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Vaillancourt’s Stability Theorem
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§1. Imtroduction

It is well known that the Friedrichs scheme is stable in many hyper-
bolic cases ([2], [6], [10], [15], [17]) and it is quite natural that
this simple scheme may be expected to be stable under less restriction.

The theory of pseudo-difference and translation operators has played
an important role in the stability theory of difference schemes as in [3],
[14], [15], [17]. But the treatments of pseudo-difference operators are
rather different from those of pseudo-differential operators, although it
seems that both operators work in the same principle. The crucial reason
why such different treatments have been needed is as follows: The main
properties for a pseudo-differential operator P with symbol p(x,§) are
derived from the behavior of p(x,§) as |§]—oco. On the other hand
the properties of a pseudo-difference operator P, with symbol p(z, A§)
(0<<h<1) are derived from the behavior of p(x, h§) as hA—0 (neces-
sarily |h§|—0).

In the present paper we shall study an algebra of a family of pseudo-
differential operators and apply this theory directly to the stability theory
of the Friedrichs scheme. The class {S7.} of pseudo-differential operators
is defined by means of a family of basic weight functions 4,(§) (0<<A<(1)
as in [7], [8], [12], [13]. For the application to the stability theory
we have to define two subclasses {SO}';} and {S}’;} of {Si.} as the sets of
all the symbols p,(x, &) such that A7'p, & {SI:*'} and A7'0¢p, < {ST. '«
for any a=£0, respectively. The class {Sgh} corresponds to the class of

usual pseudo-difference operators and the class {S;} does to the class of
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operators of null scheme. Then, setting “the principle of cutting off” a
symbol ,(z, &) of our class {SB} by z((®) (or p(Ca(®)) (see
Theorem 3.14), we can naturally derive a stability theorem of the
Friedrichs scheme for a diagonalizable hyperbolic system by using the
well known calculus of pseudo-differential operators.

We should note that the theorem is regarded as the general form of
the Yamaguti-Nogi-Vaillancourt stability theorm ([14], [16], [17]) and
holds without the restriction on the behavior of symbol p,(z, §) at
x =00,

In Section 2 definitions and preliminaries will be given. In Section
3 algebra of operators of class {Sp.} and its properties will be given.
There and thereafter our theory depends heavily on Calderén-Vaillancourt’s
theorem. In Section 4 we shall give an improved form® of the
Yamaguti-Nogi-Vaillancourt theorem of Lax-Nirenberg’s type as an appli-
cation of the Friedrichs approximation method (see [4], [11], [14],
[17]). But this theorem will not be used for our calculus of the
Friedrichs scheme in Section 5, where the algebra of operators of class
{Si.} will be directly applied to the Friedrichs symbol (5.7) and the
general form of the Yamaguti-Nogi-Vaillancourt stability theorem will be
derived. The difference scheme may depend on ¢ as well.

The results of this paper are stated in the previous paper [6] with
a sketch of proofs.

The author is greatly indebted to Professor M. Nagase for his kind

advice.

§ 2. Definitions and Preliminaries

Let = (ay, -+, @®,) be a multi-integer of ;=0. We put |a|=0;+ -
+ s, Al =0y!--a,! and 0F = (0/06,) - (0/0€,) *".

Definition 2. 1. A family {1,(§)} (0<<A<1) of real valued C>-

function in R} is called a basic weight function, when there exist positive

* An essentially improved theorem in the sense that besides the homogeneity of symbol
in & C’-smoothness with respect to = and § is only assumed, will be published else-
where.
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constants A, A, (independent of %) such that
2.1 D 1= () =ALEH
and
i) A6 A ()

for any @, where {&>={1+|&|%}** and A (&) =052, (&) for a.

Example 1. Let {,(§) = (A7 sin A§,, ---, A7 sin h€,). Then 2,(§)
={{,(£)> is a basic weight function. This function satisfies

2.2) A (n+1)2,(8) 77

Definition 2.2. Y=9®R") ={f(y) e C*R™; lim |y|*|05f ()|
ty|oe
=0 for any { and a}. %’ denotes its dual space which consists of all

temperate distributions in the sense of L. Schwartz.

Definition 2.3. i) A family of C®-symbols p,(x,§) in RZxR?
(0<<h<1) is called of class {ST} (—oco<m<(x), where there exist
constants C, g (independent of A4) such that

2.3 |28 (2, §) |=Ca,pdn (§) ™'

for any a, B, where pfl=0{D%ps (D= —i0.).

ii) The set of all symbols p,(x,§) such that A7'p, {S5*'} is
denoted by {Sof{;} and the set of all symbols p,(x, §) such that A7'0¢p,
€ {Sp-1¢} for any @ (5-0) is denoted by {Sp}.

iii) A family of linear operators P,: ¥—>% is called a pseudo-
differential operators of class {ST.} with symbol p,(x, §), where there

exists a symbol p,(x, §) of class {S}:} such that
@.9) Pou(2) =52 (X, D) u (@) = [=epy (2, ©)2.(6) df

for ue.¥, where d&— (27)-"d¢ and 2 (&) = Je‘izfu (z)dz. We denote
2.4) briefly by Pp=p,(X, D) € {SL}, or 0 (Py) =pn(z, ).

It is evident that {Sp:} C{Si} for m,<m, We set {85~} = {Si.},
{8 =U{Sit.
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Definition 2.4. A family of C®-symbol p, (z, §) in Rj X R} is called
of class {Si;,}, when there exist constants C,, independent of 2 such

that
(2.5) [ D% (x, €) | =Chphn ()™ for any «, f.

The operator P, corresponding to this symbol is defined by the same

way as (2.4). This class will be used only in Section .

Example 2. For real m 2,(&)™< {SI.}.
In the case 2,(§) =<{r(€)), we have the following examples which

are important for the calculus of difference schemes:
Example 3. sin/ié;s {sz’,,} and cos h&; e {52 }.
Example 4. Let p,(x, §) € {Si.}. Then hp,(x, &) = {ST.7"}.

Example 5. Let p(x, &) €S8%, which means that [p{(z,$§)]|
=Co 1. Then p4(z, &) =p(x, 8 (8)) € {ST}.

Let P,=p,.(X, D,) € {87} and let’s define the formal adjoint P* by
(2. 6) (Pru, v) = (u, P¥v) for u,ve’.

By Theorem 3.1 we get P¥fe {S;:}. Then by the aid of the relation
(2.6) for e ¥’ and ve ¥, we can extend P,: . ¥—.% to the mapping
Ph: y/'_)y,.

Definition 2.5. For real s we define the Sobolev space 4(,, by
I s=uceS; 2, (&)a () e L*(RY) with norm |u|,,,s= 4. (E)° (§) | 2=
This is the Hilbert space with inner product (u,v);,:= j‘lh(é)z’ﬁ )
X 0(6)d€. When u and v are f-vectors ie. u= (u; -3 u,), v="(vy, -,
v,), where *(---) is transpose notation, we can define J(;, , by the same
way with inner product Zl: (uj,v3) 2, Fisdensein L*=9(,,,, When
Pu(x, §) = (Pr,,; (x, 5))1?51 a {x { matrix function, we say that p,e {ST.}
if all elements p,; ;(x, §) € {Si.}. We define P, by Pru= je”'&ph (x, &)
X (&) 48, where u(x)="(u;(x), -, u,(x))eS and p,(x, &) a(f)



YAMAGUTI-NOGI-VAILLANCOURT’S STABILITY THEOREM 293

¢ ¢

=‘(leh,c,/ (z, &) a; (8), -, Xi" P05 (2, 8)2;(8)). In the case the index
i= j=

of Sobolev norm s=0, we write briefly |«],, or sometimes || with no

subscript in place of |#]|y, 0

§ 3. Algebra of Operators of Class {S}.} and Iis Properties

Throughout this section we fix a basic weight function 1,(§). We
assume only that 1,(§) satisfies (2.1). In this section we shall employ
the methods and results of [8], [9], [12], [13] and for further clarifica-

tion these papers should be refered to as original references.

Theorem 3.1 (Fundamental theorem of algebra of {ST.}).
i) Let P,=p,(X, D,) € {8} and let P¥ be its formal adjoint by
(2.6). Then P} is of class {Si.} and 0 (P¥) =p% (x, §) has the asymp-

lotic expansion

(3.1) m@®~Z<D P (z, )

in the sense pjf(x,&) — Z<N(~1’) P (x, &) € {S2~Y} for any N,
where A denotes the H'l;l’mi[z'acli. adjoint matrix of A.

il) Let P, ;=p,;(X,D,) €{S7} (j=1,2) and set P,=P, P4,
Then P, is of class {Spr*™} and 0 (P,) =pun(x, §) has the asymptotic

expansion
3.2) 21(5, ) ~ X L PR, ) P @, 6.

We omitt the proof of Theorem 3.1, from which we derive a series of

corollaries.

Corollary 3.2. If p,(x,§) is real valued (Hermitian symmetric

in the matrizx case), from P, {S7.} we have
(3.3) P¥—P,e {S7.'}.
Corollary 3.3. If we define the operator P, 0P, , by the symbol
bua(x, §) Pup(x, &), from P, ;e {8t} (j=1,2) we have
3.4 P, 0P ;— P, Py e {Sptme}
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Corollary 3.4. (i) For P,,= {5/} (j=1,2) we have
(3.5) [Pu1Pry]=PuiPuy— PryPuic {Sprtm—1}
under the commutativity condition:
P (2, §) Prp(x, §) = P12 (2, §) Pz, §).
(i) For Puy=Pu(D,) € {88} and P.,e {S'} we have
(3.6) [Pus, Pagl e {STm)

under the commutativity condition pp () pnz(x, §) =0ne(x, &) Pr, ().

Proof of i). From (3.2)

1 (3 @ my+my—
G[Ph,l, Ph,Z] Nl Z ”&"(P?(L.%PH,Z,(DL)'__pl(l,%ph,l(a)) € {Slhl+ : 1}

al>1

and

R0 [P, Prol ™~ ‘1/.321% (R P n 00— BT B D1, w0) € (ST

Proof of ii). Noting that pu,m(x,§) =0 for |@|=1 we have
(3.6).

Remark 3.5. OQOur Corollary 3.4 is so called a commutation
theorem ([10]). If p,,(§) is scalar valued, Corollary 3.4 ii) is valid
unconditionaly (see Example 3). This fact is used later for the calculus

of difference schemes.

Remark 3.6. As for the subclasses {87}, {é}';}, they form algebras
as {Sp} in themselves because of the fact that the asymptotic expansion
admit term by term differentiation with respect to §. Especially we use
later the fact that if P,, {S™} and P,,= {Sr}, then both P,.P,,
and P, 0P, & {Smtmy,

Theorem 3.7. For P,< {S;.} we have a constant C, independent
of h such that

(3- 7) ” Phu ” ln,xécs ” u ” ApyS+m for e Hl}n-Hm'
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Proof. We begin with the special case of Calderén-Vaillancourt’s
theorem. ([1])

Lemma 3.8 (Calderon-Vaillancourt). When pi(x, &) {S),}, it
holds that

3.8 | Prac|1po=Cllelape  for acLi=Jls,,

where C is independent of h.

To derive the estimate (3.7), we consider the operator
25, (D) Py2, (D) ~¢*™ which belongs to {S;,} by virtue of Theorem 3. 1 ii)
and v (z) = je“m(s)“mme)ds which belongs to J(,,. Then, from

the preceding Lemma 3.8 we get
[ Pree | 2,5= | Padn (D) ="Ml 4,6 = |25, (D) Padn (D) =" ™| 1,0

=Cslvlano=Csll #[p,0m - Q.ED.

Corollary 3.9. When p,(z,¢) € {Si.}, ¢ holds that
3.9 | (Pru, u) | ZCllul|i, nn for ue.

Proof. We put (Pru, u) = (A,(D)™?Pru, A(D)™u) = (Phu,
2 (D)™*u) ;where P, =12,(D) ™*P,< {S7/}. Hence by using Theorem
3.7 and Schwarz inequality we get |(Pu, ) |<|Phru|oldn (D)™ ull,
<Cllull, msz-

Now we turn to the well known theorem relating to the Friedrichs
part and Garding’s inequality. ([4], [8], [12]) Using the same way as in
those papers, the following Theorem 3. 11 is derived and we only mention
its principal statement without proof.

Let g(0) be an even and C*(R")-function satisfying that ¢ (0)=0,
supp g (0) C{0: |0|=1} and jqz(o‘)do‘=l. We define F(§,{) by

(3.10) F(EO=a(E=0)2E) (&)

and double symbol pr . (&, x7, &) by

(3.11) prn(E, 2, &) = j FE O, OFE,0)dC.
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Definition 3.10. The operator Py, called the Friedrichs part of
P, is defined by

(312 Prw®= [t (v pru(e 2, 0000 287}

It is well known that if we put Pz (z) = J‘jjei(”f””'f”'“,ﬁ (z, &, 2,8

@ (6)de’dz'd¢ and py(z, &) = J Je““‘(z>‘"°<D,>"“p(x,$+C,x+z, 8)
X dzdl (n,=2n) for double symbol p(x, & z’,&"), Pu=p,(X,D,)u
holds. p(x, &) is called the simplified symbol of P. For simplicity the
subscript L is omitted here and the simplified symbol of Py, is denoted
by pra(z, §).

Theorem 3.11. Let P, {S7.}. Then we have the following
(3.13) brn(z, &) € ST}
(3.14) Pon(@, &) —pa(x, §) < (ST
If pu(x, &) is real valued (Hermitian symmetric),
(3.15) (Pru, v) = (u, Prav) Jor w,ve.
If pu(x, &) =0 (non-negative Hermitian symmetric),
(3.16) (Prpu,u)=0  for ue.
Furthermore, if pn(x, §) Zcidn ()™ for a constant c,,
BT Peatt, ) Zeoluliymp—Cluliymys  Jor ucS.
Furthermore, if c, is positive,
(3.18) (Proput, w) Zei| w3y ,me

where ¢, can be chosen as positive and independent of h.

For our application to the difference scheme we shall use (3.18),
which is derived from (3.16). We shall show it as Lemma 5.7.

Theorem 3.12 (Lax-Nirenberg). Let P,(s{Si}) satisfy
pu(x, €) =0 and ¢, (&) (€ {87} be a real scalar symbol. Then we

have
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(38.19) Re(Pragr(D)u,u)=—Chlu|i, nyoim, for ue,

where C is independent of h.

Proof. The following identity is easily verified.
A (Pragr(D)u, u) = (Prah ™ qn (D) u, =g, (D) ) + (Qagntt, ),
where Q,=[Pr 1 h7'qr] € {S72"™} because of (3.6). Noting that the

first term of the right hand is non-negative by virtue of (3.16) and

applying Corollary 3.9 to the second term, we have (3.19).

Corollary 3.13. If real scalar svmbol g, (s)e{é‘;;z}, we can
replace Pr, by P, in (3.19); i.e.

(3-20) Re (Pagi (D), ) = — Chlu|}, mmim,

Proof. We have only to estimate (A7 (Pp»— P1)gi(D)u, u). Since
h7lqh (D) € {877}, it holds that (Pr,— Pr) 27'¢h (D) € {S7=**™}. Thus
we have | (A7 (Pra—Pr)an(D)u, ) | <C'|a|imim.

In the following we mention a simple aud verv useful theorem for

the calculus of difference scheme.

Theorem 3.14 (The principle of “‘cutting off ?). Let y(¢) and
0(&) be Cyfunction in R} and RE, respectively. Then we have ¥, (§)
=2 (A (§)) and ¢, (&) =9 (n(£)) € {Si,7F. If pulx, &) € {SL.}, then we
have yupr, ouprn< {857} and if p.(x, &) E{éﬁ}, then we have ¥,pn,
one {857 .

Proof. For y,(§) by wusing (2.1) i), we have [08%,(&)]
ZLCrohn (&)™ 1% for any m and . Tor ¢, (€), by using the fact that all
the 0£€,(§)’s are bounded functions, we have |0f@,(§)!<<C,, ,An (&)™ !¢
for any m and a. As for y,p» (or ¢.p.), the statement of Theorem

3.14 is easily seen by virtue of Leibniz formula.

Combining Theorem 3.14 with Theorem 3.12, we have the {ollow-

ing corollary.
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Corollary 3.15. Let 1,(8) =<Cu(8)>. If p(z,6n(8)) € {S2} and

is non-negative Hermitian for |C,(§)|=M,, then we have

(3.21) Re(Pru, u) = —Kh||u|3, mse -

Proof. We take a non-negative Cg-function ¢(§) such that ¢(§) =1
for |£|<1 and consider the symbol (24) '(pn+ pr) +C¥,(§)I, where
Tw(®) =p((CM,y) 7%, (6)). Because of A™'p,= {S;:*"}, we can choose
sufficiently large C such that (2A) '(pn+ pr) +C¥.()I=0 for all x
and &, If we set 3,=1/2(pr+Pn), Pr— PrE {S1,°} by virtue of Theorem
3.14. Then, applying Theorem 3.12 for %,+Ch¥,.(§)I (= {S;.}) and
g (8) =1 (e {Sf{h}) and taking into consideration the fact that the opera-
tion Py— Py, is linear, we get (Pp u, u) = —Kh|u|?, np—Ch @ p ue, 1)
and furtheremore (Pru, u) = —Kh| |3, mp—Ch @ pru,u). Again, by
applying Theorem 3.11(3.14) and Theorem 3.14 for ¥,, we get

(3' 22) (PF,hu, u) z _K,h‘“u“f;‘,m/z .

On the other hand, from A7 'p,e {S;.*'} we have by Theorem 3.11
(3.14) and Corollary 3.9

(3.23) A7 ((Pr—Prw) e, u) | K" |3, mm -

Combining (3. 23) with (3.22). we have (3.21).

§4. A Theorem of Lax-Nirenberg’s Type

In this section we shall give an alternative proof of Lax-Nirenberg’s
theorem which was derived by Yamaguti-Nogi and Vaillancourt (see [14]
and [17]).

Theorem 4.1. Lez k(x,{) be an {X{ matrix and C*(Rix (R}
— {0}) ) function whick is of homogeneous degree 0 with respect to
€ and satisfies that |D3k(x, ) | <C, for any a. Let A(§) = (4,(8), -,
A, (&) be a real n-vector valued C*(RY)-function which satisfies that
A(0) =0 and 0¢4;(§) are bounded for |a|<2 and j=1,---, n. Assume

that k(x,{) is non-negative Hermitian, then we have

4.1 Re (Kpdyu, u) =—Ch|u|® for ueL’(RY),
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where 0 (Ky) =k(z, A(h)) and 0 (4) =) £(he).

Remark. Yamaguti and Nogi proved the theorem in case k(x, {)

is independent of z for large !x|.

For the prool of Theorem 4.1 we need some lemmas which are

shown in [12] and [13].

Lemma 4. 2. Let 2,(§) be a basic weight function. Then we

have
(4 2) C_llh (E)_g_/lh ($+ln (E) 1/26) gCZh (5)

Sor any 6€RE satisfying (010, (0, is a positive constant), where the

constant C is independent of h.

Lemma 4. 3. Let 2,(€) be a real valued C'(RE)-function such
that 7,(&) =1 and aeIZ,, &) (=1, .-, n) are bounded uniformly with
respect to h. Then there exists a basic weight function 1,(§) which

satisfies that
4. 3) el (§) ZAn () Zcidn (§)

for some positive constants ¢, and c,.

Proofs of these lemmas are omitted. We have only to remark
that the proofs can be proceeded as in [12] and [13] iudependently of
h.

We define 1,(§) by
4. 4) 1, (&) ={1+hr 20 A5 (hE) .

=1

<,

Then by the assumption that 0,4;(§) are bounded, we can see that
71,,(5) satisfies the assumption of Lemma 4.3. Hence we obtain a basic
weight function 2,(§) which satisfies the inequality (4. 3).

From the definition (4.4) and the boundedness of A(&), we can see
that hl,(§)<C,. Hence we have

(4. 5) hin (&) <C, for some positive C,.
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We fix this basic weight function 1,(§). Here we recall the class
{S¢1,} introduced in Definition 2. 4. We note that Theorem 3.7 holds
for the class {Sf;,} of pseudo-differential operators, and that Corollary
3.4 ii) holds when the symbol p,;(x, §) € {Si"3,} satisfies that 0¢p, . (x, §)
e {S¢3;'*} for |a|<1, that is

(4. 6) h70[Phy, Prsl € {ST5™.

Correspondingly to Theorem 3.11 we have the following theorem:

Theorem 4.4. Let p,(x, §) €{Sta,} satisfy that 0fp,(x,$)
e {Si)*} Sfor |a|<2. Then e have

4.7) Pra(z, §) € {Sis}-
(4.8) pra(z, &) —palx, §) € {SE4Y}-
When pn(x, &) is non-negative Hermitian, we have

(4.9) (Ppau,u)=0 for uwue?.

(For the proof of Theorem 4.4, see [12].)
Using Theorem 4.4 we have the following propositions which are

similar to Theorem 3. 12 and Corollary 3.13, respectively.

Proposition 4. 5. Let P, (={SW,}) satisfy that the symbol
Pr(x, &) is non-negative Hermitian such that 0¢p,(x, §) € {Sii)*'} for
|| <2 and g, (&) (€4{8™,}) be a real scalar symbol. Then we have

(4.10) Re(Pragn(D)u, ) = —Chluli, my2im,

Sfor ue s, where C is independent of h.

Proposition 4. 0. If ¢,(§) e {5’,’{;}}, we can replace Py, by P,
in (4.10), that is

(4.11) Re (Pogt (D), = —Ch|w|mysim, -

Proof of Theorem 4.1. We choose a Cgy-function y () satisfying
that % (&) =1 for |€|<V/ 2¢,C, x(£) =0 for large |{| and 0y ({) <1,

where ¢; and C are the same as those in the right hands of (4. 3),



YAMAGUTI-NOGI-VALLIANCOURT’S STABILITY THEOREM 301

(4. 2) respectively.

Consider the following symbol

(4.12) Qu=k(z, ' ANE) A (E) =L — 24 (E))On+ 11 (E) On
=Q1,h+Q2,h 5

where %,(6) =x(A4.(8)). From the definition of y, it is easily seen that
if [A7A(RE) | <1, 2, (§—2,(8)%6) <2 ¢,C holds for any £, ¢ (|0|=0y)
and 0< 2 <C1. Then we have %, (&) =1 and x5, (6 —2,(§)**0) =1. Hence

Oi,n(x, §) is Cifunction and satisfies
(4.13) |O1n (z, §) |SCR* G (5) <C’

which is derived from (4.3) and (4.5).

Let ¢ (0) be an even non-negative, Cy-function such that J‘(p (0)do=1
and T, (x, §) be defined by

(4.14) o, 8 = (0@ Qe 6= (" 0)ds

Then we have

(4.15) Tw(z, &) = j(o (=0 /2 (E)) An (&) Qi (z, O dl .

From the assumption k(z, {) =0 (non-negative Hermitian) and the defi-
nition of y we see T, (x, §)=0.
Define P, by

(4.16) Pi(z, &) =h~ T (z, &) 2, (&) .
Then we get from (4.13)
(4.17) | Th(x, &) |ZCR* 2, (5)" and |P.(x, &) |<C.

Furthermore by the differential calculation we can see

(4.18, ) 0,0 (, €) =0W (x, €) + O (x, )
and
(4. 18, ii) 08420, 4 (,0) =08 (z, ©) + 08 (=, ©),

where O} (z,8) (=1, 2) is the sum of the terms involving the deriva-
tives of (1—x,(&)). Since 4,({) is bounded where the derivatives of
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A—=x.()) is not zero, O} (x,&) is a form of A’ times uniformly
bounded function. By the fact |24 (AL) |<C1, (&), O (x, §) is of the
form of A%2,(§) times uniformly bounded function. Therefore by using

(4.2) we get from (4.14)
(4.19,1) 0,,Tr(x, &) |SCR 2, (§) and |04, P,(x, ) |S<C 2 (8) !
and
(4.19,i) [0+ T, (z, &) |SCR* and [0+ Py (x, §) |<C A (§) *.
By succesive differentiation of (4.15) we get
OTw= jé@%(g) [capdn (6) " + do,pdn (§) 7'*'1Q1,n (=, 0) dO
for |a|=3, where ¢, (0) and d, (0) are bounded functions. Then from
(4.13) we have
(4. 20) 08T s (2, §) |SCh* A, (§) %1
and
|0 Py (z, &) | <C’An (8) V2=

for |a|==3. By the same calculation as the preceding we can see

| DEOIOZ T (x, €) | <Coap,h*n (€)1
and

| DE0L0E Py (x, €) |=Cls, A (§) 7' (l|=0,1,2)

for any f§ and y. Hence P, {Si,} and 0¢P,= {S;|*} for |a|<Z2.
On the other hand we define ¢,(&) by (&) =hl,(8) (& {S.})
and apply (4.11) to P, and g,. Then we get

(4. 21) Re(Prgi (D) u, u) = —Ch|u|?
or
(4. 22) Re(Thu, u)=—Chlu|’.

To estimate the difference 7', —Q;,, we use the lemma without proof.

Lemma 4.7 (P. D. Lax). The function k(x,§) in Theorem 4.1

can be expanded in a series
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(4.23) k(z, ) =Za} aq (x)exp (i(a, {/IC]) =§ aq(x) ke (),

a varying over all multi-integers so that the series as well as any
differentiated series with respect to x and §, converges uniformly.
Furthermore, Y\|&|ta, are convergent for any {, where a,= sup

3 ZERT,
la.(x) .

Set Qgan= A —=%r(£))Qan=1—22 (L)) aa(x) exp (@ («, {/|C]) 42 (D).
Then analogously to (4.18,ii) we get

(4.24) 0+ Qi (7, ©) =021 (7, ©) + 0P, (2, 0),

where Q% , is the sum of the terms involving the derivatives of

(1—%2()). Therefore we get
2
(4.25) 087 Qa1 (2, O =hao () 25 10 ben,s (©),

where b,1,:({) (s=0,1,2) are bounded uniformly with respect to o and
h.
By applying the Taylor expansion to Q;.(x,{) —Oix(x, §), we get

(4.20)  Ta(2,8) =~ Qe H ==X @ [¢©)0,0(5, 0,0

£33 0@ [0 [0 9002 8- 01, 70)

i, 7=1
X 0,0;d0do ,

where the second term of the right hand is obtained by term and term
twice differentiation under integration sign. Since ¢(0)0d; is an odd funec-
tion the first term of the right hand vanishes. Hence taking into con-

sideration (4.5) and (4.25) we get

Ta(#,8) =i (5, 8) =h X1 31 101°00(@) ann @,

where ¢g4,:(§) are bounded uniformly with respect to & and A. There-
fore by virtue of Lemma 4.7 the operator A~'(7,—Q,) is bounded

uniformly with respect to A, as it is the uniform limit of L*bounded

operator whose symbol is 52 (2 |a|*ag(x) capn,s(£)).
§=0

nite

Combining (4. 22) with the above result we get
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4. 27) Re(Qypu, u) =—Cih|ul®.
As for the estimate of Qj,, we rewrite it in the form

Qz,h = 2 Ay (1‘) ka (E) A?L ($> Xn (g) 5

a

where we can see |k, (&) 42 (€) 4 (6) | <AIE (E) 14 (§) <cph?An(§) ~# for any
positive 8 by (4. 3) and the principle of cutting off. Thereofore again from
Lemma 4.7 we get |Qys|<C'A*Y a,<<C”h. Hence Q,, is a null
scheme in the sense of Yamaguti-Noagi and we get (4.1). Q.E.D.

§ 5. A Stability Theorem for the Friedrichs Scheme

Let 2, (6)=<Cn(6)> =(1+ A>3 sin®h&,) . In this section the scheme
j=1
may depend on £ as well and for clarification of the sense of dependence

on ¢ we introduce here a function space B}(S%,).

Definition 5.1. Let 7' be any positive fixed constant. We write
p (@, x, &) € Bi(S%), when £ X { matrix valued function p (¢, z, §) defined
on [0, 7] xRy x R} satisfies the following conditions:

i) p@ =z 8, %P(t, z, &) €S% for te[0, 7],
ii) they are uniformly bounded in 8%, with respect to ¢, ie.
10022 (2, z, §) | =<CgE)™!*! and
0050 51, 2, €) |<ClsCEY™
for some constants C, g Cs s which are independent of z.
Furthermore il C, 4 Cs s can also be chosen independently of
h (0<<h<{1) for a h-family p,(¢, x, &), we write po= Bi({S7}). It is
evident that if p (¢, z, §) € Bi(S%), then p (¢, z, (n(§)) € B ({Si}).
Now we consider the hyperbolic system of the form
®.1) Lu=Du—p (¢, z,D,)=0 in [0, T]xR2

with u_o=u, L*(R}) for u= (uy, -+, u,). We assume that p (¢, z, &)

has the form

4.2 2@, 2,8) =p(4, %6 + (¢, x,6)
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(p,€Bi(SE), 1=0,1)

and that all the eigenvalues y; (¢, x,¢) (j=1,---,£) of p, are real and
satisfy

(5.3) max|4,(t, z, ) |SmlEl G=1,, )

on [0, T]xRF X {|&§|=M,} for some positive constants g, and M, We
also assume that p;(¢, z, §) is diagonalizable in the sence: there exists

N (¢, z, &) € B;(S%) such that

6.9 Nz 6)p:(t, 2,6 =D, x,§)N (¢, z,$)
on [0, T]xRrx {|&]=M}
and
(5.9) det [(N (£, z,8))|=¢cy  on [0, T]XRIx {|§|=M}

My (t’ z, E) 0
for constants ¢,(0), M (=M,) and 9= " .

0 4,9
Definition 5.2. The Friedrichs scheme for (5.1) is the following:

(5. 6) b DulD 4, X, L0,

— Lid
where (¢, z) = (2n) 7" 2 (u (¢, x+he;) +u(t, z—he,)) and e;=(0, -,
Z i=
1, ---0).
Here we can consider (5.6) as the operator which works on
u(t,z) (L) to u(¢+k,x). Since t(=%k/h) is a fixed real constant,

the operator may be denoted by S, and
(5.7 0(S) (¢, z,8) =aqn(§) +ithpn(2, z,6),

where ¢,(§) =n"1 ji}_l cos h§; and p, (¢, x,6) =p (¢, x,8,(§)). Then we
have g,€ B;(4{S:,}) and p.€ Bi({SL,}).

Our statement is the following theorem.

Theorem 5.3 (General form of Yamaguti-Nogi-Vaillancourt’s
stability theorem). For the hyperbolic system of which the principal
part p, is diagonalizable for large |&| (i.e. under the assumptions
5B.2), (b.3), (.4, (B.5)), the Friedrichs scheme with t(|t]
< (Jnuy) ™) is stable in the sense of Lax-Richtmyer.
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Proof of Theorem 5.3 will involve several propositions which are
similar to those in [17] and be done after Lemma 5.7. In the following
calculation we use the notation O () that denotes a quantity (real or com-
plex) not larger in absolute value than 4 times of some positive constants
which are independent of 4 and ¢. Hereafter || -|| with no subscript denotes
L*norm and since the function space % is dense in L*(R"), we may
assume that z belongs to %. First we shall aim at the one-step energy
inequality (5.26) and therefore the terms being O (k) may be neglected
for the simplicity of calculation.

We define S by
(5.8  0(SP)=aqn(8) +ithpia(t,2,8) (Bia=20:¢ 2,8 (£))).
Since }>0 (&, x,Cn(6)) € BE({S),}), we have by Theorem 3.7
(5.9 (S —S) I=Chlu| =0 () |«].

Then we can neglect the lower term p, and p, is denoted briefly by
2 hereafter.
Consider a function ¢ (§) € C,(Rf) satisfying the following conditions:
D @@ =1 for |§]<4/3, ¢(§) =0 for [§]=5/3, and 0<p(§) <1
for 4/3<|€]<5/3.
i) @) =e§) for [6]<I[E]
We set

(5.10) 0 (§) =M€ (), In(§) =0(2M)Cu(8)),
and define §h by
(5.11) 08 ¢, z, &) =qu (&) +ithpa(t, z, &),

where po=p,(¢, 2, &) 1—¢,(§)). Then we have

Lemma 5. 4.

(5.12) | (SP—S)u| =0 |«].

Proof. From ¢ (S —8,) =ithp, (2, z, &) ¢n(§), where pufne {Si}
by the principle of cutting off, we get h‘l(Sﬁn—gh)E{SEh}. Then
(6.12) follows by Theorem 3.7.
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Now set
(5.13) H,(t, z,8) =N*(, 2,5 (&) N (4, 2,8 (8)
O AGNEI AP

where N* denotes the Hermitian adjoint matrix of NN. Then we have

Lemma 5.5. H, (¢, x, &) is positive Hermitian and satisfies
(5. 14) cd<H,(t, z,&) <c, I (c>0)
and H,e B1({SL}).
Furhter let H, denote the Friedrichs part of H, (¢, X,D,). Then

we have

(5.15) 0 (Hy) —0(Hy) € Bi(4S5}).

Proof. For § such that M, (§)|<9/6 and some &, (16| =9/6),
H, (¢, x,8) =¢n (&) I=¢(5)I; and for & such that [M~'E,(§)|=9/6, from
(5.5) we get |det(IV (¢, z, £, (§))) |=c,. Then there exists some positive

constant ¢’ such that
(N*(t, 2, Cn(E))N (¢, 2,8, (£)) A —0u(€)) 0, v)
=Nz, () A—en(E)) v, N (¢, 2,8:(8)) A—u($)) )
2| Q=@ vff=c"A—eu(E)]v]*

for any {-vector v. Then, setting c;=min (¢ (&), ¢’ (1 —p(&))?), we get
cI<H,(,z, ). By the assumption N (¢, z, &) € B+ (S%,) it follows H,
e Bi({82}), from which we get H,(z, x, &) <c,I. Noting the fact that
the operation of taking the Friedrichs part of a symbol and the dif-

ferentiation of the symbol with respect to # are commutative, we get
D@y —omy=(Lown), - 2oy,
0t 0t Fo0t

Then from (3.14) we get (5.15). O.E.D.

Lemma 5.6. |u|g,= (Hpu, u)? defines an equivalent norm to

lz|, that is

(5.16) alu]|=lu|m,=Blu,
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where o and 3 are independent of h and t.

Proof. From H,e PBi({S5}) and (3.13) we get H,& Bi({S%}).
Then |||z, <B|=| follows from Theorem 3.7. The other inequality |z
=<|l#)u, follows from the inequality (5.14) by applying Theorem 3.11,

(3.18) for the case m=0. For completeness of this proof we shall

prove (3.18) as the following Lemma:

Lemma 5.7. If p,(x, &) =cdn(§)™I for a positive constant c,,

then we have (Pgau,u)=ci|et||i, ne for some positive constant c;.

Proof. Applying (3.16) to the non-negative Hermitian symbol
Pr(x, &) —codn(§)™I, we get (Pppu, ) Zco(AF (D, D)u, u). From the
definition (3.12) and Plancherel’s equality we get (A%,,(D,D")u, u)
_ j { Je—”'f{ je”'f’w,,l , 5’)@(5')45'} d:c’} 7 (8) d¢, where A (E, &)
= j‘F (&, 02, ()™F (§’,8)d. Via the change of integration order we get

30D, DY) = (120 [lus @, O Pda'at,
where uy(z’,0) = je‘i”'f'F &, 0 a(t’)4¢ and by using Plancherel’s

equality again we get
(22 (D, D) u, u) = jzz‘ ©( [Fe0%2@ ra)a

- f(f/t;:'(ﬂxh@)lﬂa)qﬂ(a)dam(5) e,
Then, by using the inequality (4.2), we get
dollu ||§h.m/2§ (A% .4 (D, D,) u, u) <d|u ”ih.m/z

for some positive constants d,, d;. Noting that ¢, was positive, we get
(Prwu, u) Zci|ee|li,, mpe for ci=ci'dy, Q.E.D.

Proof of Theorem 5.3. We calculate ]|§hu]]§,h as follows.
(5.17) 18nee|l, = (L .Saz, Spze)
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= (qF¥Huqnu, u) +ith ([QITHhIEh — P¥Hwan] u, u)
+ 'R (P Hubru, u) + Dy
=I+ithl,+ A’ L+ Dy,

where the operator defined by the adjoint matrix of A is denoted by A*
which must not be confused with the adjoint operator®, and D, appears
as the term influenced by the difference between the two operators.

As for the estimate of I, we need the following Propositions 5. 8-
5. 10.

Proposition 5.8. g¢FfH,pr=qF (Huopr), qf (b¥oHy) =qi (p¥Hy),
where A=B means A—Be{S},} throughout the Propositions 5.8-
5.10.

Proof. Both equalities are verified by considering the difference of

operator product and symbol product (Corollary 3. 3).
Proposition 5.9. g¢f (FH,) = PFH,) q}

Proof. This is verified by the commutation theorem (Corollary 3. 4.
@1)).
Proposition 5.10. The modified diagonalization
(5.18) [NFEN, A —¢) "+ onl] o2 (1 —¢n)
=i (1= ¢n) [NFEN2 (L —00) "+ ¢ul ]
holds and we get

(. 19) @i (Hrobr) =af (bF o Hy)

Proof. By the assumption (5.4) we get p* N*=N*9) and N*Np
=p*N*N. Substituting {,(€) in place of & in the latter identity, we
get

NN, A—en *Pn A —¢n) =p& (1—¢h)Nh*Nh (1—¢7h>2

* Hereafter we do not use the notation A for the Hermitian adjoint matrix of A.



310 ZEN’'ICHIRO KOSHIBA

On the other hand we see ¢, (&) (1—¢,(§)) =0 because of the fact that
the supports of ¢, and (1—¢,) are disjoint. Then we have (5.18). By
using Theorem 3.1.ii)) and Corollary 3.3 we get (5.19) from (5. 18)
and (5.15).

Therefore, from Propositions 5.8-5.10 and the self-adjointness of
qr we get g¥H,p,— pFH g, {S},}. Then by Theorem 3.7 we see
ithl;=0 (k) |u|*® and neglect it.

As for the estimate of A%I;, we need Propositions 5. 11 and 5. 12 below.

Proposition 5. 11. A’I can be deformed as follows:
(5.20)  WL=Re(W*([NfeDioN,Ju, ) + O |ul’
where Ny=N (,8,(8)) A—¢u(©®) and Dn=D (z,8. (&) 1— ().

Proof. From matrix calculation we get easily
(5.21) B¥oHuopy=NfoDioN,.
On the other hand, by using Theorem 3.1 and Corollary 3.3, we have
BRH b= 55 Habn+ 5% (Ha—Hy) b1
=t Hypr=0% (Hyobr) =B%oHuobn

where A=DB means A—Be {S},}. Multiplying both sides of the above
equality by 4 and noting Example 4 (in Section 2) we get

(5.22) hptHpr—hpi OI_VIh"Z5 = {Sg,.} .

Hence from (5.21), (5.22) we have (5.20) by using Theorem 3.7.

Propositien 5.12. The following inequality holds.
(5.23) REZui Re (Hurn (D) u, u) +0 (h) ||u]*,
where 7, (8) =3 sin hE,.

j=1

Proof. Consider the symbol of #2(N#or, (&) oN,) —h (NFoD2ioN,)
which is non-negative Hermitian for |{,(§)|=M, by the definition of x,
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and {.§2h}. Therefore by applying Corollary 3.15 we get Re ([ 4} (1\72‘
o7 (§) oN,) —h? (N;“O,éio}\?h] u, u)=—Kh|u«||*. Combining this inequal-
ity with (5.20) we get

RL<Re(#3[N}oy,(&) oN,Ju, u) +O (k) ||u|?
=Re (UB3[H,—¢n @) I]o7a(®) u, u)) +O(h) ||u|?

Then applying the principle of cutting off, we get (5.23).

As for the estimate of D),, it is seen from the asymptotic expansion
(3.1) and Theorem 3.1,ii) that D,=O (%) |«|®.. Then we can neglect it.

As for I, we see that gfH,g,— H,qh = (gnH— H1pq,) gnE {§;hl} by
virtue of Corollary 3.4,i)). Hence we have

(5. 24) L= (¢¥Hugnru,u) =Re(H,g; (D) u, u) + O ) |u|?
Summarizing (5.23) and (5.24) we get
(5. 25) 18ne i, — 121,

= —Re(Hi[I— g (D) —* 74 (D) Ju, u) + O (h) |u|*,

where

0[I—qi(D) —<*uir, (D) ]=n"t {Z>:k (cos hé;—cos hEL)?

+n(Q—7uin) > sin hé,.
=1

If |7|<(Wnue) ™, by applying Theorem 3.12 to the first term of the
right hand of (5.25), we have

|8, — |3, =Ch 2]}
or equivalently
(5. 26) ISnee] 2, < A+Ch) [u]la, -
In the case that S, is independent of £, we have
1S3z, = A+ C ) ulla,<C(T) |#|lm,  for 0=jk<T,

which is the desired stability.

In the case that S, depends on #, we must calculate more carefully.
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We rewite (5.26) in the form
(5. 26") o (2 + 1) kllzry i ¥= (L + " 1) [ 4 (n&) | Frpcany »
setting = nk.
On the other hand we have
e ((2+ 1) &) |znnsne — 2 (2 + 1) E) |z any
=([Hi((n+DE) —H,(nBE)u((n+1)E), u((n+1)k))

_ < Je"f[H,L ((n+ 1)k, z, &) — H,y (nk, , 8)]
X ((n+1)E, &) 42, u((7z+1)k)>

=k<Jei’5Gh(nk,x, Oa((n+1)k, &) de, u((n—i—l)k)>,

where G,= J‘IOH
o 0t

€ {S),}. Then by using Theorem 3.7 we can see that the above differ-

(nk+ 0k, z,8)d0. From Lemma 5.5 we have G,

ence is O(h) |u((n+1)k)|®. Further by using the equivalence of ||« | x,q
uniformly with respect to £, we get from (5.26")

e ((2+ D B) | mpcnsnn= A+ c"h) |u (k) | zpmn -
Hence we have
e G s = 1+ C"R) |2 (0) | 1, =C (T) || (0) | zr 0
Again from the equivalence of |-|z,, we get

lee GR) [ <C (T) || () |, Q.E.D.

Remark. As was mentioned in the remark in [17], our method

works as well for the modified Lax-Wendroff scheme
(5.27) oL =I+ithp,(¢, x,8)qn () —1/2T°A%p%(¢, x, §),

where p,€ B;({S;,}). By modifying the above discussion from (5.17)
and thereafter, we can see that the modified Lax-Wendroff scheme with
t(|v|<2(J/nu,) ™Y is also stable.

* 2(¢) and Hx(¢) denote that Li-function #(¢,z) and the Friedrichs part H, at ¢,
respectively.
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