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Holonomic Quantum Fields. II
—The Riemann-Hilbert Problem—

By

Mikio SATO,* Tetsuji MIWA* and Michio JIMBO*

Chapter 2. Application to the Riemann-Hilbert Problem

Introduction

This paper is a continuation of our previous note [1], herealter refer-
red to as I, and constitutes the second chapter of the series. As stated
in I, our aim in this series is to reveal the intimate relation between (i)
deformation theory {for systems of linear (ordinary and partial) differential
equations, and (ii) field operators belonging to the Clifford group. In the
present article we study the Riemann-Hilbert problem on P§. Because
the exposition may be viewed as a prototype of our theory, we have
included it here, thereby changing the organization of the series [rom the
one announced in I

The Riemann-Hilbert problem has a rather long history. Let

(2.0.1) él’:A(x)y, y="(¥1, "y )
dx

be a system of linear ordinary differential equations with a rational coef-
ficient matrix A (x). Denote by {a,.:--.a,} the set of poles of A(x),
and let Y(x) be a fundamental solution matrix of (2.0.1). In general
Y (x) is a multi-valued function having a,, ---, @, and possibly a, = oo as
its branch points, and when .r makes a negative™’ circuit around a,, it

undergoes a transformation
(2.0.2) Y(x)—=Y(x)M, (=1, n, 00).

Here M,&GL (m, C) are constant matrices subject to the relation
Received April 26, 1978.
! Research Institute for Mathematical Sciences, Kyoto University.
¢® Throughout this article we adopt this somewhat unusual convention.
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(2.0.3) MM, MM, =1.

Tn 1857 Riemann [4]“ posed the question whether there exists, for
given a,.-.a,€P¢ and M, -, M,eGL(m,C), a differential equation
(2.0.1) which has a solution matrix Y (x) having precisely the monodro-
mic property (2.0.2). He imposed a {urther condition that Y (x) be at
most regularly singular at the branch points a, (¥ =1, -+, 2, 00); namely

that its singularities there be of the form
2.0.4) Y(r) =0,(x) - (x—a,) ™ (=1, -, n, co)*¥

where @,(x) is an invertible meromorphic matrix at x=a,, and L, is a
constant matrix such that e*»= M, Since in 1900 Hilbert [5] included
the above problem to his mathematical problems, it has often been called
the Riemann-Hilbert problem.

Considerable efforts has been made by a number of people [6], [7],
[8], [10], [11], [12], [13], [14], toward the solution of the Riemann-
Hilbert problem. Among them we note the names of (1) J. Plemelj
[10], who presented an existence proof of a solution on P§ for arbitrary
m and 7, (2) G. D. Birkhoff [11], who solved independently the original
problem and its various generalizations previously proposed by himself,
and (3) H. Rohrl [14], who extended the result of Plemelj to an arbit-
rary Riemann surface.

A solution Y(x) to the Riemann-Hilbert problem (and hence the
coefficient A (x) of the differential equation (2.0.1)) depends on the
initially specified branch points a, and the monodromy matrices M, some-
times referred to as the Riemann data. L. Schlesinger [9] discussed
this point as a deformation theory of differential equation (2.0.1). As-

A,

suming that A (x) has the form Y -, he asked for the condition
v=1 T—a,

for (2.0.1) to have comstant monodromy under the variation of the

position of branch points, and obtained his celebrated equations (see § 2. 3,

Proposition 2. 3.12)

(2.0.5) dA,=— 3[A, Ald(a,—a)/(a,—a,) (u=1, -, x).

v (=u)

The methods so far employed to solve the Riemann-Hilbert problem

4 Riemann himself treated an n-th order equation for one unknown function.
%) For y=o0 we replace x—u, by 1/z.
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are roughly classified as follows:
(1) the continuity method (Schlesinger [8])
(2) reduction to integral equations (Hilbert [6], Plemelj [10],
Birkhoff [11], Muskhelishvili [13])
(3) series expansions involving hyperlogarithms (Lappo-Danilevski
[12])
(4) the method using fibre bundles (Rohrl [14]).
In the present paper we present still another and an entirely different one,
namely
(5) the method of quantum field theory.
The idea lies in the following point. Let ¢® (x), ¢*¥ (x) (=1, ---, m)
denote free fermion operators on Py (see §2.1). Let ¢ be a field opera-

tor satisfying the commutation relation of the form

2.0.6) 049 (@) =3 9 (@) - gy (2,

m

- p*I (&) = 21 PP () -¢-m¥ (x)

i=

where the matrices (m;(x)) =M(x), (mF(x)) ="M (x) " are related to

the monodromy A, Then the vacuum expectation value
(2.0.7) Y (xo:.x) = =27 (xo— ) (P*P (20) P (@) 93/<¢) 15=1m

provides a solution to the Riemann-Hilbert problem normalized as Y=1
at x=ux, The relation (2.0.6) indicates that ¢ induces a “rotation” in
the space of free fermion operators; indeed we shall construct a class of
field operators ¢(a; L) “belonging to the Clifford group”, and show that
their product

(2.0.8) o= ©as L) ¢ (an; Ly)
{plas; L) ¢ (an; La))

has the required properties,

The advantage of our approach is that the monodromic structure is
quite apparent in the concise expression (2.0.7)-(2.0.8) of the solution,
where the “deformation parameters” a, and the exponent matrices L, are
explicitly incorporated.

We should note here that the theory of Clifford groups expounded

in I is not directly applicable, since we are dealing with infinite dimen-
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sional orthogonal spaces. One might think of constructing its infinite
dimensional version by defining suitably the notions of A(W), G(W),
Nr, etc. However it seems a rather lengthy, if not impossible, way to
recover the fundamental results obtained in I to an extent sufficient for
application. Since our interest lies not in developing the general theory
but in concrete results, we prefer to give direct proofs to individual
formulas which we need in our construction. In the course the finite di-
mensional “‘theory of rotation” turns out to be a useful guiding principle.

This paper is organized as follows.

§2.1 is a preparatory paragraph for generalities on free fermion
operators in one dimensional space.

In § 2. 2 the Riemann-Hilbert problem is formulated in terms of opera-
tor theory. We show that the following are equivalent: (i) to find
a multi-valued analytic function with a prescribed monodromic property,
(i1) to comstruct a field operator which induces a specified rotation of the
type (2.0.6). Making use of a solution to (i) in the case of only two
branch points a and oo, we construct the field operator ¢ (a, L) mentioned
above. By virtue of the product formula (I. §1.4) we then obtain an
infinite series expansion of the matrix Y (x,:x) in (2.0.7).

The arguments in these paragraphs are instructive but rather formal
ones. In the latter half of the paper we shall make precise the formulas
thus derived in a direct and mathematically rigorous way.

We begin § 2. 3 by supplying a convergence proof of the above in-
finite series. Assuming |L,;] (v=1, :--,7) to be sufficiently small, we
show that this series converges for complex x,, x,a,, ***,a, to give a
solution to the Riemann-Hilbert problem. Then we discuss some proper-
ties of Y (xy; x), including the linear total differential equation it satisfies
in the variables (z, x, a,, **, a,), and its behavior under coalescence of
branch points. We note that in the latter process formation of irregular
singularities does not take place if the exponents L, are kept fixed. In-
deed, by such a limit, Y (x,;x) is shown to become a solution to a
Riemann-Hilbert problem, whose Riemann data are obtained by “fusing”
the initial ones (see p. 254). Applying these results we give the com-
mutation relation among ¢ (a; L)’s, and calculate the operator (2.0.8)

in the limit where some of a,’s coincide.



HoLoNOMIC QUANTUM FIELDS II 205

In the final §2.4 we give a formula expressing the r-function
{¢(ay; L):--¢(a,; L,)> in terms of a solution {A,, :--, A,} of the Schlesinger
equations (2.0.5). We then study the behavior of A,’s in the limit
where some of @,’s behave like a,=1tb,, t—0 or t—>0c0. We shall calcu-
late their asymptotic expansions in powers of £.. We also derive the total
differential equations satisfied by Y (z,; £) and by A,s in these limits,

and calculate the corresponding limits of the r-function.

Main results of this paper has been announced in the series of papers
[2], specifically in VI.

We would like to express our gratitude to Professor K. Aomoto for
kind suggestions and stimulating discussions with us. We are indebted to
Doctor K. Yajima for informing us of the result of Lions-Magenes. We
wish to thank also Doctor Y. Mori for carefully reading the manuscript

and pointing out some typographical errors.

§ 2. 1. 1 Dimensional Space Theory

Let W denote the space of real-valued square-integrable functions on
1 dimensional space which we denote by X= {x|xr=R'}. The inner pro-
def
duct in WP is defined by
|

CLD® (= Idxw(x)w’(x), w, w S WR

It is uniquely extended to the non-degenerate symmetric inner product in

the complexification W= W=E®C, so that W is an orthogonal vector space.
R

Set M= {ulusGLQA,R)}, M.={ucsM|u=0} and set also du

—_du_

27lul

Fourier transformation as follows:

In accordance with 141 space-time theory we define the

2.1.2) w(x) = j‘g"_u«/0+iu e w (u),

w(u) = j‘dx«/O—iu e~y (x)

+oo

o I~—-Idx;---dzu (resp.J‘-'-Igi_zﬂ---z_i_uE) meansj:jdxw' _E:’dxm (resp. j_:o@_l duz)

—co

unless otherwise stated.
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where

- eifriﬂlu!l/z ue ]\/[+ ,
VO+tiu=

e™ Ay weshM_ .

Remark. For the sake of notational simplicity we use the same

symbol w(-) in both x and # representations of we W,

Then we have

(2.1.3) {w, w'>= J@ w () w' (—u).

In this and following chapters we shall construct and analyze a
class of field operators “belonging to the Clifford group G(W)” over W.
In principle one may proceed as follows:

(1) Specify a rotation 7" in the above W,

(ii) Apply formulas (1.5.7), (1.5.8) in I and find ¢ G (W) such

that T,=T.
However the second step is ambiguous, for our orthogonal space W is
infinite dimensional. As mentioned in the introduction, we do not pursue
here the course of defining A (W), G(W), etc. Instead we shall lay
aside the above W for the moment and start with the following special
functions indexed by X or M, which are supposed to play a role of
ideal basis of W,

Let ¢(x) (x,€X) denote 0 (x—ux,) € B(X). We identify it with
its Fourier transform v0—ix e "< B (M). Likewise ¢ (x;) (uocX) de-
notes v0—zuge % e B (X) and it is identified with its Fourier transform

2|0 (u+u) € B (M). Namely we have the following scheme.

Z-representation u-representation
(2 1 4) (p(xo)ed(x_xo) ‘\/O—ZZ; e—i.z:nu
(2.1.5) ¢ (11g) <>/ 0 —1ug e7¥% 27| ae|0 (2 + 240)
2.1.6) §(2) = [dudo+iu ey ()

O(u) = de«/O—-iu e ) (x)
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We denote by J(x,x’) (resp. J(u,u’)) the table of inner product

for ¢(x)’s (resp. ¢(u)’s). Namely they are hyperfunction kernels given
by

2.1.7) J(x, x") if((ﬂ(.ﬁ:),(ﬁ(x')):(?(:c—x').
J(u, 1) :—f(gb @),y @) >=2mlu|d(u+u').

As in the finite dimensional case, an expectation value is a bilinear
form ¢ >: (w,w’)—<{ww’) such that

(2.1.8) {ww')+{w'wd=<{w, w').

Our choice of the expectation value is

@19 Kloa) Z@@pe) =g o,

K(u,u”) d=f<¢)(u)¢)(u’)> =27u, 0 (u+u’).®

We shall also make use of ¢(x) (resp. ¢(n)) ““with several com-
ponents” indexed by XX {l, ---, m} (resp. MX {1, ---, m}). Namely for
i=1,-,m let ¢ (x) (resp. ¢ (u)) be a copy of ¢(x) (resp. ¢(w)).
The inner product and the expectation value among them are specified

by an m X m non-degenerate symmetric matrix 4= (4;;) as follows:
2.1.10) PP (@), P (&) D= Dy @, )

P (2) PP (") Y= 2K (z, 2).
Accordingly J, K are now m Xm matrices of hyperfunction kernels. In
the sequel we shall mainly deal with the case .=1,, and also A

= <1m 17§"> with even m. In the latter case we set ¢*? (x) = %™ (x)
z

(=1, .-, m/2).

Remark. % (x) and ¢ () are regarded as ideal basis of WRC™
In general, let W,, W, be orthogonal vector spaces equipped with the
inner product { , >y, { , >w,. Their tensor product W=W,QW, is
naturally endowed with an orthogonal structure by setting {w,&w,, w,’
R w, = {wy, " Dw, - W, Wy Dy, (wy, w € Wy, w,, w,’ € W,). We

O gy, =0(Fu) u, 0(w)=1 (>0), =0 (@<0).
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denote by ¢(resp. ¢,) the element of Homg (W, W*) (resp. Homg (W,, W)
which defines the inner product { , >y (resp.<{ , Dw,), i.e ¢(w) (w’)
={w, W'Dy, ¢, (w,) (w,) =<{w,, w, >y, ?=1,2). Also a g-norm on A(W,)
induces one on A (W); namely let £,&Homg(W,, W,*) be an element
such that £, +‘k,=¢. Then k=kQRe=Homy (W, W*) clearly satisfies
E+'k=¢ (see §1.5).

Let W,=C™ and choose a basis e, -+, e, such that {e; e;>w,=4.

By setting ¢ (x) =¢(x) Qe; we are led to formulas (2.1.10).

Take an infinite set of hyperfunctions (0, (xy, ***, Zm)) ney Where

Om (21, -+, £,,) belongs to B (X™). We consider an equivalence relation;

(pm (1'1, ) xm))mENN (p:n (1'1, Tty xm) ) meEN if and Only if Z (sgn 0')
0EGn
X On (xtr(l)y Tt xa(m)): 2 (sgn 6) ﬂ; (xn'(l)y s Io‘(m)) for all nlEM @m denot-

Ge@m
ing the symmetric group of degree m. We call an equivalence class a

norm and denote it by

(2.1.11) °° j fa?ac1 A Xy 0m (X1, Ty) P () = (21)

_om

symbolically. We denote by A(W) the set of norms, which is endowed

naturally with the structure of a vector space. The product of two norms

oc

J del Axn0i (Z3, oy Tn) §(Xm) -9 (z1) (£=1,2)

momf

is defined to be

B [ddn 00 @ 2009 (s, -y 2 ) 4 ().
We also use the u-representation of a norm

(2.1.12) :m’ J jdul Attty -+, ) () -+ (225

(2.1.11) and (2.1.12) represent the same norm if and only if they are
transformed to each other by (2.1.6). In general the transformation
into z-(resp. x-)representation from x- (resp. #-) representation may happen
to be ill-defined. Hence strictly speaking the above two definitions do not

coincide. But since we are interested not in the whole set A(W) of
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norms but in individual elements, the reader should not worry about this
point.

The “operator algebra” A (W) is the same thing as 4(W) as a vector
space, but they differ in product rule as explained below. To distinguish
an element of A(W) from a norm we refer to the former as an operator.
For ac A(W) we denote by Nr(a) the corresponding norm in A(W);
conversely for ac A(W) :a: will represent the corresponding operator
(in physicist’s terminology : : is called the normal ordering).

The product in A (W) is not always well-defined. It is well-defined
when the following formal definition makes sense.

First we note the following formula which generalizes (1.5. 2).
(2.1.13) Nr(iweyw,: wi--w;:)

S FUTTOTIR b S ETTUPTITI l
=3 sgn< , , >sgn< ., >
Lo e e iy, VeV
X W, Wy 0 '<wumw;a<m>>wﬂl " 'wﬂk-mw:i "'w;'z_m :

Here the sum is taken over all the partitions {1, -+, &} = {&. -+, Un}
U, s tleomt (oo <ty 1 <o <thimm) » AL, o L= vy, o, vmb U,
vVt <l <y v < <Y _) and 0E€S,. We define products of

operators by termwise application of (2.1.13). For example
Nr (p(2) ¢ (x")) =< (x) P (x") >+ (x) ()
Nr (¢ (x): d(x)p(x”) ) =P (x) P (x) Dd(x”)
=P P @) P (") + () (=) (z).

Remark. Originally ¢)(x) means the delta {function supported on x
as an ideal element of W. Now it means sometimes a norm and some-
times an operator. In the above, ¢(x) and ¢ (x’) in Nr (¢ (x)¢(x’)) or
{(x)¢(x")> are operators, while those of ¢ (x)¢(x’) are norms. If

¢(x) and ¢(x") are considered as operators (resp. norms) they satisfy
[f(@). ¢ ()] =0z—2),
(resp. [(2), ()], =0).

In general, let % (j=1,2) be operators given by
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Nr(p) =31 = [ [y dicnpd (@, -, 2a) ()4 (2.
m=

Then we have

Nr (pWp®) = Z . _‘j del dxmlj J‘dxl -dzr,

=0 me=0 7724|772,
X Om(Es, -, Zm) O, -y 2 ) Nr (@) () 12 (2, - (21 )

where Nr(: ¢ (xm,) ¢ ()11 P (xh) P (x’):) is given by (2.1.13).

The above formal definition of products has ambiguities caused by
several operations on hyperfunctions.

As for substitution, integration and product, intrinsic definitions are
given in [16] (see also [17]), but the conditions for their well-defined-
ness may fail sometimes. Moreover infinite sums of hyperfunctions are
nonsensical in general. Yet these difficulties are not overwhelming as
long as we are interested in handling explicit formulas and not the general
theory (see § 2.3 below).

This is in particular the case if we restrict ourselves to the following
class of operators. An operator ¢ is said to be in class G if its norm

has the form

(2.1.149)  Nr(9) =cw; --w, exp (0/2) ¥

ce€ wy= [dze,@p@)  G=1,B

0= I f dzdz'R (z, 2') ¢ (2) ¢ (=)

where ;€ B(X) and RE By (XX X) ={REB (XX X)|R(x,x") +
R(x’, ) =0}. *

We emphasize the point that operators in class G are specified by a
finite number of hyperfunctions, and that their product, as far as it is
well defined, is also in class G.

Products of operators in class G are computed according to the re-

sults of §1.4 of [1] and V-3 of [2].

2
 exp(p/2) =1+ L+ L (L) 4o =141 ([ dmdaiR (e, 20 (204 @

+%”” daidzsdzd iR (21, 23) R (o, 2 6 (226 (22) 6 (20) § (22) +oor
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Remark. The proof given in §1.4 of [1] is based on the finite
dimensionality of the orthogonal vector space W. But an alternative proof
through tedious computation of combinatorics, which is based solely on
(2.1.13), is possible. This guarantees the applicability of the results in

§ 1. 4 to the infinite dimensional case.

We rewrite (1.5.5), (1.5.6) and Theorem 1. 4. 3 in the form appli-
cable to the infinite dimensional case. We adopt the x-representation.
The formulas in the u-representation are almost the same.

Let g be the operator whose norm is given by (2.1.14). We set

w= ~fdxc (x)p(x). Then we have

k
(2.1.15) Nr(wg) = (Zl(—) Ity {ww ;w0

+wWBw,--w,)exp (0/2),

where

(e, x= dedx' (@)K (z, 27 c; (),
w® = j dz{c(z) — ”dxldsz (z, 2) 'K (21, ) ¢ ()} (),

k
(2.1.16) Nr(9w) = (jZ_l(—)k“jwl---w,-_1<w,-w>'w,-+l~--wk
+ ) exp (0/2)
where

{w;wyg= jjd.rdx’ c;(x)K(x, x")c(x"),

w®= f dz{c(z) + f deldeR (@, 22) K (23, x3) ¢ (29) } ().
Now let g,(v=1, ---, n) be operators in class G given by
Nr (9,) =exp (0,/2)

where p,= jjdxdx’R, (, 2) P (@) P (@), RE Beew XXX). We set
Rz, ") = (R (2, 7)) pyrrms Ru(x, ") =0,R, (x, ') and A(z, )
= (A/w (x’ Il))ﬂ.v=1,-~-.n’
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K(x, x") A
A, (x,z')= 0 pU=y
—'K(x,x)Y=—K(z',x) u>v.

Then we have

(2.1.17) <g1---gn>:exp{~§% ---fdxl---dxu
1=2

n
X 2 lAllxlls (“rla .l'z) Rllz (‘z?-, .273) Allz/‘a (‘T"ﬂa '2"4) v 'R/lt»’H (‘r?h .7:1)} ’

Hyyreny ML=

(2.1.18)  ¢1-+-9n=<9:-9x> exp (0/2),

o= jjdxdx’{g j jdr,---dxn

X Z -1 ]{Ilo (xs ‘rl) Alln/ln (xly x2> R/!x (xg, ‘rs) T

Hoy Uya=eey MY

Ay (T, To) Ry (2, ") 1 (2) 9 (27).
We also remark about the basic formula (1.5.8). Let 7 be an

orthogonal transformation. We assume that 7 is given by a kernel func-

tion 7' (x, x’) through
@.1.19) Ty (z') = j dep () Tz, ).
We seek for an operator ¢ in class G satisfying

@. 1. 20) 0 b (x) = j dzg(z) -oT (z, z').
If we assume that ¢ is given by a kernel function R (x,z’) through

(2.1.21) Nr(¢) =exp(0/2)
o= [[azaz' Rz, 20200,

(2.1.20) 1is equivalent to

(2.1.22) j dz.R (z, 2) K (21, ') + f j dzdzR (z, ) 'K (2, 2)

X T (l‘g, x,)

=T (x,z") —0(x—x").

Hence our problem reduces to an integral equation. We remark that
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neither the existence nor the uniqueness of such a solution R(x,.x’) is
proved in general. Our approach is the following. TFind an explicit ope-
rator solution ¢,(#=1, -+, n) for elementary orthogonal transformations
T,(n=1, -, u). Then, if the product ¢;---¢,/{@--@,> is well-defined,
it will serve as the operator corresponding to the product T;:--T.

The prescription (2.1.9) is equivalent to considering (¢ (¢)) ueu,
and (OM(@)) wer, (¢ () d=f(/;(—u)) as annihilation and creation operators,
respectively. (See Rerilark 1 of Definition 1.5.1 [1].) Let A*™ (W)
(resp. A (W)) denote the vector subspace of A (W) consisting of opera-
tors satisfying for all m=0,1,2, --

(2.1. 24) O 2ty 7, 1) [ =0,
(1’esp. Om (1"17 T um) IMTEO) .

We denote by |vac) (resp. {vac|) the residue class of 1 in A(W)/
AP (W) (resp. A(W) /A (W)). We also define the following state

vectors:
(2. 1. 24) ligye =y iy =" () -7 () |vac)
gy eyt =<vac |y (uy) -+ (aty) -

We note that if g A(W), ¢ (v,) ' () o () -+ (u,) is always well-
defined. (Notice that in our definition every operator is a priori normally

ordered.) We set
(2.1. 25) oy o vl@lay, o, u,,
=M (v) P () @ () P (a) >

and call it a matrix element of ¢. The relation between o, (z,, -, it,,) s
and matrix elements of an operator is given by Proposition 1. 2. 11, where
r=o00 and the sums over the indices /4, y; are replaced by integrals over
u, v;. We omit the proof.

We shall give an example of operators in class G.

Let I be a union of intervals in A/.. We denote by 0;(x) the

characteristic function of I;

jl if wel,
0,(u) =
[0 if wel.
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We define N; by
(2. 1. 26) Ne(Np) = ["du 0: ¢t @o ).
Then we have
(2.1.27) <oy, o, wiiNfleg, o i, = ji 0; (2;) vy, +ooy vpltgy o0, 0y
and
(2.1.28) [N, ¢ (@)] = —e (@) 0r(lul) ¢ () *.

Now using Theorem 1.5.3 in [1] we compute the norm of an opera-

tor ¢; which induces the rotation given by

(2.1.29) T, u) =a *P""P2rluld (u—u'),ac C.
The answer is

(2. 1. 30) Ru, o) = (a—1) 2niu|d(w+u') 0; (@) —0;()).
In fact it is easy to check

T (u,u”) —2m|ul0(u—u")

— [dvi R, 09 { [a0. K (0, 00 T @, 0) + K (@, 09}
Thus we have
(2.1. 31) Nr (¢;) = e@-bNz
We see directly from (2.1.28) that
(2. 1. 32) hr=aNr |
and (2.1.31) also follows from Proposition 1.2.9 in [1]. We have

m

(2.1.33) <wy, -, vi]aNay, -, um>=mg0[(uj)<v1-'-v;iu1---um> .

Let Ni (resp.N;) denote N, jup (resp. Ngupe). We define
(2. 1. 34) D () =: () e2Ni ;|
Then we have

()N (w) if ueM,,
(2. 1. 35) b (u) =
o) (—)NE if weM_.

® e(w)=1 >0), =—1 («<0).
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(2. 1. 33) implies that

(2 1. 36) <‘U1, Tty vl[¢t (LL) '”17 Tt l{m>

l
Il s (& (vj—u))<vy, -+, v, tlthy, -+, Un) il ueM.,,
st

(TT e (ot Cuy+a)) oy o, vl —a, uyy -,y i wusM_ .
.

A little computation shows that
(2.1.37) [¢e (@), pe (v) ] =27u0 (w+v). =+ or —.

Namely, for ¢=+ or —, (P (1)) sex. and (@e (t)) y=x. are creation and
annihilation operators of free bosons. We shall see later that they coin-

cide with asymptotic fields of ¢” (x).

Remark. The relation between ¢ (z) and ¢.. («) is reciprocal. If we
set ¢, (u) =¢.(—u) for ue M., we have ' (w) Y (u) =% (w) ¢ (u). Hence

(2.1.35) is rewritten as

()NEg (u) i ueM,,
(2.1.38) ¢ () :{
$o.(u) (—NE i ueM_,

where

Ni = L(ulqlﬁ M (v)p(v) and Nz= J:wldg ¢ (v) ¢ (v).

In the next paragraph we shall deal with {ree {ermion operators
¢ (x) on the real projective line Pp=R| |{oc}, rather than on R. To
make manifest the covariance of the theory we recapitulate here its genera-
lities.

Set G=SL(2, R), P= {(‘g a-l> eGm;ﬁ:o}. By identifying the coset

<§U g) PeG/P with x=a/y=Pp we have G/P=P}. In particular

the left G-action on P} reads g-x:gx_l_@ for x€ Py, g=<a @)EG.
Tx+0 T 0

Let y: P>GL(1, R) be a character of P. For (g, w) €eGXR' and
pEP we set (g, w)p= (gp, y(p) 'w), and denote by E,= (GXR") /P the

associated homogeneous line bundle over G/P= P}, thus obtained. We

have the left G-action on E, given by g,- (g, w) P= (g.,9, w) P(g,EG,
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(9, w)PeL,).

Now we choose y, to be the following character:

sim s E)ee

0 a!

This amounts to setting the following transformation property between
different coordinate representations w(x), w’ (x’) of a cross section w of

E,

0"

2.1.40) w' (@) =FGx+Nw(x), =x >EG.

T rz+0° 5

, _azx+p <“ B
7 0

For cross sections w;, w, of E on Pg, we set

(2.1.41) <wy, wyy= jjmdx w, () wy (x),

(2.1.42) <(wywy= ”+°°dxdx' W (@) 2t (2.
—c 21 x —x’ 410

It is readily verified that (2.1.41), (2.1.42) are independent of the
choice of a coordinate, and are invariant under the action of G. As the
orthogonal space W we take the space consisting of LPsections of E¢
equipped with the inner product (2.1.41).

For z,& Py we denote by ¢(x,) the hyperfunction section 0 (x—x,)
of E§. From (2.1.39) it satisfies the transformation property under a

change of coordinates:

0 (24
(2.1.43) ¢ (z0) = (@ +0) (), xs=j‘;i§, <r QEG-

Note in particular that (x,—x)¢(xo) ¢ (x) is independent of the choice
of a coordinate (cf. (2.2.5) below).
Actually in the course of construction of field operators we shall fix

a coordinate system, bearing in mind the transformation law (2.1.43).

§ 2. 2. The Riemann-Hilbert Problem in One Dimensional Space

In this section we shall construct a family of field operators
{¢(a; L)} in class G in one dimensional space R’, or more precisely in its

compactification P. In the course we shall show the equivalence of the
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following: (i) to find a multi-valued analytic function with a pre-assigned
monodromy property (the Riemann-Hilbert problem), and (ii) to construct
an operator which induces a specified rotation.

Let P{ denote the complex projective line €U {oo}. We fix a co-
ordinate .« on Pg and set Pi—{co}=D UR'UD_, D.={lm x=0}.
Let a,;, -, a, € R' be n points such that a,< ---<la,. We fix a reference
point &, in the upper half plave, and denote by 7,(v=1, -+, n) (resp. 1)
a closed path in Pg— {a,, ---, a,, o0} with the endpoint x, such that it

encircles a, (resp. o) in the clockwise direction as shown in Fig. 2. 2. 1:

L

oo \
N
a; as (228

Fig. 2. 2.1

For a multi-valued analytic function Y (x) on Pg¢— {a,, -+, a,, oo} we
denote by 7Y (x) its analytic continuation along a closed path 7 in Pg
—{ay, -+-, @y, 0} with the endpoint .. The Riemann problem on P¢,
in the case where the branch points a, -:-, a,, oo all lie on the real line
Pg, is then stated as follows [10]: given n matrices M, ---, M,EGL
(i, €) arbitrarily, find a matrix Y (x) of multi-valued analytic functions

on P§—A{a,, -+, a,, oo} such that
(2.2.1 (i) Y (x) bhas at most regular singularities at
ay. L @y, 00
G) 7Y(x)=Y@)M, =1, n).

Let Y. (x) be a branch of Y(x) on D., respectively, such that Y. (a)
=Y _(x) on x>a, Then (ii) is equivalent to the condition that, for
a, <x<la,Y (x)=Y () MM,..---M, (v=1, -+, n;a,= —o0). There-
fore the Riemann problem is alternatively stated as: find single-valued

holomorphic functions Y.(x) on D , respectively, satisfying (i) and
2.2.2) () Y. (r—i0) =Y (v +:0)M(xr), rER'—{a,. ---.a,}

where we have set M (r) =ALAL, - M, for a,  <x<la, (v=1, -, n+1;
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Ay= — 09, Ay, = +o0). In the latter formulation (with M (x) €GL (m,
C) replaced by an arbitrary piecewise analytic matrix) the problem is
called the Riemann-Hilbert problem [5].

First assume M (x) = (m;;(x)) €0 (@(mn, C). Suppose there exists a
field operator ¢ in class G of the form

(2.2.3) Nr(p) =<p) exp(p/2)

o= 3 [ [dzdz 90 @ ria 290 @),

%, 7=1

ri(x, x') = —r (2, x)

which satisfies the following commutation relation with (¢’s:

(2. 2. 4) o0? (x) =37 6@ () omyy (), j=1, -, m.
=1
For z,7=1, -, m and x,>a, we set

(2.2.5) Vi (o3 x) = —21i (22— x) PP (o) ¢Y (x) >
Vi (X3 ) = — 21 (2 —x) 5P () pp? () ) .
Proposition 2.2.1. As a function of x Y. (2o x) = (Vi3 (o3 X))

is analytically prolongable to D., respectively, and their boundary

values are related through (2.2.2).
Proof. Applying the formulas (2.1.16) and (2.1.17) we have

@2.2.6) Nr@P(@)9) =3 (2 () (810 (=)

— \dzryy (-731, ) l ¥__Z~_> ‘Nr (¢)

J 21 xy—x—10

Nr (o (2)) =33 [ dg® (@ (040 (21 —)

i=1 J

+ | daari; (21, x2) 1 *’—Z“—> ‘Nr(g).
J 27[ Xy — T+ ZO

Hence Y. (x,; xr) defined in (2. 2.5) are expressed as

2.2.7) Y.(xe; x) =1421i(xy—x) J‘J‘dxldxz 1 _
2% xo—x1+ 10

1 Fi
x R(xy, xg) — —— =,
@, 2)271 Zg—x F 10
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where R(x,z’) = (ry(x.x")). This implies the analytic prolongability of
Y. (x0; x). Multiplying ¢* (x,) to both hand sides of (2.2.4) from the

left and taking the vacutwm expectation value we obtain (2. 2, 2).

Remark. From (2.2.7) onc readily verifies the following:

(2.2.7)"
Rz, x) =L L (Y(x+i0; 2" —i0) =Y (z—i0; ' —i0))
2rx—2"+10
2l Ty (@0 2 i0) — Y (2 —i0; 27 +i0)).
2t x—x’ —1i0

L (Y(x2) —1) de-
r—x
fined on {eIm x>0,¢&' Im ' >0, ¢’ Im(x —2') <O} (g,&’==+) are defin-

ing functions of R(x,x’). In particular if R(x,z’) =0 {or x>a, or

This implies that the holomorphic functions —217r

x'>a, (which is the case discussed below), we have M (x) =1 on x>a,,
aund Y (x,;.x) defined in (2.2.7) is continued to a single holomorphic
[unction on (P¢—[—o0,a,]) X (Peg—[—o0,a,]).

Conversely we may construct an operator ¢ satisfying (2. 2. 4) once
we know matrices Y. (x) = (y.;(x)) of holomorphic functions on D,
with the monodromic property (2.2.2). First note that, from (2.2.6),
(2.2.4) holds if and only if 1+RK=1—RK)T, ie. (cf. (1.5.8),
(1.5.10))

2. 2. 8) R(K+'KT) =T—1

where R, K,‘K and 7T denote matrices of integral operators with kernels
1 ) 1 —1
Rzah, L 1 g 1~
o 2r x—x' +10 2r x—x' —10
following Proposition provides us with a means to construct R from Y..

1 and M(x)0(x—zx'). The

Proposition 2. 2. 2. Let Y.(x) be matrices of holomorphic func-
tions on D._, respectively, with the properties (2.2.2) and det Y. (x)
%0. Then

(2.2.9)

LY (2 —i0)

Rz, z") = (Y, (z+i0) "~ Y _(z—i0) ™) (%cm
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1 i )
+ =Y, (z'+1i0
21 x —x’ — 10 +( >>
) 1 i ) —q
=N, (z+i) ' — Y (x—i0)'= - I __
(¥ € ) 27 x— 2’ + 10 ( ) 21 v —2' —i0

X (Y_(x'—i0) =Y, (x' +10))
satisfics (2.2.8).

Proof. Denote by Y. the integral operators with kernels Y. (x)
0(x—x"), and apply Proposition 1.5.4 in [1]. Since K and ‘K are
projection operators onto the space of boundary values of holomorphic
functions on D., respectively, the first two conditions of (1.5.11) are
satisfied (J is the identity operator in the present situation). The last

condition is nothing but (2. 2. 2).

Remark 1. As shown below, such Y and R are not uniquely
determined by the condition (2.2.8). Also R(x,x’") in (2.2.9) does
not satisfy R(x,x’) = —'R(x’,z) in general. However we note that if
Y. (x) satisfies (2.2.2), so does ‘Y. (x)™' by virtue of the condition
M(x)eO(@mn,C). Hence if det Y.(x)<0 on D., R(x,x’) and
—‘R(x’, x) simultaneously satisfy (2. 2. 8). Replacing R by % (R—'R), we

may then assume R= —'R.

Remark 2. For later convenience we list here some identities in-
volving R defined in (2.2.9).

(2.2.10) RK=('—Y™).JK-Y_,
JK-RI=Y.JK-(Y_-Y,)
REK=Y7-Y).J VK.Y,

J UK RI=Y='J K- (Y_~Y,)

(2.2.11) 14+RK=(YL.JK+Y L JK)Y_,
14+J7K-RI=Y 7 (JK-Y_+JK-Y,)
1-REK= Y 7J'K+Y-".JK)Y, ,
1-JVK-RI=Y(JK-Y_+J " K-Y,)
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So far we have assumed that M (x) is an orthogonal matrix. The
general case M (x) €GL (m. C) is reduced to the case of orthogonal mono-
dromy of double size. Namely we now consider a field operator ¢ in

class G of the form

(2.2.12)  Nr(¢) =exp(0/2)

o=3 ”d:cdx' WO (2) 4 (z, ) 5D (z7)

i, j=1

—¢*O (@)1 (x’, )9 (27))

=23 [ [aeazy @)ry @, w)ee )

1, 7=1

which satisfies the commutation relation with (¢’s:
(2.2.13) ¢ (@) =3 g0 (D gy (@), oD (@) =3 ¢+ () gt ()
(=1, -, m; (mfx)) ="M (x)™).
Here ¢ (2) = (2) Qe $*" = (@) @et with Ce, e>=0, {ef, ef>=0
and <{e; e¥>=0y (see p. 11). In this case
(2.2.14)  yiy (x5 x) = —27i (20— 2) {P* 7 () ¢ () ¢
Vi (L1 2) = —27i (2o — ) {P* P () P (2) >
gives matrices with the monodromic property (2.2.2), while
(2.2. 1% v¥y; (xos ) = —27i (2— ) <P (2) $* () 0D
¥ (x0; 2) = =27 (2, — 2) <P (20) 9™ () >
satis{y
(2.2.2)* Y*(x—i0) =Y*(x+:0)'M(x) "}, xR — {a,, -, a,}.

Conversely ¢ satisfies (2.2.13) if R(x,2") = (o (x, 2’)) in (2.2.12) is
given by the formula (2.2.9).

We shall now present a scheme of construction of a canonical field
operator corresponding to the Riemann problem. First consider the case
n=1. The Riemann problem then admits elementary solutions Y. (x)
= (r—a=+10) "%, where L is an m Xm matrix such that e**= M is the
given monodromy matrix. (Naturally there is an infinite number of pos-
sibilities in the choice of L). From Proposition 2. 2. 2 we may construct

the corresponding field operator ¢=g¢(a; L). Under the normalization
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{p>=1, it is given by
(2.2.15) Nr(¢(a; L)) =exp(o(a; L) /2)

where in the case MO (m, C)

(2.2.16) o(a; L) =3 ”czxdx'w (D)o (z—a, 2 —a; L) 9 (2)

i, 7=1

(2.2.17) R(x,z’; L) = (ry;(x,z2’; L))

. . 1 Z .
=((x+i0)t— (x—10)* {__ ’ _;0)-F
(G iyt =iy L L e i)

1 —1 .
NN R R ’+0'L}.
27T.1:——:c’—z'0(aC *0)

In the general case MeGL (m, C)
(2.2.18) o(a; L)=2 i f fdxdx'gb(“(x) ri(x—a, ' —a; L)Pp*9(z")
i, 7=1

where 7 (x, x’; L) is still given by (2.2.17). Making use of formula
(2.2.19)

o oo L,.7—L . *W\—L ’ ~N\\L +7iL
J j dedre X% g-itusauny . —IT (u —20)Xu’ —10)* —e="*
o Jo x—x’ +10 sinwL u+u’ —10

we obtain the w-representation of p(a; L):

(2. 2. 20) 77:-1 fj\du du/¢(i) (u) ri (u, Zt’; L) ¢(j) (u/) eia(u+u')
i, j=1 —
p(a; L) = (in the case (2.2.14))
23 jfd“ du’ 9O (w)ry; (u, u’; L) p*D (a) et
i,7=1 —

(in the case (2.2.16))

where in both cases R(u,u’; L) = (ry (u,u’; L)) is given by

2.2.21) R(u,u’;L)y=—2sinnwL- (u—i0)" 27 (u’ ~i0)"+1/2——_—i‘_ .
u+u’—i0

We remark that for an orthogonal M, ¢(a; L) given by (2.2.18) is

nothing but the tensor product ¢(a; L) Q¢ (a; L) of copies of ¢(a; L)

given by (2.2.16). In what follows we shall mainly deal with the case

MeGL (m, C) corresponding to (2.2.18).

Remark. R(x,z’;L) has an alternative expression
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(2.2.17)" R(x,z’; L) =2 sin nL-:cEx’_-L<l B
21 x—x’ +1i0
+ 1‘_ —Z e—rriL)
2r x—x’ —10
{ 0 (x>0)
L=
lz|* (x<0),
which clearly indicates its support property. It should be noted, however,
that (2.2.17)” is not well defined at the origin x=x"=0 as a product

of hyperfunctions. In this sence (2.2.17) is a more precise expression.

In the general case n=>1, we choose L, so that e =M, (v=1, -,

n) and set
(2 2. 22) ¢:¢(a1,"'!an;L1>"'yLn)
=<(P (al; Ll) "'(p(an: Ln) >_1¢<41; Ll) "’gp(an; Ln)

Applying the product formula (1.4.11) we see that its norm takes the

form

(2.2.23) Nr(¢(ay, -+, @n; Ly, -+, Ly))

=exp(-£0(as, - ani Ly -, L))

L,)

H

1
_2__p(a1’ RN an; Ll, e

2 3 [ [dede 0 @7 @, 2)9r0 @)
=14, 7=1

/34

Here R, (x,z") =R, (x,x";ay, ***, an, Ly, -+, L,) = (7,7 (x, 2’)) denotes

the (4, v)-th block of the mnX mn matrix

(2.2.24) R (z, ") = jdxl Q1—RA) ' (x, z) R (x4, ")
where

(2.2.25) (1—RA)'(x,z")=0(x—x")-1

+g j j‘dxl-udxu_lR (x, 1) A (x4, x9)

R (le—z, 1‘21-1) A (-Tzz_1, »’C’) ’
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R(z—ay, " —ay; Ly)
(2.2.26) R(x,zx")=
R(x—an, x’ —au; L)

0 1.1 0. 0
, R i 1 —1
= = — B —_ .
Az, 27 ~ 12z z—2"+i0 1 2n z —z' —10

Accordingly Y. (x,:x) defined by (2.2.7) is also expressed as an in-
finite series
(2.2.27)

Yi(zo; x) =1-271i(x,—x) Z J‘J‘dxldxq — - -

2n xy— x1+zO

xR, (z, x 1
w (s 2)21x2 x F120

=1-27i(xy—x j j‘d_r d _V_LA,
(2o — )ﬂ‘;l LZ ! Faee 21 xo— x1+10
X [R (xl, ) A (xz, z3) R (le—l, Zy) A (xzz, xzz+1>
X R (xzzﬂ-l, $21+2) ] P 1 ——i———— .
2w xy,—xF120

The vacuum expectation value (r-function) t,(a,, -+, a,) =<¢(a;; L,)
@ (an; L) > itself requires a more careful treatment. Naive application
of the product formula (2.1.18) yields an infinite series expansion of the

form

(2.2.28)  t,(ay, -+, as)
=exp {—2 i 1 trace j‘ jdxl---d.?:ﬂ
iz 2]
X A (x1, £3) R(xy, 23) -+ A (291, Zo1) R (201, 1) }.

Unfortunately (2.2.28) is meaningless, because j jdxz--'dxglA(x,
x) R(x,, x3) -+ A (911, 1) R(xy, ') has a singularity at x=x'. How-
ever we note that the series for its logarithmic derivative is termwise well-

defined:

™) Since the kernels corresponding to A and R in (2.1.18) are matrices of double size

(-‘(A(x’,x))A(x,x')> and( R 2 (x,x’))

exponential comes in.

, respectively, the factor 2 in the
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(2.2.29) dlogrt.(ay -, as) =—27?i ‘i‘, trace j‘j\jd:cldxzdxg (L,sin’L,

#,y=1
X (zy—a,) " (1—AR) ) (x4, 3) A, . (xs, x3)
X (zz—a)t*'da,).

In the next paragraph we shall show that the series (2.2.25),
(2.2.27) and (2.2.29) converge, assuming each of the matrix elements
of L,(yv=1, :--,n) to be sufficiently small. These series expansions enable
us to study in detail the analyticity and monodromy properties of the
matrix Y (x,; ) or the kernel E(x, x’), including their dependence on
the parameters a,, **,a, and L, -, L,. In particular we shall verify
that Y (xy; x) indeed provides a canonical solution to the Riemann pro-
blem. Here we shall be content to study its local properties in the
framework of operator theory. The following arguments are rather formal
but instructive, and are made precise in the next paragraph.

Consider the norm of products ¢ and ¢*o:
(2.2.30) Ne(p @)o(as 1)) = (3 [d2g® @) A= RE) (2, 2)
X Nr (p(a L)
Nr($* (@) p(as 1) = (33 [ dag*® @) A+ REK) (2, 2))
XNr(¢(a; L)).

Here 1—R'K= ((1—R'K) ;) is given by (cf. (2.2.11))

(2.2.31) (1—-RK) (2, 7) = <(.r1 S 2 L R
27 xy—x+10

4 (p—a—i0)EL T2 .>-(x——a+i0)"L.
2r xy,—x—10

Replacing L by —:L in (2.2.31), we obtain an expression for 1+:R‘K

= ((1+'R'K);). Similarly we have

(2.2.32) Nr(p(a; L)¢9 (2)) = (i fdxlsb“') (z1) A+ RK) 5 (s, x))
XNr(p(a; L)

Nr(p(ai P @) = (3 [ @) A—RE) (2, 2)

ANr(¢(a; L))
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where (14+RK) (x;,x) (resp. 1—*RK) (x,,x)) is given by (2.2.31)
(resp. (2.2.31) with L replaced by —’L) with the boundary value
(x—a—+10) "% (resp. (x—a-+i0)%) replaced by (zx—a—i0)"% (resp. (x
—a—10)**). In a neighborhood of x=a, we expand (2.2.31) in powers

of x—a:
(2.2.33) (1-RK) (z,2) =" 21((11— @ +i0) 1
=0 21

— (21— a—i0)"* N (. —a+0) ~E+*,

Now we introduce the following operators.

Definition 2. 2. 3.

(2.2.34) ¢ (a) = 2 j Az (z) 5’;[ (21— a+i0) 5

— (21— a—i0)§™!

GED (2) :,-m; dzg*® (x1>2i;[ ((z1—a+10)57"
— (x1—a—1i0)3;7),
(2.2.35) Nr(¢f?(a; L)) =¢f’ (a) -Nr(¢(a; L))
Nr (¢t (a; L)) =97 (a) -Nr (¢(a; L)).

Here we have identified § and ¢} with their norms, and (xr—a+:0)%;

denotes the (7,j)-th element of (zr—a+70)%.

In terms of these operators we have the following local operator
expansion formulas. (At least formally, for (2.2.33) is valid only for

lre—al|<l|z;—al.)

Proposition 2. 2. 4.

(2.2.36)  Nr(@P(x)e(a; L)=3" 31 Nr(of2 i(a; L)) - (z — a +i0)F+

k=0 i=1

o

Nr(@* (@)¢(a; L)) =31 2 Nr (@* 1 (a3 L))

X (z — a+i0)E+e
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Expressions for Nr (¢ (a; L) ¢? (x)) (resp. Nr(¢(a; L) p*? (x))) is ob-
tained by replacing x—a-+i0 by x—a—1i0 in (2. 2. 36).

(2.2.37) Nr(¢*9 (2) o (a; L))——(x a+i0)% 1. Nr (¢ (a: L))

(z—a+i0) 5" 2P (@) 5P (a) -Nr(p(a; L))

TMS
nms

Nr (¢ (z) 93 (a; L)) =§r (x—a+i0)5Nr(¢(a; L))

+31 (- ati0EE ¢ (@) 95 (@) Nr(p(ail).

Replacing x—a+1i0 by x—a—10 in (2.2.37) we obtain expressions
Sor —Nr (¢ (a; L) p*® (x)) and —Nr (P (a: L) $® (x)), respectively.

Proof. Straightforward [rom (2.2.30)~(2.2.34) and (2.1.16),
2.1.17).

Proposition 2.2.5. The following commutation relations hold.

(2.2.38) ¢ @)pf2 (a3 1) =08 (a; L34 (@) - (—may (@)

G ()08, (a3 L) =082, (a3 L) 33 6*O(2)- (—mE, (x))
(i’ j:1’ ..-, 7n; k:O’ 1’ 2’ ...>'

Here we have set (my;(x)) =M(x) =1 (x>a), =" (x<a), and
(m¥; (x)) =*M(x)~'. The same relations are wvalid if we replace
e9(a; L) by ¢*@ i (a; L) in (2.2.38).

Proof. For fixed x, let £’ be a point sufficiently close to a. We

have then
P () P (@) o (a; L) = =@ (x) ¢ (2) p (a5 L)
= =0 @) 0 (a5 D) 3 ¢ () may (2).
Substituting this into (2. 2. 36) we obtain

(2.2.30) 339 (@) e (a5 L) - (2 —a+ i0) 7

k=0 =1

=3 3 oas (@ — e+ 0 314 (2) (—may (&)

k=0 1=1

M~
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3

The first relation of (2. 2. 38) is then obtained by equating the coeffi-

cients of (x’'—a+70)7*** in (2.2.39). The rest are proved in a similar

manner.

The behavior of Y (x,;x) at the branch points x,=a, or x=a, are
known from Proposition 2. 2. 4.

Proposition 2. 2.6. In a neighborhood of x=a, we have
(2. 2. 40) Y (zy; ) =0, (xy; x) - (x—a,+170) >

where 0,(xy; x) = (@, (xo; x)) is a holomorphic matrix at x=a, given

by
(2.2.41) 0, (oo ©) = =27 (m—2) (@ = a)*

X T PO (xo) ¢ (@r; L) -0 (an; L) ¢ (an; La))
where t,={¢(a,;; L) -¢la,: L,)>. Similarly at x,=a, we have
(2.2.42) Y (zy; ) = (20— a,+10) - 0F (xy; x)
where O (xy; x) = (OF:; (x0; x)) is given by
(2.2.43)  Of (20 ) =2 (20~ 2) 1 (20—

Xt PP () ¢ (as; L) 9%, (a,; L) ¢ (aq; La)) .
At xy=a, and x=a,,

(2.2.44) Y (x; z) = (xo—a,+i0) -0, (x; z) - (x—a,+i0) =
where B, (xy; x) = (@, (xo; 2)) is expressed as follows
(2.2.45) 0, (z0; 2) =

—omi (zo—x 2 — ) (x—a,) (<)

lLMS

Xt (as; L) 952, (a5 L) -0l (as; L) ¢ (an; La) ),
X N (@—a) (z—a)’ (#=v)

X 12 e (ay; L) -+ 9%, (@) 951 (a,) eVPr @i (an: Ly) ),
21t (xy— i

Xt @y L) @i (au; L) 922, i (au; L) ¢ (an; L)) .

6ij — 271 (xo

uMs

—a)*(z—a)! (u>v)

LMS
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Proof. First consider (2.2.40) and (2.2.41). If x is sufficiently
close to a,, ¢(x) commutes with ¢(a,; L,) for n=1,.--,y—1, and from

(2.2.36) we have
LP*FD () b b7 (&) ¢ (ays L) -9 (@n; L) >
=g (o) ¢ (ais L) -9 (@) 9 (@5 L) -9 (@i L)

= kgo hZ:] LGP (xo) @ (ar; Ly) -8 (ay; L) -+ @ (an; L) >
(r,—a,+i0) .

This proves (2.2.40)-(2.2.41). Formulas (2.2.42)-(2.2.43) are ob-
tained similarly by noting ¢*® (z5) ¢ (x) = —¢9 (x) p*? (x,) for xFx,.
To prove (2.2.44)-(2.2.45) we start with (2.2.41) or (2.2.43). If

/<y similar argument leads to the expansion

<§[)*(i) (xo)(P(al; L) 4721,,)—1: (a»§ L, @ (an; Ln)>

; <(p(a1 Ly)-- (P*éf),,—L(ap; L,) "'(01(4],-,)—k (a,; L)

0 r=1

‘@(an: L)Y (vp—a,+i0) [+,

Substitution into (2. 2. 41) yields (2. 2.45) for u<v. The case #>v is
proved similarly using (2.2.43). In the case g#=p we have from
(2. 2. 37)

<¢)*(i) (‘l‘")(p(dl: Ll) (t:’;‘{,ll (‘lv; Lu) '“Q((lu: Lu)>

=§7'7—T(ro— a,+i0) 57 Lo (ay L) ¢ (@ns L))

[e
Ms

- (y—a,+10) ' Lo (ay; L) --: 0¥ _1(a,)

It
)

h

X¢(]) % ((l )e(l/")ﬂ(“u L. Cﬂ(fln; L">> .

1

[

Noting — 277 (x,— x) i 51_ (to—a,)*(xr—a,)® =1 wec oblain (2.2.45)
0 21
for n=v.

Finally we note that the norm of the derivative of the operator

@(a; L) is expressible in terms of operators ¢@, pF®.

Proposition 2.2.7. Setiing L= (I;) we have
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2. 2. 46) j—awéﬂ (@) =33 982:(@) - (= Ly +04y),
A i (N N gk
d—% (@) =29E%(a) - (=L +04y)
a i=1

(2.2.47) Nr (%qo(a; L)> - 2niiil¢)§>(a) G*P(a) lsyNr (o(as L)).

Proof. Formula (2.2.46) follows immediately from the definition.
To see (2.2.47) it suffices to note that

Nr (%@ (a; L) > = %(%p (a; L) > NCVLTICE)

and that
d , 1 . L-1 ky L-1
—R@x—a,z’—a,L)=—"-((x—a+i0)*"'—(x—a—i0)"")
da 2mi
X L((x" —a+i0)*"'— (' —a—i0) 7).

Corollary 2. 2. 8.

a@uv
0x

(2. 2. 48)

log7,= —-trace( (a,; a,) L,>

au

where @,,(x,; x) is defined in (2.2.44)- (2. 2. 45).
Proof. Straightforward from (2.2.45) and (2. 2.47).

§ 2. 3. Solution to the Riemann Problem

Before proceeding to the convergence proof of (2.2.27) and
(2. 2.29), we must make precise their meaning, for in general an infinite
series of hyperfunctions does not make sense as mentioned in § 2. 1. We
shall show below that the series (2. 2.27) is convergent in the complex
domain zy, xr&Pg— [ —o0,a,] and that it defines a holomorphic matrix
Y (xo; x) there. It is then natural to define the series (2.2.27) for
Y. (xy; x) to be the boundary value Y (x,+:0; x+:0). Also the precise
definition of the series (2.2.25) for R(x,x’) is given through the for-
mula (2.2.7).
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Apart from the field operators ¢ (a,; L,), it is natural to extend the
parameters a,, --+, a, to the complex domain. Let ay, -, a,& C be points
such that Ima,>--->Ima,, and denote by [’, the half line {r&C]
Im(r—a,) =0, Re(x—a,) <0} (Fig. 2.3.1):

r,
I,

a,

a;

as
s

I

Qan

Fig. 2.3.1. Contiguous lines indicate those with the same imaginary part.
For (zy, x) € (C—-T",) X (C—T',) we set

(2.3.1)  Z,(x; ©) = ” dxldxz_;‘ i

T (xy—a,) —x;

i

XRux—}—a s+ a, S
(2 ’ )27'5 x,— (x—a,)

=0, (| dedas X" R(zyan L, ‘
I s e s

Py f [dxl dxwl . R(ay, s L))

vy =1 2n (xg—a,) —x;
X A,w, (-732, xa)R<x3, Ly, Lu,) "‘Au,.._u (le, x2l+1)R ($2L+1, Lar+25 L,,)
1 i

2% Ly — (x—a,) ’

where R (x,z’; L) is defined by (2.2.17) and

5 L ()
(2.3.2) A,.(z,z2))= {Zn z—x'+ (a,—a,) £10

0 (u=v).

The defining function of Y, (x,; ) will then be given by

(2.3.3) Y (xy; ) =1—27i (xy—x) Z 2, (x4 X) .

syy=1

We proceed as follows. Set
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0 412 ........ Am

R, . :
@34 R=| " |, A=@w=| TN 0
\ Ly : " Anin

Anl"”An,n—l 0

where R;, (resp. .4,) denotes the integral operator with the kernel
R(xz,z"; L,) (resp. A, (x,z’)). It is shown (Proposition 2. 3.1, 2. 3. 3)
that R;, and A,, regarded as linear operators on L?(—oc,0;dx)™, are

bounded operators provided, for each y=1, ---, 7,

(2.3.5), [Re A |<1/2 (=1, -, m),
where A, -+, ¥ denote eigenvalues of L, Convergence of (2.3.1)

is then proved by showing that the series R= (1—RA) 'R=>1(RA)'R
1=0
converges in the operator norm for sufficiently small |L,|] (v=1, ---, n).

To begin with we note the following well known fact:

Proposition 2.3.1. For Ima=0 we set

x. - L S Yo
Ka: /(@) 2 x—x’:t(a—l—iO)f(x ).

Then Kz is a bounded linear operator in L*(R';dx) with |KE|<1.

It depends holomorphically on a for Ima>0, and continuously for
Im a=0 in the strong topology.

Denote by A, the integral operator
1]
Ay f@) e 0(—2) f dz’' A, (z, =) f(z").

Proposition 2. 3.1 implies that A,, is a bounded operator in ZL*(R.)
=L*(R_;dx) (R_=(—0o0,0)) with norm =<1. Moreover it depends
holomorphically on the parameters (a;, '+, @) €V = {(a, -, a,)
cC"Im a,>+->Ima,}, and is continuous in the closure V in the strong
topology.

Next consider the operator

(2.3.6) R:.: f(x)Hj‘Z'xe L i) (630)

x—zx'+ie

where f(x) =(fi(x), -+, fn(x)) and L denotes an m X m matrix.
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Making use of the Fourier transformation

(F 1) @) = jdx i 1 ()
(2. 3.6) is alternatively written as
(2.3.7) Rf.=x"cF 00 (L&) e o ox”

where x% (resp. O(+ &) e ®¥) denotes the multiplication operator f(x)+—>
2P f(x) (resp. g(&)—>0(£8&) e *g(£)). First consider the case m=1

where the matrix L is a complex number 1€ C.

Proposition 2. 3. 2. If |Re A|<}, R}, is a bounded linear operator

in L*(R.), and lim R§., which we denote by Rf=Rf,, exists in the
el0

strong topology.

The authors are grateful to Dr. K. Yajima who pointed out that the
boundedness of Rf is implicitly proved in Lions-Magenes [18].
The following proof, divided into several steps, is essentially a modi-

fication of arguments in [18].

Let H,(R") denote the Hilbert space {g (<) ||zl (F ~'g) (x) € L*(R’)}
cquipped with the norm g = ( [ delle(F ) @) F) . Note that
H,(R"Y and H_,(R") are mutually dual spaces through the bilinear form

2.3.8) <o, gz>:j SRCYRE
- 27

- _::le.rl"(ff"lgx) () - 1217 (F gy (—x),
e H, (RY, g€ H_,(RY.

Lemma 1. Tor 0<<A<{1 we have

o= """ r a2 [Tas o [T € g0 o1
0 o 27

Proof. Set f(x)=ixl"(F'g) (x) €L*(RY). Since g(E+0) —g (&)
= ((e7*"—1) x| ™"/ (x)) (§), we have by the Plancherel formula

j‘dca ! “f' ‘l—gig(é—i o) -9/
0 - 2T
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= j;mdo‘ o J‘j:dﬂ (e7*" —1) x| * f(x) |?

= L [al S e
- [T '—1' f dz|f (@),

Noting the formula

j“ﬂ 1—cosg _ 1 T
g I'(1+22) 2sin 73

we obtain the lemma.

Lemma 2. For ¢g(&) € H(R) (0<<1<1/2), we have

[ emg@r=ze(i+  2) [(aso = (L ger0 -0

This lemma is proved in [18], pp. 58-59.

Proof of Proposition 2.3.2. Since multiplication by |x|* is a unitary
operator for A€iR, we may assume that . is real. In view of (2.3.7)
it suffices to prove the boundedness of the map g (&) >0(+&)e Flg (&)
in the topology of H,(R") for —1/2<CA<(1/2. By the duality H; =H_,
through (2. 3.8), we see that it is sufficient to consider the case 0=TA<C
1/2. the case A=0 is trivial (indeed the Proposition reduces to Proposi-
tion 2. 3.1 in this case). Assume 0<{A<{1/2. From Lemma 1 we have
for 20,

2.3.9) 10+ 9@ ln=a®-( ["dr.g-
x| T o @ oy et egE L) — 0 £ De @)
- 21

=a() I+ L+ I,

where cl(z)=<“““r(1+2x)> . and

I,= J‘de'-G‘l"“ j’“égl e"“'“"'ig(i (E+0)) __g<_J:§-){z
0 o 27
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I,— f de-o-i f d‘fle—elw e 2g (£8) |?

I,= rdo-a‘l—“ ja as e g (£6) .
0 o 21

Making use of the inequality
3216~2E$£]‘2)\e"215—21 (S, i>0)

we have

(2.3.10) I,= j dg-c7 e — 1| j e g (£9) [

— 11(1 - 21) (1 _2—1+2A) 321 jw di 6—255
A o 21

9(+)!"

sra-zpa- e -z T8 g gr.,

For the third term I, we have

(2.3.1D) Is<f g (£ [ f dg-g==4

1 jm dé‘ —221 2\ 12
== | g,
21 Jo on g( S') i
Combining (2. 3.9) ~(2.3.11) and Lemma 2 we obtain

2319 10(=He 9@ InSa@Wea® ( [ do o
< [Ty =@ ) 9 OF) S DIg@ln,
0o 277 /

o/ 2\ 1
D1t /212 ) 1
=1+ y2(1+ —2/1/x< 22
eI (1-22) AT (A2 ),
This proves the boundedness of Rf..

of Ri.(¢—0), we note

To prove the strong convergence

(2.3.13) [0(£8) (e =1)g (&) |5, = (D)

e B R SV
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o =3 2
+ <r(1——21) -/{"1(1—2_”“) J; %;—e‘zefsufg(:tfﬂzyl

+ <§1Z j;m%i‘ g2l _1)2g (£ &) ‘Z>1/z}

which is derived by a similar argument as in (2. 3.9). It is easy to see
that each of the integrands in the right hand side of (2. 3. 13) is dominated
by an integrable function independent of &. Hence the Lebesgue’s theo-

rem is applicable and we have lim||8 (%) (¢ *¥1—1) ¢ (&) ||, =0.
gl0
Extension of Proposition 2. 3.2 to the matrix case reads as follows:

Proposition 2.3.3. Assume that the eigenvalues Ay, -+, A, of the
matrix L satisfy |Re 4|<<1/2(=1,--,m). Then Ri. is a bounded
operator in L*(R_;dx)™, and lim Rf., denoted by Rf = Ri,, existsin

elo
the strong topology. We have, for ¢=0,

(2.3.14) Ri.f(x)=1 § 24

RE. , L*(R_;dx)™.
oo}, L RS (@), FEL (R da)

Here the contour C is a simple closed curve in |Re 2{<<1/2 encircling

Ais *+5 Am In the positive direction (Fig. 2.3.2):

Re 2

|
ol
ol

In particular Rf depends holomorphically on L in a neighborhood of
L=0, and |Rf| is uniformly bounded there.

Proof. From the proof of Proposition 2. 3.2, we have an estimate

|REN =O(IRe A7) ([Re 21/<1/2)
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which is valid uniformly for ¢2=0. Hence, for each f& L*(R_; dx), 1—
Rf. [ is an L*(R_; dx)-valued integrable function. Making use of the

{formula

aty’ t= 1 Ade‘ a7
T 2riJe A —L

we have, for ¢>0 and feL*(R_;dx)",

dxlvl ,ijiyxi._, :tl x:_]f(x>

Ri . f(x) = —
L/ () o2 2midedl— L7 " x—x +ie

1 d}k
= _ RE, .
oniJoi—1L " S (@)

Since lim Rf, f(x) exists in L’norm, so does lim R¥ f(x) and (2.3.14)
cl0 el0

is valid also for ¢=0. Holomorphic dependence of R, on L is obvious

from (2.3.14). This proves Proposition 2. 3. 3.

Note that from (2. 2.17) the integral operator R; corresponding to

the kernel R(x,z’; L) is expressed as

(2. 3.15) r=lim R, ., R, .=2isin 7L ("R} .+ e " R ,).

elo
By Proposition 2.3.1, the operator A in (2.3.4) is bounded in Y =

L*(R_)™. Moreover under the condition (2. 3.5), (v=1, ---,n), R is also
a bounded operator in ¥ by Proposition 2.3.3. We have

(2.3.16) | R|<max 2sinh 7|, |e"™! (| R%| + | Rz]), [|A|<n—1.
1=v<n

Note that |R| is made as small as we please if |L,|] (v=1, -, n) is

chosen small enough. Thus we have the following.

Proposition 2.3.4. In a neighborhood of L,=0 (v=1,--, n),

(1—RA) ! exists as a bounded operator in Y, and coincides with

the Neumann series Y (RA)"
1=0

Proposition 2.3.5. The series (2.3.1) for Z,, (x,; x) converges
absolutely and uniformly on any compact subset of (C—1I',) X (C—1T,).

Moreover Z,, (xy; x) is holomorphic with respect to a,, -+, a, on
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V={Ima,>->Ima,} and is continuous on V.

Lemma. Set k,(x) =217r—x%, zelC—(—o00,0]. Then z+—£k,(x)

defines an L*(R_; dx)-valued holomorphic function on €— (— oo, 0], and
1 0 (z=re®; >0, 10| <n).

2.3.17) k@)= —y o

1 dx
« (27) |z —re®)?

Proof. |k.(z)|’= f

zlj" (1 1 g,
@n)? J-«2irsinf \x—re?® x—re®

_ 1 0
@m)trsinb’

(The result is valid also for 6=0 by continuity.) Analyticity of zi—>

k. (x) is obvious.

Proof of Proposition 2.3.5. For f,geL?*(R_;dx)™ we denote
0 -
their inner product by (f, @)1= dx'f(x)g(x). Then the matrix

Z,, (xy; x) is expressed as i(kin_@ﬂ, [(RA)'R],/s-s,)r.. Since i(RA)LR
1=0 1=0

is convergent in the operator norm, we have

2 1Cks, 5,0 [(RAVRYke-0) o STURAY R ol oy e, | <00

=0

This proves the first half of the Proposition. Analyticity and continuity
with respect to ay, --+, a, follows from that of RA in the strong topology.

Corollary. 2.3.6. For a fired x,€C—1I, we have

2.3.18)  |Zu@s2)|[=0(, L) (z—al->0)

Viz—a,|
=O<TIITC—T> (lx|—00)

uniformly in any subsector |larg(x—a,) | <r—e (0<eL1l) of C—T,.
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Proposition 2.3.7. Z,(x,; x) is analytically prolongable with re-

spect to x,(resp. x) across the cut I', (resp. [,).

Proof. Assume r,&1,— {a,}. The analytic continuation of Z,, (x,; x)
is then obtained by deforming the overlapping paths I',, (i.e. those such
that Ima,,=Ima,) (F=1, -, k) as shown in Fig. 2. 3. 3:

a,
Zo ag, vz
TN — /2 Qg, #
(23
Fig.2.3.3

In order to justify this procedure we must show that the convergence of
Z,, is not affected by a slight change of the paths of integration. In
other words we are to prove that R; and A, remain bounded, and the
increase in their norm is chosen as small as we please under sufficiently
small modification of the path. Since the argument is essentially the

same, we consider the case of Ry,

Proposition 2.3.8. Let x(s) (—oo<sZ0) be a C-curve in the
x-plane satisfying
() x(0)=0
(2)  there exists an s,<0 such that x(s) =s for s<s,
(GZii)  for some c¢>0, |x(s) —x(s") |[=cls—s'| (—oo<s, s'<0).
Then under the same condition on L as in Proposition 2. 3. 3,

P . > Lo ler és: — L _ M_é:_i__,A
Reif@m [ 2605 Calr o E

X (=z(sD))Ef ()

is a bounded operator in L*(R_;ds)™, and lim ﬁ}'je exists in the strong
el

topology. Here the dot indicates differentiation with respect to s.

Proof. In view of (2.3.13) we may assume that L is a complex

number A& . It suffices to show that the difference of two kernels
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+1 _
1(zx, 25 8) = (—8) ' ——=—— (=)
s—s ke

+1

~ (~z () (2 () ()

x(s) —x(s) +ic

belongs to L*(R_X R_;dsds"), and that limy (s, s";¢) exists in the L*
clo

norm.

Rewrite (s, s’;¢) as

X1 (Sv SI) + XZ (S, S,; 5)

7 (s, 55 €) = () S8 L {( (s—s')*
S

z(s) —x(s’) +ie (s—s"£ig)?

/7

+2() 275 (s, s },
( )s—s’:tiels( )

where

11,5 =D () — () — (=) 2(57))

(=)
O R CDN SO R 1C
p_ (=D =N (—z@) ) =z
xa(s’s>— s—s’ <1 < —s >< —s ) )

Since the coefficients of y;, y, and y, are bounded functions by (iii),
it is sufficient to prove that y, ¥, EL*(R_-XR_;dsds’"), and that
lim y, (s, s";€) =0 in the L*norm.

i Notice that ¥, (s, s"), ys(s,s’) =0 for s, s"<s, by (ii). We note also
that ¥; (s, s") = (—s)*(—s") 7*X (continuous function) for 7=1,3. For i
=3 this is seen by noting |z (s)/s|=¢>0 so that (—x(s)/—s)* is in

class C*. Hence for i=1 or 3

0 0 250 0
” dsds’|7:(s, s')|2=<“ dsds’ + f dsfds'
—00 28 —o0 So

0 25,
+ jdsj ds’)[xi(s,s’)lz

—JP TP+ TP

Since u=|Re a|<1/2, J, is finite. As for J,*’, we have
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25, 0
JP = j‘_ ds j ds’|71(s,s") |°

= jds’]s’] z”f ds —2(s")+5'2 () +s A —z(s)|?
<2{j‘ds [s"| |z (s") —s"£(s) |- f ds :l‘

0 2(p+1)
+ st’ls'i“z"ll—i(s’)lz- f as 151 l“}

o IS'—‘SO
<oo.

Similarly

25 0 0
JP = j_wds jsds’lxs(s, sHIP= £d3'l (=)' = (—x ()

j ds s
|s —so|*
<o

The term J® is shown to be finite by a similar calculation., Next con-

sider y,. We have
0
jj dsds’|1:(s,s7; €)|°

2
d s 2,441 ZJ\ d 2p
= a1 e s

- Ids 157|211 — x<s)|2_TM((s ie) (s —ig) ™)

=0(8) (6—0).

This completes the proof of Proposition 2. 3. 8.

Remark 1. In the case Ima,>--->Ima,, another way of distor-
tion of the contour is to replace /s simultaneously by parallel lines as
shown in Fig. 2. 3.4. From this we see that the estimate (2.3.18) is
valid in a sector —r—e<arg(x—a,)<mw+¢ whose central angle exceeds
27,
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Remark 2. By Proposition 2. 3.8, it is possible to deform the con-
tour as in Fig. 2. 3. 5:

—//’\ .aza a,

1

Fig.2.3.5

As far as the series is convergent, this gives an analytic continuation of
Z,, (xy; ) with respect to ay, -+, a, outside the domain V= {Im g,>--->

Ima,}.

Now we shall assume Im a,>:-->Ima, for the moment and study

the monodromic property of the matrix Y (xy; x).

Theorem 2.3.9. In a neighborhood of x=a, we have
(2.3.19) Y (x5 2) =0, (x; x) - (x—a,) ™

where O,(x,; x) is a holomorphic matrixz at x=a, given by

(2.3.20) 0,(xp; x) = (xo—a,)+21i(xo—2) > 2] dx,Z 45 (x0; 1)

n
u=1d(+v) JC),z

The contour C,, is shown in Fig. 2. 3. 6.

Similarly at xy,=a, we have

2.3.21) Y (2; 2) = (20— a,) " 0F (xo; )
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(2.3.22) 0F(z;2) = (x—a,) M —20i (zo—2)Y 3 | day 2 —*
oFm =1 JCuz, 2T Zy— 2y

(zy—a)Z,, (21 ).

At xy=a, and x=a, we have

(2 3. 23) Y(J:g, :r) = (-TO - a/f) La. m/w ('T()v 1‘) : (‘T_ av) kb
(2.3.24)

@F,(xo;x)=6,,,,-1—1—27£i(x0~x)f dr, dxz—
Cuyzo

(x . _L#
Cy,z 2 Ty — Xy t I‘)

( 1 A=0,)+ 3 Y Z,, (s .r2)> :
2% x;—x, o(F1) 0(FY)
o1 i
. —a,)r— .
(s " 2T x3—x
C,
F, xX
ay
Fig. 2.3.6

Lemma (cf. (2.2.10)).

(2. 3. 25) fdsz (21, 22 L)2nm
= (1 80P — (2 — i0)* >§7‘mcl__z§i—a>("‘“v>'“
f dx,g?r ES:o—ﬁ.,,)chfR(x” 20 L)
B e (RN C R VDL

Proof. Straightforward.

Proof of Theorem 2.3.9. First we note the relation (1—RA) 'R
=R+ (1—-RA)7RAR. This implies that Z, (zo;x) = (kz,-a,, (0uRyz,
+ > A—RA) 7R, AR ) ks ), i

Frem)
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Z, (20 :”d d { L ¥
(i 2= ) ) o ey ay =

+2Zp,<xo,x1+a>}R(x1,x2,L) i
o (Fy) 71' 2—(.23—4,)

= dx1 {l d 6/“’
r, 2r (xy—a,)—(z;—a,)
+ ;)Z,m (z0; xo} (@1~ a,+i0) ™ — (2, — a, — i0) ™)

1

2n Ty—X

(x—a,)~"

where we have used (2.3.25). Since Z,;(xy; ) (05y) is holomorphic
with respect to x in a neighborhood of I',, we may deform the path of

integration into a contour (Fig. 2.3.7) and obtain

I,
x al’
w > —=0

(2. 3. 26)

Z (x93 ) = j dxl 2” .

}_‘_, Z e (203 x1)> (z1—a)™

0

1

xr—a,)
27rx1 x( )7

+27I.’i<l— : 6p»+ EZ,ua'(xo;x)>'(x"“au)Lv‘i—(x—av)_L"
2 a(Fv) 2r

T Ty— T
:<6 l ~;“ (xo—a)t— 2 dle/w(‘r“’xl)
27‘[ Xo— I o(Fv) JOy, z
@—a) =t ) (—a)h
275 T —X

—0,, 1 ¢ — 2 Z (203 ).

on xo—zx o

Hence by (2.3.3) Y (x,;x) is expressed as

Y (zo; ) =1—2mi (xo—:c)ﬂ;"l(Z,,,(xo; 2) 4 3 Zye @ 7))

=0,(zo; x) - (x—a,) ™
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where 0,(x,;x) is given by (2.3.20). Formulas (2.3.21)-(2.3.22)
are proved similarly. To prove (2.3.23)-(2.3.24) we start with (2. 3.
22). From (2.3.22) we have

0% (xo; ) = (x—a,) P —21i(x,—x) D dxl (x1—a,) b

oFn) JCp, 2, 2T xy— x4

x; Z o5 (215 )
=(x—a,) +2mi(xy—x) 2,0, dx1 (xy—a,) "
oFm Cuyzq 2T xy— 24
w1 420 (21— ) j dz, dzy, 2t (zi—a)™
2 x1—x Cyz 2T xo— 2y
X <_1_ A=6,)+ 3 X Z,. (s xz)> (Ta— )
27[ X1— X3 p(Fn) 6(FY)
><l L (x—a,)™™
2T x;—x

=(zx—a,) - 1-0,) (x—a,) "+0,(xy; x) (x—a,)™",

where @,,(x,; x) is given by (2. 3. 24). This completes the proof of The-
orem 2.3.9.

Theorem 2. 3. 9 shows that the branch points are regular singularities
for Y (xy; x), and that the latter has the monodromic property (2.2.1)-

(ii) there. When prolonged around x=oco it satisfies
T Y (x0; ) = Y (25 1) M.,
where M, = (M,---M,) "' and 7., denotes a closed path encircling oo clock-

wise (see p. 17). If each |L, (v=1, -, n) is sufficiently small, M, is

arbitrarily close to the unit matrix. We set

(2.3.27) L.=_L
2ri

log M., —%i( ! 1(M‘,‘,—l)L.
From (2.3.18) we have an estimate
(2. 3.28) Y (zg; 2) | =0([z]) (lz]->00)

which is valid in any finite sector §,<<arg x<{0, thanks to the monodromy

property (see Remark 1 below Proposition 2.3.8). Thus z=oc also
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is a regular singularity of Y (zy; x).

Theorem 2. 3.10. For sufficiently small |L,| (v=1, ---,n), we

have
(2.3.29) Y (xy; x) =0, (y; x) - 2™

where @, (xy; x) denotes an invertible holomorphic matrix at x= oo,
and L, is given by (2.3.27). Moreover for v=1, ---,n 0,(x,; x) de-
Sfined in (2. 3.20) i5 invertible at x=a,.

Lemma. Let MeGL (m,C) satisfy |[M—1|<<1, and set L:%z;-

— L_l .
logM=3" (—ll— (M—1)'. 1If L’s~L satisfies "%’ = M, there exists an

=1

eigenvalue X of L' such that |Re Mg%

Proof. First assume that the eigenvalues 4, -+, tt,, of M are mutual-
ly distinct. Tak: a P=GL(m,C) so that P 'MP is diagonal. Since
P7'LP and P7'1.’P both commute with P 'A{P, they also must be diago-
nal. On the other hand the eigenvalues of L’ have the form A;=un;

—‘-;Tilog Y, ;4. Now if LsL’ we have n;7=0 for some j, and
Re Z,——njl=!2—1:r Arg /lj!<_41f since |#;—1l1<C1. This implies that |Re 4]
/

3

==
-4
In the general case, there exists a sequence L® L’ (k—>o0) such
that M® =¢**L® has distinct eigenvalues, |M*® —1!<1 and L(’”:,é-zln—.-
i
log M™®, Let A* be an eigenvalue of L® satisfying |Re /1”“]2%, Then

an accumulation point 1 of {A*’} is the desired eigenvalue of L’.

Proof of Theorem 2.3.10. Set y(x)=det Y(x; x)-ﬁ(%) tmem,
where the branch is so chosen that v(x,) =1. Theorem 2. 3. 9yimplies
that y(x) is single-valued and holomorphic everywhere in the finite
x-plane. In view of (2.3.28), y(x) must be a polynomial. Since

xr=oc0 is a regular singularity, Y (x,; ) is written in the form

(2. 3. 30) Y (x; x) =0 (x0; ) - 2%,
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where @7 (x,; x) is a holomorphic matrix at x=o00 and e*ile= 7, We
have then y(x) =xtrace(L;+,_zj‘;L») X (holomorphic function at x=o0), so
that trace (Lf,f,—l—zn L)) is a non-negative integer. Among the possible
choice of @ a:é L” satisfying (2.3.30), let @, L. be such that
trace (Lf,f,—&—anL,,) attains its minimum. We insist that L, = L.
Choosey= P=GL(m, C) so that P'LLP=J=J & - ®J, is the

. . . (AF
Jordan’s canonical form, where J, is the m, X 1z, matrix ( T ].'*) (x=0 or
- s Ar

1, m+-+my=m) and A.(r=1, -+, s) denote the distinct eigenvalues of
L., satisfying Re ,=>---=>Re 4,. Let ¢; () denote the j-th column vector of
O, P. From the estimate |0, (x,; x) P2’ = | Y(x,; ) P| =0(|z]), we have

(2.3.31) (@), s (@) &1 =0 (V]z]) .

Assume L/ =<L.. From the lemma there exists an eigenvalue 4, of

L., such that IRe lrlz% Since X mJ,—FétraceL,zO and |L,| is suf-
r=1 v=1

ficiently small (y=1, ---,7), we have Re>=>>.

On the other hand we have from (2.3. 3£11) b, () 21 =0 (V]| z]),
which implies ¢,(c0) =0. From the estimate for the second column
|, (£)-2* log 4+ ¢ (x) - 2| =0(V|z]) we then conclude ¢, (c0) =0.
Continuing this process we find that the first m,-column of @7, (x,; x) P is
divisible by x~!. Therelore

Y (3 &) =00 (x5 ) P - im0 o0 7 Pt

=00 (xy; ) -2l

where 0., is holomorphic at x=o0 and L’;=L;—l—P<—1"“ O>P“. This
contradicts to the choice of L.

Since |L.| and |L,|’s are sufficiently small, it follows from the rela-
tion e*™l=g? ... g2l — 1 that trace (Lm—!-i L)) =0. Hence v(x) reduces
to a constant y(x,) =1, and in particl:llar det @, (x,;: 00) #%<0. From
(2.3.19) we have 1=y (x) =det®, (x,; x) - [[ (x—a,) el ﬁ (o
—a,) ""ls  This implies det @, (x,; a,) 0. e "~

n _ —trace L,
Corollary 2. 3.11. det Y (xy; x) =]—[<"C al> .

v=I\Ty—da,
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In general, let a;, --*,a, and =z, be distinct points of Pg, and let

L,, -+, L, be mXm matrices subject to the condition

(2. 3. 32) o2l geiln ]

Consider the following precise version of the Riemann problem: find a

matrix Y (x) with the properties
(2.3.33)

(0) Y (x) is a multi-valued analytic matrix on Pg&—{ay, -, @},

O Y()=0,(2)  (x—a,) ™ at x=a, (v=1,---, n), where
@,(x) denotes an invertible holomorphic matrix at x=a,,

(2) detY (x)==0 for xz=+ay, -+, @,

3 Y (xy =1.

Here if a,=oo for some vy, x—a, is to be replaced by 1/x in (1). Such
a matrix does not exist in general, but if it does it is uniquely determined.
For if Y,(x), Y,(x) both satisfy the properties (0)~ (3), one verifies
easily that their ratio C=Y,(x) Y,(x) ~'is single valued and holomorphic
on P§. Hence it reduces to a constant C=Y;(x,) Y;(x,) =1 by (3).
To make explicit the dependence on parameters we denote this matrix by

Y<x0;x;zl---g">. Theorems 2.3.9 and 2.3.10 show the existence of
1 n

Y<xo;x; ... %n o°> for sufficiently small |L,! (v=1, -, n). This
L, L, L,
result is also proved by Lappo-Danilevski [12] by a quite different
method. We emphasize the point that in our solution (2. 2.27), (2.3.3)
the dependence on the exponent matrices L,, :--, L, is more explicit and
manageble than in the expression given by Lappo-Danilevski.
We now consider some elementary properties of the matrix Y (y; x)
=Y<y; x; I‘jl-"z"> %% In what {follows we choose a projective coordinate
1

n.

so that

(2. 3. 34) a,Fco (=1, -, n).

Observe first that it is invariant under projective transformations in

the following sense:

@ In order to specify the branch we choose as branch cuts mutually non-intersecting
smooth curves joining a, and, say, aa.
¢4 Hereafter we denote xo by y so as to regard it as a variable.
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(2. 3. 35) Y<h(y) D h(x); hzl)...h2">> :y<y; x: Z Zﬂ)

where

N

h(z) =928 h:(“ B)eSL(Z,C).
Tx+0 r 0

Formula (2.3.35) is seen by noting that the left hand side has the same
characteristic properties (0) ~(3) of (2.3.33). Also we note that for
any Y,(x) satisfying (0) ~(2) of (2.3.33) we have

(2. 3.36) Y(yiz) =Y:(y) 'Y (x).

In particular the y-dependence of Y (y; x) is known from (2. 3. 36); name-
ly at y=a, it behaves like

(2. 3.37) Y(v; 2) = (y—a,) “0F (v; x)
where @:‘ (y; x) is a holomorphic invertible matrix at y=a,.
Proposition 2. 3. 12. Under the condition (2.3.34)
_ v Q1 Qn
Y=Y (yim g )

satisfies the following linear total differential equations

(2. 3. 38) dY=2Y,
(2. 3. 39) 2= A,d log =%
v=1 y—a,
e A»<d<x—a") _d(y——au)>_
v=1 xr—a, y—a,
Here
(2. 3. 40) A,,=A,<y; dlu- an): —-0,(a,)L,0,(a,)t (@@=1,-- n)
L‘ L»n,

denote matrices independent of x satisfying
(2. 3.41) STA,=0.

In particular, as a function of z, Y satisfies the Fuchsian system of

ordinary differential equations
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(2.3.42) “r

The coefficients A,, regarded as functions of v and a= (a,, -, a,),

satisfy the Schlesinger’s equations

(2.3.43) dA,=— Y [A, Aldlog %»=% (u=1, - n).

v () y—a,

Proof. Denote the lform dY-Y ' by £. Clearly £ is homorphic

in x outside x=a,, -+, a,, and from (2. 3.33) - (1) it is written there as

2=d4dY .Y '=d0, -0;'—0,L, d(x_—“ﬁq);l =1, -, n).
xr—a,

This implies that £ is of the form

d(x—a,)

xr—a,

2=3"A4, s
y=1

A,=Res (dY-Y™) = —0,(a,) L,0,(a,) " .

Here £’ is a matrix of 1forms in v and a. The relation (2. 3. 41)
follows from the residue theorem. Since Y|,.,=1, the pullback of 2

to the submanifold x =1y vanishes identically, and we have

0=y14,40=a) L g
=T y—a,

This proves (2.3.39). Differentiation of (2. 3. 38) yields
(2. 3. 44) 0=ddY) =d@-Y—2NdY=(d2—2/N\D)Y.

On the other hand, we have

d9=>dA,N\dlog T=%
y=1

y—a,

A= 3 A, AdlogE=% N dlog T7%

my=1 y—a, y—a,

Noting

d log(zx—a,) \d log(x—a,)

:( 1 1 ) la(Z(.J;—aM)/\zl(.fc—ay)

r—a, xT—a/ a,—
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xr—a

» a,—a,

_dl(z=a,) = (x—a)) \d(z—a)

tl,,—tl,, r—a,
=d log(a,—a,)N\d log(x—a,)—d log(a,—a,)\d log(z—a,)
(u#v),

we have
QAL= 3[4, A]dlog(a,—a,) Ndlog(x—a,)
—21A,-4,(dlog(y—a,) \dlog(x—a,)

—dlog(v—a,) Ndlog(x—a,))

+23VA,-Adlog(y—a,) N\dlog(y—a,)

e

- 2 [*41!* Au] d 10g (Cl,,"‘ aﬂ) /\d 10g (y_ (l,,)

v

= Y [, L] (dlog (a,~a,) —dlog (v—a,))

eEY

N\ (dlog(x—a,) —dlog(y—a,)),
and hence

(2.3.45)

d2—QN2= ﬁ(dA,+ X\ [A,, A,]d log “=%) A d log =%
y=1 (V) y

—a,

3

Combining (2. 3.44) and (2. 3.45) we obtain (2. 3. 43).

Remark. Similar argument shows that Y<3!;x;zl-~-z" zo> satis-
1 n o
fies equation of the form (2.3.38), where the coefficients A, need

not satisfy the condition (2. 3.41).

So far in studying the properties of the matrix Y (xz,; x) defined by
(2.3.3) we have assumed Im a,>--->Ima,. We now return to the ori-

ginal situation where ay, -+, @, & R'; namely we consider
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(2.3.46) Y, (x; x) = —2mi(xy—x)

<o e e 15

Proposition 2.3.13. Assume that a, -, a, are distinct points
of R. For fixed v(A<y<n), let {my, -, ey (<-<t) be the set
of indices satisfying <y, a,<a,. Then at x=a, Y, (x:;x) defined
in (2.3.46) has the behavior

(2. 3.47) Y, (x,; x) = (invertible holomorphic matrix)
X (x—a,+10) %,

where

(2. 3. 48) Li=(M, -M,)L,(M,-M,)™".

In particular if a,<---<a,, we have L,=L, (v=1, -,n). At x=00
Y. has the behavior (2.3.29).

Proof. Suppose z belongs to a neighborhood U of g,€R in the
upper half plane. Choose a,& C sufficiently close to a, (u=1, --,n) so
that Imaf >--->Ima,. Let Y'(x)zY(xo;x;‘llimZi Z;) be given by
(2.3.1)-(2. 3. 3), where the integration paths [, involved are as shown

in Fig. 2.3.8 (a). By the continuity with respect to a, we have

(2. 3.49) Y. (xy;2)= lim Y’ (x).

aj=>a =y

Next we deform the paths I, -+, I, into I, -+, I",, so that x is
contained inside the region bounded by 77, and I, (Fig. 2.3.8(b)).

I—v’ 4y 7 I'lll / aﬂ'l
“x , Lo “E ’ Ay
r’ a, r, a,
r,;, an, I‘n’ an,
(a) (b)
Fig. 2.3.8

Clearly the corresponding matrix Y” (z) is obtained by analytic continua-

tion of Y’ (x). Indeed, the monodromic property of the latter implies
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(2. 3. 50) Y (x) =Y (x) M,,---M,, .
On the other hand, from Theorem 2.3.9 we have
(2. 3.51) Y (x) =0 (zy; x) - (x—a) ™ at x=a,

where @) (z,;: x) is given by (2.3.20) with /7, in place of I, (=1, -,

k). Making use of the integral representation (2.3.20) we can prove

Lemma. lim @) (x,;x) is holomorphic at r=a,.

L34 SRR 4Lt

Combining (2. 3. 49)- (2. 3. 51) and the above lemma we conclude that

(2.3.52) Y.(xp;x)= lim @) (x;x) - (M,--M,) " (x—a,) ™™

= (holomorphic matrix) X (x—a,) "%
at x=a,(y=1, ---,n). Likewise (2.3.52) holds also at x= o0, with L/,

=L,. By virtue of the relation trace(L,+Y)L;) =0, it then follows
v=1

that the holomorphic matrix in (2.3.5) is in fact invertible at z=a,

(see the proof of Theorem 2. 3. 10). This completes the proof of Proposi-
tion 2. 3.13.

As a consequence of Proposition 2. 3. 13, we have the following com-

mutation relation for ¢(a; L)’s:

Proposition 2. 3. 14.

(2.3.53) 0as Lyo(as MitLiMy)
o(as; Lyp(a L) _ {p(as; Ly ¢p(ay; Mi'LiMy))

{olas; Ly g(as; Ly v(as; MleMl:i)(p(al; L) (2> )
<¢(az; M,L,Mj; )@(41; L1)>

Proof. From the remark below Proposition 2.2.1, it suffices to
prove that the corresponding matrix Y, (&x,; ) for both hand sides coin-
cide. We are only to show that they share the common -characteristic
properties, namely that they have the same exponent matrices at x =a,, @,.

But this is a direct corollary of Proposition 2. 3.13.
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Finally we mention about the coalescence of branch points. For sim-

plicity assume Im a,>:-->Im a, and consider the limit a,, ., =, @y 45>y,

Proposition 2. 3.15. For sufficiently small |L,|(v=1, -, n), we

have
. al (Zn
(2.3.54) lim Yi{zxe;z; -
Qype1s vty Bypsk= By, L1 Lﬂ
a; Ay Ay, Quik+1 Qo
=Y Xy I “ee ~ s
Ll Lva—l Lvo Lvo+k+1 Ln

where L, is given by

~

2.3.55) L= Y log i, =L S (D7 g 1y,
° 2mi  2mitm ] ’

~

M,=M,M,. M, .

Proof. We already know that the limit Y (xz,; x) = lim

Qyg 4107 Cyg 4 k> By,

Y<xo;x; ziz:> exists and is given by the series (2.3.1), (2.3.3).
By the same argument as in Theorem 2. 3.9 we see that it behaves like
(2.3.19) at x=a,+a, (=a,+ =" =a,.r) with a holomorphic matrix
(2.3.20). At x=o00 Y(xy; x)x ™ is clearly single-valued. Hence the
estimate (2. 3. 28) guarantees the behavior (2. 3.29) at x=co with some
holomorphic matrix @,. We see also that it has the following monodro-

mic property around the point a, =a, ., = " =a, .x:
(2. 3. 56) 1.Y=YM,,

where ]’IZ,,D, given by (2. 3.55), is sufficiently close to the unit matrix
by assumption. Note that the growth order of Y (x,;x) at z=a,, is

estimated as

(2.3.57) [Y(xo;x)!=0<\/lx%a~l> (|x~a,,|—0)

uniformly in any finite sector §,<arg(x—a,)<0,. The rest of the argu-
ments is the same in the proof of Theorem 2.3.10. In particular we
conclude that @, (resp. @,) appearing in (2.3.19) (resp. (2.3.20)) is

necessarily invertible. This completes the proof.
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Covollary 2.3.16. Under the same condition as above, we have

(2. 3.58) lim ¢(as; L) ¢ (an; La)
Qyg o 1rwn By 4 =8y <¢ (al; Ll) "'(0(41»; Ln)>

— (P(ax; Ll) ) '¢(a»o—l; Lvo—1)¢(auo; Lua)¢(auo+k+1; Lu.,—i- k+1)' ° '(p(an; Ln)

<¢7(a1; Ll)' . ‘¢(fly,,—1§ L»,,—l)¢(au,,; L»o)¢(4un+k+1; Luo+k+1)' : '40(5171; Ln>> '

§ 2.4. 7 Fuanclions

Theorem 2.4.1. Let A,(yv;a) (u=1, ---,n) be solutions of the
Schlesinger’s equations (2.3.43). We denote by w the following 1-
Sform:

(2.4.1) w=%§trace A,(y;a)A,(y;a)d log(a,—a,).

Then w is independent of v, and it is closed.

do=0.

Proof. From (2.3.38) and (2.3.43) we have
0 _ 0 - 0
0 «y-a,y)=v 1<[A Oyy 1]+#A Y=0.
Oy( ok ? 0y dy ”>

Hence we have Y(y;x:;a) A, (v;a)Y(y;z;a) =Y (' ;x;a) 'A,(v;a)
Y (v ;x;a), and o is independent of .
We have

do =_;_ s trace<~ S [A,, A,]d log 55ﬁ‘>A,d log (a,—a,)
A(Fn)

nv y—a;

+L 37 trace A,,(— S [A4,, A,1d log ﬁiﬁ)d log (a,—a,)
2 e y

neFy —a;

= 3. (—trace[A4,, A;]14,)d log(a,—a;)d log(a,—a,)

4, v, Aidistinct

+_;_ trace ([A,, A, 1A, + A,[A,, A;1)d log(y —ay)

#,v, Aidistinct

xdlog(a,—a,).

Since we have trace[A,, A;] A, =trace[A,, A,]A,=trace[A4;, A]14,
trace[A,, Al A4, +trace A,[A4,, A;]=0 and dlog(a;—a,)dlog(a,—a,) +
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dlog(a,—a,)dlog(a,—a;) +dlog(a,—a,)dlog(a;—a,) =0, we see easily

that dw=0.

Let us consider the transformation property of w under a projective

transformation h=.<;z §>ESL (2, C). We assume one of the following.

(2.4.2) ST A, (y;a) =0.
(2. 4.3) 7=0.

Remark. (2.3.43) implies that

d(Zﬂ A,) = [; A, 2 Adlog(y—a)].

Hence the algebraic equation (2. 4.2) is compatible with (2. 3. 43).

Proposition 2.4.2. We assume (2.4.2) or (2.4.3). Then we

have

(2.4.9) A, h(a) =A,(v;a) (u=1,--,n).

Proof. We fix y and a and consider % as variable. We have

d log h (ap) —h (a")’:d Io a,—a, (Ty +6) (Tav+ 6)
h(y) —h(a) (ra,+0) (ra,+9) y—a,
~dlog YT
Ta,+0

Hence from (2. 3. 43) it follows that

dA,(h(y); h(a))

h(a,)—h(a,)

= —y;ﬂ)[flﬁ(h(y); h(a)), Ah(y); h(a))]d log () —h(ay’

= = (A, ) 7 (@), 3 A (h () h(@)]d log T2 o

B

=0,

Remark. As a corollary of Proposition 2. 4.2 we see easily that

(2.4.5) Yh@);h(x);h(@) =Y (y;x;a)
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under the assumption (2.4.2) or (2.4.3). This is the general form of
(2. 3. 35).

Proposition 2.4.3. Assuming (2.4.2), we have
(2.4.6) h*o—w=7y"trace A% dlog (ya,+70),
1]

where h*w= % ; trace A, (A (¥); h(a)) A, (W (¥); h (a))d log (h(a,)— h (a,)).

Assuming (2. 4.3), we have also

2.4.7) h*w—w= (3] trace A%, —trace A%)d log 0,
I

where A,=—3A,.

n

Remark. From (2.3.43) we see easily that d(trace A%) =0 and
d(trace AL) =0. In particular, for A, given by (2.3.40) we have

trace Af=trace L and trace A% =trace LE.

Proof of Proposition 2.4.3. From Proposition 2. 4. 3 we have

1 a,—a
h*w=_— > trace A,(y; a) A,(v; a)d log - R R
2 P Al ) (ra,+0) (ra,+0)

=w—>Y trace A,(y; a) A,(v; a)d log(ra,+0)
Ny

=w+ > trace A%d log(ra,+9)
u
Ftrace{A..(v; a) X' A, (v; a)d log(va,+0)}.
7t

Under the assumption (2.4.2) or (2.4.3) we have (2.4.6) or (2.4.7),

respectively.

Let us introduce an equivalence relation among all A,(a) (#=1, -,

71) which satisfy the Schlesinger’s equation

dA,=— Y [A,, A]dlog 22—,
) ]

v(Fu y—a,

where d, denotes the exterior differentiation with respect to a,, -+, a,

for some fixed x.
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We say A,(a) (=1, ---,n) and fT,,(a) (u=1, .-+, n) are equivalent
if and only if there exist an invertible holomorphic matrix P(a) satisfying
fL (a) =P(a) 'A,(a) P(a). We call an equivalence class % an inner
automorphism class. The 1-form w is determined by inner automorphism

classes. We denote by wy, the 1-form (2.4.1) determined by .&.

Definition 2.4.4. We denote by 7, (a,, **, a,) the (multi-valued)

analytic function defined by
dlogte=wy.

We leave a constant multiple undetermined in this definition of 7 (a,, **-,

a,).
The following proposition follows directly from Proposition 2. 4. 3.
Proposition 2.4.5. We denote by & the inner automorphism
class containing A,(v,a) (u=1,---,n). Assuming (2.4.2), we have

(2. 4, 8) 'L’y(k (a,l), - h (an>) — H (Tﬂp+ 6) trace 42 .
fy(al, (LN an) ]

We have also

Ty(tal +~a, -, ta,+ [l) — t—I/Z(E trace A%—trace 4%)
“ °

(2. 4. 9)
Te (dl, ) “ﬂ)

If we assume (2.4.2), a,=0o0 (a,Fco, ' =2, .-+, 7) is not a singular
point of the Schlesinger’s equations. Let A,(y;ai, -, a,) (U=1, -, n)
be solutions with initial values A, (y; oo, ay -, a,) = Al (v; s, =+, ay)
W=2,-,n. A,W; ay, -, a) (=2, -, n) themselves satisfy the
Schlesinger’s equations with #—1 branch points. Conversely, if
As (y; ag, -orya,) (W =2, -+, n) satisfy the Schlesinger’s equations, there
exist unique solution matrices A,(v;ay, -*+,a,) (=1, -, n) such that
S1A,=0and A,(y; o, ay, -+, a,) =A% (y;as, -+, a,). We denote by & or
]

% the inner automorphism class determined by A,’s or A’.’s, respectively.

Proposition 2.4.6. We have

2.4, 10 lim vy (ay, -+, @) a4 =const. T4 (as, -+, a,).
b b H 3

a0
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Proof. Choosing h=< 0 1 > in (2.4.8),
-1 it
we have
fy(al, Tty an) — H a;traceAi

1 1 1 1
fy(o, ait—a;t, -, ait—ayt)  1Zign

Hence we have the following finite limit.

lim 7y (ay, -+, @) a™* =150, —ay’, -, —az) I az"™%

P, 2<in

If we denote by d’ the exterior differentiation with respect to a,, -, a,,

we have

lim d’log to(ay, -+, @) a4

1
ay—>c0

=lim + >, trace A,(ay, -, an) A, (ay, -+, an)d’log(a,—a,)

a0 D 1SuFv<n

> trace A,(oo, ay, -+, az) Ao0, as, -+-, a,)d’log(a,—a,)

The main result in this section is the following.

Theorem 2.4.7. I/ A,(y,a) (n=1,--,n) are given by (2.3.
40), we have

(2. 4.11) dlog {¢(as; L) ¢ (ay; L) >=ws

where the left hand side is defined by (2.2.29). We define {¢(ay;
L) @(a,; L)Yy wp to a constanl multiple by integrating (2. 4.11),

namely we set

{play; Ly) ¢ (ay; L) >=const. tu(a, -, a,).

Proof. From (2.2.29) and (2.3.24) we have (cf. (2.2.48))

(2.4.12) 0?_ log <¢(as: Ly) ¢ (an; L)

a,

= — trace(%(a,,; a,) L,,>.
x
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On the other hand @% (a,; ) =0% (a,;y) Y(v: x; a) satisfies the following

Fuchsion system with respect to x

* . (D]
(2. 4.13) d“’ﬂé“w D s A D gr g, ),
x v r—a,

(2.4.14) AP (a) =0%(a,; v)A,(y; a)0F (a.; v) ™.
The local expansion of &% (a,;x) at x=a, is as follows:

(2.4.15) Of(a,; x)= <1+%(ap; a, (x—a,) —l—) (x—a,) I,

/

From (2.4.13) and (2.4.15) we have
(2.4.16) A¥=-L,,

(2. 4.17) %ﬁ(a,,; a) --[

00,,

Aﬁﬂ)
et (0 a), Lo = T

v&Fm oa,—a,

(2. 4.11) follows from (2.4.12), (2.4.14), (2.4.16) and (2.4.17).

Example 1. Let L, (#=1, -, n) be commutative matrices. Then

we have

lplay, Ly) - ¢(an, L)y _ <(Z,, _ flv> trace L, L, ‘
<qa(a2, L) "'(ﬁ(a(rl., Ly \al—a)

Example 2. In the case n=2, we have

w<¢(al, L1)¢(dz, L2)> _ <al__a2>—1/2trace(Lf+L§+Li)
<@(ﬂ?, Ll)w(ag’ L2)> 2

(l?“‘ﬂg

Example 3. We assume that =3 and L,=0. Then we have

<¢ (41, LI) (/7<flz, L2> @ (ﬂs, Ls) > _ (fll . (12>1/2trace(—Lf—L§+L§) '
$p(ay, L) ¢ (a3, Ly)¢(as, Lo) ) ai—a;

2_z72_ 72 72,7272
% <az_as>l/2tratce(L1 Ly L3)<as_al>l/ztmce( Li+L;—~Lg)

as—al

as—al

Now we shall study the behavior of vy (ay, -+, @,) when some of the
branch points meet at one point. The bahavior of t4(¢a;+ay, -, ta,

+ay) in the limit #—0 is known by (2.4.9). We shall show below
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lim "5’,(@’ s Gy, tb1+ @, 5 Lon, + @0) =const. Ty, (@1, ***, &,y @)

=0 Ty, (thy+ aq, -, th, + ao)

for appropriate choice of ¥, ¥ and .¥,. For this purpose we study the
Schlesinger’s equations at “fixed singularities” ([8], [15]).

Let A, (=1, -, n) satisfy (2.3.43). Weset 4, =A4,(via. -,
Ap, tby, oo t0,) (=1, -, n ny=n—mn) and B,(£) =4, 0ay, -, @,
thy, -+, tb,) (v=1,-,1m,). Then we have the following Briot-Bouquet
type ordinary differential equations for A,(¢) (u=1, -, n) and B,(2)
(v=1, -+, m).

dA,t) _ ba, =)

(2.4.18) === T[40, B(zf)]( L tb)) (3 — b))
Cl]‘.‘lw(t)____«‘\ LA
flliZt(‘)___[B ®), 4.@) +3 4,@)]

b ,
+3[B.®), A, (]~ X .(), B, —
T[ ) ’ ][L,,—tb, =) y —tb,,

Likewise, if we set A,(2) =A,(y; ai, "+, @, %, e %ﬁ) (=1, ny)

and B,(2) = A, (35 @4, -+, @n,, %, e %"—) (v=1, -+, ny), we have

1A,() b,(a,—v)
2.4.19) 4N NTA4A (1), B,(¢ =
( ) 75 L4, ()](ta,,—b,)(ty—b,)

dB, () _

B,(¢ A,
0 1 18,6),514,0)]
"—Z[B @, A (t)] ffffff + 2 [B @), B, (t)]

b b,, '

In general, let f,,(2), ¢,(t) and N, (&) A<, 1<y=Ey' <n,)
be holomorphic functions defined in {#||2¢| <z}, and consider the following
system of ordinary differential equations for m Xm matrices .1,(z) («

=1, -, ) and B,(t) (v=1, -, n,)

2.4, 44,0
2.4.20 “Cx

=3 [A,0, B0/ ()
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dB,(t) _ 1

dt t

+ /Z‘ [B,, (t) ’ A/z (t) ] g/n (t> + y,(gy) [B,, (t) > BV’ (0 ] hW’ (t) .

[B.(5), 2 A«(®)]

Let A% (u=1, -+, n;) be mXm constant matrices and let s, -+, #, denote
the eigenvalues of A°=)] A). We shall study (2. 4. 20) in the neighbor-
/3

def
hood of £=0 and A,=A% (¢=1, ---, n,), assuming

(2.4.21) Re(yj—m) <1 (U, k=1, -, m).

Theorem 2.4.8. Let U be a relatively compact subset of {A
eEM(@m,C)| max Re(uA) —u (L)) <1} where y; (A (G=1, -+, m)
Jrk=1,m

denote the eigenvalues of an mXm matrix A°. We set ¢= max
Gok=1-mm
AU

Re (¢ (L°) — 15 (4%) and choose 0y, 0, so that 0<0,<0;,<1l. Let C>1
and 0 be positive constants and let A (u=1, ---,n,) and B} (v=1, ---,
n,) be mXm matrices satisfying A=Y, ALeU and

”

(2. 4.22) ALl |B)|<C.

There exist constants K and K' independent of AS, By and C such
that for any & satisfying
(2. 4. 23) Ce K, 0<le<K’

there exist unique solutions A,(t) (u=1, -, 1) and B,(¢) (v=1, -,
1) of (2.4.20) which are holomorphic in the sector S.,,= {t|0<|t|<le,
larg t|<<0} and satisfy the asymptotic conditions

(2. 4. 24) |4, (2) — A%< Cle),
1¢°B, () ¢ — B)|<Cle]™".

Conversely, for any £, >0 there exists >0 such that if A,(2)
(=1, -, n) and B,(t) (v=1, -, n,) satisfy (2.4.20) and if |[A, Q)|
<& (=1, -, n) and |B,Q)|<e (=1, -, n,) then the limits as t—
0 exist in the sense of (2.4.24) with |A%|<e; (u=1, ---,n) and |B}]
<El (V:l’ Y nZ)'

Proof. We set B,(t) =t*B,(t)t " and rewrite (2. 4. 20) with

A, () and B,(f) as unknown matrices.
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df%t_(tl =3[ 4,0, "B 1" ()
e L OB N CHORY by

I CHONAX O IMORS 3 AR R ONMOR
n Y V.
set AV () =A%, B®(£) =B and define AP (t), B® (t) (k=0,1,2, )

recursively by

(2.4.25), AP@=Ab+ [ D[4F @, B @5 1 fu)ds
0 v

B @ =B+ (LB (), 25" (A ) —ADs]
o ls 7"
+ 2B (), s "ALT (95710 ()
]

+ Z)[Eﬁ"‘” (), BED ()1 () Y s .

v (v

Here the path of integration is {s=re?|0<r<|t|,0=arg t}.
Let § be a constant such that 0<{§<{l. For an appropriate choice
of K, K’ in (2. 4.23) we claim the following:

(2.4.26), AP () — A%I<ZCle)

(2.4.27), |7 (AP () — AY | Ce]

(2. 4.28), [B® (£) — BY|<Cle|

(2.4.29), AP @O —AF (0 [=C* e
(2.4.30), 12" (AP (1) — AFD(£)) 1< CF e
(2.4.3),  |B® () —BED (8) [<CO* e,

for t=S;,.

We choose K’ so that 0<{K'<{1. Then we have from (2.4.26),
and (2. 4. 28),

(2. 4. 32), AP (2) 1<2C, |B® (2) |<2C.

Making use of the formula

w1 [ S
SR = by
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we have the following lemma.

Lemma. Let A(¢) and B(Z) be mXm matrices which satisfy
|A () |<2C, |B(2)|<2C, for t=S;, and let f£(£) be a holomorphic func-
tion in {¢||£[<{1}. There exists a constant K’ independent of C,, C, nor
A€ U such that for any & satisfying 0<{e<{K’, the following are valid.

[ A@ " |=Cile| ™", [e7"B() | =Cylt| ™"

t
e [[A@ s B s F @ ds | =G e
0 712

|25 jzs"‘“B ()5 A (s) £ (s) ds -] < C1C |g1-0s
0 2712

for t8;, and A =U.

By virtue of this lemma (2. 4.32), now implies
[t AP (O | ZCle| ™, [ "BP ()| =Cle] .
Assuming that (2.4.26);, (2.4.27), and (2.4.28), are valid, we see
that (2. 4.25);., is well-defined. Moreover we have

[AFD () — AL = j‘mZ 2| AP () |15~ B (s)s*| | (5) | 5]

éCItll—a,_llnzC manfzw(S) litlal_gz ,
1-—o0,

| (A () — ALy
¢ ~
<5e* [ AP )5 BE ()5 Fu () ds ]
v 0

t o~
£31 e (5 BP 5 AD () S o) ds 1|

=ctepe,
~ i ~
B @ -BIS [ 512 S BO @15 (AP ()~ ADsIdls|
it ~ .
|2 2BO @ i1 AL ©) 510, |dis

2 ~ ~
| 2 21BE O11BL 11 (5) 1dls]
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SC{;|1—61<_4_@@!”¢1—62_‘_flﬂg‘mgiwit[m—ag
- 1—0, 1—0,

I-8#%.C max|h,, (s) | itl“).

These estimates prove our claim for (2.4.26),_,~(2.4.28),.,. A simi-
lar calculation shows that our claim is valid {or (2. 4.29),~ (2. 4.31),.

Thus we have proved the existence of solutions

A,@) =lim AP (),

k—co

B,(t) =lim B® (¢),
k—o0

which satisfies the asymptotic condition (2. 4.24) and
2.4.33) [ (A4, () — A "I Cle |7

The uniqueness of the solution A,(¢), B,(¢) satisfying (2. 4.24) and
(2.4.33) is also proved by iteration. Since (2.4.33) follows from
(2. 4.24), we can omit it in the statement of Theorem 2. 4. 8.

To prove the last statement of Theorem 2. 4.8, we start with the

{ollowing iteration.
AP O =AM — [ LIAE©), BEP 01 £u®ds,
BP0 =B~ [ {180, £ A8 )]
ESBE ), AF (910,6)

3B 6, B ) e ()] s,

v’ (F)
and AP (#) =.4,1), B® (¢) =B,(1). By a similar estimation as above
we see that A,(2) :l‘im AP (£) has a continuous limit 4,(0) =) at
/=0 such that |A‘A’Ll§el.k>mAlso we have the estimate |B,(z) |<¢,|2|7° with
0<0L1. Since A,(#) satisfy the integral equation

4,0 =43+ | TI4,6), BV w @) ds,

A, (2) satisfy the asymptotic condition

[, () — A% <Ze e,
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Now we define another iterative approximation.

1 ~.
Al = AL — f STLAE(s), s~ B (5)s*] £, (s) ds
t v
~ 1 ~,
B =B~ [ [L1BI (), 25" (AF() — A 5]
t (s 2
+ 2 [BEI(s), s AYF(s) s g, (5)

S [BEI(s), BE(s)] (s)} ds.

v/ ()
By a similar estimation we see that B,(z) =lim BY*(#) has a continuous

k—oo

limit B,(0) =B at t=0 such that [BY|<e, and |B, () — B)|<le,!z|'"".

The asymptotic expansions of A,(¢) and B, (¢) are obtained as follows.
X=(X,, -, X,) and Y= (Y,, -, Y,,) will denote 7,- and n,tuples of

m X m matrix variables, respectively.

Proposition 2.4.9. There exist holomorphic mXm matrices
FiX, Y, t) (u=1,,n;k=0,1,---) and G (X, Y, ) (v=1, -, m,; k=0,
1, ---) which satisfy the following.

(i) They are polynomials in (X,); and (Y,); (=1, -, a;v=1, -,
1y 3, I=1, -, m).

(i) Each monomial in Fi(X,Y,t) (k=1) has a degree at most 2k in
{ XD &) jl}ﬁ‘=11""’:‘ , at most k in {(X,) jl},fl,._.,nl and at most k in

i 1ot yi=1, 0 m
il=Lm

() shotns -
Fil=1-m
(i) Each monomial in G} (X,Y,t) (k=1) has a degree at most 2k+1
in {(X,), Y.)itu=tyoin, » at most k in {(X,) j}tue1,..n, and at most
v.=1 v, Mg iyl=1,-

) =1 eem
k+1 mn {(Y,) jl}y_—_l,.u’ng
=1 m
(iv) The coefficients of FE(X,Y,t) and G- (X, Y, t) are t* times holo-
morphic functions of ¢ defined in {t||t|<ep).
~v) A,() and B,(t) of Theorem 2. 4. 8 have the following asymptotic

expansions.

A/t (t) :k—z—:‘d FI/: (A?’ ) Ag’vu t- ”Bgt 101 ) - ”B?‘z’t/ﬂ, t)
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B,(®) =Y Gr(AY, -, AL, 7" BR”, -t "By t", 1)

k=0

Proof. We set F,(X,Y,8)=X, and G (X, Y,#) =Y, and define
Fy(X,Y,r) and G (X, Y, #) recursively as follows.

FLX,Y, 1) = 0’;“; _[F(X <%Y‘Y<-;~>l s),

IS j<k—1
0=i<k~1

10

Gi(x, (%) _Y<Z> , Q] Fuls)ds

t
.10 — A0
o= [ 5 [e(2)x(2) )
0 l§ 7il=k t A
izt

G ((%) “x (_;‘ ) "y, s>] b, (s)} ds .

The assertions (i) ~ (iii) are obvious from the definition. We shall prove
(iv) by induction on k. The case 2=0 is trivial. We assume that the
assertion is valid up to k—1. Then there exist holomorphic matrices
Fi(X,Y,t) (0<j<k—1) and GL(X,Y,?) (0<I<Ek—1) such that Fi (X,
Y, £) =#Fi(X,Y,t) and G/(X, Y, £) =£#G(X, Y, #). Then we have

FXY, 0= (2 » [9F(x,(3) Y (£)"s),

s'GY <X, <%> —AOY <%> Ao, s>:|f,,,, (8)ds
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IZ [/ FL(X, s~ "Y's™, 4s),
+l=k—
g —
e SGX, s Ys™, £5)] fun (£5) dis .

Hence (iv) is valid for F%(X, Y, ). Likewise it is valid for GF(X, Y, #).
By induction we see also that for any matrix M which commutes

with A°, we have
M FL(X, Y, &) M= F5 (M~ XM, MY M, 1),
MI'G(X,Y, ) M=G (M*XM, M YD, ¢).

Now we define A% () (=1, -+, n;k=0,1,--+) and Bf (2) (v=1, -,
”2;16:0, 1: '“) by

Al(t) =F5(AY, -, AS ™ "By, -+ "By t" ) £)
Bi(®) =GF(AY, -, As, t="Bu”, -t B t", t).
By the above remark we have
AR e =FE@T A", -t AS e, BY, -+, B, b)
BE(t) =t"BE(t)t " =G* @ AN, - e AN B, e, B, )

These matrices satisfy the following recursive equations.

AL@) = Z 2 LAL®), B($) 1w () ds,

Ic 1
0§L<Ic 1

B’f@):f{% Y B, X s AW
+; 3 [Bi(s),s"AL()s ™19, (s)

1 \ 73 j 21}

+ Z« [Bv (5)9 Bv’ (S)] hvv’ (S> ds .
v (FY) j+l=k-1
0<i<k-—1
0<i<k-—1

Note that (ii) and (iii) implies that
AL () =0(lz]*) (,=0)
ozl (k=0)

AL () t"‘“:{
0(fe]*=) (k=1)
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Bk () =0(l¢]*a-m) (k=0)
B (2) =0(|¢|F- by (k=0).

Let A,(2), B,(¢) be solutions of (2.4.20) which satisfy (2. 4. 24)
and (2.4.33). We claim that

A, @) — > AL@) =0(]¢]Fam),
o<k
£ (A, () = 31 ALY =0(]2] ),
B, - Bj (&) =0(|z]*@-),
Bv<t> - Z Bf (t) :O(Itlk"(k“)‘!)_
0Tk
We assume that our claim is valid up to 2—1. Then we have

A, @) —AS——AE@®

- [(Dlao-_g aten+ 2 4o,

I<jsk-1

(B.() = X BI@)+ Bi(9)1fw(s)ds

0<sj<k-1

- s 5 [410), BOm ds

-0 (Itl k(l—o’l)) .

Likewise we can prove other claims. Hence we have proved Proposition

2.4.9.

By the formal transformation

(2. 4. 34) A=Y Fi(X,Y, D),
k=0

oo

B,=Y1G{(X,Y, 1),

the system (2.4.20) is transformed into the following linear system.

dX,(t) _, dY,® _
(2. 4. 35) =0, [Y @, ZX,,@]

In the following we discuss the convergence of the series (2.4.34). We



270 MikIio SATO, TETSUJI MIWA AND MICHIO JIMBO

denote by 4, the following subset of (X, -, X,, Y, -+, Y,,, ) space.
do=A(Xy, -+, X, Y, -0, Yo, 0) [2=0,
Re(uy—m) <o (G, k=1, .-, m)},

where y; (=1, .-, m) denote the eigenvalues of > X,.
/"

Theorem 2.4.10. There exist holomorphic functions F, (X, -,
any Ky ) Ynza t) (ﬂ:]-y“"nl)’ GV(Xh'“y an’ Yl;“'; an t) (V—"—'l,"‘,
ny) defined in a neighborhood of 4,5 such that the system (2.4.20)

is transformed into (2.4.35) by the non-linear transformation
(2- 4' 36) ‘4II:F/J (Xla ttT X’nln Yls ) Ynzy t)
BVZGIJ (Xl’ '“7Xn17 Yly Ty Y"lg’ t)'

Proof. We denote by A,(¢;X,Y,s), B,(¢; X, Y, s) the unique solu-
tion of (2. 4.20) satisfying the asymptotic conditions

[A,(t; X, Y, 5) = X,|<Cle|"™"
1£°B,(t; X, Y, 5) ¢ " —s"Y,s"[<Clz['"".

The condition (2. 4.23) for ¢ implies that there exists a neighborhood
D,,5 of 4,3 such that, for any (X, Y,s) €D, A,(¢;X,Y,s) and B,(¢; X,

Y, s) are holomorphic in a sector containing s. (Choose 0, and ¢, so

that 0‘1—62>—§—.) We set

F,(X,Y,s)=A,(5:X,Y,s)
G (XY, s)=B,(s:X,Y,s)
for (X,Y,s) €D, and claim that F, and G, are single-valued. We have
|A,(t; X, Y, es) — X, |<Clg|'
[t*B,(t; X, Y, e s) ™4 — s Y, s e | L C|t]|' .

If we set t=¢e"t', A,(e"t'; X, Y, es) and B,(e™t'; X, Y, e*™s) satisfy
(2. 4. 25) and the following.

|4, (e X, Y, e's) =X, |<Clej' ™"
It/MB, (ezmtt/; X, Y, ez::is) t/—~A0_S4oY’leA0|<C/itll—o'1 ,
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for some constant C’. Hence the uniqueness of solution implies
A X, Y, es) = A, X, Y. 5)
B, (et X, Y, e™s) =B,(t': X, Y, s).

This proves our claim. Moreover (2.4.24) implies that

lim F,(X,Y,s) =X,,

§—0

lim G,(X,Y,s) =Y

§-0

Hence F,, G, are holomorphic at s=0 and the transformation (2. 4. 36)
is invertible. Since A,(¢:X, s *Ys",s) and B,(¢; X, s"*Ys", s) are in-
dependent of s, the substitution X, = A}, Y,=¢""Bjt* into (2. 4. 36) gives
a solution of (2.4.20).

So far, we have fixed ay, -, a,, by, -, b,, and y in (2. 4.18) and
(2. 4.19). Now from (2.3.43) we derive the system of total differential
equation satisfied by AY, -, 43, BY, -, By, as {unctions of a, -, a,,
by, +++, by, and y.

Proposition 2.4.11. In the case of (2.4.18) we have

(2. 4, 37) dA(:, — 2 [A?[, AU ]dlog —au’+ [A Ao]dloga_“,
n(Fn) y_a# y

dA’= —V‘[A“ AS]d log

y"—a/t

(2.4.38) dBi=— ¥ [B} BY1d lo g b=br ~3[B,, Alld log %

v ( y y—a,

where A°=3% AY+ A%. In the case of (2.4.19), we have
u

(2.4.39) dA,=~— > [4)], Al]d log @n " Aw
w Y —a,

(2.4.40) dBi=—R[B, Al]dlog -~ 31 [Bl Bl]d log &%
I®

y—a, @&

g

Proof. We shall prove (2.4.39) and (2.4.40). (2.4.37) and
(2. 4. 38) are proved similarly, From (2. 3.43) we have
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(2.4.41) dA,=— Y [A, A, ]dlog%— %

& y—a,

a,—b,

v

7

(2.4.42) dB,~~Y[B, A,1d log b,—ta,

®

— S [B,, B,]d log =0 |
=) ty

v

(2. 4. 39) {follows directly from (2. 4.41) in the limit z—0. Especially
for A= Z A’ we have

A= ; [A° A%]d log (y—a,).
Hence we have also
(2.4.43) d't" = fr‘ [¢*, AY]d log (y—a,),
where d’ denotes the exterior differentiations with respect to a, -+, a,,,
by, -+, b,, and y. Using (2. 4.43) we can rewrite (2.4.42) as follows.

KZ’ — —Z[Bu, A t—/m]d/ log (1) t(lﬂ)

_Z[A‘L, Ep]d’log(y——aﬂ) — L [Bv, B 1’ log by Zv, .
ﬂ —_—

Taking the limit #—0, we have (2.4.40). Here we also use (2. 4. 33).

So far, we have considered the behaviour of A, and B, in the limit

t—0. Let us now consider that of Y.

Proposition 2.4.12. Let A,() (u=1,--,m), B, (=1,
ny) be a solution of (2.4.19) satisfying (2.4.24). The following

limits exist and satisfy the linear total differential equations below.

3 b

(2.4.44) Y.(y, x; a4, -+, an) =lim Y<y, X5 Ay vy Gy, % Z7?>,
t—0

(2.4.45) dY,= (ZA"dlocrx a)Yl,

y—ay,
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(2.4.46) Y,(y,x, ai, -+, Gn, by, -+, ba,)

:hm t/l“Y<y’ _‘:_, a, SRR (Ln“ _b_l_ “ve b_l'j)

b 3 3
t—0

4 z

+Y Bldlog T=%)y, .

y—a, 4 v

(2.4.47) dY,= (z A’d log
V3

Similarly, for the svstem (2.4.18) we have the following limit.
(2.4.48) Y (v, x;ay, ", an,) :13—{? Yy, x; ay, . ap,, tby, +++, thy,)
(2.4.49)  dY,= <? Ad log ;” % fd log )Yl

n
where A= ; A+ Al
(2.4.50)  Y,(y,x;an +, an. by, 00y byy) =l&i_1)13 Y (v, txs ay, o, Any,

tbb T tbng)

(2.4.51) dY,= <2 A’d log N Bl log £
I

)Y,
y—a, Y v
Proof. We shall prove (2.4.46) and (2.4.47). Other cases are
proved similarly. From (2.3.43) we have

(2.4.52) aY(s, Z ey 2y, i bn)

b H

¢ ¢/

<Z A,d log i_t‘ﬂ_+ZBdlog b")
(y“‘a/z) v y'—bu

XY(_V, ;:::—, ay, vy Qa,, %’. Z]"ﬂ)

b ’

If we abbreviate Y (v, —f, @y, v, Any, %, TN b—;'2> to Y (¢), we have
(2. 4. 53) £ Ay ©),

dt
where

A(t) =—A+B() +tC(8)
B(t) = —/Z[(Aﬂ (t) "—A(D
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C @) :; Aﬂ(t)mau_x+2y] B,(?) ) i’ty )

We claim that there exists a holomorphic matrix Q(#) in a sector such

that
(2. 4. 54} Y@ =t"Q®Y,,
where Y, is a constant matrix and

Q@) —1]=0([z]""").

Substituting (2. 4. 54) into (2. 4.53) we have

tj—?: " (B@) +tC @)t Q).

Again (2. 4. 33) assures the existence of such Q(#). Thus we have
proved the existence of the limit (2.4.46). The proof of (2.4.47) is

similar to that of (2.4.42), so we omit it.

Let us assume that A (y;ay, -+, a,) (u=1, -, m), AL (y;a, -, a,)
and B)(y;ay, *+, an, b1, 0+, 0,) (w=1,--,n,) satisfy (2.4.37) and
(2.4.38). We also assume (2.4.21). For fixed a,, -, a, and y, B)
(v=1, .-+, n,) satisfy the Schlesinger’s equation. If we denote by d’ the
exterior differentiation with respect to ay, **,a, and y, from (2. 4. 38)
and (2.4.51) we see easily that 4’(Y,'B)Y;) =0. This implies that
trace B) By is independent of a,, ---, a, and y. Hence B)(v=1, -+, n,)
determine a unique inner automorphism class, which we denote by %
We also denote by ¥, the inner automorphism class determined by A
(=1, -+, n) and — A"

Let A,(¢; 3, a1, Qayy Oy, 00, D) (=1, -+ my, 00), B,(¢; vy, a4,
Qnyy b1y »vy bny) (¥=1, -+-, n,) denote the unique solution of (2. 4. 18) satis-

fying the asymptotic conditions
A, (L3, an, oy @ny by, ooy 0a) — AL (Y5 @y, o0, a,,) [ <Cl2f
(u=1, -, ny, )
1B, (£33, @y, -y @y by -, B0) = BY(V; @y oy @y by o0, b)) |
<Clg|'= (v=1, -, m)
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where A‘:o:A“—Z‘ A’. (See Theorem 2.4.8.) There exists a unique
=1

solution A/l(y; Ays "t Qpys bly Tty bng) (,Ll=1, Y 721) > Bv(y: Ayy =05 Apys bl’ Tty
ba) (v=1, -, m) of (2.3.43) satisfying

*q‘n (yy Ayttt pys tbb Tt anz) :Au(t; N, Ay, Apys bh Tty [)n-_,)
Bu(y;ab Tt Apy, tbl; Tt tbnz) =Bu(t;y7 Ay, **ty Apys bl; "',bng)-

We denote by .#, the inner automorphism class of this solution.

Theorem 2.4.13. Under the above assumptions, we have

(2.4.55) lim “% (@s, 2+, nyy thyy -y oy const. Tg,(ay, -+, @, 0)

t—0 To, (tb], ey tbng)

Proof. We have
d IOg {7.70 (aly Tty Ay, tbl’ T lbﬂg) /Tyx (tbly ) tbnz)}

=3 trace A,(y; ay, =+ Qn,. thy, -+, tby)

apy’

X A, (y; @y, **0, @y, thy, -+, thy,) d log (a,—a,.)

+ > trace A, (v: ay, -+, dn,, tby, *++.tby,)
U Y

XBv(y; Ay, 5 Apy, tbla Tt tbnz)dl()g (au—'tbv)

+Z (trace Bu (.V: A1y gy tbl, Tty tbn.2)
<y’

X B, (y; ay, *+*, @y, thy, *++, tby,)

—trace B (y; ay, -+, ag,, thy, -+, tby,)

X B (v ay, -+, d, thy, -+, 10, )) d log t (b,—D,.)
Noting that

trace Bg (y; ala ) anla tbl» ) tb"'g) Bg (y; ala Sty anly tbl; Tt tbng)

. of Y. @ Anp, 0o (Y., A a
=1irace B,,<7, —;—-, ey “tn', bl, ey bn2> v’<?9 71, ) }?1, bl, Y bn2>

— 0 . 0 .
=trace Bv (.Vs @y, 2ty dyy, bh T bﬂz) Bu' (ya Ay, =5 gy, bl’ Tt bng)a

and that

trace Bv (,\'; Ayy 2oty Uy, [bly T tbnz) B'/ (y; Ay, "t Apys tbls Tty [bnz)
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=trace B (¢;y, ay, *, Qn,, by, 200, O4,)
X B, (t;y,ai, -, an, by, -, ba)
we have

g eyt 80 ey

dt “_5’1 (tbl, tty tbﬂz)

This implies that log {ty, (a:, -+, an,. tby, -+, tb,,) /Ts, (tby, -+, tb,,)} has a
finite limit when #—0. If we denote by d’ the exterior differentiation

with respect to ay, *:*, a,,, 01, =+, by,, we have in this limit
da’ (ltg? log{ty, (ai, ***, Qn,, tDy, -, tby,) /To, (b4, -+, tB,) })
=ﬂ§,trace Al (ys ay, ey an) Ay (Vs a, 0, ap) log (@, —ay)
—Ytrace A}, (Vi ay, *+, an,) A (¥; @y, -+, an,) log a,
p
=dlog ty,(ay, -+, a,, 0).

The last statement of Theorem 2. 4. 8 implies the following corollary
to Theorem 2. 4. 13.

Corollary 2.4.14. For sufficiently small |L,] (u=1, -, n,+n,),

we have
lim <§’7 (al; L)-p (a,,‘ 5 Lnl) % (tbl + ao; Lnl+1) Q (tbng + ao; Ln,+ng) >
t-0 o (thbi+ ay; La1) @ (@bn,+ ao; Lnyny) >

=const. {p(ai; L1) @ (an; La)@(as; Lo)>
where Ly is uniquely determined by ¥ =g*™Init1...g®Iniiny qpnd [L|
L1.

Errata in [1].

Page 231, line—15, A(V)|vacd>=0 —>V|vac)>=0
line—12, <vac|4(V!) =0 —(vac|V'=0

Page 250, line—11, p:%(vl,--- o= (v, -
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t

e
r
Page 255, line 10, {g®>.--{g™> }
—e —AM) 1
—r —1 —R
‘e
b
—{gM>...{g™> Pfaffian| ——1— - —
e —AW 1
—r —1 —R

3 — T el
111’16 11’ e= (e/-tn s Cutms eVn ’ va)

— (e vee @ pl ... BT
—e= (e.’ln s Comy €vyy 7y evm)

Page 260, line 11, The sign “=" should be inserted at the top of the

line.
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List of symbols

B(M): the space of hyperfunctions on a real analytic manifold M ([16],[171).
__du
= orlul
— etutﬂluluz u>0,
‘/oztm—{e*“”‘lul”z u<0.

{Iul u=0,
w,=

0 u=0.
_J 1 u>0,
06 = { 0 «<0.
_{ 1 u>0,
)= {—1 u<0.



