12)  Py{lz(y)|=06}
=Py{|z(y) =0} — P{|z () [=0} + P{|z () | =0}

37 _

Py G A
2T ==
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Now let Uy, v, A), 70, v 8, ACS be the solution of (2.6.12).

If ¢z,<<—m, i.e., 7, is sufficiently large and negative, we have

(2.7.13) U (%, 31, A) —U (s, 32, A) |
='J:[U($,yy.A)[ﬁ(%,ﬂmsh,dé,dyﬁ
— P (2o, 0, ye, d§, dys)] ‘
- [ fc oy ¥1, 933 A) P (b0, 31, dvs)

- IG(%, Ve, ¥3; A) P (4o, 2, ds) !
where,
(2.7.14) G (M0, y1, 355 A)
=E{UH (&), v (), A) Iy (t) =y, ¥ (0) =31, H(0) =7}
is a non-negative function bounded by one. Thus, using (2.7.6),

(2.7.15) U (o, 31, A) — U (s, v, A) |

=[G 1,35 A Pu@3) = (Gt 3s 355 A Pu@y) |
= i j[G(m, y1, Y33 A) =G (4, ¥, ¥s3 A) 1 Ps(dys)

+ JG(%, ¥1, ¥a5 A) P{ (dys)

~ (6t 2,722 &) Pr(aw)

< [160, 91,355 4) =G, 30,34 A) | Pu(d)

+1-Py(S).

We must now estimate the integrand on the right of the last inequality
in (2.7.15).
From (2.7.14) it follows that

(2.7.16) |G (Mo, ¥2, y33 A) — G (10, ¥z, ¥23 A) |
< sup |U@,vs; A) —U (1, vs; 4) |,

|71 —72|2¢0
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where we have used the fact that |z(y)|<Cl. Therefore it suffices to
estimate [U (7, y; A) —U(7, v; A)| and this we do directly from (2. 6.
12). We have that

0U_a(nNU_,
gz -aWE <, 9<0
o1 =)

or, upon integrating,
Ul y3 A) U@, y; A) €207
and hence
U, v, A) = U, v, A) <1 — e memmlize,
Replacing U by 1—U in this argument gives
(2.7.17) Uy v, A) = U (1, v, A) [<K1— e 1@ nl/2@0,

We may also replace ¢(y) on the right hand side by ¢, from (2.5.3).
We return now to (2.7.15) and use (2.7.17). This yields

(2.7.18) U (10, 1, A) —U (1, 32, 4) |
= j(1—e‘“"‘“““““)P(dya) +1—="P3(S)
S A —e? ) Py{|z(ys) | =0} + Ps{|=(95) | <0} +1—P,(S)
=1—e " Py{|z(v:) | =0} (by (2.7.12))

<l—e T — 1,
4
This completes the proof of the theorem.

We are now in a position to complete the potential theory associated
with the process (H(#), Y(#)) on (—o0,0] XS and generated by Q of
(2.6.7). We have the following result that will be used in the asymp-

totic analysis.

Theorem 2. Lez g(7,y) be a nonnegative function on (—oo,0]

XS such that

(2.7.19) g, y)<ye”, <0, y>0, >0.
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Let h(v) be a bounded [unction on S and consider the problem
(2.7. 20) (z(y)—a—+0w) g, on {9<0, yeSt U {1=0, yeS*},

w0, ¥)=h(y), veS*,

(cf. (2.6.12)). If h(y) is adjusted appropriately by the addition of a
constant (see (2.7.41) below), then (2.7.20) has a unique bounded

solution w(9,y) that decays exponentially fast as 17— — oo,

Before giving the proof of this theorem we prove a lemma as fol-

lows.

Lemma. Let g(7,y) satisfy (2.7.19). Then there exist solu-

tions of
~ 0w
2.7.21) ( (v )——+Qw> , on {1<0,yeS}U {1=0, y= S*},

that are bounded for all 7<<0.

Proof of the Lemma. We shall assume that the solution of (2. 7.
21) that we seek satisfies w(0,y) =0, y&S*; we show that such a solu-
tion exists and is bounded.

Suppose we can find a function « (%, v) such that

(2.7.22) 0<<u<M< o0

and

(2.7.23) (z(y)—aﬁ+0u> h=g, 7=0.
Then

(2.7.24) 0<w<lu<<{M

and the lemma [ollows. To see that (2.7.24) is true note that for any
0<<i/<{co we have
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(2.7.25) oco>MZu(y,y)

>E,,| ﬁwh (H (), Y (5))ds] + Eny {20, Y (5}

=E,,{ [ ©, 7)) ad

and hence (2.7.24) also, by letting #7oco. Here ¢ is the first time H(z)
reaches the origin starting from H(0) =7<0.

To construct the comparison function z we proceed as [ollows., Let
f(@), <0 be a smooth function to be chosen later on and define f; (7, v),
f2(1,v) by

(2.7.26) 0fi+=9L 0,
o
0fi  _0f
Of+=20_ 00
~f2 077 207]

Here and in the remainder of the proof of this lemma the overbar denotes
average with respect to the invariant measure of Q ie.,, P of (2.5.6).
Clearly f; and f, are well defined because of (2.5.9), (2.5.10) and
(2.6.6). We write

(2 7. 27) f] = ———Q‘lz_ai
07

fi=0 (=02 — 2072 2L
o7°
0<ie=—207%.
2

The positivity was assumed explicity below (2. 6.6”). TFrom these defini-

tions it follows that

@7.28) = (xZ+0)(FHSit 1)
7
:—gia_gi -1 & _lz_l 2 ﬂ
G o (e o)k

Now choose f(7) so that

at 0if
2.7.29 —— —L=qef, =<0,
( ) 7 oy e 7=
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with 0<{3<{0 and 0<y<c appropriately chosen. With this choice, the
right hand side of (2.7.28). which is 1 of (2.7.23), is

g o~ — __2__8_‘ -1{ __ —1‘,,____1 2\] By
(2.7. 30) h a[l 2520 < 20— o) e

For « sufficiently large and #>0 sufficiently small we achieve the in-

equality on the right side of (2.7.23). Integrating (2.7.29) yields

(2.7.31) £ 2325 %(A—e’s”)ZO, 7<0,

where A>0 is sufficiently large. Moreover if u=f+f;+f; then clearly
>0 if A is sufficiently large. This completes the proof of the lemma.

Proof of Theorem 2. Let (T,f)(v) be defined by (2.6.13). It
follows from the lemma just proven that we may write the solution of

(2.7.20) as

2.7.32)  w(n,y) =E, ik (Y ()} +E,, { j ‘9 (H (s), Y<s>>ds}.

Let 7,. 7. ---, 7, be the first times —n+1, —n+2, -+, 0 are reached start-
ing from 7= —n. Then,

(2.7.33) @ (—n, ) :E-M{ i'g (H (s), Y(s))ds}
=E_,M,{Ln+---+ jrlg(H(s),Y(s))ds}

—E.., {:@E { j g (H (s), Y (s))ds]| _Cf}} .

Here ., is the g-algebra associated with the stopping time t,_,. With
v& .S~ define

2.7.34) G ) =E_., { ﬁ ‘Y(H (), Y (s)>ds} .
From the lemma above it follows that

(2.7. 35) 0<gn (v) <ce?"°®

for some constant ¢>0 and 0>>0 sufficiently small. From (2. 7.33) and
(2.7.34) it follows that
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(2' 7. 36) w (’—' n, y) = §n+ T—l?jn—-l =+ Tz—lan-2+ st TﬁIlg:[ o
Let G,(y) be defined by

(2.7.37) Ga(¥) =2 0: ().

We shall show that

(2.7. 38) lim & (—n,y) =G
n oo

where
@7.39)  G=[G6wUT@), 6 =lnG.»

and the limit in (2. 7.38) is approached exponentially fast, uniformly in
yES. Note that G(y) exists since G,(y) is an increasing sequence and

the limit G is approached exponentially fast in view of (2.7.35). We

write
n k n
(2.7.40) 2 TG,=3) T g, + 23 TG,
j=1 j=1 F=k+1

k n
=T'i;”(jz_.1 TG0 + X3 T775;.

j=k+1

The second term on the right side of (2.7.40) is small uniformly in »
and y as long as % is sufficiently large. With % large and fixed now we
let n—>oc0 on the first term on the right side of (2.7.40). By the
ergodicity of 7°_; it tends to

[Tany @y o= [Tanyam~c

and so the statement is proved.
Let 2 be defined by

F= | U@nh).
If we adjust hA(y) by adding a constant so that
(2.7.41) h+G=0,

then clearly w (7, y) —0 as 7— —co and the approach is exponentially

fast uniformly in y&S. The proof of the theorem is complete.
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§ 3. Diffusion Approximations

3.1. Asymptotic Expansion in an Unbounded Region

and Homogenization

We begin with the asymptotic analysis as e—0 of the following prob-
lem (cf. Section 2. 4)

ou’ 1 .
(3 1. 1) ’M:_ZQI,(E/E)“C (t: x, y)
ot e
-+ (-1—F<x, = y> —i—G<x, x y))@_u_"__(t, z, %)
e e e 0x
+a<x! :E—’ y>us(t’x’ y)’
3
t>0, xeR", ves
(3.1.1%) 20, z, y)=f<x, :?_,y), zeR", ves.

Here F(x,%,v) and G(x, ¢, vy) are smooth bounded functions on R*XT™
X S—R", where T" is the unit n-dimensional torus and S is any compact
metric space (such as the unit sphere in R" for example); a(x, {,v) is a
smooth bounded function on R"XT"XS—R. The operator Q.. with

parameters x& R" and T, is given by
312 Quef)=a(x8Ly) jsﬁ (z, & v, d2) f(2) —q(z, 5, 9) (),

where g is a continuous function on R"X7"X.S such that
(3 1. 3) 0<Ql£q (I, Cs .\’) SCI:L<OO )

and 7 (x, &y, A), A a Borel subset of S, is a probability measure for
each (x,&,v) on R*XT"XS and is continuous in (z, £, v) for each Borel
set A. Under these conditions (3.1.1) has the probabilistically natural

(generalized) solution

(3.1.4) u' (@, o, v)=E,, {exp( j;ta (X(s), &l(i)—, Y (s))d.s)

x £, X0, ye)
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for bounded and continuous f(x,&,y). Here (X*(2), Y°(2)), e>0 fixed,
is the corresponding process on R"X.S. If the x and C<=£> dependence
e

of coefficients and data is smooth then zf(¢, x,y) is smooth also and
satisfies (8.1.1) in the usual way. We shall assume that this is the
case in what follows.

We wish to describe the asymptotic behavior of «° (¢, x,y) as e—0,
0<t<<T'<oo and to analyze the corresponding process (X°(z), Y°(¢)).
To this end, and under liberal smoothness assumptions, we first construct
an asymptotic expansion for #°(¢,x,y). In Section 3.2 we prove that
this is a valid asymptotic expansion and in Section 3.3 we show that
X®(¢), 0<¢<T, converges weakly as a process on C([0,7]; R") to a
diffusion Markov process.

Let us introduce explicitly the variables

(38.1.5) =

O)IH
N
Il

O)N‘IN.

and let us seek an expansion of the form
(3.1.6) uf (¢, x,y) =kZ_‘,oakuk(t, 2,8, v) | cozse
= i

+ kE_g efutt(r, x,¢, v)

i
\T=t/e2
|C=x/s

Here the superscript IL stands for “initial layer” and reflects the nature
of such terms on the right side of (3.1.6) as we see below. We require
that both sums on the right side of (3.1.6) satisfy (3.1.1) and that
their sum satisfies (3.1.1’). Thus, we have at first the following se-

quence of problems' for the interior expansion (x, without superscripts).

(3.1.7) L1ttg=0
(3. 1. 8) ,Clul‘f‘ ,Eguo—:o
(3 1.9) ,fluN+£2uN_1+,fsth_2—a—z;1;—'—_—z=O, N=2,3,4,--',

Here [, L, and _[, are defined by

' In inserting (3.1.6) into (3.1.1) and equating coefficients of equal powers of &, we
treat z,¢ and ¢t as independent variables. Thus, (8/0x)— (0/0x) + (1/€) (6/9¢).
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(3. 1. 10) cfl':Qz,L‘_i‘F(x’C, y)'agc

(3.1.11) Ly=F(z,¢ y)-i+G(x < y)-ﬁ
YT bz T g

(3.1.12) L3=G(z,¢, y)-%Jra(x,C, y).

We take #, independent of vy and { so that u,=u,(¢, x) satisfies
(8.1.7). We will find the determining equation for u, later. We con-
sider next equation (3.1.8). The operator [, is an operator on func-
tions 7" X S with x a fixed parameter. It is precisely of the form (2. 5. 2)
for which we have studied the validity of the Fredholm alternative in
Section 2.5. The theorem at the end of Section 2.5 deals with the case
S=unit sphere in R® and F=1y; this is the case of interest in transport
theory. We shall assume that the Fredholm alternative, as stated in
that theorem, is valid for _; of (8.1.10) in order to get a better idea
of the structure of the expansion. The remark at the end of Section 2.5
clarifies the smooth dependence of quantities on the parameter .

Let I%(dydc;x) be the invariant measure’ of ;. We shall assume
that

(3.1.13) [ F@ 6 P@vas =0,

i.e., that the singular velocity term in (3.1.1) averages to zero relative
to the invariant measure of the cell-collision operator _[,. Condition
(3.1.13) and the Fredholm alternative for _; yield the solution z; of
(3.1.8) in the form

(3. 1. 14) u,=u10—£1_1£zuo >
or more explicitly
(3.1.15)  uy(t,x,8, ¥) =uyp(t, x)

. auo (t, .Z')

# [ Fo.0ay,at DF @,y
TnxS 0.2:

' We use ~ to distinguish objects on 7"X.S from the corresponding ones on S alone
(i.e., without fast periodic structure).
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Here ¢ is the recurrent potential kernel of [, that is, if Py, ¢, A, x),
AcCT"x S is the transition function corresponding to ., (the kernel of
exp (¢.L,)) then,

(3.1.16) J@,QA‘;;):J;”[P(t,y,c,fi;x)—l%(ﬁ)]dt-

The function uy, (¢, x), like u,(¢, x) is determined later.
We use next (3.1.14) in (3.1.9), with N=2, and rewite it in the

form

Iﬂ‘z: —,Ez(lho""‘fl_l.,gguu) —isuo‘*‘%?.

~

Let us denote by overbar integration of a quantity with respect to P.

Then the solvability condition for u, is clearly

(3.1.17) %Z(—Izifliz‘i.’efs)uogfum

Note that the term — _[,u,, drops out upon averaging in view of (3.1.13).
Explicitly the operator L on the right side of (3.1.17) has the form

(3.1.18) Lg(x)

— B ) .0 PR
N j‘rnst (dedy; z) [F (z,¢, ) 0x TG (=5 9) @C]
X J J(v,C,dy’, dl’; ) F(z,¢, v") - 09 ()

s ox

[ Pty o) |66 69 2D 1o, NI@)

This is an elliptic second order differential operator and so (3.1.17) is
a parabolic equation for #,(Z, ). Initial conditions for #, will be obtained
from the initial layer analysis later.

The solution #, of (3.1.9) (with N=2) takes the {form

(3. 1. 19) ugzugo—‘,gi_lofzum‘—af;l(_QEZI;II2+Ja_I) U,

where 1,y — w5 (7, ) is determined by the solvability condition for (3. 1. 9)
with N=4. The solvability condition for (3. 1.9) with N=3 determines

(up to initial data) the function u;, (¢, x) as we now show. We have
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Ilu:;: ‘—,Egug—ogsul‘*‘%
0t

:Iz[gﬁ:[_l.,fzulo'*‘ Ifl(—lzifliz‘i'Is—z)uo—'uzo]

4- Isiflefzuu"Iaulo—IfIIquo‘i‘a—g‘;—o

= (Izl;lofz"eﬁa) ulo+ aaz;w

+ LoLTH (= Ly LT Lot Ls— D ug+ Ly L7 Loteo— Lotha

{from which we obtain the following equation for u, (%, x)

(3. 1. 20) %= Lus+ Ly LT(L LT Ly~ Ly+ L)ug— Ls L7 Louo”

This is an inhomogeneous diffusion equation with inhomogeneous term
depending on u, Initial data are determined below from the initial layer
expansion.

The higher order terms in the interior expansion in (3. 1. 6) (not the
initial layer terms) are obtained in the same fashion up to initial conditions.
Each time wuy is solved from (3.1.9) an unknown function wuy (£, x) is
introduced and this is in turn determined (up to initial values) by the
solvability condition for uy.,.

Now we consider the initial layer expansion. Inserting > je—o&*ui”
into (3.1.1), treating ¢ and © as independent variables, and equating

coefficients of equal powers of ¢ leads to the following problems.

IL
(3.1.21) m”_ p v
ot
IL
(3.1.22) a“r‘ = Liuf*+ Lous"
IL
(3.1.23) Ouy_ Liugt+ Louis+ Lsuze, N=2,34, ..

ot
We require also that
(3.1.24) ulF (r, 2, & 9)—0 as r—o0, N=0,1,2, -
and, {rom (3.1.1%), that

(3' 1' 25) Uy (05 x, C: y) +ugL (Oy zx, C’ y) :f(-xs C, y) s
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(3' 1. 26) ul\’(os x, /:: y) +N§VL(05 £z, Cs y) :Os N:1, 27 Tt

Clearly (3.1.24) is the condition that we have an initial layer behavior
and (3.1.25), (3.1.26) are the initial conditions from which we will
determine initial values for ug, w, sy, .

From (3.1.21), (3.1.25) and the ergodic properties of _[; it is

clear that z{* will go to zero* as t—>co provided we have

(3.1.27) 1" (0, x, &, ) =f(x, & v) — f (2)
where,

(3.1.28) F@ = Pty f 6w
and hence

(3.1. 29) 10, (0, z) = f (x).

Thus, (3.1.17) and (3. 1.29) determine #, (¢, x) completely and similarly
(38.1.21) and (3.1.27) determine zu{’=uwult(c, x.%.y) completely (with
x being a parameter in the u#{’ problem).

To determine z, (i.e., initial data for #,) and #{* we note that from

(38.1.22) and (3.1.26) (in operator notation)

(3.1.30) ull(t) = —etvu, (0) + fref‘(’“’)lguJL(s) ds
0

= — et (an(0) — L7 L) + [Tl s
0

* j‘rEIl(r—s)t—Czuz{L () — Laug"(s))ds .
0

The last term on the right in (3.1.30) goes to zero as v} oo hence, in

order that u{*(t) -0 as t—>c0 we must have

(3.1.31) 11o(0) = L7 Las (0) + f,czu# (5)ds .

The initial condition (3.1.31) for u, (¢, x) and (3.1.20) determine it
completely. Similarly, (3.1.22) and (3.1.26) (N=1) determine "
and it satisfies (3.1.24) (exponentially fast). Thus the second terms

in the expansion have been determined. The rest of the terms are calcu-

* 1% actually goes to zero exponentially fast as t—>co.
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lated by the same general process.

When (3.1.1) has no rapidly varying periodic terms, i.e., .r/e does
not appear in F, G,a,Q, and f, then the above expansion yields the
standard diffusion approximation of transport theory [1 and the references
therein]. On the right side of (3.1.1) we do not have terms with »
derivatives (force terms, whenever this makes sense) but the formalism

extends obviously to this case.

3. 2. Validity of the Expansion

The validity of the expansion (3. 1.06) rests upon the following three
general ingredients which have been mentioned already.

(i) Smoothness

(ii) The Fredholmm alternative for _[7; of (3.1.10)

(iii)) The centering condition (3.1.13).

Smoothness is inevitable if we want expansions and error estimates. The
Fredholm alternative for _[; must also hold one way or another; it is the
essence of the expansion procedure. The centering condition (3. 1.13)
can be removed but then the expansion (3.1.6) changes form and in
particular z, depends on ¢ in a nontrivial way.

The result we state below (and results in other sections to follow)
follows easily from hypotheses of the form (i), (i), and (iii) above.
The results’ of Section 2.5 on the Fredholm alternative are not intended
for literal use but to show that (ii) is nonvacuous in the present con-
text. We state the results in some generality assuming that (1), (i),
and (iii) do hold.

Let us return to (3.1.1) and assume that coefficients and data depend

smoothly on x and Z. We also assume that

(3.2.1) The Fredholm alternative as in the theorem at the end of
Section 2.5 is valid for [, of (3.1.10).

The coefficients of the diffusion equation (3.1.17) being smooth by hy-

potheses and f (x) being smooth imply that the solution #(z, x) is also

smooth, Similarly, #{* is smooth and so on.

" The theorem at the end of Section 2.5.
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Theorem. Under the above hypotheses, the construction of the
expansion (3.1.6) gives an asymptotic expansion of u° (¢, x,y) as e—
0, 0<t<T<<oo, z=R*, y&S. Specifically, we have that uniformly
in xeR", yeS, N=0,1,2, -

e

e?’

3.2.2) Iue(txy) Zeuk<tx_; ) EA:_‘:I:IL<

z,

mlH

:O(ezv-n) .

Proof. The construction of (3. 1.6) makes sense since all is smooth.

By construction we have that

[gt = = Qs — (%F-FG)-%—d] (ue—i“ (wr+ui))

=0(e" )

and

N
(us_kz_'oek<uk+ uiL)) 1=0=0.

By the maximum principle (recall & is bounded and 0<{¢<<{T'<{oo) it fol-
lows that

N
=2 e (up+ut®hH|=0("Y, N=0,1,2 ---.
k=0

But,

N
(3.2.3) ué—kz_oe"(uk—%- uih)

N+2

<|ef— X" (up+ ut™)| + eV uyia+ Ctty i+ Ui+ U]
k=0

=O(8N+1).

This completes the proof of the theorem.

3.3. Weak Convergence of the Process

Let _[° denote the infinitesimal generator of the process (X°(7),
Y®(#)), the one associated with (3.1.1):
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8.3.1) Li= [%F(x, —?, y> + G(x, ‘—:-, y>] ‘%4- '}—ZQz,(r/e) .

The state space of the process is R™X.S, where S is a compact separable

metric space and Q,, C:-‘E, is defined by (3.1.2). The purpose of this

[
section is to show that X°®(#),0<{¢<{T'<oo, converges weakly as a meas-

ure on C([0,7T]; R*) as ¢—0, to the diffusion Markov process X (z)
whose generator is L, given by (3.1.18) with a=0. The smoothness
requirements of Section 3.1 and 3. 2 will be weakened considerably here.
However, we only show weak convergence.

The hypotheses for this section are as follows. Q.. is defined by
(3.1.2) and q(x,&,y), n(x, &, v, A) are continuous in (x,{,y) ER"XT"
XS, have bounded x and ¢ derivatives and the Fredholm alternative'
holds, i.e., (/7 of (3.1.16) is well defined, it is differentiable in x and
takes bounded continuous functions of £, v into bounded continuous func-
tions of &, y. In addition, it maps differentiable functions of { to differen-
tiable {unctions of &.

The vector functions F(x,{,y) and G(x, {,y) are assumed continu-
ous and bounded on R*"X7T"™X S—R" and with bounded x and { deriva-
tives. We assume (3.1.13) holds.

With these hypotheses, for ¢>0 _L® of (3. 3. 1) is indeed the genera-
tor of a Markov process as described in Section 2. 1.

Let f(x) be a smooth bounded function and let f;(x, &, ¥) be a bound-

ed solution of

(3.3.2) Ouefi(z, €, ) +F(z, €, v) Ofs (ag,cé, y)

—}-F(x, C’ y) .Q_f;(_'zl =0
0x
so that*

3.3.3) fi@y)= J‘Tﬂxss’[)v(y, €, dy’, dl’; ) F(x,C’, ") ._02(:) )

Define L on smooth functions by (3.1.18) (with a=0) or again

' As in the theorem at the end of Section 2.5 with y replaced by F(x,¢,y) (v a para-
meter) ie., (3.2.1).
* & is defined by (3.1.16).
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(3.3.4) Tf(x)= L _ Patay; [F (¢ 3 .00 (;C;f’ »)

+G (2,6, 9) -@—Ji%ﬂJrG(x, &) -—————aj(;gf)].

We assume that _[ has continuous and bounded coefficients and that it is

uniformly elliptic.

Theorem. Under the above hypotheses X (t), 0<t=T< oo, con-

verges weakly as ¢—0 to the diffusion Markov process generated by

L.

Proof. First we note [18] that L indeed generates uniquely a
diffusion Markov process on R" In addition X°(#), ¢>0, is continuous
with probability one. The proof is in two steps. First we show com-
pactness of X° in D ([0, T]; R*) and this suffices since X° and the limit
X are in C [19 p. 150]. Second we identify the limit processes by
showing that they solve the martingale problem associated with L [18].
Since the latter has a unique solution under our hypotheses the proof is

complete.

Let f(x) be a smooth function and define £, by (3.3.3). Put
(3.3.5) Sz, 5w =f () +efi(x, 6, y).

It follows that

(3.3.6) Lefe (x % y) =T f(x)

-+ [Af(x, C, y) + EG(JC, C’ y) @f‘_l—(%xc,—y)] C=x/e

where

3.3.7)  Ap(x,8,3) =F(z,¢, ) 25&50) <;f, ¥)

16, €,9) B8 4Gz, €, 3) 2LE T (),

Thus, .A,(x, %, y) is a bounded continuous {unction on R*X 7" XS and
> f R
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(3.3.8) L Sl%(dC, dy;x) As;(x,C,y)=0.
Define Mj; by

(3.3.9) M) =ff<Xf(t),X£T@, Yo ~f§<x, =, v)

_ Ltle]ve(XE(s),‘fa(_s)_, Ye(s) )ds

From the analysis of Section 2.1 it follows that Mj(£) is a bounded
right-continuous, zero mean martingale relative to &,, the d-algebra as-
sociated with the process (X°(-), Y*(-)) up to time 7. The increasing
process' (M} (z) > associated with this martingale is given by

(3.3.10) Mi@>= [ (L0200 (x00, 2L vew)as

<

= f [Qfi—2/1Qf1] <X ), }ﬁ@ Ye(s) > ds
= £LHf<X€(S) , }Li(s—), Y‘E(s)jds ,

where we have omitted subscripts on Q for simplicity. The second equa-
lity here follows from the fact that the derivative operators in _[° are
of first order and cancell out. Also, the factor ¢™* in front of Q cancells
with the ¢ factors in f®*=f+gf; since Qf=0 (f is independent of y and
0.

The increasing process {(Mj(#)) is defined by the condition that
(M;(£))*—{(M;(t)> be a martingale also. It can be verified by direct
computation that the expression (3.3.10) satisfies this definition. We

also have that
(3.3.11) E{(M;(t) —M;(s))*|F =E{LM;(&)p—<M;(s)>|Fs},
0<s<t<oo.

Let us rewrite (3.3.9) using (3.3.5) and (3.3.6). We obtain

(3.3.12) X0 ~f@ ~ [ TFOC)ds

' For simplicity we write <M$) instead of {M$§, M$).
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~M5@ +e[fi(z L, 9) -~ A(x00, EL v
+ ﬁ LAf<Xf ), :’fﬁ v (s)>ds
+6J;LG-%fl<X5(s),&, Yf(s)>ds.
x e

Let us also give an explicit expression for H; in (3.3.10). Itis easily

seen that, in fact,
(38.3.13)  H,(z, y) =q(z,& ») L?T(J:, ¢y, dy’)
8 [LHSW(C’ vy, dtdy”; 2) —=§ (&, v,dCdy"; x)]
ro af(g;) 2
.F 0f(x)
(z, 8, y") o ] ,

and this is a bounded and continuous function of its arguments,

Now we go to step one of the proof: weak compactness of X° in
D. We choose f(x) to be x;,i=1, 2, ---, 1, the coordinate functions suc-
cessively. These functions are unbounded but /;, .L°f%, A, and H, are
bounded. Let

(3. 3. 14) bi(x):Ixi, 1.2192’”'! 77,

so that the vector function & (x) is the drift of the diffusion operator _[.
From (8.3.12) we obtain

(3.3.15)  Xi(8) =zi+ ﬁ‘bi (Xe(s)) ds - M (2)
+ J;LAi <X"S @), _‘X.E?(Q_, Yé(s) > ds+0(e)

where M () and A;(x, &, y) stand for M} and A, with f(x) =2;. De-

fine:

(3.3.16)  Re(6) =it L by (X% (s)) ds -+ M5 (0)

+ £LAi<X‘ ), ~X£>— Y*(s) )ds.
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Comparing (3. 3.15) and (3.3.16) we conclude' that
Iim P{sup | X*(®) —X°(2) |>0} =0, 0>0.
elo ost<T
Thus, it suffices to show that the processes X° (¢) are (relatively) weakly

compact in D.

We note first that

lim sup P{;gﬁ)?%t) |I>N}=0

Ntioo 0<el1

making use of Kolmogorov’s inequality for the martingale M} (£) and
(3.3.10), (3.3.11). It suffices now [19,20] to show that

(3.3.17)  E{|X*(®) —X*(@) 'IX°(0) ~X*() [} =C(t—+)*,
0<s<<0=<t<T,

where C is a constant independent of s, ¢, ¢ and e. However, from
(3.3.14) we have

2

(3.3.18) E{|X(®) —Re(s) |"’l€F,}§4E{‘ fb(Xf(a))da

a}

+4E{

KA <X€ @), :’%EQ, () ddlz EF}

+AE{| M () — M*(s) [*|Zt
<C(¢—s), C a constant,

This clearly implies (3.3.17) and the first step (compactness in D) has
been shown. Only the martingale estimate in (3. 3. 18) requires elabora-

tion. We have

E{|M* () —M*(s) || <} =§ E{(M:(&) —M:(s))*|Fs}

Il
M=

E{LMi () —<Mi(s)D| S}

7

1
A

n

ZE{in<XS(J),£§Q, YE(a))da]iFs}

i=

Il

—

=C(t-s),

n
PxlP= > 2t
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the last being a consequence of the boundedness of H;, i=1,2, --- .
Step 2, the identification of the limit, is an immediate consequence of
(3.3.12) once we show that

(3.3.19) 135112{ UE {A,(XE(U),:Y?)_, Yf(o))lcz,} do! } ~0

for each f smooth and bounded. This is so because (3.3.12) and (3. 3.

19) imply that for any limit measure of the processes X°, the expression
t_
FE®) ~f@ ~ [ TrEx@)ds

is a martingale. Since the martingale problem associated with L has a
unique solution the proof is complete.
To prove (3.3.19) it suffices to show that for each x< R" and

uniformly in veS§
(3.3.20)  lim E,,y{ f tA,(XE(G),—}ﬂQ, Y*(0) \)do‘} ~o0,
ey 0 0 < /

The function A;(x, £, y) is bounded and continuous. If it were a smooth
function of x and & then (3.3.20) would follow immediately in view

of (3.3.8) and the Fredholm alternative for Q+F-%. That is, we

would be able to construct a function B;(x,{,y) (analogous to u, in

(8.1.19)) such that

(3.3.21) 0..:B,+F(z,%, y) -%Jr A,=0

and then apply (3.3.9) with ff=¢B.,.
Since A; is merely continuous in z and { we first approximate it by

a smooth function of { for each x and y. Call it A% so that
(3.3.22) |4 (2. 8, y) = Af (7, L ) IS«

for all (x, & y)€R"XT"XS. Put
(3.3.23) A4(z) = fz% (@Cdy; z) A%(z, L, ).

The function A%— A% is smooth in & and satisfies (3.3.8). We now
approximate this by a smooth function of x uniformly on compact z-sets

(without altering (3.3.8)):
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(3.3.24) |As— A5 — A9?|<p

we have

(3.3. 25) 1E{£‘A,dc}k
§1E{£‘<AJ.—A;)doH+| E{LL(A?—A‘}—A‘}“)CZG}!

+{E{L‘Agdo}‘+! £{ [ Ag+da)| .

The first and third terms on the right side of (3. 3. 25) are small if ¢ is
small because of (8.3.22) and the fact that A?——)O as a—0 by (3.3.8).
With « fixed the second term on the right in (3. 3.25) is small for &
small because of (8.3.24) and the fact that X°(#), 0<<t<T, staysin a
compact set uniformly in ¢ with high probability (compactness). With
« and f fixed the last term on the right side of (3.3.25) goes to zero
as ¢—0 because A%? is smooth and (3.3.8) holds for it. The proof of

the theorem is complete.

3.4. Boundary Layer Coordinates

In the next sections we shall be concerned with boundary value

problems associated with _° of (3.3.1) without L dependence, i.e.,

>

(3.4.1) r=L0. 4 P@ ) L1 G@y L
s 0x 0x
where (Q, is defined as in (3. 1. 2) but without Z dependence. It will be
necessary to express the operator _L° in convenient local coordinates near
the boundaries which are always in x-space. We do this in this section.
Let 9 be a bounded domain in R" and 94 denote its boundary
which we assume is a smooth (72—1)-dimensional hypersurface. Since the
surface 94) is a compact subset of R" it can be covered by a fnite
number of open sets that include a § neighborhood of the boundary (.e.,
U S(x,0), S(x,0) ={v: |lx—y|<}). These finitely many open sets
zfiﬁ) be referred to as coordinate patches.

In each coordinate patch the surface is given parametrically by &

=&(), § a vector in R" and 7= (71, ***, T»y) is the parameter point that
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runs over a subset of R®' with compact closure. We shall confine at-
tention to a single coordinate patch.
We introduce new coordinates, the stretched coordinates, x— (7, &%)

given by'

(3.4.2) z=E&() +e9a(y), 77=(x—é-‘(:ce))'ﬁ(gc)’

where for each x in the patch £(y) is the (unique since x is near enough
to the surface) point on the surface such that £(y) —x and 7 (7), the unit
outer normal at £(y), are parallel. The parameter 7 runs over a subset
of R"' and 7<<0 (the lower bound of % goes to —oo like 1/¢).

We assume that (7, 7s, '+, Tn1) are orthogonal curvilinear coordi-

nates for £(y) that is

(3.4.3)  a=a'()=—r 080 ;3

, 2, o, n—1
a(r) 07

are orthonormal vectors that span the tangent space of the surface at

&(rY). The functions «;(7),7=1, ---, 2—1 are the scale factors of the local

coordinates on the surface. Note that (a',a? ---,a"”’, #) is an orthonor-

mal frame in R" at each point of the surface. Define also the curvature

matrix

B 0@ =6y =(30)-TED) 4 jo15 0 nm1
0107,

and write

(3.4.5) a = ;M) =iy =12 ,n-1

(3. 4.6) @, =U—ena?0) 'a”!, I=((n—1) X (n—1) identity.
The elements of this (z—1) X (#—1) matrix are denoted by J;;.

It is easily seen that in the new coordinates (7,¢7), x-derivatives

are expressed as follows

o _1

3.4.7
( ) 0x, ¢

2,02+ )T, p=1,2, 5.
@77 i,J=1 aT‘

J

Here 7, and a) are the p"* Cartesian coordinates of the vectors # and

' We shall abuse notation by writing £(z) and 7#(z) instead of £(y(x)) and 7#(y(x))
when we want to return from (7, €7) to x.
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a i=1,2, --,n—1. The operator % of (3.4.1) takes the {ollowing

form in terms of the boundary layer coordinates (7,¢7).

(3.4.8) L= L=

=1

1,0 & 0

(2,24 5 et |
& 07] 1, j=1 j

From (3.4.8) we see that
. 1 1 r o
(3.4.9) IBLZ’S—Z-CBL1+T=£BL2+~BL3+ L5

where _[%.; is defined by (3.4.9) and has coefficients proportional to ¢

C.

Comparing (3. 4.8) and (3.4.9) we obtain the following expression for
the operators Lz, L, and Lz in (3.4.9).

(3.4.10) Loni=Qen + FE), ) -8 (r)%
GAID  Lon=33 |18, Qo+ G E (D, ) 07
\"l\ = S (N5 @
t 2. va,q(g (7), y)”q(l)np(l)—
q=1 a7

n_-‘l » a
FRRE®, a0 s

J E]

1 o .
(3.4.12) Lprs= l[gnzrzp(r)nq(r)Qé’a)

p,q=

m[ﬁ

z=. P,qr(g( ) y)n ( )nDO)”r(T)"—
+1G 0 E(), ¥) A (7) ﬁmaﬁ,
7

2\—\ a Pi;(r) 0
73 P 0, 9@ ai) 25D 2]

0
—}-Y‘G at
¥, ¢, Ma L.
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Here QF denotes the operator Q of (3.1.2) (without £ dependence) with
its coefficients differentiated with respect to x,, Q¥ denotes differentiation
of the coefficients with respect to x, and z, and F,,, etc., denotes the

derivative of F, with respect to x,.

3.5. Asymptotic Expansions for Absorbing Boundary Conditions
(without cells)

In this section we shall analyze the asymptotic behavior as e—0 of
the following problem. Let 9 CR" be a bounded open set with smooth
boundary 904). Let u°(x,y) satisfy the boundary value problem

3.5.1) L (z,y) +f(x,y) =0, {x€D,yeStU{zxcdD,y=S},

(8.5.2) u (z,y) =g (x,v), x€0D, yeS",
(3.5.3) £5=-€1—2Q,+%F(I,y)'5@—+a($,y), a(z, 9) <0,
X

(3. 5. 4) S*=8"(x) ={yeS: F(x,y) - #(x) >0, zx=0D}.

Here 7 (x) is the unit outer normal at x04), f, g and « are smooth
functions on R*X.S, F(x,y) is a smooth n-vector function on R*"X S (S
is a compact metric space as in Section 3. 1; for example the unit ball in

R™ and Q, is given by
(3.5.5) Q.f(y) =q(z,v) Jﬂ(x, ¥, dz) f(2) —q(z, ) f ().

We assume that ¢ and 7 depend smoothly on z, that they are continuous
in y and that (2.5.3) and (2.5.4) hold (uniformly in x) so that the
Fredholm alternative holds for Q. in the form (2.5.9), (2.5.10). Note
that in (3.5.3) the term G-—% (cf. (3.1.1)) has been dropped for

simplicity; otherwise S* depends on &. Also we focus attention on the
time-independent, steady, problem (3.5.1) in order to avoid problems
with initial-boundary layers, i.e., difficulties near space-time corners where
special considerations are necessary in constructing complete expansions.

The weak convergence result of Section 3. 3 handles the stopped pro-
cess X°(¢\7%), r*=first exit time of X*(¢) from &), under appropriate

conditions. We seek here to analyze, in addition and in more detail, the
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behavior of Y°(¢) near 94 i.e., boundary layer phenomena. That is why
we focus attention on (3.5.1), (3.5.2). We shall not consider here the
analogous problem with cellular structure.

We begin by looking for an expansion of the form

(3.5.6) uf(x, v)

= k};‘g e u, (x, y) + ;0 e ui" (1, £ (x), ¥)| 1=ty -atve

where #2* are the boundary layer terms and they are functions of the
local boundary layer coordinates (cf. Section 3.4). We assume that out-
side a fixed neighborhood of the boundary #2¢=0, £=0,1,2, ---. Since
the boundary layer terms, it turns out, decay exponentially away from the
boundary this is easily accomplished by a smooth truncation. On the
other hand it is convenient to have #5" (7, £(7),y) defined for all 7<<0
and so we shall allow this mild inconsistency in the following to avoid
complicating the formulas with cutoffs.

The construction of the expansion is as follows. In the interior of

9 we require that
L5 eFuy) + f=0.
k=0
This yields the following problems.
(3.5.7) Laty=0
Ilul".‘ .,fguo=0
I1u2+ .,Ezul+ ,fsuo—l-f:O

Ilun-i-.fgu,._;—i—,,fg,u,,_zzo, 7l=3,4,5,"'.

Here we have
(3.5.8) L=0,, £2=F(x,y)-5a;, Ly=a(z,y).

From the ergodic properties of _[; it follows that w,=u#,(x) ie., it is
independent of v and the first equation in (3.5.7) is satisfied.
Let P(A;z), ACS be the invariant measure associated with the

process whose generator is Q

I

of (3.5.5) (x is a parameter). Define,
as in (2.5.8), the potential kernel
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359 60,40 = [Py, 450 -Pa;D)dr,
0

where P (¢,v, A;x) is the transition function. In order to solve the

second equation in (3.5.7) we assume (as in (3.1.13)) that
(3.5.10) jF(x, )P (dy; ) =0.

S
Then, by the Fredholm alternative

(3.5.11) uy=wuy— L7 Letty,

or
(3.5.12) uy(x, y) =uyp(x) + j‘ﬁb(y, dz; ) F (z, 2) _a____uo(.r) .
s 0x

As in Section 3.1, u,(x) and uy,(x), etc., are determined from solvability
conditions for u#, and u; etc., in (3.5.7).

Substituting (3. 5.11) into the third equation (3.5.7) we obtain
(3.5. 13) ,Cluz‘f‘a[:z(u;[o—,[l_lo[,Zuo)+c£8u0+f:0

and therefore the solvability condition for (3.5.13) yields the following

equation for u,(x).
(3.5.14) Luy(z) + f(x)=0, reD,

where

(3.5.15) Th(z)= L LP (dy; ©) F(z, )
0 - 2 2 . 0h(Z)
Xax[‘“y'd 2 F(z,2) - 22 |
+ [ P@viv)a@nh@),

(3.5.16) F@ = [ P@y; 2 s 9).

Boundary conditions for #,(x) are obtained from the boundary layer ex-
pansion later on. Note that 1wy, drops out of the solvability condition
for (3.5.13) in view of (3.5.10).

It is easily seen, exactly as in Section 3.1, that u,(x) satisfies an
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equation of the form (3.5.14) also. Now the inhomogeneous term de-
pends on u,(x) however. So, up to boundary conditions, #,(x) and
uy,(x), hence u,(x,y), are determined. The higher order terms go the
same way.

Let us next consider the boundary layer terms (3.5.6). We employ

the notation of Section 3.4 systematically. It is required that

(3.5.17) L5 e*u?) =0,
k=0

(3.5.18) W50 as p——o0, k=0,1,2, -,
and
(3.5.19) (o + 43" | 2c00=19 ,

lyest
(3. 5. 20) (uk+ qu) zeﬂg)zo, k=l, 2’ U

YES*

Since %, in (3.4.9) stops with _L%;, we shall stop here with #«£%; fur-
ther computations require expanding _[§;, and they are not particularly
revealing. Now [rom (3.5.17) and (3.4.9) it follows that

(3.5.21) , Lppug®=0
(3 5. 22) IBLlqu'i' .,fgmuf[‘=0
(3.5.23) Lopust+ Lpraut™+ Lppsus-=0.

Let us look in detail at the determination of #f*. We have that,

with 7 a parameter (or §=&(x), x a parameter)

(3.5.20) (Quot FEM, 9 2“7, 60,9 =0, 7<0

(3.5.25) u (0,6, =g EM, ¥ —w M), yeS,
(3. 5. 26) lim 5" (7, € (1), ) =0.

This is exactly the problem we analyzed in Section 2. 6, specifically, equa-
tion (2.6.12). In order that (3.5.24)-(3.5.26) have a solution, which

will be unique, it is sufficient that

[LT@riem e, » -uEm) =0
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where U is the invariant measure of the transmission operator (cf. (2. 6.
15)) and now depends parametrically on the boundary point &(y). It

follows that the correct boundary condition for u,(x), z€09 is

352D @ leso= | T @y 203 lscs

Equation (3. 5.14) and boundary condition (3. 5. 27) determine u,(x)
and then (3.5.24) - (3. 5. 26) determines #f-. Thus, the first term in the
expansion (3.5.6) is completely determined.

To solve the equation (3.5.22) so that (3.5.18) holds for #f* we
use Theorem 2 of Section 2.7, which was obtained expressly {for the
present situation. The quantity _[g,ue" is exponentially decaying as 7—
—oo and if u,, is chosen appropriately at the boundary 849 (cf. (2. 7. 41))
then, #, (x.y) and «?* (9, £(7), y) are uniquely determined. Identical con-

siderations lead to the determination of u, and zZ*.

Theorem. Assume that F, Q, f, g, a<<0, depend smoothly on
ze9D and continuously on y€S, that 09 is smooth and that L of
(8.5.15) is uniformly elliptic in D. Assume that Q satisfies hypo-
theses such as (2.5.3) and (2.5.4) (uniformly in x) so that it is
ergodic. Assume that (3.5.10) holds. Then the solution u®(zx,y)
of (3.5.1), (3.5.2) satisfies'

(3.5.28) sup sup|uf(x,v) —uo(x) *qu<(x—$(xn)) A (x), §(x), y)!

9 yes

=0 (g).

Proof. First of all since L is uniformly elliptic and everything is
smooth so is #,(x), the solution of (3.5.14) and (3.5.27). All other
quantities that figure in the above construction are also smooth.

Let
(3.5.29) We(z.y) =u* (z, ¥) — (uy () +eu; (z,y) + &, (x, v))
— (u§* (1, & (x), ) +eut” (7, §(x), y)

+ SZUfL (7, E(x).v) i77=((.r—6(1))~1“;(1:))/c .

' Recall the convention about cutoffs for uf* stated below (3.5.6).
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By construction we have that
(3. 5. 30) LEWe (x,v) =0() in {x€D,veS U {x€dd,y=S7}
We(r,y) =0, 09D, veS'.

Thus, if a(x,y)<<—0<<0 then (3.5.28) follows immediately from
(3.5.30) and (3.5.29). If on the other hand we have

(3.5.31) E At <c<loo,

where

(3.5.32) < =inf{1=0: X* () & D},

then again the result follows. Here X®(#) has generator ¢ °Q,+¢'F
% The proof is complete in view of the following.

Lemma. Estimate (3.5.31) is true under, in fact, weaker hy-

potheses than the present ones, provided ¢ is sufficiently small.

Proof of the Lemma. Let X(¢) denote the limit process with gen-
erator (cf. (3.5.15))

(3.5.33) Lh(x)= L LP' (dy; ) F(x,y)

<¢)(v de; ) F(x, ) - ahm}

(?
13 °h(x) N A (?h(:c)
Ziﬁlaij(x)axiaxj +-7-=J1 j( ) axj

Let ¢ be the first exit time of X (#) from 4. From the uniform ellipti-
city of L (which is an unnecessarily strong hypothesis) it follows that

there is a function V(x), &9, bounded smooth and positive such that
(3.5.34) LV(x)<—1.
But then

0=E AV (XA}

=V (x) +E, ﬁr'\’IV(X(s))LZSEV(J) —E {t\¢t}
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or
EArtANp <V (x)
and hence, letting ¢ 7 oo,
(3.5.35) E {r}=sup V(z) =c<oo.
29

For example, we may take V(x) =K—e*: with K and «a sufficiently
large.

With V(x) so defined, define V,(x,y) and V,(x,~) by
Q.V:(z,9) +F(a,5) 25D =

— LV (z)=0.

Q.V:(z, ) +F(z, ) @W

Clearly V, and V, are well defined bounded and smooth. Furthermore

9V,
o

x

<—1—Qz+lF-i> (V4eVi4eVy) = TV +eF
et e 0x

It follows that for ¢ sufficiently small V¥=V+4:cV,+&*V, is nonnegative

and, say,

<10 +1r. a)veg—l, zed, yes.
£ e 0x 2

This implies (3. 5.31) the same way (3.5.34) implied (3.5.35). The

proof is complete.

3.6. Asymptotic Expansion for Reflecting Boundary Conditions

(without cells)

In this section we shall analyze the asymptotic behavior as ¢—0 of
the following problem. Let 9 C R"™ be a bounded open set with smooth
boundary 04). Let «®(x,y) satisfy the problem (cf. (2.3.4)).

(3.6.1) Louf (x,y) +f(x.y) =0, z€9, ye8; z€0D, yeS-,
(3.6.2) j Bz, v, d2) i (x. =) —i (&, y) +¢b (x, ¥) & (z, )
.

+eg(x,y) =0, x€09D, yeS-,
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(3.6.3) L=

0, ++

F(x, y)-b%Jra(x, ¥,

O)Nl —

(3.6.4) S*=8*(x) = {yeS: F(x,y) -7 (x) =0, r€09},
(3.6.5) a(x,v) <—a<0, b(x, y)<O0.

As in Section 3.5 we do not have = dependence, Q, is as defined in

o

>

(3.5.5), 7i(x) is the unit outer normal to 84, f, g. a and b are smooth
functions on R"X.S and F is a smooth n-vector function on R"X S such

that
(3. 6. 6) LF(J:, ) P (dy: x) =0.

Here P (A;x), ACS, is the invariant measure of the process associated
with Q,: we assume as in 3. 5 that it is ergodic and the Fredholm alterna-
tive holds in the form (2.5.9) and (2.5.10). Note that ¢ is multiplied
by ¢ in (3.6.2). This is the appropriate scaling so that «*=0(1) as
e—0; otherwise if g=0(1). then «*=0(c7").

We need the following assumptions on the boundary operator B (cf.
(2.2.9) and (2.6.31)).

3.6.7) B(x,y, A), x€0d, yeS°, ACS  depends’ smoothly oun .r,
is continuous in v and given ¢, >0 there is a §,>0 such that

inf inf B(x,v,dz)=0;.

S0y yeEST Ja-F -0,

(3.6.8) There is a nontrivial reference probability measure 4 on S~
and a 0,>>0 such that ¢ (4) >0 if B(x,y, A) =1 and
B(x, v, A) =03 (4) for all rt€dD, yeS*, AcS.

Under the above hypotheses (some of them are needed only for the
asymptotics) (3.6.1) and (3.6.2) have a unique solution. Notice the
necessity of having (3.6.5) here: the problem with a=56=0 does not
have a solution for general f and g.

We begin by looking for an expansion of the form

oo

(3. 6. 9) Ue (;{‘, y) = ];jn Eklll- (.L‘, y) -+ ]‘:;) e"’ztf” (—0’ 5 (13) , y)! n=(z—E(2))-7(2))/e

' That is, B(z,y, ANS™), ACS, is smooth in .r.
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where #5" are the boundary layer terms and they are functions of the
local boundary coordinates (cf. Section 3.4). We assume as in 3.5 that
they vanish outside a fixed neighborhood of #4). On the other hand
it will be convenient to disregard’ this in the computation and suppose
that they are defined for all 7<CO0; it turns out they decay to zero ex-
ponentially fast as 7— — oo.

In the interior, the expansion goes exactly as it did in Section 3.5,
ie., we have (8.5.7)-(3.5.16). In particular, u,(x) satisfies (3. 5. 14)
with L and £ given by (3.5.15) and (3.5.16).

Let us consider the boundary layer terms in (3.6.9). It is required

that
(3. 6.10) L5003 e*ud®) =0,
k=0
(3.6.11) utt—0 as 7—>—oo0, k=0,1,2, -,

(3.6.12) [ Bluwt ) — (uet ud?) + b (st ufh) =0,
k£1, z€09, yeST,
(3. 6.13) L_B (2, +22%) — (uy +uPY) +b (uy+us*) +g=0.

The operator _[%; is given by (3.4.9) and, as in 3.5, we shall not
expand it beyond _£ s so that we stop here with the term zf*. We have

clearly that

(3.6.14) L pr Pt =0
(3. 6.15) Lot + L prous® =0
(3.6.16) Loraid 4+ L praud™ + Lprsug”=0.

From (3.6.14), (3.6.11) with £=0, and (3.6.12) with 2=0 we con-
clude that*
(3.6.17) uBt=0.

Thus, «#%(y, é(x),v) satisfies the problem (£(x) a parameter)

" We adopt again the convention about cutoffs stated below (3.5.6).
* This means that boundary layer terms are O(¢) and should be contrasted with the
absorbing case (Section 3.5) where they are O(1).
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(3.6.18) Lot =0, 7<0,
(3.6.19) w50 as y—>—oo0,
(3. 6.20) J BuP'— Pt — —g— j Bur+ s — b,
S~ S-
7=0, v€S_.

But this is exactly problem (2. 6. 26) (with §(x), the point on the bound-

ary, a parameter here). Hence, the solvability condition on the right
side of (3.6.20) is now as follows (with xr=25(x) €09)

[ Oe@ys D09~ »u@ ~ [$0,dz0)F 2

6u.,(.r)_|_ ‘( B(z,y,dz) j‘g[)(z dz’; ) F(x,2") - auo(x)]

This gives the following boundary conditions for u,(x).

0 uo (x)

(3.6.21) B(x)- +b () uy(x) +§(x) =0, z€0D,

where
(3.6.22) B@ = | Usdy; 0)| (90, dz 2 F (.2

_ LhB(x, v, dz) L;b(z, d': 2) F(z, z')], 209,
(3.6.29) @)= | Usdy;2)b(z,9), 2€09,

(3.6.24) §(x) = L*UR dy; )9 (z,y), z=dd).

Equation (3. 5.14) and the boundary conditions (3. 6. 21) determine
2ty (x) uniquely (formally). Note in particular that the term

(3. 6. 25) a(z) = L Pdy; z)a(z, )

in (8.5.15) is strictly negative by (3. 6.5) and this is used in the unique-
ness. We need however one more condition in order to have (rigorously)
existence uniqueness and smoothness of solutions for (3. 5.14), (3.6.21).

This is the following.
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There is a §,>0 such that
(3. 6. 26) 7(x) -B(x)=0, for all z€09 .

It is clear that 7 (x) - B (z) =0 but we must, as we do, exclude tangential
reflection at the boundary.

Returning to (3. 6.18)-(3.6.20) we see that zf* is now uniquely
determined and has the required properties; in particular (3. 6.19) holds
exponentially fast. The determination of #2* with the right properties
follows in a similar manner. Now however we must use (2. 6. 36) which
relies on Theorem 2 of Section 2.7. From the solvability condition for
163" we obtain boundary conditions for u,, as usual.

Let us consider briefly the form of the vector field B (x) in (3. 6. 22),

in the important special case that

Lﬁ (z) - F(x,y)P(dy; x)

(3.6.27) Uz(A4;x)=
[2@ F@nP@y

, ACS™.

This corresponds, of course, to a special choice for the operator B(x,y,
A). It says, loosely, that reflection at the boundary does not alter the
interior equilibrium distribution of velocities (for a moving particle mod-

el). If B(x, v, A) satisfies
(3. 6.28) Lﬁ (x) F(z,v)P(dy; z) B(z, y, A)

+ Lﬁ(x).p(x,y)ﬁ(dy;x)=o, for all ACS™,
then indeed (8.6.27) follows. For this we make use of the identity

(3.6.20) [ @) -Fa,nUO,y, 452 Pdy; )

+ jﬁ(x) F(z,y)P(dy; ) =0, for all ACS",
A

where U(7,y, A;x) (r€049 is a parameter) satisfies (2.6.12) with
2(y)=#(z) -F(z,v). Recall also that Uy is the invariant measure of

the transition operator BR of (2.6.30).
Using (3.6.27) in (3.6.22) we find that B takes the form
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(3.6.30) B(x)= L LP‘(dy-, 2)d(y, dz; )7 () -F(z, y) F(z, 2).

On comparing (3. 6. 30) with the differential operator in (3. 5.15) we see
that B (x) is the conormal vector field associated with L. Thus, if
(3.6.27) (or (3.6.28)) holds then (3.6.21) becomes

(3. 6.31)

a;°<x)+b(x)uo(r)+g(a:) , x4 .

Theorem. Assume that F, Q, a, B, b, [ and g depend smoothly
on xe,@, that 049 is smooth. that (3.6.5), (3.6.6), (3.6.7), (3.6.8)
and (3.6.26) hold. Assume that L of (3.5.15) is uniformly elliptic
in 9. Assume that Q, of (3.5.5) satisfies the Fredholm alternative
in the form (2.5.9) and (2.5.10). Then

(3.6.32) sup sup |u®(x, y) —uy(x) | =0(¢),

zED yES

where uy(x) satisfies (3.5.14) and (3.6.21).

Proof. First we observe that our hypotheses imply that z,(x) is
smooth along with all other quantities that enter the constructions above.

Define, up to cutoffs,
(3. 6.33) W =1 — Qg+ 2oty + &us) — (euPr + Bt
By construction we have that'
(3. 6. 34) LNWE=0(), x€D, yeS; z€09, ye.S-.
(3. 6.35) [(B—1)—b]W=0(), 0D, yes-.
We must show that this implies
(3. 6. 36) W =00(s),

from which (3.6.32) follows immediately (cf. (3.2.3)).

Let A{(x,v) and Ai(x,y) denote the right hand sides of (3. 6. 34)
and (3.6.35) so that A{=0() and hi=0(*). From the considera-
tions leading {rom (2.3.4) to (2.3.5) we conclude that if (X°(2),
Y®(2)) is the reflected process generated by

! We employ the obvious operator notation (cf. (3.6.1), (3.6.2)).
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-1
€

(3.6.37)

Q-{-%F-—;—, rzed, yeS; red0d, veS—,

x
B—1, xz049, yeS*, (instantaneous reflection)

then, (cf. (2.3.4), (2.3.5), (2. 3.6))
(3.6.38) Wé(z,y) =EE, { LmAE () hE (X5 (s), YE(s)) ds}
+Ef,y{LmAs(s)hé(Xa(s),Yf(s—))a?NE(s)},

A% () = exp { Lta (X4(s), Y*(s)) ds

+ flog < l—b(x"“(s)l, Ye(s—))

)de(s)} .

Here N°(#) is the increasing process that counts returns to the boundary
and it is defined as in (2.2.21). Note that by (3. 6.5) the first integral
on the right side of (3.6.38) is indeed O(c). The second integral is

majorized by a constant times

(3. 6. 39) y‘s(x,y)sesEf,y{ fe—“*dzvf@}, >0,
~lim &'E2, { ﬁte‘“‘d(aN‘?(s))}.

The lemma that follows shows that
t

(3. 6. 40) ¥ (¢, z, y) =EE ” e-a’d(aN%))}
0

is bounded independently of x, y, ¢ and e&. This completes the proof of

the theorem.

Lemma. Under the hypotheses of the theorem, V° (¢, z,v) defined
by (3.6.40), is bounded independently of t=0, zeD, yeS, and
0<<e<eg, with a>0 fixed.

Proof of Lemma. Since 04 is smooth there exists a function ¢ (x)
on 9 such that é(x) >0 for x 9D, ¢(x) is smooth and bounded, ¢ (x)
=0, x€09, and [F¢(x) |>>1, r049. For example, for £>0 sufficiently

large, the solution of
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dp=—k x€D: ¢(x) =0, xr=09D,
satisfies these conditions.
With ¢(x) so fixed we define ¢, (x,y) as a bounded solution of

(3. 6. 41) Qx¢1(x,y)+F(x,y)-a—%—(£)—=0, zed, yes.
xT

This function ¢, is well defined by the Fredholm alternative [or Q, and
(3.6.6). We define ¢¥* (%, x,v), x=989 as the solution of
=£BL1¢§L=03 77<O >

¢Pr—0 as 7—>—o00

(B Dt = (B-Dis

2CE0D | UR (B"‘I) ¢1
e S+

ye

TE0D

= 0¢
—B.0%2
ves? O0x

=—(B=D¢

We also define’

(3.6.42) ¢ (x,y) =¢(2) +edi(x, ¥) + ssbi“((x‘e(x}) i (x), §(2), y>~
It follows that

(3. 6.43) <%Qz+ %F-i>¢E=F- 0 | a<,£§L~§,Cw)¢f"

0x 0x
=¢'=0(1)
and
(3. 6. 44) (B—D) ¢ crp— —2B- 20
0x |zcom -
We now use the above in (2. 2.20) to obtain the following identity
<\vith LE=c70+ E”IF--0—> .
0x

(3.6.45)  Ez {e™¢*(X°(9), Y ()}

=" (=, ¥) + Lte“‘“Eiy {(L =) ¢*(X°(s), Y¥(s)) } ds

—I—Ef_y{fe*“*(B—I)qﬁe(Xf(s),Yf(s~))dN'9(s)}.

" Up to cutoffs as usual.
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Hence, by (3.6.43), (3.6.44) and the boundedness of ¢ and its deriva-

tives,
(3.6.46) —EZ, { J:e‘“’g (X% (5)) -@S——(‘;{——;(s)ld(eN‘;(s))} <e(a)<oo,

where ¢ (a) is a constant depending only on >0 and not on =z, v, ¢
and ¢€ [0, &].

By construction, V¢=-g£ is directed inwards at the boundary and
x

since |F¢|=1 for €04 it follows that F¢ is bounded away from tangen-
tial directions uniformly in x£84). Condition (3. 6. 26) and this observa-

tion imply that there is a constant §;>> such that
(3. 6. 47) _B(x) - 228 55 2e09.
0x
Combining (3. 6. 46) and (3. 6.47) we obtain
t
B2 [[ea N (o)} <orc(@ <o,
0

and the proof of the lemma is complete.

3.7. Weak Convergence of Reflected Process

This section is a companion to Section 3. 6. We shall remove many
of the smoothness requirements but we shall only show weak conver-
gence; the procedure is analogous to the one of Section 3.3. We begin
by formulating the problem anew as follows.

Let 9 C R" be a bounded open set such that
(3.7.1) D={zeR" ¢(x) >0}
09 = {x=R": ¢(x) =0},

where ¢ (x) is defined on @, has two bounded continuous derivatives

and

3.7.2) Fg|=1, z<o9d,

where F¢ is the gradient and |x[*=37, x}
Let S be a compact metric space and let, for each x& 9, Q, denote

the generator
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B.7.3) QSO =4 [7Gyd)fE) —a@nf©).

defined on continuous functions on S. We assume that ¢(x,y) and
w(x,y, A), A a Borel subset of S, are continuous functions of x and y
such that

(3.7. 4) 0<q<q(x,y) <g, <o

(3.7.5) 7w (x, v, A) has density % (x,v,=) with respect to a reference

measure such that # is jointly continuous and
0<7, <7 (x,v,2) <T,<oo.

We assume in addition that ¢ and 7 are continuously differentiable func-
tions of x. According to the results of Section 2.5, Q, generates an
ergodic (strong) Markov process on S with transition function P (¢, 7y, A;
), invariant measure P (A;x) and recurrent potential kernel ¢ (y, 4;x).
These quantities depend differentiably upon the parameter z€D as re-
marked at the end of Section 2. 5.

Let F(z,y) be a continuous z-vector function on 9 XS once bound-

edly differentiable in ax and such that
(3.7.6) jF(x, v) P (dy; x) =0.
S

For each x=049 let 7#(x) denote the unit outer normal vector. We

define S*, subsets of S, as follows
3.7.7) S*=S5*(z) ={yeS: #(x) - F(z,») 20, z€0D}.

Let B(x.v, 4), €09, y=S™, A a Borel subset of S™, be a proba-
bility kernel, continuous in x and v and such that (3.6.7) and (3.6.8)
hold.

Under the above hypotheses, and with ¢>0 fixed, there exists a
unique process (X°(z), Y°(£)) on' G that spends zero time on @G and
has generator
(3.7.8) f‘:——:ciin- %F(,r, v) % ,

red, yes, re0d, ves-,

ef (2.2.18) and (2.2.19).
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L¢f=B—1I z€09, y&S* (instantaneous reflection).

We refer to Section 2.2 for more details. The case of delayed reflection
at the boundary (not discussed in Section 2.2) is easily accommodated
as follows. The process spends an exponentially distributed length of
time at €049, y&S* before switching inward according to B. The
parameter of the exponential distribution is (properly scaled) ¢®(x,y) /e

and so
L=L(B-1), 20D, yes*,
with associated martingale (cf. (2.2.20))
M;() =06 X0, V') — [ (X5, Y())
X (2t L6, X4, Y @) ds = | 10 (X(5), Y4(5))
x(2+LB-D)os, X46), Y(9)ds

We shall not deal with delayved reflection in what follows but all results
(and those of Section 3.6) extend immediately to this case.'

In the case of instantaneous reflection the increasing step process
N°¢(2) at the boundary is defined by (2. 2.21) and the associated martin-
gale by (2.2.20).

We are interested in showing that X°(z), 0<{z<{T'<{oo, converges
weakly as a process on C([0, T']; D) to a diffusion Markov process. We
shall now introduce this limiting process and some relevant hypotheses

about it. Let f(z) be in C*(D) and define

(7.9 If@= | [P@vaF@
0 . vy 0L (@)
(90, Pz, ) S5,

This is a second order elliptic differential operator and we assume that

it is (a) uniformly elliptic in 9 and (b) the diffusion and drift coefficients

" In fact this case is easier than the one with instantaneous reflection.
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are continuous in 4) (which is compatible with previous assumptions).

Define also, for x€049), the vector field!
(4.7.10) B@ = [ Usldy; 0| [ B,5,d9 (96,2 0 F @, 2)
5+ s- s

- L(/J(y, dz; ) F (x, z)]

Here, Uz(;x), ACS", is the invariant measure of the operator BR
defined by (2.6.29) and x=049 is a parameter. We assume that there
is a 0,>0 such that

(3.7.11) Ve (x) -B(x)=>0,. €09 .

In addition we assume that B (x) is uniformly Lipschitz continuous on §.9).

Under the above hypotheses the submartingale problem for {, B}
has a unique solution according to the theory of Stroock and Varadhan
[6]. This means that there is a unique process (measure) X (¢) on
C([o, T];@) such that X(0) =x with probability one and for each
smooth f(z) on 9 such that B (z) - (3f(x)/0x) =0, z=09,

(3.7.12) FOX@) — f ‘T FX(s))ds

is a submartingale. Moreover this process is Feller continuous and hence

a strong Markov process.

Theorem. Under the above hypotheses, X°(t) converges weakly
(as a process on C([0,T]; D)) as e¢—0, 0<t<<T<oo, to the diffusion
Markov process X(£) on 9 associated with {L,B} of (8.7.9) and
(3.7.10).

Proof. The proof goes, as usual in two steps. Step 1 consists in
showing that for 0<Ce<{l, say, the processes X°(-) are compact and
step 2 consists in identifying the limits with the process associated
(uniquely) with {L, B}. We begin with the compactness.

Since the processes X°(-) are continuous and the limit process is

" We change the sign in (3.6.22) to conform with the notation of Stroock and
Varadhan [6].
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continuous it suffices to show compactness in D ([0, T]; D) (D is also
bounded). Hence [20], it suffices to show that

(3.7.13) lim Tim sup sup E*{|X*() —X*(s)||Z.} =0.
0L0 el0 [t—s|<0
0<t, s<T <0

Here, the sup next to the expectation is over the past up to time s i.e.,
sup over all z=X*(s) €D, y=Y*(s) ES.

The following considerations are relevant for both the compactness
and the identification. Let f(x) be a smooth function and let f; (x,y) be
defined by

G719 fi@9) = (90, dz o) Pz, 2L

In some fixed neighborhood of 84 we define the boundary layer function
BL(y, £(x),y) (cf. Section 3.4) as the solution of the problem (cf.
(3. 4.10))

(3.7.15) Lo f*=0, <0,

(3.7.16) BL(y, £(x),y) =0 as 7— —co (uniformly in y),

(3.7.17) B=D Py =~ (B—-I)f,l;gg?.;.ﬁ.a_f[

B izcog

This problem has a unique solution, differentiable in (%, §), because the
right hand side of (3.7.17) satisfies the appropriate solvability condition
by definition of B in (3.7.10) (cf. Section 2.6). Now define

(3.7.18)  fo2,9) =F@) +efi(z )
+ofpr(EHEN D 60y, ),
[

where f2* is defined (in a differentiable manner) as zero outside a fixed

neighborhood of 04 (cutoff).
From the construction above it follows that for all x4, ye.S and

x€0d, yeS-

(3.7.19)  Lif*(z,y) =F(z, y) -ﬂ%i‘iJr e(ih—%,ﬁm)f,“

=F(,5)- 20883 4 gi(e, ),
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where g (x,y) is bounded independently of & and is zero outside a fixed
neighborhood! of #4). The same construction of f° yields that for
rx€0d, ye St

(3.7.20) (B—D) f*(z, y) =B (z) -a—g(xﬁ :
It follows that (cf. (2. 2.20))
(3.7.21) M () =X, Y@) — f(x,9)

_ f”(F-%w?) (X°(s), Y°(s)) ds
0 0x

-[& 2 (x°(©)d (eN*(s))

is a zero mean, bounded martingale. As in (3.3.9), (3.3.10), the in-
creasing process associated with this martingale is given (after a short

computation) by
(3.7.22)  (Mp@®)= [[[LUY =27 LSV X, Y (5))ds
+ ['t@-Dr9yr-2r@-D s
—((B=D 91 (X*(s), Y(s—)dN*(s)
- [(ron—2r0n+a1 ), v ds
s [[E-D ey -2+ 29 B-D

x i+ 129 - (B-2L) ] o), v 65-0)

x d (eN¢(s)),

where @i is similar to ¢i above and the integrand in the second integral
is bounded.
Now we are in a position to prove (3.7.13). We use (3.7.21) with

f(x) =z;, i=1, 2, .-+, n successively or, with vector notation f(x) ==z, so

* 9i(z, y) >0 exponentially fast as €0 for each x in this neighborhood and not on
09 in view of (8.7.16). Same for g: in (3.7.22).
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that!
1XE(E) — XE(5) |2<cr6%+ ¢0 (£ — )
+4!fF(ze(s))d(sNé(s))i2+4|M5(t) M) |
Hence

(3.7.23)  EF{|X*(8) —X*(s) || T} < (B®{|X*() — X (5) |'| F.})

Scleg+cg(t—s)2+4ER{JJ:E(Xé(s))d(aNE(s))’z

o

+AER{|[CME () ) — M) Fob

Comparing (3.7.23) with (3.7.13) and using the fact that B is bounded
and the integrands on the right side of (3.7.22) are bounded, it follows
that (3.7.13) will be proved if we show that

(3.7.24) EF{(eN° (2) —eN° () *|F} <cie®+ey(2—5).

Here ¢; and ¢, are constants independent of ¢, £ and s (0<<¢, s<T'<{c0).

To prove (8.6.24) we proceed as follows [6]. Let ¢(x) be the
support function of 9 as defined by (3.7.1) and take f(x)=¢(x) in
(3.7.18). We do this in order to exploit the hypothesis (3.7.11) which
says that the limit process is reflected in a strictly interior direction.

From (3.7.21), with* f*=¢° and (3.7.11) it follows that
(3.7.25) 0 ER{(eN°(2) —sN¢(s))*| F}

<e*{( [B- 2 c@dev©)

g

<c(t—s) "+ E{(# () —¢° (9))*|F:}
+ EF M e (8) > — M (5) DI F o}
<c'(t—=9) T E*{(¢°* ()" — (#°(5))°*|F}
—2¢° () E*{¢° (1) —&° () 1F 3}
+e(EF{(eN°(2) —eN° () *|F:}) ™,

where ¢ and ¢’ are constants. Away from a neighborhood of the bound-

t ME°(#) is the vector valued martingale corresponding to f(x)=x.
* @ =g +ed,+egTE; also we write ¢°(2) =¢°(X°(@®), Y°(®)).
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ary of order ¢, ¢°* is >0 and near the boundary is O(¢). Using this
observation, (3.7.21) and (3.7.11) we estimate the third term on the
right side of (3.7.25) and this leads to

(3.7.26) ER{(eN* (1) —eN°(5))| T}
<c" (t—5) +ee (ER{(eN°(t) —eN° ()2 F })'*
+EF{(¢° () — (#° (5))*|F}.

The last term on the right side of (3.7.26) is estimated by using
(38.7.21) with /= (¢°)% It can be verified easily that ¢ (¢%)* is bound-
ed independently of ¢ and since ¢=0 on 8049 ¢B-V¢$ drops out. There-

fore, for some constant ¢ we have
(8.7.27) E*{(eN° (1) —=N°(5))?% 9,
<c(t—s) +ec (ERF{(eN* (1) —eN°(s)):|F )7

and this leads to (3.7.24). This completes the prool of (3.7.13) and
hence compactness of X°(-) in D.

We pass now to the second step in the proof which consists of show-
ing that for any smooth f(z) with B (x) -—afflzo for z=049 the

quantity
FE@O) = [ TrE©)as

is a submartingale with respect to any limit measure of the X°(-) process.
Our main tool is again the martingale (3.7.21) with f(x) smooth on

9 and such that B (x) --a—J;(—x)—zO for x€049.
x

We may rewrite (3.7.21) as follows:

(3.7.28) FXCE0)~fX@) — [ TAX)ds
- [B2Lx@)aeEN©)

=e[-Ai(X(®), Y () - fP(X(D), Y (8)
+ F1(XF (), Y() + (X (), YE()) ]

vt

* js (F'%_Ij) (X*(), Y () ds
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+ j (X (s), Yo(5)) ds+ M 1o () — M 1o ().

Here we write fZ(x,v) for simplicity even though f&* is defined in

terms of boundary layer coordinates. Define
(.7.29)  As(9) =F@) 20D T,

In a manner entirely analogous to the one of Section 3.3 we can use a
preliminary smoothing of A; as a function of x and (3.7.24) to show

that
(3.7. 30) lim £ { f "4, (X(s), Y (s))ds|§s} —o,

uniformly in z=X°(s) €9, y=Y*(s) €S.
With (3.7.30) on hand the desired characterization of the limiting

process will follow immediately from (3.7.28) if we can show that
t t
(3.7. 31) lim ER{ f gi(X‘(s),YE(s))dslﬂ"s} ~0.
el0 s

Recall that ¢i(x,y) is a function that has support in a fixed neighborhood
of the boundary, it is bounded independently of ¢ and goes to zero uni-
formly in v as é—0 for x in any closed subset not containing boundary
points.

Let 9;={x€D:|z—0D|<0} and Di=9D—D;. Then

(3.7. 32) !ER { fgi(X‘s(s), Y"“(s))dSI‘-'f*s}l

=B (e (X0 9)91(X°@), Y*(9)) 451 %

+CE* [0, (X)) s ),

where C is a constant. The first term on the right side of (3.7.32)

goes to zero as ¢—0. We must therefore show that

(3.7.33) lim Tim sup EZ, { f txga(XE(s))ds} —o0,

L0 (0 =x,y

where we have set s=0 and #=7<oco without loss in generality.

To prove (3.7.33) we adapt again a device of Stroock and Varadhan
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[6]. Let (>0 is fixed)

Lo-n, o<r<o
(3.7. 34) 7 (r) =
0 r=0,

(3.7. 35) b5 (x) =7 (6 (x)) =70 (),

where ¢ (x) is the support function of 4. With $,(x) as the function
f(x) we construct (}?5,1(.2:, v) according to (3.7.14) and set

(3.7. 36) Fi(z, v) =65 () +eBsi(z, y),
a1 (x, ¥) =7 ($()) jgb(vr, y,d=)F(z, =) - 00;@) _
x

Then,

(B.7.30)  L%Bi(x,y) =Tds(x) + 43,(z,9) +0(), zeD, yeS,
using the notation (3.7.9) and (3.7.29), and

(8.7.38) (B—D)¢5(x,y) =¢(B—D)¢s,(x,y), 09D, yeS .

It is convenient to write the operator L of (3.7.9) in the usual form

I=13 a2, +305, ()0 .
247= jo 7=l 0z;

i, j=1 0.76 ,-6‘.2: 7

It follows from (8.7.35) that

(3.7.39)  Tfs(x) =7 @)L 3 7,28 9 40 (4(2)) To ().
2 47=1 0x;0x;

Combining (3.7.39), (3.7.34) and (3.7.35) in the martingale (2. 2. 20)

we obtain

B2 f, (wep 32,205 20) (X00) d]

%, j=1

<0+ c,60 +0cs T + 2

B2 [ 40,0, v

+cOEE {eN(T)},

where ¢, ¢, ¢; and ¢, are constants. Using (3.7.24) and (3.7.30)

yields the results
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_ e r [ (T 08 08 e _
(3.7.40) lim lim sup EZ, Nrod X dy—— —(X°(s))dsy =0.

3,0 el0 =y 0 i, 7=1 O0x; 0x;

We observe now that (i) the coefficients (&;;) are uniformly elliptic
in &, (i) [Pp|=1 for x=09D and V¢ is continuous in 9 and (iii)
75 (P (x)) =>4, say, for x€ D, with ¢’ going to zero as § goes to zero.

Thus, for some 7>0,

182, | [“rar (X0

<EE, { LT%’ °¢i,§il a”gi %%(X‘g (5)>ds}

and hence (3.7.40) proves the desired result (3.7.33). The proof of

the theorem is complete,.
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