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Asymptotic Behavior and Stability of Solutions
of Semilinear Diffusion Equations

By

Hiroshi MATANO*

§ 1. Introduction

This paper is divided into two chapters. In the first chapter (§ 2
~8§ 4) we study the asymptotic behavior of solutions of semilinear diffu-
sion equations—in particular their behavior around unstable equilibrium
solutions, so as to get a clearer understanding of the situation where
those unstable equilibrium solutions are placed. The results will then
be applied to making somec stability criteria as well as to establishing
theorems on the existence of stable equilibrium solutions and on the
structure of multiple equilibrium solutions. In the second chapter (§ 5,
§ 6) we are confined to Neumann problems and discuss the possibility of
the existence of non-constant stable equilibrium solutions.

Let D denote a bounded domain in R™ with a smooth boundary 0D.

What we shall deal with first are initial-boundary value problems of the

type

(1. 1a) %—l;=L2L+f(x, ¥) in Dx(0,T),

1.1b) u(x,0) =u,(x) on D,

(1. 1c) a’(x)u—r{l—cz(x)}g_j:{i’(.r) on 9D % (0, T,

where L is a second order uniformly elliptic operator of the form

o0 0u)
L = _ s . —_—
“ i.gl 0x; Ia” () 0xjj

and 0/0y denotes the outward conormal derivative. Tt is always assumed
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that 0=a=<1 everywhere on 0D. A function v=wv(x) is said to be an
equilibrium solution, or a steady-state solution, of (1.1) if it satisfies the

following elliptic boundary value problem:

1. 2a) Lv+ f(x,v) =0 in D,
(1. 2b) v + (1—a)%7i= on 0D.
y

Throughout this paper only real-valued classical solutions are considered.

Our main result in Chap. I is related to the question of how a
solution of (1.1) will behave in the long run when starting from nearby
an unstable equilibrium solution. In short, we shall show that above
an unstable solution v of (1.2) there exists a minimal solution »* in a
certain sense and that for any continuous function ¢ satisfying v<¢<v*
the solution of (1.1) with initial data #,=¢ converges to v™ as ¢ in-
creases. Here, roughly speaking, v must often be replaced by + oo
according to circumstances. A similar assertion holds for a maximal
solution below wv.

The main result in Chapter II is on the stability of solutions of the

following Neumann problem:

(1. 32) dv+ f(v)=0 in D,
(1. 3b) 9% _0 on 4D,
on

where 0/0n denotes the outer normal derivative. It shall be shown
that if D is a convex domain or one of other certain kinds of domains
then any non-constant solution of (1.3) is, if it exists, unstable.

As regards the stability of equilibrium solutions, D. H. Sattinger has
shown in [12] how stability and instability are characterized in terms
of upper and lower solutions. The characterization of stability in this
direction presents us a clear understanding of the global behavior of
solutions around stable and unstable equilibrium solutions. But so far,
it seems that stability—including instability—of solutions of (1.2) has
not yet been completely characterized by means of those upper and
lower solutions, or supersolutions and subsolutions in [3]. In this

present paper, taking advantage of the self-adjointness of the elliptic
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operator L, we shall make quite another approach to the understanding
of the global behavior of solutions which will provide us with a complete
knowledge of “the extent of instability”. The fundamental technique
for the discussion of the asymptotic behavior of solutions is given in the
next section. Omne of our contributions here is to reveal the extent of
instability in pretty general situations, and another is to emphasize the
importance of this result.

In §2, we prove, as is mentioned just above, some {undamental
theorems on the asymptotic behavior of solutions which are based upon
estimates of fundamental solutions, Schauder’s estimates, and the so-called
energy methods. For convenience’ sake, we employ the idea of w-limiting
sets in the discussion. What is important is the fact that the @-limiting
set of a solution of (1.1) consists only of the solutions of (1.2) and
that in many cases it is not empty (Theorem 2.8). We usually discuss
the behavior of solutions simply in the topology of C'(D) NC?*(D) and
never in a stronger one even if possible, since it is sufficient for the
essential part of the following argument.

In § 3, the main result in this chapter is presented (Theorem 3.1).
It should be noted that no further assumption than a smoothness condition
is made on the nonlinear term f. Applications of this theorem are found
mainly in § 4, but also the results in § 6 are essentially (f not directly)
based upon this theorem.

In § 4, theorems on the existence and on the structure of solutions of
(1.2) are given. We first prove that a subset of C'(D) N C*(D) which
is stable as a set in a certain sense contains at least one stable solution
(Theorem 4.2). Next we show that between two unstable solutions
below and above there exists at least one stable solution (Theorem 4. 3)
and that between two stable solutions exists at least one solution (Theorem
4.4). It is H. Amann who has proved the existence of minimal and
maximal solutions between a lower solution below and an upper solution
above (see [1]). Our theorems in § 3, § 4 are partly analogous to [1]
as well as to [12], but include stronger results that probably can hardly
be obtained by their methods, namely the monotone iteration methods.
From a practical point of view we must note Corollary 4.5 and Remark

4.6, which are sometimes useful for investigating the stability of
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solutions. For example, given a maximal solution v of (1.2) (i.e., a solu-
tion above which there lies no other solution), one can see, from Remark
4.6, that it is quite sufficient to conclude the instability of v if he only
finds a continuous function ¢ which makes the solution of (1.1) with
initial data ¢ blow up to 4+ oo in a finite time or diverge to + oo as
t—oo (here we assume z=1 and that f is independent of x).

In §5, we consider (1.3), which is a special case of (1.2), and pre-
sent one of the main theorems in Chap. IT (Theorem 5.1). This theorem
is a kind of generalization of N. Chafee’s result [4; Section 6] on the in-
stability of solutions of (1.3). He has proved that f being of class C?
any isolated non-constant solution of (1.3) is unstable provided that
n=1. Our theorem here, which contains the same kind of result for
convex domains in R", of course includes his result and, moreover, is
stronger than his even if restricted to one-dimensional cases, for it is all
the same applicable to non-isolated solutions. One also finds other two
types of domains in which any non-constant solution is unstable, namely
a body of rotation with a convex section and a domain bounded by two
concentric spheres. (0D is always assumed to be smooth.)

In §6, it is shown that when n=2 there are actually cases where
(1.3) has a non-constant stable solution (Theorem 6.2). We give suffi-
cient conditions on the domain D and the function f for the existence
of such a solution. This result is obtained by applying Theorem 4.2 to
a certain invariant subset of C'(D) N C*(D) which contains no constant
function.

The author wishes to express his gratitude to Professor Masaya
Yamaguti for continued encouragement and guidance throughout the
course of this work and to Professor Masayasu Mimura for stimulating
suggestions by which the development of Chapter I was motived. He
also thanks Professor Seizb Ito for a useful remark on the estimates of

fundamental solutions.
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Chapter I. General Theory

§ 2. Preliminaries

Our assumptions concerning the equations (1.1) and (1.2) are all

put together as follows:

(A) 1) D is bounded and its boundary is sufficiently smooth, say of
class C%

2) Each a;;(x) is smooth, say all its second derivatives are
uniformly Hslder continuous in D (of exponent 7, 0<y<1),
and the matrix (a;;) is uniformly positive definite and symmetric.

3) Both a(x) and B(x) belong to C*(0D), and 0=a=<1 every-
where on 0D.

4)  f(x,u) is of class C* in u. Moreover, f and 0f/0u are

Holder continuous (of exponent 7) in D xR,

We make no further assumption throughout this section, while some
of the results in next two sections require slightly stronger boundary
conditions. Smoothness conditions in (A) may be relaxed somewhat, for
which we shall not care in this paper.

For the purpose of convenience in making a priori estimates and in
discussing the asymptotic behavior of solutions, let us introduce some
function spaces.

First, for description of the asymptotic behavior: Given an interval
I in R' and a metric space X, we denote by C(I; X) the space of all
X-valued continuous functions on I with the topology of uniform con-
vergence on compact subintervals.

Secondly, for a priori estimates: Given a closed interval I, a compact

set K in D and a positive number y<(1, we introduce the notation

;g!r,z,x=sg£]g(x, t)|+ sup 9 (x,8) —g (", ) |

b
g 5pef (e—a' PP+ le—ep™

where ¢ is a function defined on K x I, We also need the notation
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0%g
ax,;@.z:j

]
nI,k | 0t

I, K

n

19]2r,x=sup|g|+ >
zeK i, j=1

ter

The space of all functions with finite norm |g|,;p is denoted by
C'(DxI). And C*'(Dx (21, t5]) denotes the Fréchet space defined by
the system of seminorms |§|s,, (5.7, x Where K varies over all the com-
pact sets in D and s over (¢, £]. It is not difficult to see that C'(D xI)
is embedded continuously both into CT(DxI) and into C(I; C*(D)),
and that C**"(D X (¢, ¢;]) completely continuously into C ((2,, £:]; C*(D)).

We are now ready to formulate our a priori estimates—a pretty
weakened form of what is known as the interior estimates of the

Schauder type:

Lemma 2.1. Let g(x,?) belong to C"(D X [t t,]) and let u(x,t)
be a continuous function on D X [t,, t,] satisfying

0u

—at—=Lu+g(x, ) in DX (&, ¢t].

Then u belongs to C*" (DX (t,%]). Moreover, given any compact
set KCD and any s< (4, t,], there exists a constant C>0 such that

(% |247,05,050, k=C (| % | 2o x 00002y + 197,01, 227, 5)

for any continuous function u satisfying the above equation.

Our assumption on D and L is quite enough for the estimates of
this type. See A. Friedman [5; Theorems 5 and 9 in Chapter 3] for

details.
Let U=U (x, y,t), defined on D x D x (0, o0), be the fundamental

solution of the equation

6)—u—=Lu in Dx (0, o)
0t

with the boundary condition

au-{-(l—ag—”: on 0D x (0, 00),
y

where L and « are as in (A). We owe the following lemma to S. Ito

[private communication]. (This result can naturally be obtained in the
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course of constructing the fundamental solution in a bounded domain;

see [8; §3, §4] for the construction of fundamental solutions.)

Lemma 2.2. U, V.U and 0U /0t are continuous in D x D x (0, 00),
and U(z,y,t) =U(y,z,6)>0 on Dx DX (0, ), where V,= (0/0x,,
0/0x,, ---,0/0x,). Moreover, given any &,>0, there exist positive
constants M, (i=1,2,3) such that

(2'1) SuEJ\U(xyy’t)dyéMl9
zeD JD

(2.2) sup j deyg Mt~
zeD JD 0t

Sfor 0<t=<t, and that

@.3) sup [ “ax [ 11U (2,9, 9 ldy =M, <o
zeD JOo D

We introduce linear operators 7" and S with parameter £: For each
t=0, T (¢) is an operator on L~ (D) defined by

[T@w]@ = [[Uynwe)ds,

where we understand 7" (0) w=w. S(¢) is defined by

SO @ = [ar [ U@y, e-000,94,
and here we understand S(0)g=0. These integrals are easily seen to
induce such operators as
(2.42) T:L=(D)—C"(Dx[0,t]) NC([0J,t]; C*(D))
(2.4b) S:L=(Dx (0, %)) —>C"(D x [0, £,]) NC ([0, ]; C*(D))
for any given 0<0<¢, and 0<y<{1. Moreover;

Lemma 2.3. The operators in (2.4) are both compact.
Proof. By virtue of the continuity of 0U /0¢ and V.U on the com-

pact set DxDx[0,t], T is compact if regarded as a mapping from
L=(D) into C'(Dx[0,%]). Since C'(Dx[0,%]) is embedded
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continuously into C"(D x [0, £]) NC ([0, £]; C*(D)), the compactness of
the mapping in (2. 4a) follows.
Well, let

A={9eL*(Dx (0,%)); [9].=1}.
Using (2.1) and (2.3) we get
2.5) sup {{[S@0](@) [+1F:[S® ] () [} =Mite+ M,

ZE[O tol
for all ge A. As D is compact and as V,U is continuous on D X (0, £,],
it also follows from (2. 3) that given any &>0 there exists a >0 such
that

2.6) I7-[S@® 9] (x) ~V.[S@® 9] (") <e

for all g€ A, t€[0,t] and x,z’ €D satisfying |x—z'|<<d. (Note
that |F,S(2)g| itself is sufficiently small if # is sufficiently small.) On
the other hand, for any 0=<¢,<¢£,<¢, and any g€ A

IS 9] (2) —[S() 9] (2]
1]
=!£ de LU(:C, v, =) g (v, ©)dy
129
_ L de LU(x,y,tl—f)g(y,r)dy
< (" dr [ |U (@, 6-900, ) 1dy
max (¢, — 4t,0) D
121
+j drj[U(x, v, =19 (y, ) |dy
max(t;— 4t,0) D
max (t,—4t,0)
[ [0y, -0 -U Gy, 5= Dll0 G, Dl
<sMdt+ | drf U (z, y, 0+ 48) —U (z, v, 7) |dy
min(ty, 4t) D

ty at
<3M,dt+ f de j dy j
min(t,, 4t) D 0

where dt=t¢t,—¢. Using (2.2), we get

foo | - 2

aU(x’ Yy, T+S) d
ot

U (z, y, z‘—f—s)

13
ds <M,dtrt.
+s

4
<M, j
0
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Hence, an elementary calculation yields

@7 sup|[S®)9] @)~ [S®)] @]

z
=(3M,+M;log ——2——) 4t
'—< 1+ M fog min (2, At)>

<{3M,+ M:(llog | + |log (¢ —2) ) } (t2— 1)

for all g€ A and 0<¢, <t,<¢t,. Seeing (2.5) and (2.7), we easily find
that {S@},cs is relatively compact in C"(D X [0, £]) for any 0<r<1.
It remains to show the relative compactness of {S@},cs in C([O, £];
C(D)). For each fixed [0, %], S(£)¢ is a function of xz€ D, and it
remains in a compact set of C'(D) as ¢ varies in [0, #,] and ¢ in A,
by virtue of (2.5), (2.6) and Ascoli-Arzeld’s theorem. So what we
are to prove is the equicontinuity of {S¢},cs In ¢ with respect to the
topology of C!(D). Since the norm of C'(D) and that of C(D) are
equivalent on the set {S(2)9|0=¢t=%, g A} as it is relatively compact
in C*(D), we have only to prove the equicontinuity in the topology of
C (D), which follows immediately from (2.7). Thus the relative com-
pactness of {S¢},es in C"(D X [0, £]) NC ([0, ¢,];C*(D)) is established.
Hence the compactness of the operator S in (2. 4b). Q.E.D.

Now we turn to the initial-boundary value problem (1.1). Converting
(1.1) to an integral equation and then using the successive approximation
method, one easily finds that for any bounded continuous initial data the
unique existence of the solution of (1.1) is guaranteed so long as ¢
remains small. Therefore, for each £2>0, an operator Q(¢) on B°(D)
=L>(D)NC(D) can be defined as follows:

2. 8) [O@®)w] (@) =uy,(x,t) for we B(D),

where u, is the solution of (1.1) with initial data #,=w. For each
fixed £=0, Q(#’) is generally a nonlinear operator and its domain
—denoted by Dom (Q(#’))—is not necessarily the whole space B°(D).
A function w belongs to Dom(Q(2¢’)) if and only if u, can be extended
farther than ¢£=¢" as a solution of (1.1); in other words, if and only

if u, does not blow up in the time interval [0,2’]. So we have

Dom(Q(0)) = B°(D), and one can easily see
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Dom (Q (¢1)) DDom (Q (25)),
Q) =Q (1, — ) Q (2),

for any 0=<#,<¢,.

Theorem 2.4. Let (A) hold and let B be a bounded set in
B(D). Then

1) there exists a positive number &, such that BC Dom (Q (%))
and that {Qw}yes is bounded in L*(D X (0,¢)), where Qw denotes
a function of x,t expressed by [Q(@)w](x);

i) if {Qw}wes is bounded in L~(D x(0, t,)) for some £>0, it is
relatively compact in C((0, ¢,]; C*(D) NC*(D)).

We prove this theorem only in the case where §=0, for otherwise
(1.1) can be reduced to this case by subtracting from z a function
w,eC'(D) N C*(D) which satisfies the same boundary condition as
(1.2b) and makes Lw, uniformly Hslder continuous in D. (We can
indeed find such a w,, since given any uniformly Hélder continuous data
¢ the elliptic equation Lw,=¢ with the boundary condition (1.2b) is

solvable except that when a=0, ¢ must be so chosen as to satisfy
[pde=| a@s@az,
D oD
where
(2.9) a(Zx) = [; {]Z a:; (Z) ny (2) 1]V

and here (2;(Z)) denotes the outer normal to D at Z.) Note that if
the assumption (A) holds for (1.1) it is still the same with the reduced

problem

%f—=Lu'+f’(x, %)

#(x,0) =%,(x)

o7+ (l—a)a—ﬁ=0
oy

where
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F(z, @) =f(x, 7+ wo(x)) + Lw,(x).

For Lw, is uniformly Holder continuous.

Proof of Theorem 2.4. As is mentioned above, we can assume

f=0 without any loss of generality.

i) Let fi(a), f:(«) be locally Lipschitz continuous functions satis-

fying
(2.102) f1(w) §migl ©, flz, u)),
ze
(2.10b) S2(u) Zmax (0, f(z, #)),
zeD
for all # =R, and let us then consider the following ordinary differential
equations:
L fiar), €20
2.11) dt
ul(O) - _"M Py
dus_ 2(u), =0
(2.12) dt

uZ(O) =M >

where M =sup||w| =py. Either of these equations has a solution at
wEB

least on some interval 0<S¢<{#, (#>0). Seeing (2.10), we have
u; (2) S0=u;(2)

for 0=<¢=<#, Besides, regarded as functions of =z, #, these solutions
obviously satisfy Lzu;=0 and 0u;/0y=0 (¢=1,2). Considering these
facts and using (2.10) again, we get, instead of (2.11) and (2.12), the

following partial differential inequalities:

%ut—lgLui—l- Fz,u) in Dx(0,4]

#,(z,0)<w(x) on D

o (1—a)%i‘1§o on 8D x (0, 2],
Vv
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3u2> .
3?=Lu2+f(x, uy) in D x (0, 2]

u(x,0)=w(x) on D

Qs+ (1-a)%zo on Dx (0, 2],
y

here w is any element of B. Since 0<a=1, it follows from a standard

comparison theorem that

u, (£) =[Q () w] (z) =u, (2)
for all zeD and te (0,%]. (See, for instance, M. H. Protter- H. F.
Weinberger [11; Theorem 8 in Chapter 3], where the proof of the com-
parison theorem of this type is implicitly suggested.) Strictly speaking,
this inequality should be understood to hold so long as Q) w is
definable, i.e., weDom(Q(2)), but as a matter of fact it is the case
because any solution of (1.1) can be extended until it blows up or to

t=o0. Hence this completes the proof of i)

i) Converting (1. 1) into an integral equation in the usual manner,
we get
(2.13) QWO w=T (Hw+S® fu,
where

Fulz, ) =F(z, [Q(Ow] (x)).

(Here the boundary integral term does not appear, for we have assumed
that §=0.) As {Qw}yep is bounded in L*(D x (0, ¢)), so is {Fo} wen
because of the continuity of f. Therefore Lemma 2.3 can be applied
to get the relative compactness of {Qw} ez in C"(D X [0, ,]) NC ([0, ¢.]1;
C'(D)) for any given d& (0,¢]. Hence {Qw} ,ep is relatively compact
in C([0,%];C*(D)). On the other hand, as f is uniformly Holder
continuous of exponent 7 in z and Lipschitz continuous in %, {fu}wes
is bounded in C"(Dx[0,#]). So it follows from Lemma 2.1 that
{Qw} wer is bounded in C**"(Dx (0,¢]), hence relatively compact in
C((,#];C*(D)). Combining these facts, and considering that ¢ is any

number in (0, ], we now obtain what is expected. Q.E.D.
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Corollary 2.5. Let (A) hold and let {v,},cs be a set of solu-
tions of (1.2). Suppose {v,}c, is bounded in B°(D). Then it is
relatively compact in C*(D) NC*(D).

The proof is immediate, since {v,;};e,= {Q (&) v;}1e4 for £>0,

Lemma 2.6. Let (A) hold.
i) For each fixed >0, the following mappings are continuous
linear operators (cf. (2.4)):

T (2) : L*(D)—L*(D),
S (&) : L=(0, ¢; L*(D)) — L*(D).

ii) Let B, t, be as in Theorem 2. 4. Then there exists a constant
C>0 such that for all w, w,eB,

0;}22 10 () w1—Q (8) w3l 2oy =C | w1 — w2 2y -

We omit the proof of this lemma, for such kinds of results are so
popular. Suffice it to say that ii) is an immediate consequence of a usual

successive approximation in the integral equation (2.13).

Our estimates obtained so far are not yet sufficient for the discussion
of the asymptotic behavior of solutions; it is because they are merely
local estimates (with respect to £). We need some more information on
solutions which is in a sense global in # For this purpose we introduce
an energy form J () associated with (1.1):

J () = j

D

{l i“ Ou a—u——F(x, u)}dx

Az
2 i7=1 axi axj

@y 1ma(0u)t } %
+J;Da{2u+ 2 <8y> Puydz,
where
Fz,u) = j”f(x, w)du
0

and a(Z) is as in (2.9). For any £>0 and any weDom(Q(z)) the
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form J(Q()w) is definable.

Lemma 2.7. Let (A) hold and let t, be any positive number.
Then for any weDom(Q (2))

20w =- [ [Lowuaz, o<iza.

Proof. For brevity’s sake we write u(x,¢) instead of [Q () w] (x).
First let us show 0u/0t belongs to C((0,%]; C'(D)). Differentiating
(1.1) by %, we formally obtain the linear equation

(2. 14a) %=Lp+fu (z, u(z, )P

and the boundary condition
(2. 14b) ap—i—(l—a)g—pzo.
Y

As fu(z, u(x,£)) is Hslder continuous in D x (0,%], (2.14) has a
unique classical solution for any bounded continuous initial data at z=¢,

where £ is any given number in (0, z]. Set

0u (x, t;)

L) =
p(l’, 1) 0t

(note that 0u/0¢ is bounded by virtue of the Hoélder continuity of f).
We claim that p=0u/0t on DX [t,¢,]. To see this, we put

t
(2.15) %(x,t)=u(x, t) + J p(x,s)ds
ty
and prove Z=u. Since
t
L#=Lu(x, )+ j Lp(z,s)ds
by

u (.z &)

=Lu(x, t)+p— j Julz, u) pds

—p—F(z, u(z, 2)) — [fu(z, 0)H]4+ j Fuu(z, u>_a£azds,

it is not difficult to see that w=% —u satisfies the equation
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ow

e Lw+ fo(x, u)w— ﬂf"” (z, u)—aa%wds ,

as well as the boundary condition

aw + (1——az)a—w=0.
oy

~

Putting @ =e *w, we get

OBy o {b— fu(x, u)} ®— Ye"‘“_s)fw % gds in Dx [z, to]

— W
ot t 0t

@W(x,£)=0 on D

ad+ (1—04)%'@:0 on 0D x [4, ],
Vv

where % is a positive number so large as to satisfy the inequality

(2.16) E—fulz, u(z, £))> f e u)aa_‘t‘ ds

on Ex[tl, t,]. By the boundary condition, @ cannot take its positive
maximum nor negative minimum anywhere on 0D X [, ,]. Now suppose
@0, and let (z’,¢") be the point where |@| takes its maximum. We

can assume without loss of generality that @ (x’,¢)>0. Since (z,%’)

€D x (4, t,], it follows that %?go, L&<0 and &>0 at (z/, ). So
s ol 0u .
Oé—{k—fu(x,u)}w(x,t)_l_ ’fuuaths
iy

< (b fule, )} B (2, ) + @ (2, 1) j

0u
fuu%

ds,

which clealy contradicts (2.16). Therefore @ must vanish everywhere,
hence the equality =% is established. As ¢, is any number in (0, %],
we get 0u/0t=peC((0,4]; C'(D)).

Now we differentiate the form J (z) by ¢ The following formal
calculation is wellfounded because 0u/0¢ belongs to C((0,,]; C*(D))
and Lu(=0u/0t— f(x,u)) is bounded. By Green’s formula,

d {1 0u Ou }
a1 Z_F d
dt Jo 2 ;—‘7‘ a“@:ci 0x; (@, u)pde

[ P ey 2]
L 1iZJ a”@taxi 0x; Sz, ) 0t dz
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_ 0u 0u ,.. Ou
_j a0t 9% gz L{Lu+f(x,u)}ﬁdx.

From the boundary condition of # it follows that

Ou 6u_<a5’u>0u+at {( )%[

0t v\ ot v

o ay? (0u) 0, 0
--a “)at<a»>a» B Tt H)

__0 {1 af0u & }
ol 2 (a» > Au
Therefore

_J(u)— j (Lu+ f(z, u)}——d ~ f @f:) . QED.
Let ¢ be an elerment of Dom(Q (o)) (=NDom(Q())). Looking
>0
upon the set {Q(&)¢}ocice as an orbit described in some function space,

we can define its @-limiting set in the usual way—as is usual in the

theory of dynamical systems:

Definition 1. For any ¢=Dom(Q(o0)) the w-limiting set of ¢

in a function space X is defined as follows:
20X1) = [ elx QD)6 =,

where ¢ly(-) denotes the closure of a set in X. (We understand that
2(X|¢) =0 if ¢ belongs to B°(D)\Dom(Q(e0)), ie., if the solution of

(1.1) with initial data ¢ blows up in some finite time interval.)

Of importance to us is the case where X=C'(D) N C*(D), but we
also consider the case where X=L*(D) with the weak* topology. As
L'(D) is separable, L>(D)-weaks* satisfies the first countability axiom.
Therefore, in either of these cases a function ¢(x) belongs to £(X!¢)

if and only if there exists a sequence 0<(#,<[#,---—>00 such that
limQU)¢=¢ in X.
m-—»oo

The continuous embeddings C*(D) NC*(D) CC (D) CL>(D) —w.x
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yield
2(C* (D) NC*(D) |¢) CL(C (D) [¢) (L= (D) —w.x|9).

As a matter of fact, these apparently different @-limiting sets coincide

with each other as is seen in the following theorem:

Theorem 2.8. Let (A) hold and let ¢=Dom(Q(c0)). Then

D 2(CH(D)NCHD) ) =2(L>(D) —w.x|¢)

1) it consists of solutions of (1.2);

i) 72 is not empty if there exists a sequence 0<t;<ty<l---—>00
such that Q(t,)¢ remains bounded in L™(D) as m— oo,

Proof. We first show iii). For simplicity let u«,(x) denote
[ P] (x) for m=1,2 --. As {tn}mey is bounded in B°(D), it
follows from Theorem 2.4 that {Qun}nmey is relatively compact in
C((0, 2,]: C*(D) NC*(D)) for some £>0. So {Q (%) tm} mey=1{0 (tn
+ £0) O} men is relatively compact in C! (D) NC*(D), hence the conclusion.

Secondly we prove i) and i) at one time. Suppose 2(L=(D)
—w.x|¢) is not empty and let ¢ be any element of it. What we have
to show is that ¢ belongs to 2(C*(D) N C*(D)|¢) and that it is a solu-
tion of (1.2). By definition, there exists a sequence 0<(#;<£,<---—>00
such that

limQU)¢g=¢ in L=(D)-weaks.

Using Banach-Steinhaus’ theorem, we see that w«,=Q ({,)¢ remains
bounded in L*(D) as m—>oco. So, with a suitable positive number ¢,
as above, {Qu,} mey is bounded in L= (D X (0, ¢,)) and relatively compact
in C((0,2]; C*(D)NC*D)). Since J(Q(2)¢) is monotone decreasing

in ¢ by virtue of Lemma 2.7,
J(u) =J (1),

hence

j S, 0% g [ g - <@—m>2d:?
D 2D oy

P ag ¥
&7 0x; 0x;

<27 (uy) +2 j F(x,un)dz+ j @ (@Bun—au,Ddx,
D D
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for m=1,2,---. The right-hand side of this inequality is bounded with
respect to m because of the boundedness of {u;, #,, ---} in the maximum
norm. Considering that the matrix (a;;(x)) is uniformly positive
definite and taking into account the non-negativity of a(1— ) (0u,/0v)?,
we find that u, remains bounded in H'(D)"» as m—>c0. So {tn}men 1is
relatively compact in L*(D), since D is a bounded domain. Recall that
4, converges to ¢ as m—oo in L*(D) —w.x. It follows that this con-
vergence also occurs in L*(D), hence, by Lemma 2.6 ii), there exists

a function A(x,¢) such that

2.17) lim sup [|Q()un—h(x, )| 1200 =0.

m—ooo 0Kty

Combining (2.17) and the fact that {Qun}mey is relatively compact in
C((0, t,]; C*(D)NC*(D)), we see, under a suitable modification of A
on a null set, that given any d& (0, #,] and any compact set KCD

(2.18) lim Q () un=h(z,£) in C*(K),

(2.19) im Q@) un="r(z,£) in CYD),

m—co

uniformly in 02t

On the other hand, using Lemma 2.7 again, we get
tm+io 9 2

[ar [ {2 ro@u @] dz=T @@ u) ~T Qyuw).
ti+to 0t

Since {Q(¢,) %n} is a bounded set in C*(D), J(Q(t,)«,) remains bounded

as m—>oo, Therefore
o a 2

(2. 20) dfj‘ {—Q (r>¢} dz<oo
¢+ » 0¢

Using (2.18) and (2.20) we obtain

im

0=1lim [~ "dc L {%Q () ¢} ‘dx

m—oo Jtp+0

—lim ;odr L {%Q () u,,,} ‘dx

m—»o0

Y H'(D) denotes the Banach space of all functions with finite norm

{szdx-F LIlezdx }1/2.
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>1im ( “dc f {—a—Q(T)um}2dx
s x (0¢

m—>co

—lim j:adr L {LQ(2) tim+ f(z, QD) ) }od

m—»co

_ j“’dc j (Lh(z,7) + fz, h(z,0)}dx,
s x
for any 0 (0, %] and any compact set KD, and hence
2.21) Lh(z,t) + f(z, h(x,£))=0 in Dx(0,z].

It also follows that
0h .
(2-22) —a?(x, t)=0 in Dx(0,z],

since u,—h and 0u,/0t—0 (as m—>oco0) uniformly on any K X [0, %].
Meanwhile it follows from (2.19) and the boundary condition of Q(¢)#,
that

(2-23) ah(x,t)+(1—o¢)g—il(x,t)=0 on DX (0, z].

Combining (2. 21), (2.22) and (2. 23), we conclude that & is independent
of ¢ and is a solution of (1.2) regarded as a function of xz. Moreover
it belongs to 2(C'(D)NC*D)|¢) because of (2.18) and (2.19).
Passing to the limit in the equality Q@) u,=T ) u,+S &) f(x, Q@) un)
and using (2.17) and Lemma 2.6 i), we get

h(z, £) =[T )] (2) + [S () f (=, B)] (z).

Consequently

lim A=1lim T (£)p=¢ in L*(D)
0

t—0 t

(see [8; Theorem 6] for the latter equality). It implies ¢(x) =%k (x, &)
for a.e. z& D, hence ¢ is a solution of (1.2) and belongs to 2(C*(D)
NC*(D)|y). Q.E.D.

Owing to this theorem, there is no need to distinguish 2(X|¢) from
2(C*(D) NC*(D)|¢) so long as we have the continuous embeddings

(D) NC*(D) C X L= (D) —weak* .
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So hereafter we adopt the abridged notation
(2-24) 2@)=2(X|¢),

where X is any space satisfying the above condition.

Theorem 2.9. Lez (A) hold, let $€Dom(Q (o)), and let Y be
a nonempty subset of () such that Y and 2)\Y are closed in
CY(D)NC*(D). SupposeY is bounded in L= (D). Then 2($) =Y and,
given any neighborhood Wof Y in C*(D) N C*(D), there exists a finite
number T =0 such that

OB =CW.

Proof. We have only to prove the latter part, for the former

follows immediately from the latter. Let
V(e) ={weB'(D); |[w—9¢|=wmn<e for some pEY}.

As Y is bounded in L*(D), so is V(¢) for each fixed ¢>0. Hence,
by virtue of Corollary 2.5, V(1) N2(y) is relatively compact in C*(D)
NC*(D). So the topology induced from C'(D) N C?(D) and the one
from L= (D) are equivalent on this set. Considering that Y is compact
and is separated by an open set in C'(D)NC?*(D) from Z(Y)\Y, we
find that there exists an ¢, (0,1] such that

(2. 25) Vi)NLWY) =Y.

Now we claim that for any 0<(e<(g, there exists a 7/>0 such
that
(2.26) Q@ Pz CTV (€).

Suppose (2. 26) does not hold. Then there exist an ¢, (0,¢,) and a
sequence 0<(¢,<#;<---—o0 such that

(2. 272) QmpeV(2),

(2. 27b) Q (tam) &V (&1),
for m=1,2, ---. By the way, for any ¢ €Y and weV (e/2), 2=0@)w

— ¢ satisfies the reduced equation



SEMILINEAR DIFFUSION EQUATION 421

%f—=La+ (Fz, 7+0(x)) — f(z,0(@))},

as well as the boundary condition
o+ (1~a)gﬁ—=0.
oy
So it is not difficult to see that there exists a #,>0 such that
(2-28) QW weV(e), 0=t=t,

for all weV(e/2) (see the proof of Theorem 2.4 i)). Combining
(2.27) and (2.28), we find that for each m=1 2 -.- there exists a
tm,E [tgm_l, tgm) such that

Qe +H9eV(ENV(S), o=rst.

Consequently, by virtue of Theorem 2.4 1ii), {Q (¢, +%0)¢} met.e,.. is rela-
tively compact in C'(D) NC*(D). It implies that £(¢) meets with the
closure of V' (&;)\V (&,/2), hence 2(¢)\Y meets with V (g,), a contradic-
tion to (2.25). Thus (2.26) is established.

As a result of (2.26), {Q(2)¢}.= is relatively compact in C'(D)
NC*(D) for any 0>0. It can be seen from the boundedness of
{O@) P} iz in L*(D), Theorem 2.4 ii) and the fact that

@) iz={00) w; we {Q(£) ¢} i} -
Accordingly the topology of C'(D)NC*(D) and that of L=(D) are

equivalent on the closure of {Q(#)¢} >, hence, combining this fact and

(2. 26), we obtain the conclusion. Q.E.D.

Corollary 2.10. Let (A) hold and let g =Dom(Q (0)). Suppose
Q)¢ remains bounded in the L(D) norm as t—oco. Then 2()) is
a non-empty connected set in C*(D) (N C*(D).

Corollary 2.11. Let (A) hold and let g=Dom(Q(0)). Suppose
() contains an isolated point v (with respect to the topology of
CY(D)NC*(D)). Then 2(p) = {v} and

lim Q@) ¢=v in C(D)NC (D).

t—o0
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These corollaries are direct consequences of Theorems 2. 9 and

2.8 iii).
§ 3. Strong Instability of Equilibrium Solutions

A solution v of (1.2) is said to be stable (in the maximum norm)

if given any &>0 there exists a 0 >0 such that
Q@) ¢~ opy<<e, 0<t<loo0,

for any ¢ € BY(D) satisfying ||¢) — v|| oy <0, where Q is what is introduced
in (2.8). We say v is unstable if v is not stable. As we are concerned
with real-valued solutions, it is possible, and convenient as well, to
discriminate between upward instability and downward one. It is also

convenient to introduce the notion of instability in a stronger sense.

Definition 2. A solution v of (1.2) is unstable upward if there
exists an ¢,>0 such that for any 0>>0 there exists a function ¢ & B°(D)
which satisfies v (x) <¢(x)<v(x) +0 everywhere on D and also the

inequality

G.D [Q () ¢] (x0) Zv (x0) + &

at some (xy, 2). We say v is strongly unstable upward if there exists
an ¢,>0 such that given any ¢ € B°(D) satisfying ¢=v and ¢%£v (3.1)
holds at some (x,%,). By reversing the inequalities, downward in-

stability in either sense is defined likewise.

It is easy to see, by virtue of the comparison theorem, that v is
stable in the maximum norm if and only if it is unstable neither upward
nor downward.

Before presenting our results we introduce the following notation:
X*(v) ={we B"(D) ;w=v, w#*v},
X~ (v) ={weB'(D); w=v, w#v},
ST (v) =SNX"*(v),
S7(v) =SNX"(v),

where S is the set of all the solutions of (1.2).
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Here we are ready to state the most important theorem in this

chapter:

Theorem 3.1. Lez (A) hold (see §2) and let v be a solution
of (1.2) which is strongly unstable upward.
i)  Suppose ST(v)==@. Then it has the minimum of it, i.e.,
there exists a solution v*eS*(v) such that
vi(x)<v(x) on D
Sor all ¥&€8*(v). Moreover, for any X (v) N X (v?),
limQ@)¢=v"
t—o0

in the topology of C*(D)NC*(D).
i) Suppose ST (v)=0. Then, given any X" (v), there exists
a T, 0<T <00, such that

lim max [Q@®¢] (x) =+o0.

Remark 3.2. A similar proposition holds true for S~(v) and its

maximum v~ if v is strongly unstable downward.

The proof shall be given later in this section. This theorem will
find its wider application when coupled with one of the following theo-

rems which are more or less familiar to us.

Theorem 3.3. Let (A) hold, let v be a solution of (1.2), and
let A, be the least eigenvalue of the following eigenvalue problem:

(3. 2a) Lo+2¢=0 in D,
0o
(3.2b) ap+ (1—-a)—a—:O on 0D,
Y
where

Lo=Lo+ fu(z,v(z))g.

If 2,<0, v is strongly unstable both wpward and dorwnward.

Next theorem requires a further assumption on the boundary condi-

tion.
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(B) Either 1) or 2) holds:
1) a=1 on 0D.
2) 1—o never vanishes on 9D,

Theorem 3.4. Let (A), (B) hold und let v be a solution of
1.2). If v is unstable wpward (resp. downward), it is strongly

unstable upward (resp. downward).
As a consequence of Theorems 3.1 and 3.4 we have

Corollary 3.5. Let (A), (B) hold and let v be a solution of
(1.2). Suppose one of the following conditions holds. Then v is
stable from above, i.e., not unstable upward.

1) There exists a function ¢ X" (v) such that Q)¢ converges

to v as t—oo (for instance in the maximun norm).

2) inf ¥(x)=v(x) on D.
eS8+ (v)
Of course an analogous assertion holds good for the stability from

below.
Some applications of Theorem 3.1 in combination with Theorem 3. 4

will be found in §4 and § 6, while in §5 are those of Theorem 3.1 in

combination with Theorem 3. 3.

Now let us begin the proof of these results.

Lemma 3.6. Let (A) hold and let v be a solution of (1.2).
Suppose v is strongly unstable upward. Then
i) v is isolated from S*(v) in the maximum norm,

i) for any X (v),
2@ St (v).
(See (2.24).)
Proof. i) Let g be as in Definition 2 and let V= {we B°(D);

|w—v|o<e. It follows from the definition of ¢, that V[ X* (v) does

not contain any equilibrium solutions. Se VN S*(v) =@.
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i) We assume 2(¢) =0, {or otherwise the statement is trivial. By
virtue of the comparison Theorem and Theorem 2. 8 i), £(¢) is contained
in S*(v) U {v}. Since v is an isolated point of S*(v) U {v}, it follows
from Corollary 2. 11 that either £2(¢) = {v} or 2(¢) CS*(v). Suppose
that the former holds. Then we see, from Corollary 2.11 again, that
Q(#)¢ converges to v in C'(D) NC*(D), which contradicts the strong
upward instability of w. Therefore the former cannot hold, hence the

conclusion. Q.E.D.

We introduce into S*(v) (resp. S7(v)) an order relation defined
as follows:
v;=>v, means v;(x)=v,(x) everywhere on D. S*(v) (resp. S~ (v))

is then regarded as a partially ordered set with respect to this relation.

Lemma 3.7. Let (A) hold and let v be a solution of (1.2).
Suppose v is strongly unstable wpward and that S*(v)=+<0. Then
for any v, v,eS*(v) there exists the greatest lower bound of
{vi, v} in the ordered set S*(v).

Proof. Put
A (x) =min{v,(x), v,(x)}.

By virtue of the strong maximum principle, A(x)>v(x) on D (cf.
Lemmas 3.8 and 3.9). Hence 2z€ X* (v) and, by the comparison theorem,

v=00)h=v;, i=1, 2

’

for all £20. Applying Corollary 2.10 and Lemma 3. 6 ii) to A, we find
that 2(%) is a non-empty subset of S*(v). The above inequalities thus
imply that {v,, v;} has at least one lower bound in S*(v). Let ¥€S*(v)

be any lower bound of {v,, vs}. Since ¥<h,
géQ(t)hé‘vi: 121, 2,

for all £Z0. So any element of £(A) is an upper bound of {¥}. It is
now easy to see that 2(2) contains only one element, namely the greatest

lower bound of {v, v,}. Q.E.D.
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It follows from this lemma that any finite subset of S*(v) has the
greatest lower bound of it in S*(v). We denote by v, Av; A\ AVn

the greatest lower bound of {v;, vy, -+, v,}.

Proof of Theorem 3.1. i) We merely show the existence of the
minimum v?¥. The rest of i) then follows immediately, if the comparison
theorem, Theorem 2. 8 iii), Lemma 3. 6 ii) and Corollary 2.11 are taken

into account.

Put
¥(zx)= inf ¥ (x), zeD.
bl [O)

(SN

What we have to show now is ¥eS8*(v). Take an element v, of
S*(v) and fix it. Then

¥(x)= inf ¥(x),

TES ' Av
where S* A v, denotes {T Avo; ST (v)}. So, given any ¢>0 and any
finite number of points xy, -, xkED, there exist vy, -+, v, €S* Av, such

that
¥ (x) =vi(z) =¥ (x) + ¢
for ¢=1, ---, k. Hence
(z) =i\ Ave(x) =¥ (x) +¢

for =1, ---, k. It follows that ¥ is an accumulation point of S* A v,
in the topology of pointwise convergence on D. On the other hand,
since S* A v, is bounded by v from below and by v, from above, S* A v,
is relatively compact in C'(D)NC*(D) by virtue of Corollary 2.5.
Consequently ¥ is also an accumulation point of S* A w, in C(D) NCY D),
therefore ¥ is a solution of (1.2). This means that ¥ belongs to
S*(v) U {v}, and as v is isolated from S*(v) by Lemma 3.6 1), ¥ must
belong to S*(v). Thus the statement i) is established.

i) Let T =sup{{>0;¢=Dom(Q(2))}, and suppose there exist a

constant M >0 and a sequence 0< ¢, < #,< ---—7T such that
3.3) sup[Q(ta) 4] () =M

for m=1,2,---. As Q)¢ is bounded by v from below, it then follows
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that {Q (¢,.) ¢} men is bounded in L=(D). Here we have two cases, ie.,
the case where 7" is a finite number and the case where 7 =oco. In
the first case, on applying Theorem 2.4 i) to B={Q (¢,){} nen, we are
led to a contradiction. In the second case, an application of Theorem
2. 8 iii) yields 2(¢)=#D. So it follows from Lemma 3.6 ii) that S*(v)
%+, which contradicts the presupposition. Thus, in either case, our

supposition (3.3) has turned out false. Q.E.D.

Proof of Theorem 3.3. Let ¢, be one of the eigenfunctions of
(3.2) belonging to 4;. It is well-known that ¢, never changes sign in
D (a consequence of Krein-Rutman Theory). So we can assume in the

sequel that ¢, >0 in D and that || zspy=1. Since 4,<0, there exists
an ¢, >0 such that

(3.4) f(x,'v(x)—!—e)~f(x,v(x))zs{fu(x,7)(x))+%}

for all 0<{e<{¢, and zeD.

Now suppose that some function ¢ € X*(v) satisfies the inequality

(3.9) Q&) ¢—] 12Dy =&

for all £20. By Green’s formula,
d /0
71?<Q B p—v, 0= <-0_tQ ®9¢, (/71>

=<LO®) 9+ f(z,Q® ), o>
={LQ@O) -2} +{f(z,Q@O) ) — F(z, )}, 00,
=Q @& ¢—v, Loy +<{f(z,Q1) ) — f(z,v), 0,

where {,)> denotes the inner product on L*(D). Using (3.4) and
(3.5), we get

dit@ Ov—v, 0= —%‘-@ Od—v,05,
therefore
2
Q@O Y—v,eyZesp {2 v, 0.

As 2;,<0 and {p—v, p;>>0, it {follows that
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lim <Q ()¢ —v, > =0,

which contradicts (3.5) because D is bounded. So there exists no such
a function ¢p=X*(v) as to satisfy (3.5). Hence the strong upward
instability of w. The strong downward instability can be shown likewise.

Q.E.D.

Lemma 3.8. Let (A), (Bl) hold and let v be a solution of
1.2). Given any pX*(v) and any t.>0 such as ¢=Dom(Q(z)),

there exists a constant ¢>0 such that

(3.6) Q@)¢=v+co,

where 0(x) is the distance between x and 0D.

Proof. Put
M = i Ifu(z, Q@) || 222y

and let us consider the initial-boundary value problem
o
0t
%(z,0) =¢(x) —v ()

=Lu—Mu

am+Q-a) 2% —0.
oy
By virtue of the comparison theorem we have

(6.7 Q—vZalz, ) =™ [ U(z,5,6) $0) ~v()}dy,

where U is the fundamental solution of the equation 0u/0t=Lu with

the same boundary condition as above. Since
U(zx,y,t,)>0 for (z,y)esDXxD,

%—U(x, v,4) <0 for (z,y)€0DXD
y

(see [8], §9), and as ¢—wv is non-negative and is not identical to zero,

it follows that
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ﬁ(x, t1)>0 in D ,
9% (4 1)<0 on oD .
oy

So we can easily find that there exists a positive constant ¢ such that
u (1’, tl) ZCO ’

hence we obtain the conclusion. Q.E.D.

Lemma 3.9, Let (A), (B2) hold and let v be a solution of
(1.2). Given any g X*(v) and any t,>0 such as ¢=Dom(Q(z)),

there exists a constant ¢>0 such that
Qt)¢p=v+ec

everywhere on D.

The proof is just similar to the previous one except that we use

here the following property of U:

U(x,y,t)>0 on DxD.

Proof of Theorem 3.4. First we prove this theorem in the case
where (A), (B1) hold. Let ¢, be as in the definition of the upward
instability of v (see Definition 2) and let ¢ be any element of X' (v).
Further we put

M= max f,(x,¢).

reD, 0<e<e,

It is easily seen, from the proof of Theorem 2.4 i), that there exists a

positive number #; such that ¢ €Dom(Q(#)) and that
3.8) =0 (@) w—v<e,, 0=ty

for any continuous function w satisfying 0<w —wv=<¢,/2. Because

flz,0@)w) — f(x, v) M {O(#)w—v} so long as 0<t<#, we get

Q@) w—v<e" LU (z,5,t) {w(») —v(¥)}dy

by the aid of the comparison theorem (cf. (3.7)). As
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7. Uy, 8) @) —v()}dyl

Slw—vl o [[17.U @, 9,8)1d5,
and since Q(¢)w—wv vanishes on 0D, it follows that

3.9 Q) w—v=ci|w—2v] =0,

where
¢1= e sup j \7.U (z, v, ) |dy .
r&D D

Let ¢ be a small positive constant such that (3.6) in Lemma 3.8 holds
for the present ¢ and # (recall ¢€Dom(Q(z))). As v is unstable
upward, there exists a continuous function ¢,(x) which satisfies the
inequalities
0=<¢y —v<min <—C—, %)
1

on D and also the inequality

(3.10) [Q (20) 1] (z0) — v (z0) = &0
at some (xo,%). Here #,>%, because of (3.8). Combining (3.6) and
(3.9), we get

QU)h=v+co=0Q ()¢,

so it follows from the comparison theorem and (3.10) that

[Q 0 ¢] (x0) — v (20) =60,

since £ >%;. As ¢ is any element of X*(v), the strong upward insta-
bility of v is established.
Secondly, the case where (A), (B2) hold. Using Lemma 3.9 in-

stead of Lemma 3.8, we obtain the conclusion more easily. Q.E.D.

§ 4. Multiple Existence of Equilibrium Solutions

In this section we consider problems under both of the hypotheses
(A) and (B) (see §2 and § 3), so the boundary condition of (1.1) can

be expressed in one of the forms
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u=RB(x),

or

% s @u=r@).
oy
Definition 3. A closed set Y in C'(D) N C?*(D) has the property
(S) if there exists a family of sets {Y,},ca in C*(D)NC*(D) which
satisfies the following conditions:
1) NY.=Y;
acA
2) for any a;, ay€ A there exists an o€ A with Y, CY, NY,,;
3) each Y, is closed in C'(D) NC*(D) and bounded in L*(D);
4) given any element w of Y, any ¢ A and any 0>>0, there exist

continuous functions w;, w, and a finite number 720 such that
w— 0w S wlw,<w+0, w, w,Zw,

and that
Q@) w;eY,, i=1, 2

for T<it<oo, where Q is the operator introduced in (2. 8).

Remark 4.1. I a closed plus invariant set Y is plus stable, i.e.,
if given any neighborhood U of Y there exists a neighborhood VDY
such that Q) VCU for £=0, then Y has the property (S).

Now we present our main results in this section, which consist of
the following three theorems. The first one may seem rather different
from the others because of its abstract form, but one will find the second
theorem to be an immediate consequence of it, and in § 6 will be found

a more concrete and more interesting application of it.

Theorem 4.2. Let: (A), (B) hold and let Y be a nonempty
closed set in C'(D) N C*(D) which has the property (S). Then Y

contains at least onc stable solution of (1.2).

Theorem 4.3. Let (A), (B) hold and let v, wv, be distinct
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solutions of (1.2). Suppose v,<wv, on D and that v, is unstable
upward while v, downward. Then
1) there exist a minimal solution vy and a maximal solution

v, in such a sense that
DS S v S0,, ViEVs, UiFEVs,

for any solution v satisfying v, <v<v,, V% v,,Vs;

ii) there exists at least one stable solution v satisfyving v,<<v

IN

Vo,

Theorem 4.4. Let (A), (B) hold and let v, v, be distinct
solutions of (1.2) satisfying v,;<v, Suppose v, is stable from above
and vy from below. Then there exists at least one other solution

v which satisfies v, <v<wv,.

[
Here we say v is stable from above (resp. below) if it is not
unstable upward (resp. downward). As a result of Theorems 4.3 and

4, 4 we have the following corollary:

Corollary 4.5. Let (A), (B) hold and lel v, v, be distinct
solutions of (1.2). Suppose that v,<wv, and that there exists no

other solution lying between v, and v,. Then, either
lim Q) w=wv, in C'(D)NC*D)
t—o0

Jor all weX (v) N X (vy) or

im Q@) w=v, in C {D)NC*(D)

t—>c0

for all we Xt (v) NX (vy).

The proof is immediate if Theorem 3.1 i) and Theorem 3.4 are

taken into account.

Remark 4.6. 1) One may expect that a similar assertion still
holds when w, is replaced by 4+ oo or w; by —oo., But, so far, any

satisfactory result has not been obtained except for the case where n=1
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and the function f is independent of z. For this special case we state
the result without proof.

Let » and f be just as above and let v be a solution of (1.2)
satisfying S*(v) =@ (resp. S~ (v) =0). Then we have the following
alternatives:

Iim Q) w=v in CYD)NC*D)

t—oo

for all weX*(v) (resp. X (v)) or
IirrT1 max[Q () w] (x) =+ oo
(resp. lim mjl_l [O@)w] (x) = —00)

for all weX*(v) (resp. X (v)), where 7 is a positive number or
infinity depending on zv.

2) The same is truc in the case where n=1 and f(x,u) is
bounded from below (resp. above) in the domain D X (0, +o0) (resp.
Dx (—o0,0)). We can prove these results by using Corollary 4. 5.

From this remark, we get rather a simple sufficient (and necessary)
condition for the instability of a solution. Given such a solution as in
the above remark, suppose we could find a continuous function w such
that Q(#)w blows up to —oo (resp. —oo) in a finite time or diverges
to +oo (resp. —oo0) as t—oo; then the upward (resp. downward)
instability of v follows. In fact, the former alternative in Remark 4. 6.
1) cannot hold in this case by virtue of the comparison theorem.

In finding such a function w the idea of upper and lower solutions
is often useful. For, if w is a lower (resp. an upper) solution satisfying
w () >v () (resp. w(xy) <v(xp)) at some x, € D, it is easily verified
that Q(#)w is monotone increasing (resp. decreasing) in ¢ to finally
blow up or diverge to +oo (resp. —o0) (see [12; Remark in §4]).
So the question is merely how to find such a lower or an upper solution.
This method can be applied, for example, to the boundary value problem
v”+¢"=0, v|,p=0. In fact, given any positive number M, a lower
solution w satisfying w (x,)>M at some xy&D is always found, and

so we can a priori conclude that any solution of this problem above
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which there lies no other solution is unstable upward in the sense that
the second alternative in Remark 4. 6 1) holds. (Instability of such
solutions has already been shown in H. Fujita [6] under the hypothesis
that the problem has at least two solutions.)

Now, let us begin the proof of the theorems.

Proof of Theorem 4.2. Suppose Y does not contain any stable
solution of (1.2). By definition, there exists a family of sets {Y.}.ca
which satisfies the conditions stated in Definition 3. So, for any a€ A,
we can find a continuous function w, such that Q()w,€Y, for all
t=T, where T, is a finite number depending on « and w,. Since Y,
is closed in C!(D)NC?*(D) and bounded in L=(D), it follows from
Theorem 2.8 that £(w,) is a nonempty subset of Y, Set K=closure
UAQ(wa), where the closure is with respect to C'(D)NC*(D). K is
zeset of solutions of (1.2) and, by Corollary 2.5, Y, K is nonempty
and compact. Considering the conditions 1) and 2), we see ) ¥ .NK)
=Y N K=, which implies that Y contains at least one solutigrelef 1.2).
Let v,€Y NK. As it is supposed that Y contains no stable solution,
v, must be unstable upward or unstable downward. Without loss of
generality we can assume the upward instability of it. Then, as is seen
in Theorem 3.4, it is strongly unstable upward.

Now let Z be the set of all the solutions of (1.2) that are unstable
upward and contained in Y. Naturally Z is regarded as a partially
ordered set (the relation v,<\v, means v;(x) <v;(x) everywhere in D).
Denote by M the set of all the well-ordered subset of Z. Again can
M be regarded as a partially ordered set with respect to the following
order relation: W,<<W, if W, coincides with a segment of W, Clearly,
M is an inductively ordered set and is not empty as it contains {v,}.
Therefore, by Zorn’s lemma, there exists a maximal element W of M.
Here we have two cases.

Case 1. Suppose that W has its greatest element %, in other words,
consider the case where W 1is isomorphic to the segment of an isolated
ordinal number. In this case the minimum of S* (%) exists and belongs
to Z. To see this, we first note that there exists a function w e X* (%)

such that Q(#)w remains bounded in L*(D) as t—oo (see Definition 3
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and recall that each Y, is bounded in L=(D)). So, considering that ¥
is unstable upward, we find from Theorem 3.1 that S*(%) is not empty
and has its minimum %*. Again by definition, given any 0>>0 and any
a € A, there exists a function ¢ € X+ (@) N X~ (T +0) satisfying Q@) ¢ Y,
on some interval T'<{t<(oco. Here, taking a sufficiently small §, we can
make =0 (4)¢<T* for some £,=0. (In the case where (B2) holds,
P+=>% + ¢ for some ¢>0 by virtue of Lemma 3.9. So the above state-
ment is trivial if we put 0 =c¢ and #,=0. In the case where (B1) holds,
P*=T+cp for some ¢>0 by virtue of Lemma 3.8. Therefore, as is
seen in the proof of Theorem 3.4, we can find such a >0 and a £=0
as above.) It means that Q(£)¢ converges to * in C'(D) N C*(D) as
t—>oo (see Theorem 3.1 1)). Hence ¥* is contained in Y, As « is
any element of A, ¥t is also contained in Y. Seeing that Q(#)¢ con-

~

verges to ¥+ from below, we find, by the aid of Corollary 3.5, that o™

is stable from below. So it must be unstable upward since Y contains

no stable solution. Consequently ¥* belongs to Z and hence W | {7*}
to M.
Case 2. Suppose that W does not have the greatest element, in

other words, consider the case where W is isomorphic to the segment

of a limit ordinal number. In this case, putting
9 (x) =sup v (x),
veEw

we claim that ¥ belongs to Z. In fact, since Y is bounded in L*(D),
¥ is an accumulation point of W in the topology of C*(D)NC*(D). So
7 1is a solution of (1.2). The relation 9 €Y and the stability of ¥ from
below follow from the closedness of ¥ and Corollary 3.5 respectively.
So ¥ belongs to Z.

Thus, in either case, the existence of an element that violates the
maximality of W has been shown. So our supposition that Y contains

no stable solution must be false. Q.E.D.

Proof of Theorem 4.3. 1) As v,€S8*(v:), S*(v,) is not empty,
and so it follows from Theorems 3.1 and 3.4 that the minimum of
S*(vy) exists. We denote it by w; Not only v,<vs<w, and v,;% v,

but also w3z v, since v, is stable from below while v, is not. Considering
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that v;&S57 (v;), we can similarly show the existence of v,=max S~ (v,),

which satisfies
vsév‘;évg N 7/4:7'_: Vg .

The rest of i) follows immediately.

i) Let w;, v, be as above and put
Y={weC'(D)NC(D); v;—7/4<w=v,+7/4},

where v=v;—v; and D=v,—v,. Note that in the case where (A),
(B1) (resp. (A), (B2)) hold there exists a constant ¢>0 such that
T, D=cp (resp.c) thanks to Lemma 3.8 (resp. 3.9). So there exists
a finite number 70 such that

Q@) (vs—9/2), Q@) (va+7/2) €Y

for all t1=T, because these two functions converge to v, v,, respectively
in C'(D) as t—>oo, It follows from the comparison theorem that
Q@) weY for all £=T and any function weC*(D) NC*(D) satisfying
v3— /2l w<v,+7/2. Putting Y,=Y we easily find that Y has the
property (S). The conclusion now follows from Theorem 4. 2.

Q.E.D.

Proof of Theorem 4.4. First we prove this theorem under the
assumptions (A), (B1). Suppose X*(v,) N X (v;) contains no solution
of (1.2). Then it follows from the comparison theorem, Theorem 2. 8
ii) and Corollary 2.11 that for any weX"(v,) N X (vy) Q@) w con-
verges either to v, or to v, as t—>o0 in C'(D) N C*(D). Set

we=v,+ 0 (vy—v;)

for 0<X0X1. By virtue of the comparison theorem there exists a number

0, such that
(4. 1a) Q@) wy—v; (as t—o0) if 0=0<6,,
(4. 1b) Q@) wy—>v, (as t—>o00) if 0,<0L1.

Neither 0,=0 nor 0,=1 because of the stability of v; and v,. Without
loss of generality we can assume Q(¢) w,—>v; as £—>oc0, Since this con-

vergence occurs in C'(D), given any ¢>>0 there exists a #/>>0 such
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that
L0 () we, v+ cp,
where p(x) =dist(z,0D). Considering
4.2) Vy— V12> Co0
holds for some ¢,>0 by virtue of Lemma 3.8, we then find that
(4.3 10 () wo, Zwi,

for some ¢,>0. By the way there exists a constant ¢,>>0 such that for
any we X (v,) N X (vy)

4.4 10 (1) wo,— Q (&) W 1=y =<c:1]| Wy, — @ | 2=y -

This inequality can be shown just similarly to (38.9). Combining (4. 2),
(4.3) and (4. 4), we obtain by a simple calculation the inequality

(4.5) Q@) wi<wv,+ {% + ¢ (0—60) | va— o1 L""(D)} (vs— vy)
for any 0 satisfying 0,=0<1. Let 0, satisfy
0<6,— (90<%00f3001_1 (lve— 1l z2my) -1,

It then follows from (4.5) that Q(#,) we<wspe. So we can see [rom
(4.1a) that Q(¢£+¢,) w,, converges to v; as £—>oo. On the other hand,
since 0,>0, Q(¢)w, must converge to v, by virtue of (4. 1b). This
contradiction proves the existence of at least one solution of (1. 2) between
v, and v,.

Secondly, under the assumptions (A), (B2). The proof is just
similar to the above one, except that we use Lemma 3 9 instead of

Lemma 3. 8. Q.E.D.

Chapter II. Homogeneous Neumann Problems

§ 5. Instability of Non-constant Equilibrium Soluiions

In this section, and also in next section, we study a special form of

(1.1):
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(5. 1a) %=Au+f(u),

(5. 1b) u(z,0) =u,(2),
0u _

(5. 1¢) 577—0.

The stationary equation corresponding to (5.1) is (1.3). Note that f
is assumed to be independent of x. So assumptions (A), (B) are put

into the reduced form

(A" 1) D is bounded and 0D is smooth;
2) f is of class C%

Our aim in this section is to pick out a few types of domains in R"
in which any stable solution of the boundary value problem (1.3) is
necessarily a trivial solution, ie., a zero of f(#). We mention here
three types; convex domains, bodies of rotation with convex sections and
domains bounded by concentric spheres. From the standpoint of practial
applications, it is important to determine, for a given function f, in what
domain (1.3) admits non-constant stable solutions and in what domain
not. Qur results here form part of the answer to the latter question,
and part of the answer to the former is given in §6.

To define the above-mentioned second type of domains exactly, let

us introduce the following notation:
GU) ={U"TU} ogs<2n »
where

cos 0 —sin 6

sin @ cos @

Tg= 1
1

and U denotes an element of SO(#z). Here it is assumed that n=>2,

We consider G(U) a one-parameter group of transformations. Obviously

G(U) is a subgroup of SO(n).
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Definition 4. A subset Y of R* is G(U)-invariant if
U T,UxeY
for all z€Y and 0<<0<2x. A function w(x) is G(U)-invariant if its
domain is G (U)-invariant and
w U T Ux) =w(x)
for all z, 0.

It is easy to see that Y is G (U)-invariant if and only if UY(={Ux;
ze€Y}) is G(E)-invariant, where E is the unit matrix. When 7 =3,
G(E) is nothing but a group of rotations around zgaxis.

In a G(E)-invariant domain it is convenient to introduce a new co-
ordinate system (0, r, x3, -+, Z,) instead of the usual orthogonal coordinate

system (xy, -+, Z.), where

xy=rcos @,

;=7 sinf,
for r=0, 0<<0<2zn. A domain D is G(E)-invariant if and only if there
exists an (7 —1)-dimensional domain D, in (7, z3, -+, Z,)-space such that
(5.2) D=0, 2r) X D,.

(Note that for each zj,--+, z,, the set {(0,0, zs, ---, x,); 0=0<2m} is
identified to one point.) Similarly, a function w=w(0,r, z, -+, T,) is

G (E)-invariant if and only if w is independent of 6.

Definition 5. Let D be a G(E)-invariant domain. The E-section
of D is a domain in (r,x,, -+, z,)-space defined by D, in (5.2). We
denote it by Sg(D). For any U SO (%), U-section of a G(U)-invariant
domain D is defined by Sy(D) =Sz(UD).

Now we are ready to form a clear definition of the three types of

domains.

(T1): D is convex.
(T2): D is G(U)-invariant for some U &SO(#n), UD does not meet
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with the Z-codimensional subspace z;,=z,=0 (ie. r=0) and
Sy(D) is convex. (Here n=>2))
(F3): D={zeR";r<|z|<ry} for some 0<r <r; (n=2.)

These conditions are incompatible with each other, except that (T2)
and (T3) are equivalent conditions when =2, A typical example of

domain of type (T2) for =3 is the inside of a torus.

Theorem 5.1. Let (A’) hold, let D be of one of the types
(T1) ~(T3) and let v be a solution of (1.3). Suppose v is not a
constant function. Then it is unstable in the following sense:

i) If A'={aeR; f(a)=0, azmaxv(x)} is not empty, then
any continuous function () satisfying vzzbga+ (=min A%), ¢%£v be-
longs to Dom(Q(o0)) and

lim Q(Z)¢p=a”

in the topology of C*(D) NC*(D), where Q is the operator introduced
in (2.8).
i)y If A*=Q, then given any continuous function ¢ satisfying

¢0=v and $#v there exists a T € (0, 0] such that

lim max Q(#)¢=+oo.

t->T zcb
1), 1)’ similar propositions hold good for A-={a<eR; f(a) =0,

a<min v(x)}.
z&D

This is our main theorem in Chapter II. The following theorem,

though not so strong a statement as above, is also interesting.

Theorem 5.2. Let (A’) hold, let D be G(U)-invariant for
some UeSO(n) and let v be a solution of (1.3). If v is not

G (U)-invariant, it is unstable both upward and downward.

To see the above results by the use of Theorems 3.1 and 3.3, we
have to show the negativity of the first (i.e., least) eigenvalue A; of the

following eigenvalue problem:
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Lo+dp=0 in D,

.3 9% _6 on 0D,
L O0n

where

Lo=do+f" (v(2)e.
As is well-known,

L= min H (o),

¢EH1(D),n¢uL,(D)=1

where

H@= [ (7or-F (@@)e1dz,

and the eigenfunctions corresponding to A; are characterized as to mini-

mize the form

(@) /¢l L2y -

As a consequence of Krein’s theorem, 4; is a simple eigenvalue and any
eigenfunction subject to A; does not change sign in D. Therefore, it
is sufficient for concluding ;<0 if we find such a {unction ¢ H'(D)
as to make H(¢) <0 or as to make 4 (¢) =0 and change sign in D.

Next lemma will play an important role in the sequel.

Lemma 5.3. Let D, be a convex domain in R™ with a smooth

boundary. Suppose w belongs to Cs(—D—l) and satisfies 0w/0n=0 on
0D,. Then

i|I7w|2_&~_/0 on 0D;.
on

Proof. Let p be a function of class C? defined in a neighborhood
of D, such that

p<0 in D,
(5, 4) 020 on aDl
0>0 outside D,

and that Fp never vanishes on 0D,. Since Fp is outer normal to 0D,
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at each point of 0D;, we have

where - denotes the usual Euclidean inner product. So it follows from
the boundary condition 0w /07 =0 that there exists a function g& C*(D,)
such that

(5.5) Vo-VPw=pg on D,.

Differentiating (5.5) by z; yields

Po- V<gw>+l7<ap> Fw=20g4099

Z; axz 0xi axi

for i=1,---, n. Multiplying this equality by 0w /0x; and then summing

’

over =1, -

, n, we get

%0 0w 0w
7 0x0x; 0x; oz,

SP0-P (P} + 3

=gPo-Vw+oVg-Fw =09+ 0Vg-Tw .

Therefore
0* 0w 0w
—V r(Pwl?) + o =0 oD, ,
b-7Crewly Z@xi@x, 0x; 0.76, on '

hence

0 2 0’0 0w 0w
5.6 9wt —_~ 0D; .
(5-6) an[ il [Pp| Zf: x:0x; Oxzaxj on '

~

As is well-known, for each Z&€0D,; the Hessian of p at Z induces a
positive semi-definite quadratic form on the tangent hyperplane to 0D,
at Z, because D, is convex. Since the boundary condition 0w /07n=0
implies that the vector Pw (Z) belongs to this tangent hyperplane, it
follows that the right-hand side of (5.6) is nonpositive. Q.E.D.

Lemma 5.4. Let (A’) hold and let v be a solution of (1.3).

Suppose v is not a constant and that

> (2 ax)
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Then 11 <O.

Proof. The statement is trivial if >} H (0v/0x;) <O, for in this
case there exists at least one integer %, 1=<{k<{n, such that J((0v/0z,)
<0. So we assume ) (0v/0x;) =0.

Now suppose that 1,>0. Then it follows from the above equality
that

H(O0v/0x;) =0, i=1, .-, n,

and that 4,=0. This means each 0v/0x; is an eigenfunction subject to
A, or is identically zero. Since A, is simple, we can find a function

¢, (x) and constants ¢; (#=1,---, #) such that

0v
axi

=ci¢ls z:l e

b b

n.

It follows that there exists a function @ of one variable satisfying
(5° 7) ‘U(.Z'], "',.23,,,) =@(clx1+--~+cnxn)

for any (xy, -, z,) €D. Here c=+c?+---+ %0, because v is not a

constant, Put

a=min(¢cz;+ -+ + caZn),
zeD

b=max (¢, + -+ + cpxn)
x&D

and let Z be the point of 0D where the above minimum « is attained.
It is easy to see that the vector (cy, -+, ¢,) is inner normal to 0D at Z.
Combining (5.7) and (1.3), and considerinz the above-mentioned fact,
we get an ordinary differential equation of the form

(5. 8a) 0" (y) +c*f(0(¥) =0, a<ly<d,

with the initial condition
(5. 8b) 0’ (a) =0.

Recall that each 0v/0x; (=1, -+, n) is an eigenfunction of (5.3) or is
identically zero. So it satisfies the Neumann boundary condition on 0D.

Consequently,

c:0” (a)=0, i=1, -, n,
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hence @”(a) =0. It then follows from (5.8a) that
(5.9 f(0(a)) =0.

Combining (5.8) and (5.9), we find, by the aid of the uniqueness

theorem for solutions of ordinary differential equations, that
O(y)=0(a), asy=b.

It implies that v is a constant, which contradicts the presumption.
Therefore our supposition that 1,220 must be false, thus the negativity
of A, is established. Q.E.D.

To consider (1.3) and (6.1) in a G(E)-invariant domain, it is

convenient to express A=) 0°/0x} in the coordinates 0, r, x;, -, Za:
T

1 0

~ 1 0
5.10 d=4+=——+=—, 0,
( ) r 0r ! 06° T
where
~ 82 n 02
4= + .
or? zga: 0x2
We also use the following formula:
= = 1 0w, 0w
5 11 Ve, - Vw,=Vw,- VPw,+ = ! 2 >0,
( ) 1V Wy Wy VW, - 30 a0 >
where

ﬁ:(i o i)

or’ dxy 0z

It is easily seen from (5.10) that 4 and 0/00 are commutative. Con-
sequently, differentiating (1.3a) by 0 yields

(5-12) A(%Z%f’@)%%:m

This equality should be understood to hold as long as >0, since
(5.10) is valid for r>>0. However, putting 0/00=0 when =0 and
then regarding 0/00 as a smooth vector field defined everywhere, we

can see (5.12) hold everywhere in D.
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Lemma 5.5. Let D, be a G(E)-invariant domain with a smooth
boundary and let w be a function of class C*(D)) satisfying the

boundary condition 0w/0n=0 on 0D,. Then
0 <0w> 0 on 0D,.
On \ 00

(As is mentioned above, we understand 0w /00 =0 if r=0.)

Proof. Let p be a G(E)-invariant function of class C? satisfying
(5.4). (It is not difficult to see that we can actually take such a
function p.) Combining (5.5) and (56.11). We get

og="Fo-Tw,

where ¢ is a function of C!(D;). Differentiating this equality by 0, we

then obtain

020 =707 (32)<ro(32)

So 0(0w/00) /0n vanishes on 0D,. Q.E.D.

Proof of Theorem 5.2. First of all, note that if v is a solution
of (1.3) then it belongs to C*(D) because of the smoothness of f. It
should also be noted that we have only to prove this theorem in the
case U=E since UD is G(E)-invariant and (1.3) does not change its
form under any orthogonal transformation of coordinates.

Using (5.12) and Green’s formula, we get

#(55)= L7 (o) -7 @ (55}

=LV%§ 43535}

_ 0v 0 <6l>dz

20 00 0n \ 00
Consequently, by Lemma 5.5,
(5.13) ﬂ(i’i) -0
00
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As v is not G(E)-invariant, 0v/00 is not identically zero. So (5.13)
implies that 2,<X0. If 2,=0, it follows from (5.13) that 0v/00 is an
eigenfunction of (5.3) subject to 1;, hence 0v/00 does not change sign
in D. But this is impossible because

2n 0'0

0

(0 r, Xy, o, Tn)d0=0.

Therefore A; must be negative. On applying Theorem 3.3 we get to
the completion of the proof. Q.E.D.

Proof of Theorem 5.1. We first show the negativity of 4,.
Case (T1): By Green’s formula,
°)}as

7(52)]
V(S_;)ZMQD gzi} dz
" Ov 0 <07}

Jap axi 0n \0x;

(.19 3 ﬂ<0x> =3 UD{

7 @) (2

-2 [

>daf

100 pyegz .
2 Jop On
Considering that v C*(D) and applying Lemmas 5.3 and 5.4, we get
2,<<0.

Case(T2): As is mentioned in the proof of Lemma 5.5, we can
assume U =E. Further we assume that v is G(E)-invariant, for other-
wise the negativity of 4, is already shown in the proof of Theorem 5. 2.

Let o be as in the proof of Lemma 5.5. Then

(5.15) %IV‘UI —l7—le (7o)

1 = =, =
=—Vo-V(|Fv]?.
7ol (rol®

Here we have used the fact that |Fv|=|Fv| and that 0p/80=0. The
former follows from the assumption that 0v/00=0. Since Sg(D) is
convex and 0D = [0, 27) X0Sz(D), applying Lemma 5.3 to D;=Sg(D)
yields the nonpositivity of the right-hand side of (5.15). Combining this
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fact and (b.14), and then applying Lemma 5.4, we find 1;<C0.
Case(T3): Since D is G(U)-invariant for any U €SO (n), we can

assume that v is G(U)-invariant for any U, for otherwise the statement

is already established in the proof of Theorem 5.2. In this case. as is

easy to see, v is a function of |z|. So we put v(x)=0(|x|). Then
Po(z)|=10"CxD|IFlxl|=]0"(IzD],

since |x|50 as long as xeD. Hence on the boundary |z|=r; (=1, 2)

we have
a 12 a ’ 2
(5.16) — Vv () *=—A{0" (|z])}
0n 0n

= (=120 (|=]) 0" (|z]).

Considering that
’ i@v .
(|x])=(=-1)*"-==0, |x|=r;,
on
for i=1, 2, we find, from (5.16), that

(5.17) 9 ipylr=0 on oD.
on
Combining (5.17), (5.14) and Lemma 5.4, we thus get 4;<C0.

Now that A, is shown to be negative in each case, the rest of the
proof is not difficult. For instance we prove i) and ii). Suppose S*(v)
#@. Since v is strongly unstable upward by virtue of Theorem 3. 3, it
follows from Theorem 3.1 that S*(v) has its minimum v*. Here, by
Cororally 3.5, vt is stable from Dbelow. And so it is a constant func-
tion, for, as is just shown above, any non-constant solution of (1.3) 1is
in these cases unstable both upward and downward. Consequently v™
is a zero of f(u), and from the minimality of v in S¥(v) follows
vt=a%. This means that S*¥(v)=£0 and A+ are equivalent, hence
the assertions i), ii) follow immediately from Theorem 3.1 i), i), re-
spectively. Q.E.D.

§ 6. Domains Admitting Non-constant Stable Solutions

As is seen in Theorem 5.1 for case (T'1), any non-constant solution
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of (1.3) is unstable when n=1. But it must be noted that when
n=2 (1.3) sometimes has non-constant stable solutions. To show this,
we present sufficient conditions on D and f for the existence of such
solutions, by which various examples can easily be made.

Let the nonlinear term f be of the form

Sfu) =kg(u),
where £ is a positive constant and ¢ is a function of class C? satisfying
(6. 1a) 9(a) =9g(0) =9() =0
for some a<{0<(b and
(6.1b) u<g(u) <0, a<u<0
(6. 1c) 0<g(w)u, 0<<u<b.

From (6.1b) and (6. 1c) it follows that G(u)= Jug(w)d'w is nonnega-
tive in a<<u<{b and takes its maximum at z=a gr at u=0b. Without
loss of generality we can assume that G(b) is the maximum.

Secondly, let D be a bounded domain in R™ with a sufficiently
smooth boundary and let D;, D, be subdomains of D in each of which
Poincaré’s second inequality holds, i.e., there exist positive constants
25(D,) and 2,(D,) such that for any function we H'(D;) the following
inequality holds:

6. 2) /Iz(Di)‘lj \Peoltdz+ T2 0" > egy (=1, 2).

Dy [pdx Dy
(Here these constants are assumed to be the best possible ones. So they
are nothing but the second eizenvalues of —4 under the Neumann
boundary conditions if 0D; (¢=1,2) are smooth.) We need some more
notation: Let x4 be the Lebesgue measure in R"™ and let J(u) be the

energy form
J () = j {l;Vuﬁ—F(u)}dx,
(2
where F(u) =kG(u). Finally, put

R[-, +]=fweC'(D)NC'(D); aw=b on D,

Llw (x)dzx<0, ng (x)dx> 0} .
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We are now going to show that under suitable conditions (1. 3) has
stable solutions belonging to R[—, +]. Of course any function belong-
ing this set is not a constant function. The essential part of the result
in this section is based on Theorem 4.2. To apply this theorem, we
must find a subset ¥ of R[—, +] having the property (S) given in

Definition 3. Let us begin with the following lemma:

Lemma 6.1. Let f, D, D, and D, be as above and put
=G (&) min{u (D,) min{k, 2,(D,))}, #(Dy)min{k, 2;(D:)}}.
Suppose a function weR[—, +] satisfies the inequality
J (w) <ey—kG () 1(D).
Then, Q(@)w belongs to R[—, +7 for all t=0.
Proof. Since (6. 1a) implies that both v=a and v=~6 are solutions

of (1.3), it follows from the comparison theorem that a<<Q () w=<?>

for all £20. So what must be proved are the inequalities
(6. 3a) j 0w dz<0, t=0,
D,

(6. 3b) jQ(t)wdx>o, £=0.

Suppose, for instance, that (6.3a) does not hold. Then, because
of the continuity of Q(#)w in ¢, there exists a positive number #; such

that

LQ () w dz=0.

Therefore, seeing (6. 2), we get

6. 4) f wwmdxzaz(z)l)f w? dx
Dy D,

=22.(D) [ Gwpdz,

where, for simplicity. the function Q(#)w is denoted by w,. The latter
inequality follows from (6.1b) and (6.1c). On the other hand, by

virtue of Lemma 2.7, J(Q(¢)w) is monotone decreasing with respect to



450 HIROSHI MATANO

¢t in the interval (g, o). As a matter of fact, this monotonicity still
holds in [0, 00), since w belongs to C'(D) (note that w is the limit
of a sequence of functions satisfying the Neumann boundary conditions

in the topology of H'(D)). Consequently
J (wy) =J (w)
<&—kG (&) u(D).

So, considering that the inequality

[, 17l =F ()} dez —kG(®) s (D\D)
holds because of the maximality of G (&), we find
(6. 5) [ s irwl = F o de<er— kG @) 4 (D).
It follows from (6.4) and (6.5) that

WD)~ | Gw)dz<ar~kG®) uD).
Hence, using the inequalities

0= || Gwydz=G @) n (D),

we obtain

o> (D) ~# [ Glw)dz+G(®) 1(Dy)

=G () (D) minik, 2,(Dy)},

which, however, is impossible by the definition of &, This contradiction

proves (6.3a). Similarly (6. 3b) can be verified. Q.E.D.
Now we are ready to present the main theorem in this section.

Theorem 6.2. Let f, D, D, and D, be as above, and suppose
that there exists a function wyeR[—, +] satisfying

(6.6) J (wo) <eo—kG (&) (D),

where &, is the number introduced in Lemma 6.1. Then, (1.3)
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has at least one stable solution belonging to R[—, +].

Proof. Let J, be the right-hand side of (6.6) and set

Y, = {weR[—, +];J(w)§w*ﬁ}
m+1

for m=1, 2,---. It is clear from Lemma 6.1 and {rom the monotone
decreasing property of J(Q(¢)w) that each Y, is invariant under Q(z),

1Le.,
OW)weY,, t=0

for all weY,. Moreover, each Y, is bounded in L=(D) and closed
in CY(D)NC*(D). So it is not difficult to see that Y = a Y, has the
property (S), for Y is contained in the interior of ea:};l Y. in the
topology of C'(D) N C*(D). The nonemptiness of Y follows from the
fact that wy€Y. Therefore, by Theorem 4.2, Y contains at least one
stable solution of (1.3). Considering YCR[—, +], we get to the

completion of the prool. Q.E.D.

It may not be immediately clear that the sufficient conditions given
in the above theorem are really possible conditions. So we next make
4 concrete description of a domain with which above conditions can be

realized.

(P) 1) D is a bounded domain in R™ with a smooth boundary.

2) D, and D, are subdomains of D in each of which Poincaré’s
second inequality holds (such as convex domains, domains with
piecewise smooth boundaries, and the like).

3) There exists a connected component (or a union of connected
components) of D) {x; —égxlgé}, denoted by Dj; such
that D\D; is divided into disjoint open sets O, and O, containing
D, and D, respectively and satisfying 0.D;) 00,C {x; = ——é}
and 0D;N00,C {x; x1=é} (see Figure).

4) The (2#—1)-dimensional measure of the intersection of D, and

the hyperplane {x; z;=§} does not exceed S for —égégé
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L
2
2

Figure Example of domain D for n=2.

In terms of the above notation we can derive from Theorem 6.2

some more simplified sufficient conditions:

Corollary 6.3. Let (P) hold and let f(u)=kg(u) satisfy
6.1). Suppose

{(5_;la_)z+kg(b)z}sgeo~k{G(b)—G(a)}ﬂ(ol),

where ¢, is as in Lemma 6.1. Then (1.3) has at least one stable

solution belonging to R[—, +].

Proof. To apply the previous theorem, we must show the existence
of such a function w,eR[—, +] as to satisfy (6.6). Let @ be a

function on D such that

a (x (S O])

a-;—b+(b—lcz)x1 (xe D))

b (x€0,).

W=

Obviously @ belongs to H'(D) and satisfies

Llw (x)dx<0, Lzﬁi (x)dx>0.
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In addition,

J (@) = —kG (a) 1 (O1) —kG (b) {1 (Dy) + 1:(O5)}
o[ {%lVﬁ)["’—kG(ﬁ)) +kG(b)}dx

<—kG (a) £(O)) —kG (b) {1 (Ds) + 1 (05)}

+%ZL)25+/eG(b)zs

<& —kG () u(D).

Therefore, as C'(D) NC*(D) is dense in H'(D), there exists a function
wy,€R[—, +] satisfying (6.6). Hence, by Theorem 6.2, R[—, +]
contains at least one stable solution of (1.3). Q.E.D.

Remark 6.4. From the above corollary it immediately follows that
given any function f satisfying (6. 1) there exists a domain D such that
(1. 3) has a non-constant stable solution. To see this, put #(D;) =ux(O,)
<u(Dy) and £<4,(D;) (¢=1,2), and then take a sufficiently small S,
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Note added after submission: After completing this work, the author got acquainted
with the following paper: Casten, R. G., and Holland, C. J., Instability results for reac
tion diffusion equations with Neumann boundary conditions, J. Differential Equations 27
(1978), 266-273.

It contains the same results as in our Theorem 5.1. Further it is shown that any
nonconstant solution of (1.3) is unstable if f(«%) is convex or concave. But the problem
of finding f and D with which there exists a nonconstant stable solution of (1.3) is
still unsolved there, the answer to which can be found in our Theorem 6.2 and Corol-
lary 6.3.



