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On a Sufficient Condition for Well-posedness
of Weakly Hyperbolic Cauchy Problems
By

Reiko SAKAMOTO*

Already, we have good results on this theme f{or 2-nd order
equations ([1]). Recently, we have also many results for higher order
equations with smooth characteristic roots ([2], [3]).

In this paper, we consider only weakly hyperbolic equations with

double characteristic roots at most, which may be non-smooth.
Chapter I. Energy Inequalities

§1. Condition (A)

Let us consider the Cauchy problem:
{ A,z Dy, D)u=f(t,2") in {£>0,2"eR"},

Diulmg=u;(x") (j=0,1,---, m—1) in {z’'R",

and

where th}__ﬁ_, D;:<i._a~,...,l' )
i 0t i 0x i oz,

A, x'5r,8) = 2] au(t,2)cE".
i+|v|<m

Now we denote

A, 2’50, 8)= > a, @ x)TE,
m

i+lyi=

A 51,80 = 3 au(t, 2§,

ir|y|=m—

then our consideration will be based on the assumption on A,:
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Condition (A).

(A.1) a.,@, z") are smooth and constant outside a ball in R™,

(A.2) A, is hyperbolic with respect to t, that is,
A, (2,273 1,0)£0,
Atz 7, 8)#0 Sfor Imt=£0, & =R".

(A.3) Roots of A.(t,zx';1,§)=0 with respect to t are at most
double for (¢, 2’ &)eR" X (R"—{0}).

For convenience, we denote
z=(, ') = (20, 21, -+, Tn), §=(7,§) =0, &y, €0),
X'=(z,§) eR"™ X (R"—{0}), X=(r,X"),
and we assume A,(x;1,0) =1. We denote
A =TT =7 (X)),
In the following, let us consider the behaviour of characteristic roots
7;(X”) at X’=X{ and in its small neighbourhood U. We may assume
(X)), 2 (XD), -, Tmoa (X0)
are distinct each other, and
Tm—as1 (X0) =11(X0), -, ta(X0) =14 (X7).
Then, there exists a neighbourhood U of X’ =X}, where
@ H(X) = (—1:(X")) (t—Tn-a4: (X))
= (- (X)) =B:(X") =h(X)* - (X") (=1, d),
where «;(X’) and 8;(X”) are real-valued smooth function and §;(X’) =0,
() (X)) (F=d+1, -, m—d) are real-valued smooth functions.
Now, we denote
hX)=r—t,X)=t—a;(X") (@F=d+1,---, m—d),
then
{a (X)), -, tn-a (X7)}

are distinct, real-valued and smooth functions in U. Hence, we denote
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E@bMﬁ?%—%&w&
P =0 B oy, a),
() h(X
Pi(X)=‘2_°g)l G=d+1, - m—d),

then these 7 polynomials with respect to ¢ with smooth coefficients
defined in U make a base of the linear space of polynomials of order
less than m with respect to .

Now we proceed to the next step, assuming U =R""'x (R*— {0}),
which will be justified in Section 5. Then we have smooth decomposi-

tions of Ay(X):

4,

> >

] A(X)=H;(X)Pi (X) (i=1,-~
| 40X) =D Pi(X)  GG=d 41, -, m—d)
for X’ € R™'x (R"— {0}), therefore we have decompositions of A (D)
=A(z,D):
Lemma 1. L.
(i)  AD)=H.(D)P;(D)+{{m—-2} (=1, d),
where
H,(D) = (D.—a&,(D"))*—F:(D") =h:(D)*—B,(D"),
a; (D) =a; (D) +ai (D) (ai(X’): homogeneous of degree 0),
Bi(D") =B(D") +8:(D")  (BH(X’): homogeneous of degree 1),
P{ (D) =P, (D) + P{*(D) (P{*(X): homogeneous of degree m—3).
(i  AD)=h(D)Pi(D)+{m—2} (E=d+1,-, m—d,
where
hi(D) =D,-a&;(D"),
a; (D) =a; (D) +a; (D) (i (X’): homogeneous of degree 0),
P.(D)=P,(D) + PX(D) (P:(X): homogencous of degree m —2).
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Notation 1. {{m —2}} means an operator of order not greater than

m—2.

Notation 2. Homogeneous of degree £ means homogeneous of
degree k& with respect to §= (t, §’), which is a polynomial of degree not

greater than %2 with respect to .

Proof of (i). Let a(D)ob(D) be a singular integral operator with
simbol @ (X)&(X), then we have
Ay(D) =H;(D)-P; (D)
=H,;(D) P; (D) — (D:H;) (D)~ (0.P) (D) +{{m—2}},

where

(DeH) (X) 0P (X) =1 (Do) (X0 0:,P0) (X0,

0
5= 0 5.0
' at ’ ? axj

Therefore we have

A (D) =H;(D) P; (D) +R;(D) +{{m—2}},
where

Ri(X) =A:(X) — (D:H) (X) (0-P7) (X).

Using the representation of R;(X) by {P;(X) (=1, -, d), P;(X)
(j=1,.-,m—d)}, we have
R(X)=¢;(XHYP,(X) +d; X)) P; (X) +S:;(X) H;(X),

where ¢;(X"), d;(X”"), S;(X) are smooth and homogeneous. Hence we

have
AD) ={H;(D) +¢c;(D") oh; (D) +d;(D")}
X AP (D) +S:(D)} +{{m—2}}
={h:i(D) 2 hi (D) = B:(D") +¢: (D) ok (D) +di (D)}
X {P; (D) +S8:(D)} +{{m —2}}
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1 \? ’ ,
~{(BeD) + e (D)) = BD") ~ (D)

+ (Dehs) (D7) © (0:h:) (D’))} {Pi (D) +S:(D)} +{m—2}}

=H,;(D) P; (D) +{{m—2}},
where

H,(D) =hy(D)*—B.(D"), hi(D) =D,—a&, (D",
&, (D") =a;(D’) — -;—ci (D",

B:i(D") =B:i(D") —di(D’) + (Dhy) (D) = (8.h) (D),
P{ (D) =P, (D) +S:(D).
Proof of (ii). Since
Ay(D) = hy(D) o P;(D)
=hi(D) P;(D) — (D¢hy) (D7) 2 (0.P) (D) +{m—2}},
we have
A(D) =h:(D) P:(D) +R;(D) +{m—2}},
where
R:(X) = A1(X) — (D¢hs) (X) (0.P5) (X).
Using the representation of R;(X) by {P;(j=1, -, d), P;(j=1, -

m—d)}, we have
Ri(X) =¢:(X") Pi(X) +8:(X) hi(X),
where ¢;(X’), S;(X) are smooth and homogeneous. Hence we have
A (D) =1{hi(D) +¢: (D)} {P:(D) +S:(D)} +{{m —2}}
=hi(D)Pi(D) +{{m —2}},
where
hi(D)=D,—a&;(D"), a;(D")=a;(D")—c:(D"),
P,(D) =P;(D) +S;(D). Q.E.D.
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§2. H(D) and Green’s Formulas
Let
H (D)= (D,—&(D"))*—F(D") =h(D)*—B (D"
be one of {H;(D)}i....q in §1. At first, we consider
B(X") =BX")+B (X)),

where §(X’)=0 is homogeneous of degree 2 and §'(X”) is homogeneous

of degree 1. In the following, we present a sufficient condition for

ﬁ(D’) to be a positive operator:

Re (E (D) u, 1) 1sgmy=—C| ] *Lacgm -

Lemma 2.1. Let us assume
. N
(i) B =38,
where b;(X’) are smooth real-valued funciions,
(ii) ReB'(X)=0 modb(X"),

that is,

N

Re f1(X") = 2] e (X)) 8, (X7),

k=1

where ¢, (X’) are smooth.
Then there exist ¢>0 and C>0 such that

~ N
Re (8 (D), ) 1ammy=c ,21 165(D") et |*1acmmy — Cll2t || Z2crmy -
7=
Remark. 1f

{020, (X0), -+, 0%bn (X0)}

are linearly independent, then (i) is equivalent to one of the following:
G1)’ Re f(X)=0 on b(X’) =0,

(i) ” [Re 8" (X") [=C|b (X |.
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In fact, there exist smooth functions
b (X7) = (bws: (X7, -, bansn (X)),
where b’ (X7) =0 and
{0%6:(X0), -, 0xbanss (X0) }

are linearly independent. Let f(X’) be a smooth function, then

£ = £ X (B, B) = (X 0, 5))+ 3 ¢4 (b, b0

N
=f(X") Ib<x'>=o+]_§=]1€} (Xb;(X7).
Therefore
N
IF XD I=C ]Z;;b, (X1
is equivalent to

FX)=0 on B(X')=0,

that is,

FOEY =36 (XN8, (X,

Proof. Since
bE(D") =b,(D’) + (DB.b;) (D)) +{{—1}},
we have
B(D) =31 8,(D") 4, (D)
=31 5,(D") =31 (Deby) (D') o (0,85) (D) +{{0}
=31 BE(D) by (D) — Y2 (Ddab;) (D) 0y (D)
— Y (Deby) (D)o (8:b) (D) + {0}
=155 (D")b, (D) —%(Dsaxm (D) +{0}} .

Then we have from the assumption (ii)

B(D") =B(D") +8(D")
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= X165 (D) b, (D) + {8 (D)= (Dsd.8) (D) | +HOp

=267 (D) b;(D") +25¢;(D")b; (D) +id (D) +{{0}} .
(d(x"); real)

Hence we have

Re(B(D)u, u) =336, (D) u]*~C {6 (DY el - ] + ||}

2% s (DY ult~C ul?. QED.

Next, we consider H (D).
Lemma 2.2 (Green’s formula). Let us assume
. 7 N
(i) B(X)=§151(X')2,
(i) B‘(X’)——%D;a,ﬂ(X’)EO mod b(X’),

Gi)  {A(X),5;(X)}=0 mod b(X"),
where
{R(X), 5;(X)} = (Dh) (X)0.6;,(X") —Deb; (X7) (0:h) (X7).
Then we have
(H(D)u, h(D)u) — (h (D)u, H (D) )
=D {| 2 (D) u||2+j}N;1Hbj(D’) ul 4

where

I-'-ISC{iIh(D)uHZngllbz(D’) |+ [

Proof. From the assumptions (i) and (i), we have
(Hu, hu) — (hu, Hu)
={((D:—® hu, hu) — (hu, (D—&) hu)}
—{(Bu, hu) — (hu, Bu)}
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~ N ~ ~
=Dl hu|*—2 {(bu, bjhu) — (bjhu, bju)} +---.
i=1
From the assumption (iii), we have
- ~ N
1 Bsh—hb)u| =C{L 105ul +[u]},
=
therefore

S {(Byu, byhw) — (b ko, )}
i=1

=

i

 AGu, (Di—a)byu) — (De—a) bju, bu)} + -

N
=—D, jZ_IijuilzwL---. Q.E.D.
Covollary. There exists 1,>0 such that for 7>7,
- N
e {||hu (2) l|2+jZ=lllbju @ 1%
t ~ N
1 [Jem e @ 1+ S o o) 1 e
o =1
- N
=A{l~=(0) I!Z+§lllbju ) 1%

e {% fe-m | Hu () e + j;Le‘Q”H “ () ]de}.

Proof. In general, we have

j*te_gﬂDLf(t) dt = J‘O‘ (D, —2i) e F@)dt

= —ilerr @ = +2r [[emr@ar,

Let us multiply the both sides of green’s formula in Lemma 2.2 by

Ze”?* and integrate them, then we have

—2 Ee-m Im (Hu (), hu () dt

=R () '+ 2 160 ) 1% — (1A O) '+ 16,0 0) 1
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¢ - N
21 (e R @ 1P+ 1o @ [yt

where

I =C [Je s f1Ru @ 1+ 160 @) |+ |u &) [ de . (QED)

Finally, we consider of
h(D)=D,—a(D"), a(D")=a(D’) +a'(D"),

where a(X’) is real-valued and homogeneous of degree 1 and a'(X’)

is homogeneous of degree 0. Then we have
(hu, u) — (u, hu) = (D, — &) u, u) — (u, (D, — &) u)
=D ful*+-,
where
[ | =Cllul®.

Hence we have

Lemma 2.3. There exists 7,>0 such that for y>7,
t
e u @+ [ e lu ) s
0

<lu@ P+ < [l Bu e ae
T 0

Here we have from the corollary of Lemma 2.2 and Lemma 2.3

Proposition 2.4. Let us assume the conditions (i)~ (ili) stated

in Lemma 2.2, then there exists 1,>0 such that for v>7,

= a0 |+ 32 [, () [+ 771w () )
+7 J;te-‘a’rt{“hu €3 ”h{.é” bu(2) |I2+Tg|lu ®) ”2} ar

<C{Ihu© I+ 2 16,4 © '+ 712 O I
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+_717 j:e‘m]jﬁu O l[zdt}.

§ 3. Conditien (B)
Let the decomposition of A,(X) at X'=X7 be

d m—d
Ay(X) =C H Hi(X)i};[Hhi(X),

where
H;(X) =h(X)*—B:(X") = (r —a; (X))~ B:(X")
(i=d+1, -, m—d).

(=1, ),

2 b

7 (X) =t —ay (X)

Condition (B). It holds in « neighborhood of X, for i=1, -, d
o .
(B.1) B(X") = X1 69 (X7,
5z

(B. 2) La(@: (X)), X")=0 mod % (X"),

where

LX) = 4:(X) =5 (DDA (X)

mod b9 (X)) (j=1, -, Ny,

B.3)  {h(X), b (X)}=0
(J, k=1, N.

B.4)  {BP (X)), 69 (X)}=0 mod b (X")

Lemma 3.1. (B.2) 7s equivalent to

Lg (X)) =8:(X") —%Dfaxﬁi (X)Y=0 mod 5% (X").

Proof. Since
A (D) =A.(D) + A, (D) +{{m—2}}y=H,;(D) P; (D) +{{m—2}}

=H (D) P; (D) + {Hi(D)*P; (D) + H;(D) - P;' (D)
+D.H;(D)0,P; (D)} +{{m—2}},

where
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H,(D) = H(D) + Hi(D) +{{0}}
= H(D) +{—2hi(D) i (D") + (D;h) (D) (0:hs) (D)
—BL (DN} +H0},
P{(D) =P; (D) +Pi* (D) +{m—4}},
we have
Ay(X) =H(X) P (X),
A(X) =H}(X) P; (X) + Hy(X) P{"(X) + D;H(X) 0, P; (X).

Hence we have
La(X) = 4:(X) = 2 Db Au(X)
~ HY(X) P} (X) + Hi(X) Pi* (X) + DyH, () 0, P; (X)
—HDP-H) (X) PL(X) + (DLH) (X) 0:P0) ()

+ (0.Hy) (X) (DP7) (X) + Hi(X) (D0:F:) (X))},

therefore
L@ (X", X'y = {Hi(@(X"), X")

_ %Dgath (@ (), X’)}P{ (@(X"), X

4 1 ’ / / /7
=~ {8 = 2 D2.8XN ] Pl en(X), X7
mod b® (X’). Q.E.D.
Now, for examples, let us consider A with constant coefficients. Of

course, (B.3) and (B. 4) are trivially satisfied. When (B.1) is satisfied,
(B. 2) is stated as

A (i(§),6)=0 mod b (§"),
that is,

Fi(§)=0 mod b®(§").



WELL-POSEDNESS OF WEAKLY HYPERBOLIC CAUCHY PROBLEMS 481

We shall see that A(z,§’) is hyperbolic with respect to ¢ if and only
if
IBLENISCVBi(E) (=1, -

b 2

d).
In fact, we know that A(r, &’) is hyperbolic with respect to r, if and

only if ([4])

¢ A e <-C
[Im 7|

| 4y(t, &)| for Im7=£0, &R".

Let us denote

A58 =L 6@V ) + L GV P &) (ds=—8)).
Since
HL(5, 8) = {(Re T~ ()" ~8,(8") — (m ')
+2iIm v (Re v —a;(§7)),

we have

|H (7, &) 1=c|Imo|{V B:(§") +|Im ]} (>0).

Therefore (x) is equivalent to

|di(§)1=C(V Bi(€") +|Im 7)),

that is,
ld;(§)|<CV Bi(¢").

Hence we may say that (B.2) is an almost necessary condition for A

to be hyperbolic in constant coefficient case. In fact, if
{0:6(7 (§0), -+, 0:068, (60D}

are linearly independent, (B.2) is really necessary for A to be hyper-
bolic.

Lemma 3.2. Let
N,
Bu(XN) =269 (X",

) N; ) .
bP (X)) =2, e (XD BP(X"), det(¢fa (X)) j,pmt,, w70,
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then (B.2), (B.3), (B.4) are equivalent to

B.2)’ La(a;(X"),X")=0 mod B®(X"),

(B.3)"  {h(X),BP(X)}=0 mod BO(X") (i=1,-, N,
B.49" {BPX"),BP(X")}=0 mod B(X") (j, k=1, Ny,

respectively.
Proof. (1) Let
N; )

£ =310, (XN B0 X,

then
, ¥y ¥ . . ,

£ =2 0, (X)X BO (X,

Hence,
F(X)=0 mod b (X")

is equivalent to

F(X’)=0 mod B®(X").

(ii) {hi(X), 6 (X))} = {h:i(X), :Z;C?}Z (X")BP (X"}

N;
2 eRX) {h(X), B (X))} mod BO(X).
k=1
N" - -
Gi)  {6P (X)), 6P (X))} E,,;J% (X") e (X)) {BP (X7, B (X))}
mod B® (X”). Q.ED.

Lemma 3.3. Let us consider a special case when

BUX) = 1o FIBE) = 5 0(2)* 2 Bu (8"

and
a;(X)=0 mod b(X") = (c;(z") B (5’))1,k=1,.--,y-

Then, (B.3) and (B.4) are satisfied. Moreover (B.2);is equivalent
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to
A,;(0, X")=0 mod b(X").
Proof. Since
M ’ 7
ai=jZk]=lfm(X Ye; (") B (§7),
we have
0;06i=12k 0c{ps (X)) e;(x")} Be(§')=0 mod B(§"),
0% 06;-=12k 0: {osx (X)) B (§)} ¢;(2")=0 mod e(z"),
0.0, = ;0»40“ (X e;(x)Be(§)=0 mod b(z’, §").
Hence
{hi, c; By} = — {a, ¢; By}
= — (Diay) (02¢;) By + (020 ¢;(Di By)=0 mod b,
{¢Bux, cpBg} =c¢;(DiBy) (0%¢,) By— (0%¢;) Bycp (D{B,)=0 mod b,
and
LA<QC,-(X’), X/)ELA(O, X/)
= 4,0, X") = (D0 H) (0, X) Pi (0, X,
where
%—(DE(’LHQ 0, X"Y = (D;h) (0.hs) = — %8,0:,- + (Diay) (0has) =0
mod b . Q.E.D.
Example 1. Let
Ay=1"—2¢ (x/) (51’*‘52) T+2¢ ($’>2$1$2 N
that is,

Ay=(c—a)'—B, a=c(z) (§1+6), B=c(x)(E1+E).
Then, (B.3) and (B.4) are satisfied, owing to Lemma 3.3. Let
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Ai=a)¢, x)t+a (e, x, &),
then (B.2) is equivalent to

ai(t, 2/, §) =@, ') c(z") 61+ (¢, 27) e (z) €.

Example 2. Let
Ay=1'—2]& "+ c () (& + &) (0=c(2") <1)
={— (&' "+ [I§" "= c (") (&L +ED ]}

% {rz_ c (@) (' +65 }
1€ P+ 1§ [* = e (@) (6 + 6T

Then, A,=0 has a unique double root 7=0 at c(z’)*(&*+&") =0.
(B.3) and (B.4) are satisfied, owing to Lemma 3.3. Let

Al =ao (t, .Z',) 73_{_ a; (t: x,9 5,) ":2+ 22 (t’ x’y $’) T+ as (ts x,, 5/),

then (B.2) is equivalent to

as(t, @, §) =21 03 (8, 2610 @6+ 305 )6 se ()87

Example 3. Let the characteristic roots of A, be smooth and d=1

at most. Let
Ay(X) =(r—2(X") (c—u(X")) P/ (X) =H (X) P"(X),
where 2(X7) =#(X3), then
H((X) = (r—a(X")*-B(X"),

where

a(X7) = A(X") ;#(X') . B(X) =<1(X’)—2~AZ(X’)>2_

Hence, (B.1) is satisfied by setting
B(X") =2(X") = u(X").

Then, (B.2) means

A, (A(X7), X7) —%{D;(r—A(X’))fh(f—/z(X’))
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+ D (v —2(X"))0,(r —A(X"))}
x%@?Ao(l(X’),X’)EO mod A(X’) — (X",
that is,
A, X)) = A= 0 (X" =9ur(X")
+0: (X)) 0704 (X") +0: (X)) 0,4 (X))}
x%aon (A(X7), X)=0 mod A(X") —u(X").
(B.3) means

{T—~ A(X’) 'i‘/l(X,), X(X’) _ﬂ(X’)}

2

={r— (X", 1—u(X)}=0 mod A(X’)—u(X"),

that is,
Dy(t—2(X")) 0, (v — (X)) = De(v— (X)) 0, (r — (X)) =0
mod A(X") —u(X").
Moreover, (B.2) and (B.3) are equivalent to
A (A(X"), X)) = De (v — (X)) 0, (r — u(X"))

x%@EAo(i (X)), X)=0 mod A(X’) —n(X"),

A;(A(X"), X") —De(r— (X)) 0, (r —A(X"))

x%aon(z (X"), X’)=0 mod A(X’) —u(X").

§ 4. Energy Inequalities
Already, we have had in Section 1

H,(D)P{(D) +{{m—2})} (i=1,-,d),

AD)=1 _ ~
hi(D)P;(D) +{{m—2}} (F=d+1,---, m—d),

by the simplification of U=R""'X (R"— {0}). Now, we

assume
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conditions (B.1) ~ (B. 3), then we can apply results in Section 2.

Lemma 4.1. There exist 1,>0 and C>0 such that for v>71,

e Pu@) '+ [ e Pu (o e

<C{IP«© I+ lu @ lfcst L [ Au (0

te u @+t [ e @I,

where

i ()1 =321 D1 @) Vs

1Pu@ =3 1 Pa@ '+ 3 5160 Piu )]

Remark. Let Q(X) be homogeneous of degree m —1 and

Q@@ (X, X)=0 mod b (X’) (=1, d)

b

then we have

1QD) u|| =C ([ Pu| +|lulln-s)-

Proof. We apply the corollary of Lemma 2.2 to

AD)u=H,(D)P;(D)u+{m—21u (G=1,---, d)

b

then we have

e (| RePia (O '+ 2180 Piu (0
t — N; e
1 [ AP @ | 2 160 Pra () | e
< {1hPu O+ 3 160 Piu (0) 1}
7=1

+c{% j:e‘“HAu @) |2de + J;Le“"”mu @ IH?.._de}.

On the other hand, we apply Lemma 2.3 to
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AD)u=h;(DYP;(D)u+{m—2%u (G=d+1, -, m—d),
then we have

e | P (@) 17 [ e P o) e
SIPa©@ [+ S [l (An @+ @l ar.

We have only to remark

hi(D)P{ (D) =P;(D) +{{m -2}y (=1, d),

b9 (D) PL(D) =b (D) PL(D) +{im =28} (=1, d)

P.(D)=P,(D) +{m—2}} (i=d+1, -, m—d).

b

Q.E.D.

Since 0,4,(X) is strictly hyperbolic, we have
Lemma 4. 2.
m--2 t m—2
e e @ oy [t el (0 e
k=0 0 k=0
m—2 t
<c{Eremlu©+ 2 0. 4Dy 1'ae).
k=0 T 0
Here we remark that

d m—d
0.Ay(X) =2 2 P (X) + iglPi(X)’

then we have

Proposition 4.3. Let us assume condition (B.1)~(B.3), then
there exist 7,>>0 and C>0 such that for y>7,

e-zrz(HP” (t) ”2 + g:‘rﬂm‘l_k)mu (t) !Hi)
+7 jo‘e—Zrt(”Pu @) 1P+ Srz(m-l—hmu ®) B dt

<C{UPH O+ Z o2l @1D) +3 [ e Au s
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Let us denote
AN =1¢"],

then we have

Corollary.

P A+ u @ a7 eI A+ " @l de

<C{IPe@ '+ Z e olu @ + 3 [ Au ) .

Proof. Since
Py(D) =D7"+a, (D) D+ -+ + an-1 (D),
where a;(X’) is homogeneous of degree Z, we have
A+ 7 Dr P =Cr{| (4+7) T Py(D) u|* + ||l
=C(|Pu|*+7*|ull7-s) .
Moreover, since
7 (4+7) "‘A’""_"DzjuIiZSCIEQT“’””""IIIuNIi (G=0,1, -, m—2),

we have

P+ T ulla SCPult+ X P Pllull).  QED.

Chapter II. Energy Inequalities (continued)

§ 5. Localizations
Let X; € R**' x.S"}, then there is an 7 such that in the neighbourhood
VX)) ={X"eR*" xS, | X - X;|<r},

the decomposition of A,(X) holds and condition (B) is satisfied. Of

course, 7~ depends on X;. Here we denote

W(X5) = {X'eR"“xS”-l; |X'~Xa:<—;-}.
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Owing to the assumption (A), A,(X) is independent of (¢, z’) in
{4+ |2’ |>>R?, therefore there exist {X,},_; .. x such that
{#+ |z’ *<R%} x 8" 1CUW(X)
Especially, we may think

(to, 2}) X S™" ‘CU WXy (|2 =R, Mo<M).

Now we denote
Wo( X)) =W XD U{E, 2, 8)eRTI XS 2+ |2 "> R,
(%, x5, §) e W(XD)},
and

a7

W(X)—{(tx £y e R x (R"— {O});(t,x’, < >EW0(X)}

171

(p=1, ”.’]\/10),

W(X)—{(t 2/, &) e R x (R*— {0});<t,x', [?I)eIV(X)}

(p:M0+1, ey ]\4)

b

then we have
R**I'x (R*— {0} U W(X ).

Let W (X;) N W (Xy) #9, then we have X,V (X;) or X;eV (X}).
Let X; €V (X3), then a simple root of A,(X) =0 at X’ =X, is always
simple along the straight line from X, to X and double roots at X’=X]
may be simple or may be double there with same pair.

Here we introduce a decomposition of unity depending on {W (X%)},
that is, there exist {¢,(X’)}p-1,...sr such that

=

¢,(X) =1 in R™*'x (R"—{0}), supp[e,(X)]CW (X2,

1

L)
I

where ¢,(X’) are smooth and homogeneous of degree 0 with respect to

§.
Let
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dy m—dy
A(X) =11 Hp(X) I hnu(X)
s i=pt1
be the decomposition of A,(X) at X’ =X/ in W (X%), where
H i (X) = hpi (X))~ B (X7) = (7 = (X)) — B (X)),
hpi(X) =7 — 0 (X7),

and
Npg X
Boi(X7) =20 62 (X7)".

k=1

Suitable extensions of @y, 6% outside W (X%) will be denoted by the

same notations. Hence we have
'iz.v m—-dp
AP (X)) =1l Hpu(X) I 7n(X), X' R"™ x (R"—{0}),
i=1 i=dp+1
where
AP (X) = A(X), X' e W(X)).

Now, we denote

M, Pr(X =—4L§p)(X) (=1, dp),
H o (X) Hipe (X)

AP (X)

PP:’.(X>=' (z=d}i+1,, nl—*dp)’

J Pye(X) =hpe(X)

hpi (X))

and

|P® (D)« =m§n Pp(Dyul’+ Z 2 1622 (D) Pou(D) u* .

Lemma 5.1. Let ¢(X’) be smooth and homogeneous of degree
0, and let its support be in W (X,) N W (X)) then

|POD)p(D) el SCUPD (D)o (DYl + e}
Proof. Let
4,00 =11 H,u00 1 30 =11 Hy (0 T s (0,

X eW&XpnWwxy),



WELL-POSEDNESS OF WEAKLY HYPERBOLIC CAUCHY PROBLEMS 491

then the following cases may happen:

(i) for j=<d,, there exists i<<d, such that H,;(X) =H,(X),

(ii) for j=<d,, there exist i>d, and i">d, such that H  ;(X)
=hpi(X) hper (X)),

(i) for j>d,, there exist j'’>d, and i<d, such that Ay ;(X)hy; (X)
=H (X)),

(iv) for j>d,, there exists i>d, such that A ; (X) =h,(X).

Case (i) It is sufficient to show that
Nos )
>80 (D) Py, (D)o (D" u|

<C{3 16 (D) Pou(D) (D) ] + el

and
[Pe; (D)o (D) u| =C (| Ppi(D)p(D") || + || et]|m-s).
The latter is trivial, because
1P ospul| <[ Pqjopul +Cllulns
=|Ppiopull + Clle||m2=|Ppeul| +C’||u|lns .

Now, let us consider

Npi

L=3, |6¢° Ppugul

’ ’ Np\i i)* i ’ 7
= (BpiPpi¢u, Ppu) + ((,CZ:.II 2R —Boi) PLou, Pypu)

=K+ Ly .
Since
BoiPpi0 —Bpio Ppio@ = DBpi00, Ppio¢+ D (Bpio Pry) 0.0+ {{m —2}},
we have
K pi= ((BpioPpic@) tt, Priopu) + ((BpioPriog) u, DePrio0,0u)
+ ({DeBpi°0: P00+ De(Bpio Pri) 000} 4, Priogu) +--- ,
where

|- | =Cllzln-2
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therefore we have

|Kpi— (BaioPreop) u, (Priog) u) | SC (Vps el mes) 1]l s -

On the other hand, since
Npi Y 1
kf'fl BV bFY — =5 D085 +{{0}} .
we have
1 , ,
Lpi=E<D§axBFi°Ppi¢u, Ppioqau) + .- )

where
[ 1 =Cllz|l7--,

therefore we have
1 / ’ T
‘ Lyi— 5 (D080 Pricgu, Ppyopu) | <C (VIpi+ ||t/ mes) %] moz -

Since
((BpioPpio@) e, (Ppio@)u) = ((BysoPiso0)u, (Pyyop)u),
* ((DeBuBpioPricg) u, (Ppiop)u) = ((Dy:8450Pq;o0) u, (Pyjop)u),
we have
i — I3 SC (Vi + VI g+l )l o) 2] s -
Here we have
15 =C" Ly +|#]lm-2) -

Case (ii). It is sufficient to show that
:Z:llbfc”’ (D) Py (D)D" )ul| + | Pq; (D)o(D ) u
=C(|1Pp(D)p(D") ull + [ P (D) (D) || + [t 2) -

Since for X’ e W(X;) N W(X;)

40 _ AX
Hoy(X)  hpe(X) b (X)

P;](X) =

- 4, (X)
(7 —ap (X)) (v — e (X))
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1
Api (X,) — Qpyr (X,)

A(X) . (T (X)) Ay (X)
Hy(X)  (t=au(X) (r—ap (X))

(Ppi(X) — P (X)),

Py (X) = (t—ay;(X7))

(X)) ey (X) pxy  Gr (XD~ (X p 3y
“pi(X,)—api’(X/) ’ ari’(X’)_api(X’) ’ ’

we have
1687 Pyypu || + | Pospu || <6887 o Pgsopu|| + | Pojopu | + Cllu||n-2
=C{|Pysopul + | Ppropu| + lluflmot
=C"{| Pppu| + | Ppopu| + ||e|lns} -

Case (iii). It is sufficient to show that
Npi . ,
I Paspul + [ Posou| SC (| P + 3 68° P | + llufim-s).
Since for X’ e W (X%) N W (X))

Ap(X) _ Ay (X) Ai(X)
hei (X)) hey (X) ey (X)

P (X) = = (t =g (X)) Pp:(X)

=Py (X) + (@pi (X)) =gy (X)) Pps (X)),
Py (X) = (1= 0 (X)) Py (X)= P X) + (0t (X7) — 00, (X7)) Pye(XD),
we have
1Pospue|| + |1 Pogoue | S| Pojogu| + || Pyjropul| + Cllaefln—s
=SC ([ Poicpu | + || Poscgne |1+ |l m—2) -
On the other hand, since
(T —Qqy) (t—ys) = (T = )" — Bt

we have B,:(X")+0 for X’ € W (X}) N W (X}), hence we have
Npi i ,
| Pyuopu i <C (16870 Preegu]| + [[4llm-s)

Case (iv). Since

4,(X) _ AX) _
hqj(X) hpl(X)

Py (X) = Ppu(X),
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we have
| Pospu|| <[ Pyjopul + Cllttl|mes= || Ppsogu|| + Cllt|| m-s
S| Poigpu| +C e mes - Q.E.D.

Now, we return to the problem of the localization of A (D). Using

the decomposition of unity {¢,(X")}p-1..u, we have
92 (D") A(D) — A" (D), (D)
=Dy (D’) 00:A¢(D) — D Ay(D) 00:,(D”) + Ly ,
where
I Lpu| =ClI(4+1)"ulns .

Let ¢,(X’) be smooth and homogeneous of degree 0, whose support is
in W(X%), and ¢,(X’) =1 on the support of ¢,(X’). Then we have

| (Deppo0zAs— D Aso0agp) u| SC| PP ogpu]|
=C{IP ¢yl + [l m-s} -

Moreover, we have from Lemma 5.1
POyl =[P, 3 g 3 IPPyopeul +Cllulas
<C’ (X IP“yyopqul +lulln-s)
<C"(CIPOgu] +[ulln-s).

Hence we have

Lemma 5.2 (Localization of A).

| AP0, <C o, Aul + 2 1Pl +11(4+ 1) ullu.

Now we apply Proposition 4. 3 and its corollary to localized operators

A®, then we have for y>7,

e | PPy (2) |I* + gr”’"”l"‘)lil%u O+ 7M1 A+ 1) ppu (&) i}
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7 [ IPPou @ 1+ B P llou O I
FP A ) g () o it

<CIPPou )1+ 5 7 llg,u O) I

1 12
+ —2rt)f A (D) » g
1 [eriavgu @ e

=C 1P, ) 1+ =0, O

. M
= j e ([lop Au (2) |*+ 2| P Coqu (£) |
7oJe !

A+ @ ) de .

Summing them up with respect to p, we have

Theorem L. Let us assume Conditions (A) and (B), then there
exist 7o>0 and C>0 such that for v>71,

e f1Pu @+ L P O+ 7 (45 ) @
1 [P P+ E el @l

+ 7 A+ 7) T @) i} A

=C {llPu O I+ nisz‘m“l""’Hlu O Iz + 1 Jte'g"“Au ® IIZdt} ,
k=0 r 0
where

M
|Pul*=2 [ PPyl

Remark Let us denote

k
el =5 PPl

then
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2

exll (A+ 1) " ellns =Nl + | (A+7) Tl =Zcall (A+7) "ulfn-rr -

m—1,7——=

Corollary, Let
[Cemu@adr<+oo,
then

fwe—zﬂlll A+ u @) o < % " e Au(s) |t .

—o0

Finally, we consider energy inequalities of higher order or lower

order.

Lemma 5. 3.
[ (DeAo) (D) | + || (4+1) (D, Aq) (D) u]|
=C{|Pu| + | (4+1)"u | ni}.

Proof. We have
(DA (DY u] < 3 (DA (D) (D ]
<311 (DAP) D)or (D) ]+ CI A+ D)l
and
[(4+1)7(D.A) (D)u] < 2| (4+D) (D24 (D) g, (D)l
<3 (+ D (D.A9) (D)o (D]

+ClI A4+ "l -
On the other hands, we have
(D:AP) (i (X’), X)=0 mod b*"(X"),
(D:Af) (@i (X7), X")=0 mod b7 (X"),

then we have
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1D AP (D) v + | (4+1) (D AP) (D) v
=C(IPPv]| +]lvlln-2)- Q.E.D.

Now, we remark
1(D:A(D) —AD)D)ul|=|(D;A) (D) u| =C{| PAu|+|lu|ln-1},
and we apply Theorem I, replacing D,z instead of #, then we have

e~ (|PDLu (&) |*+ 7Y Doe (&) |2 -sr)

47 (e IPDa @ P+ 1D @) st
<c{l @D P+ 71D O sy

o [ UD A0 O 1+ P4 I+l @) a0 .
Therefore, together with Theorem I, we have for large 7
e {IPu () -+ 7 (D 2.
1 [ e QP @ I+ Pl )

<ClIPe @+ r1u O lfer, +1 oA O

Then we have step by step

Theorem I'. Let us assume Conditions (A) and (B), then there

exist 7,>0 and C,>0 such that for v>71

e~ |Pu ) i+ 77l () s}

47 [l 1P O+ 7 ) Wicaen

<C{IPL O i+ P O+ [ el A (0 1)

(k=0, 1’ 2’ )

Lemma 5. 4.
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{4+ T"A—-Ad+7) "}
=C{IPU+7)""ul + 14+ 7) " ullm-s} -

Proof. We have
A+7)TA-Al+7)'=U+7) T (Ad—4A) (4+7)7"
=A+7) (= Ded- 0, Ac+{m—1}) (A+7)7".
From Lemma 5.3, we have
[ (A+7) 7 (Ded) (0:40) (A+7) ""u]
=CI(A+71)71(0:40) (4+7) ']
=C(PU+T)ul + 14+ 7) " sllm-s) - Q.ED.

Now we apply Theorem I, replacing (A+7) 'z instead of #, then

we have
e P+ a @ I+ 7 A1) (D) T}
+7 [ e UPU D @ PPl A+ @ e
SCYPUHD w O+ (A+D) 0 O )
t [l @ A @ I IPU D e O )

I A+7) "2 @) -} 2 .
Hence we have for large 7

e PU+7) T u @) P+ 7N A+ 1) " u (D s

+7 [ UPUE D @ PPl A+ @ I e
<c{IPU+D) 2 O+ U+7) "2 (O s,y

+ L j e (A7) Aw (8) 1|2dt} .
T 0

In this way, we have step by step
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Theorem I”. Let us assume Conditions (A) and (B), then there
exist 7,>0 and C,>0 such that for 1>7,

e {IPU+T)Fu @) P+ 77 A+ 1) T u (@) I}

7 [ UPU D @O 4Pl U+ D) T @ s de
<CIPUT) 4 @ P+ A+D) ™ O

+l j"e—zrtﬂ (A+7)"*Au () ||2dz} (k=0,1,2,--).
T 0

§ 6. Existence Theorems

First, we consider a slight variation of energy inequalities. Let a(#)

be a smooth function of # such that
a() =1 for =1
{ () =0 for 1<-1
and
0<a(®) <1 for —1<iz<1.
Let us denote a weight function
es(t) =a@) +a(—¢t)e™
for 0] <1, then we have

i
() aw|=cao.
Hence, let us denote

es (6) _
;‘;(vt) =¢;(2),

then we have
e; () D= (D, +1i¢;(2)) es () u
therefore we have

e; (1) A(D, Dyu=A(D,+i;(2), D) es; &) u=A(D,, Di)e;(2)u .
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Since
Ay(X) =A(X), A(X)=A,(X)+0.4,(X)ig; (@),

we have

Lemma 6.1. Let Conditions (A) and (B) be satisfied by A(D),
then they are satisfied also by A'(D)

Now let us apply Corollary of Theorem I on A, then we have

[t n e @O,a=Z [~ oAl e @ rae.

Since

ICA+7) " esulln-r.=c{] (4+7) "D (e;2) |I*

+5 pe=m) Dk (e I
—c e{| (4+7) 7 (Demip) ™ ul+ T petn | (D= i) u )
= efl (4+1)7DFul + B 1 Dbu

m—2
~CL F e Drul,
'r k=0
we have for large 7
Jera@iUn e @lhadesS [~ era o Au e,

Let us denote
e =a@ e’ +a(—t)e"
for |r—7’|=<1, then
e, () =e"e; (&) (@=71"—7).

Hence we have

Proposition 6.2. Let 7,7 =71, and |y —71’'|<1, then

e @@l =S [T e @ A e
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Corollary. Let 1,7 =7, |1—7'|=1, and
[Cemu@ar<roo, [ e ioldi<+oo.

Then Au=Av implies u=ov.
Proof. Let w=u—v, then we have Aw=0 and
[Cenr@lw@ade<4oo.
Then we have from Proposition 6. 2
[ e @@ paai=s [~ e 0l aw@ pae=o.
Q.E.D.

Next, let us consider the formal adjoint A* of A. Since
A*(D) = Ay(D) + {A:(D) + (D0, 4:) (D)} +{{m—2}},
we have

(A%)o(X) = Au(X),

L (X) =A;(X) + D;0, Ay(X) — %DE&AO (X)

= A, (X) — %Dfa,A., (X) =L, (X).
Here we have

Lemma 6.3. Let Conditions (A) and (B) be satisfied by A (D),
then they are satisfied also by A*(D).

Hence, we have energy inequalities for A*(D), corresponding to

Theorems I I’, I” for A(D). Therefore, in usual technique, ([5])
Theorem II. Let us assume Conditions (A) and (B) for A(D).
Then Cauchy problem:
AD)u=7F( z) in {{>0,z"R"},

Djulimo=u;(x’) (7=0,1,---,m—1) in {x'€R%
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is well posed in sense of Sobolev’s space.
Chapter III. Finiteness of Propagation Speed

§ 7. Change of Variables

Let us consider basic properties about the change of differential

operators caused by a change of variables. Let us denote
(ty "I‘J) =xr= (.Z'g, Tyt .’ZL,,,), (T, S’) =$= (505 61’ Ty 5")’

and let x=¢(y) be a change of variables z into y, and y=¢(x) be

its inverse. Then we have

B}

=IZ(,) 215} (y)al'j (ay=t0(y)az),

E]

=2 050 (2)0,, (.= (2)0,),

where
O() = (@i (¥))i,5-0,0= 00,0:(¥))1,5-0,,n »
¥ (x) = Win (®))1,520,00= 02,0:(2) ) 1,520,125
and
O PN (z)=1.

Hence we have another change of variables X=(z,§) into Y =(y,7)

and its inverse:
XY)=(W), TN, YX)=0), Dd¢(x))E).

Then we have

=]§¢j(z>(~’€)ay,+ i §e0ra, 1 (V) by () 0,

7rk,1=0

3

=Z b () 0y “I’;Oﬁkﬁbk(i,t)(x)%(f)(y)an,,
= o

0:

i

%(_1) (y> aﬂj ’

that is,
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<a,> <‘¥f<<o<y)> —ki:onkH«ok(qo(y))@(y)‘)(@y\

aﬂ)’

0, 0 0 (v)
where
Ho, () = @k, (¥)) 1,5=0,-,0= (005,06 (¥) ) t,720,0n »
Hy, (2) = e, (£))1,5=0,0= (02,0206 (£) ) 1,5-0-1,n ,
and

tWHmW = ‘ZQ Qk(x)Hs'a, .

Hence we have

0ea (X) -0.6(X) = (00,a) - (¥,b— 3" 1. H,,00,b)
=0,a-0,b— (00,a) - (3. 7.H4,00,5)
k=0

=0,a-0,b—0pa- (X 1:H,0:b),
k=0

therefore we have

Lemma 7.1, Let a=a(X) and b=0(X), then
0;a(X) -0,6(X) —0,a(X(Y)) 0,6(X(Y))
= —0:a(X) - (X 7:H 4, (2)0:6(X)),

and moreover

(@ (X)), 6(X)}y={a (X (X)), o(X X))}y .

Now, let us consider
Ay, D)) =A(p(»), T (9(¥)D,).
We denote
AX)=A) + Q)+, Y=(v,7),

where A;(Y) is homogeneous of degree m — j with respect to 7, and we

denote



504 REIKO SAKAMOTO
L4(¥) =h(¥) =3 Ds0,A(Y),
then we have

Lemma 7. 2.
A (Y) =A,(X(Y)),

and

(YY) =A (X () + % {D,0, Ay (X (Y)) — (Dg0:A0) (X (V) }

+ 30 Odonn (@)} D Al X (V)
that is,

La(Y)— L (X (Y)) =§ 2 0, sy ((2))} Dy An (X (Y)).

0

1,

Proof Let us denote
AO (X) = Zﬁ ae .Zzo ail"'im (x) 551...513," ,

where a;.; are invariant with respect to permutations of suffixes.
Tyerim

we consider

@), T@OND)= 3 41,00 ) 80 (5, D)+ Fey(3, D

where
E(y,D,) =T (¢(¥))D,,

then we have

Now

ll),

A(0(¥), T (0(3))Dy) =2 24,1, (9 (¥)) B, (v, D) o+ 0By, (v, D)

+ 22D 3 6 (0 (5)) (D) (3, D) (0,5, (9, D)

O‘Eia(y; D?) o'“OEim(y’ Dy) +{{77Z—2}} .
Since we have from Lemma 7.1

D,E(Y)-0,8;(Y)
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= Dy 0,y Osfer (3 1eH D) =1 3 T (2,
we have
@), T @) D) =3 @1,-ea (¢ () B (9, D) o080y (9, Dy)
+ 2 2D ¥y 0O s @) D,

oB; (v, Dy)e-oE; (v, D)) +{{m—2}}.
Here we have
(Y)Y =31 a4,.4,(0(9)) B, (¥) - 5, (¥) = A (X (V)),
and
A(Y) - A(X ()

= l Mi Zl Qsyi (@ (y));ﬂ;) Nifra,in(@(3) By (V) B, (Y)

Z 2
- 51; T Nebr, 1 (@ () (060:,40) (X (Y))
=5 T2 00 (20, 0: ) 0e 4

1 1
= 5;{?7 ¢y (x) 01/,(5_1; Priy (v) 05, 40) — 2;.1 aziaeon}

1 -
= ?2—; {jZ awaon + i;ksbm) () 0s05,1 (9) 0,5, A0 — 2 azfahAo} >
where

f;k‘/)!(i) (@) @is, 1 (¥) 00, Ao=2" 0., {ps (0 (2))} 0, A,

= =205 (MNP (x) 05, A0=—210,,{0;0 (0(¥)) } 05, 4o .
Q.E.D.

§ 8. Space-like Change of Variables

Let I', be the open connected component of {§; A,(x, §)==0} con-
taining §= (1,0, ---,0). Let us say that y=¢(x) = (% (), -, ¢ () is
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a space-like change of variables if 8,¢,(x) €I,.

Lemma 8.1. Let y=¢(x) be a space-like change of wvariables.
If the Condition (A) is satisfied by A(x,D.), then it is satisfied
also by A(y, D,) =A(¢(y),"¥(¢(¥))D,).

Proof. We have from Lemma 7.2
Aoy, M) =Au(e(y), F(e(¥))7) =A:(p(y), j;ilo 0:9; (@ (¥)) 11,

therefore we have
Ay, (1,0, +,0)) = A (e(y), (0200) (¢ (¥))) 0.
Moreover, since
Ai(x, §)#0 for +Iméerl,,
we have

Aoy, 1) ==0 for 7=(0,7"), Imw+#0, 7"=R"
Q.E.D.

Now, let us consider the decomposition of A,(x,§) at X'=X]

= (xoy $;)
Aue, &) =1 Hite, ) TT 2z, 0,

then we have

Lemma 8.2. Let {&I',, then there exist ¢.>0 and ¢>0 such
that

(i) Hi(z, b+e)=ce® (E=1,-,4d),
()  hi(ze, bo+e)=ce (G=d+1,-,m—d)

Jor 0<e<ley, where &= (a;(Xy), ).

Proof. (1) Let
Hi(xo, &) = (t —a:(§))' =B () = (t =7, (§)) (t—7_(§")),
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where 7, (§’)=7_(§"), and let
o= {er,,; |K|<1}.
Then there exists §,>0 such that
&+ e P {r>1, (8},
that is,
o+ e0=>7, (§r+ef”)  for 0<e<ley, £=(0,8)elY,
because A, (xy, &) is hyperbolic with respect to each {&I",,. Let = (8,{")
elI'Y be fixed, then there exists ¢>0 such that
To+el—1, (& +el)=ce for 0<e<les
Because, choosing 6§’ <0 such that (0”,8) eI'Y, we have
To+ed =1, (& +¢),
that is
Totel—t, (§r+el) ={ro+eld —c, . (Er+el)N}+e(0—0)=e(0—0").
Here we have
H (g, &0+ 88) = (ro+ 0 —7, (&7 +68)) (vo+e0—7_ (& +e8N))
= (to+e0—1, (57 +el))=e.
(ii) Regarding a;(§") as t,(§"), we have in the same way
hi(xo, &0+ el) =10+ 60—, (Er +6L") =ec  for 0<e<e,.
Q.E.D.

Corollary, Let {=(0,(") I, then
(1) O-0ha(XD) €Y =2 3 0:0uBXDCLS0 (=L, -, ),

(i) 0—0ia; (X)) -&>0 (i=d+1, -, m—d).

Remark. 0—0ia;(X7)-{">0 (=1, ---,d) follow from (i), because
B:(X") =0, B;(X7) =0.

Proof. (i) Let X,= (xy, a;(x, §7), &), then
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H; (X)) =0.H,(X,) =0: H,(X) =0,

and

0. H;(Xo) =2, 0.0,H;(X, =—20;0(Xq),

04,06, H ; (Xo) =20,,0:(X7) 05,0t (X7) — 04,0,,8:(X5) .

Then we have by Taylor’s expansion
2 n
H;(zo, &+e6) = 52. {02 H o (X0) 0% +2 30.0,,H: (X0) 00,
+ 5 0,0 HUXDEL 406
i

= (0= 2 0@ (XD = & 33 0 0BXD Lt +0()
=>cet (> 0),

which means

(O=3 05 XD N = 33 0: 0Bt (XDEC>0.

(i) Since

}Li (Xo) =O, @Jli(Xu) =1 N 051hi (Xo) = —a;,oz,;(Xﬁ),

we have

By (o, S0+ 60) = e {0 — ,Z= 0p (XD E} +0(E) =ce  (c>0),

which means

] ~§16’;,ai(X6)C,->O . Q.E.D.

Now denoting

Y=(@,N=0,0,7), Y =00,71),
we consider the decomposition of A, (Y) at Y’ =YY= (v, 7). Let

be a root of Ay(w,Y’) =0, and let Y,= (wy, Y), then we have Ay(X,)

=0, where

Xo= (-1?0, §o) = (@ (o), ‘T @n)) ).
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Here, we consider the decomposition of A,(X) at X’ =X7= (z, &):
4 m—a
4 =J1 5. T h(0,

then there exists unique number 7 (<Xd) such that H;(X,) =0 or i(>d)
such that 4;(X,) =0. First, we consider the case of i<d, then we have

0. {H (@, Dot (20 0+ 13 063 () )} |-,
= 0.H) (X0) ) () + 3, 0o, H) (X) 02 (20) =0,
0.1 {H (i, Ot () 0+ 32, 0.ty (20 1,9} |-
= (02H) (X {0t (@)} +2 3] 0.0,HD) (X) Oupe) (0
X @sfh) (@) + 31 OeDeHD) (X O (@) @) ()

=2 {O4) () =33 002 (X0) @) ()

—%,Z (06,068 (X0) (020) (1) (0o (xo)]>o _

Then, using Weierstrass’ preparation theorem, we have
Hi(o(), ¥ (@) M) =H;(z, 0.0 (x) 0+ i2=1 0:0;(x) ;)

={(—aly, 7)) =B, 1)}/ (v, 0,7

={(e—a@))'-FXN}F @),
where

a¥)=o,, FY)=0, f¥)>0.
In case of i>>d, we have by the similar reasoning
hile (), TN =(—-a"))fX),
where
&(YO =y, S(X9>0.

Hence roots of Ay(w, Y() =0 are double at most, and therefore we
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have its smooth decomposition at Y’ =Y7:

A@) =e ) LA, T 7,

where

H;(Y) = (0-a,¥YN)'~F,@") (=10,

A, =0—a,;Y") (=041, m—0).
Let Y,=(a;(Y:),Ys), then it corresponds

Xo=XX0) = (@), ¥(e))n),
and let
d m—d
4,0 =11 #.0 T k(X0

be the decomposition of A4,(X) at X’ =Xj, then we have

Lemma 8.3. If j<<0, then there exists i(<d) such that
H(X@)=H,¥) f;), f1¥0>0,
hi(X (X)) = (0—a;(¥"))9;X), 9;(¥0) #0,
and if j>0, then there exists i(C>d) such that
R(X@)=h; V) f;Y), f1¥0)>0,

where f;(Y) and 9,(Y) are smooth in a neighbourhood of Y =Y,.

§ 9. Space-like Change of Variables and Condition (B)

Now we consider whether condition (B) is satisfied or not for /7,

given by space-like change of variables of A. Let

A =c [T H;¥) II ;@)
j=1 J=0+1
d ~ m—o
= 1 (a8, Tf 0-a07).
be the decomposition of A, (¥Y) at Y’ =Y;. Let j<0, then there exists
the decomposition of 4,(X) at X'=X;=X’'(Y,) =X’ (a;(Y3),Y?):
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d m—d

A(X) = [L H:(0 ] h(X)
i= i=d+

ad m—ad
e [THGE—ax)) =8N T c—a@),
where there exists Z(<d) such that

H,(X)=H,) f;), f;(1)>0,

that is,
(r =@ (X)) ~8(X) = {02, (7)) =, XV} £, ).
Moreover, we have
(X = 0= X 0,0, 0,0 #0,
then we have
) (0 (Y))"0, (V) —8,(X (V)
= (=&, (¥ 8,4} £,().
Let 0=&;(Y"), then we have
8,00 = £ (0, Y 8K (@ (7), Y)
+ (@; Y —a,; )5
Let
B.(X7) =31 8 (XYY,
then we have
3,0 =R Bt (N,=NetD),
where
B (V) = £, (0), Y) 700 (X! @, (V), Y1) (k=1, -
B (V) =8, (V) — 5, (7).

Ni)’

Hence

Lemma 9.1. Letr (B.1) be satisfied for .\, then it is also
satisfied for .
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Next, differentiate (*) with respect to w and let w=a&;(Y”), then

we have
— (0.8 (X' (@;(Y"),Y")) =2(@;¥") —a;(Y)) £;@; X", Y")
+{@ ") —a; Y)Y} 0.f) @ X"),Y")
=2 ") —a,(Y")) £1@X"),Y")
—B:(X"(@;(Y), Y £1@(Y), YY) 0.1 @), Y,

that is,
& (Y") — &, (") =—;—fj @ (X", Y~ (0.8 (X’ (& (¥, Y"))

+8:(X7 (& (Y, Y)) f3@,(Y"),Y") 7 (0uf5) (@;(Y), )).

Hence

Lemma 9.2. Let (B.1) be satisfied for A, then
a;(Y")—a;(Y')=0 mod (5 (Y"), -, b5 (Y")).

Corollary. Let (B.1) and (B.2) be satisfied for A, then (B.2)
is satisfied also for 4.

Proof. We have from Lemma 7.2 and Lemma 9.2
La(@;(Y"),Y)=L,(@;¥"),Y)=L(@X"),X")
mod B (Y). Q.E.D.

Finally, we consider of Conditions (B. 3) and (B.4). Condition (B. 3)
for A is

{h:(X), 6P (X")}=0 mod b®(X"),
which is equivalent to
{(0—&;(¥"))9;(¥), 50 (X" (¥))}=0 mod b® (X’ (Y))

from the corollary of Lemma 7.1. Let o=@&;(Y"’) in the latter equality,

then we have

{0—&,Y"), 52 (¥")}=0 mod b (¥").
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In the same way, Condition (B.4) is
P (X7), 67 (X))} =0 mod b (X),
which is equivalent to
{60 (X7 (¥)), 67 (X’ (¥))} =0 mod b* (X’ (Y)).
Let o=&;(Y”), then we have
B (Y +0,68 (X' (@;(Y),Y)) (0—&;(Y)),
O (V) + 0,67 (X7 (@;(Y"), Y")) (0—&;(Y"))} oezyen=0
mod b (Y").
Since
{o—&,Y"),6(Y")}=0 mod b¥ (Y"),
we have
BP "), 6" (Y")}=0 mod b9 ().
On the other hands, we have from Lemma 9.2
a; (Y —a;(¥") =2 (Y6 (Y,
therefore
{a; ") —a,(Y"), 5 (Y")} =2 a’) B (Y"), 5 (Y} =0
mod b (Y”).
Moreover, we have
{o—a;(Y"), 6 (Y} ={o—& "), 5 (Y}
F{@) —a,;(Y), 6 (X))} =0 mod b9 (Y").

Here we have

Lemma 9.3. Let us assume conditions (B.1), (B.3), (B.4)
for A, then we have (B.3), (B.4) for A,

Proposition 9.4. Let us assume that Conditions (A) and (B)
are satisfied by A, then they arc satisfied also by J which is given
by a space-like change of variables of A.
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§ 10. Finiteness of Propagation Speed

Let us denote I', be the connected component of
{f=R"; Ay(x, §)£0},

containing §=(1,0,---,0). I, is an open convex cone. Let
Aoz, §) =11 (1—1,(z,§)), £=(5,¢),
i=
r(xQ 5’) ——“Il'lé.lX Ty (.Zf, $,> s
J

then
I.={eR""; >1r(x, &)},
Moreover. we denote

I’ =interior of NI,,
x

then I' is also an open convex cone and
I'={=(¢) R >0}, () =suwp(z,),
where t(£”) is continuous in R"-{0}, because of the convexity of I
Next, we consider the dual cone I’ of I':
I''={zsR"*"; 2-£20, VécT}.
Let us fix a=(1, a’) €I, then we have a change of variables
(o, ') = (a-§,§) ie. (5,60 =(0—a’-7,7).
If ¢(¢’) is smooth, then S=0I" {a-§=1} is represented by
S={=—a"-7,7);n=1, 1-a’"- 7" =)},
and S’=0I"" {x,=1} is represented by
S’ ={z= (x, '); xo=1, 2" = —0:7(§"), §’ €R"— {0}}.
Moreover if
rank (04,0¢,7 (")) 1,521, mp=7n—1

for £’ R™— {0}, then S’ becomes a smooth manifold of dimension z—1.

Then there exists a smooth function f(x’) such that
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S ={z"; f(z’) =0},
interior domain of S’ = {z’; f(z")>0},

that is,

4

= {xz (2o, ) ;s 70, f<‘”_>>o}.

Ty

In general, we shall see that I can be approximated from the inside by

such cones stated above, that is,

Lemma 10.1. There exist smooth open convexr cones {I i} y-iz,.
such that

TCluy, UTW=T,
and

rank (0;,0¢,7(§)) 1,521, n=n—1,
where

== (,8);t>0.(6)}.

Proof. Since =I"(1{a-§=1} is convex, there exist smooth and

strictly convex domains {£.}-1,,. such that

gkcgk+1, k!;Qk:.Q-
Let

I'y=convex hull of £, and {0},

then we have the desired properties. Q.E.D.

Corollary. I'; and I'' are represented by

ri={o= (G, 2); 20, £,( Z)>0l,

Iy

]"/:ﬁr;‘:{x: (xn, x/);xo>0,f//£>>()},

k=1 Zo

where
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F) =in £, 8. {5 )} eTucr.

Lemma 10.2. Let T>0, then there exist smooth approximat-
ing functions {@;(x)} j1,2.. such that 0,0;(x) €I’ and

D,.CD,C-, UD;=I"N{0<z<T},

1

<,
11 C g

where

D;={z= (20, 2); ¢;(x)>0,0<2<T?}.
Proof In the corollary of Lemma 10.1, we have
(= fe= G 2m>0, A(2)>0),

where

0 0ufu(Z) = Outita’ 2f) (Z)>0

Zo
Let us consider the change of variable: (zo, x’) = (vo, ¥’ +a’-y,) le.
(¥o, ") = (x0, " —a’-x). Then we have 0,,=0,,+a’-0;, and 0,=07.
Hence, f,,(i—,> =0 can be solved with respect to w,:
0
yo=¢:(¥"),
that is,
o=@, (x’ —a’-x,).
Since 0,{ k<x_’>} eI, we have
Lo
((Oy,—a”-0,) (o—0c(¥")), 05 (vo—0:(¥)))
=1+a"0,0e(y"), =00 (¥")) ETWCI .
Moreover
¢ () =sup ex(v), 0<0e= sup {¢(¥") —¢x(y)}——0,

where we may assume

P+ o0o.

s
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Let

9; (v )=0;(¥") +kZ=1j0k ,
then we have

G )>0(y ) > —e@y) in o(y)<T.

Now, we operate Friedrichs’ mollifier pg% on each ¢;(y’), then there

exist £;>0 such that

(N> P (@) > —e(y’) in e(y) <T,

where
$3(5") =06,(v") %05 (¥").
Let
$5(2) =z —d; (2" —a’z), D;={$;(x)>0},
then

0.6;(z) = A+a’- (0,0,) (2" —a’z), —0yd;(z" —a’x))
= Qg% (1 +a’- 0;%, —'a;(/J_,) erl. Q.E.D.

Using the sweeping out method, we have

Theorem III. Let us assume Conditions (A) and (B). Let
a=(a, a’) e R**'(a,>0) and u satisfy

Au=0 in {a—T"} ) {z>0},
Diu=0(j=0,--:,m—1) on {a—I"} N{x,=0},
then

u=0 1in {a—T"} N {x >0}.

Corollary. Theorems II and III mean that Conditions (A) and
(B) are sufficient for the Cauchy problem of A to be E-well posed.
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