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On Holonomic Systems for leTl( fi+V —10)*

By

Masaki KASHIWARA®™ and Takahiro KAWAI®®

§ 0. The purpose of this paper is to give a description of the
characteristic variety of the holonomlc 49-Module of which a hyperfunc-
tion of the form @(x) = H 0(ey) H (fi(x) +/=10)* is a solution. The
existence of such a holonormc system was shown in [7] (See also [3].)
The description of the characteristic variety in terms of ¢;’s and f}’s was
announced in Lemma 1 of [8]. The result immediately gives an informa-
tion on the singularity spectrum of @(x). (See Theorem 18 below.)
Although a little more precise result was announced in [8] (Lemma 2),
we have recently {found a gap in our original proof of Lemma 2 of [8].
Even though we have not yet succeeded in filling the gap, we still
believe that our original claim should be true and we feel it worth
while presenting here as a conjecture. We also discuss some examples
in order to show how subtle and delicate the conjecture is. In any case,
we should correct our article [8], so that Lemma 2 still remains a
conjecture and hence the last six lines of Theorem of [8] should be
deleted at the moment.®*¥ Needless to say, Lemma 2 of [8] follows

immediately from Lemma 1 of [8] if we replace (R*)¥ in line 16 of
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As a consequence of this correction, all adjective “real” appearing in [9] p. 142 line
17 through line 20 should be replaced by “complex”. See for details (and some
improvements) the full paper which is being prepared by H. P. Stapp and the
authors. (See reference [9].)
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page 162 of [8] by C”.

§ 1. The situation we shall discuss is the following:

Let M be a real analytic manifold and X a complexification of M.
Let 9= (¢, ---, 9a) and f=(fy, ---, fw) be sets of real-valued real analytic
functions defined on M which extend to X. Let Y be a subvariety of
X which satisfies the following conditions:
(1) Y is irreducible.
@) YC{zeX;0(2) = =pu(z) =0}
(8) There exists a proper complex analytic subset Y ., of ¥ such that
the following conditions are satisfied:
(8.2) Y —Yn Iis a non-singular subvariety of codimension d.
(8.b) dg, -+, dpy are linearly independent at any point of ¥ —Y ..
@ Aly20 (=1, N)

(5) YaneCH{zelX; lﬁ[ filx) =0}

Under these assumptions we can easily show the following theorem

by the desingularization theorem of Hironaka ([1], [5]).

Theorem 1. For s= (s, -, sy) €CY with Res;>0 and a com-

pactly supported C=-function g(x) on M, the integral
d
[ s@ 10 [T i) + V=T o)z
¥ —Ysing) "M j=1

com)erges and it defines a distribution O(x;s)= H 0(p;(x)) X
Xl—_[(f,(x) +/—10)% with holomorphic parameters s w/zen Re 5,>0.
Furthermore this distribution can be extended as a mmeromorphic
Sfunction in s= (s, -+, sy) €C". More precisely, we can choose a 7-factor

7(s) that makes 7(s)0(x;s) entire in s and has the form

6) (s) :ﬁ r(é Visitds),

where v, are non-negative integers such that (Y, -, Vy,) 70 for

any k and d, is an integer.

Remark. I Ygnz=¢, then we can choose d; to be a strictly posi-



N P
ON HOLONOMIC SYSTEMS FOR lI_Il( fi+ V=10)M 553

tive integer.

Since the proof is essentially the same as that given in [4] and [2],
we omit the details. See also Section 5 and Section 6, especially the proof
of Lemma 14.

§ 2. In order to formulate our main results, we introduce the following

notations:

(7) W,y is the closure of {(0;z, &) €C"XT*X: 2€Y —Ying, f1(x)+#0
d N
({=1,---,N) and §=3c;dp;(x)+>,0.d log fi(x) for some c=
i=1 =1
= (¢, -1, ca) EC% in CYxT*X.

Remark. It is known that W,y is an irreducible analytic set. (Cf.
Whitney [11]). Clearly it is involutory and of dimension z+ N. Note
that W,y depends only on f|y and ¥ and not on ¢.

8 Wi=W,yn{0,=0,,=1 - N}, which we consider as a subset of
T*X.,
(9) We denote by C[s] the ring of polynomials in s= (s, ---, sy) and,

for a set of N indeterminates £=(¢,, -+, £y) with commutation relations

[th tk] =0
for j,k=1,--) N
[£5, 5] =0:2;

we denote by C[s, £] the non-commutative algebra generated by s and ¢,

(10) D[s]=DRC[s] and D[s, t] =DRCL[s, t]. Here D=9 denotes
c ¢

the sheaf of linear differential operators of finite order defined on X.

For an integer m and an Ideal J of 9[s], we define 4, by
(11 {P(s)= Y} Pgs*=I;ord P,<m—|a|}.
=(ap -, ax)

a

For P(s) in 4, we define the function ¢, (P (s)) of (6;x,&) eC"xT*X
by

(12) E O-m—[al (Pa) o‘f‘x. ° 'O‘?VN 5

where ¢;(Q) denotes the principal symbol of an operator Q of order at

most J.
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Let J be the Ideal of P(s) = D[s] such that
() P 106 [T ft=0

holds This means that the equality (13) holds in 9 H 0(p;) on ¥ —Ygine
— (U f71(0)) and for any complex numbers 5. It is cleal that 7 (s) @ (x; s)
is anmhllated by P(s) in 9, where 7(s) is the y-factor introduced in
Theorem 1.

We define 4", , by D[s]/9. We shall denote by u the differential
operator 1 modulo 4. Note that the characteristic variety SS(A/",,) of
Ny,, contains W, y, because W, is contained in SS(.#7,,) at generic
points of W, y.

If we define the multiplication of #, by

(14> it P(S)uHP(Sl, '”,Sl+1’ "',SN)flu ’

A";,, naturally acquires a structure of 9[s, £]-Module.
We also define

(15) C,r=nN{00;2,8eC"XT*X;6,(P(s))(0; z,&) =0
for P(s)eY,}.

Then we have following

Theorem 2. C,y,=W,y holds.

In order to prove this theorem, we introduce auxiliary variables
w,eC (I=1, -, N) and define f=(f, ---, fw) by (w.fi(x), -, wyfw(Z)).
We denote C¥xX (resp. C¥xY) by X (resp. ¥). Then by defining
the vector fields @,(=1,---) N) by w,

0 , we immediately find that
t

w
(16) 0.fi=0ifc k=1, N)
and
a7) 0.0;=0 (j=1,-,d,I=1,--,N)

hold. Then we have

2

18) st 1Tt [1 7e=6r 1ot [T 7

=1 j=1

~
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for any positive integer m. Hence /77, turns out to be a coherent
9Dz-Module generated by the section ﬁ:ﬁ a(wj)lﬁ f#.  Since the func-
tion ¢, on C¥x T*X equals the principarsymbol ‘6(@;) of @, on Wjy,
W ;.3 is imbedded into T*X by the projection from €Y x T*X onto T*X.
Therefore, we regard Wiy as a subset of T*X. Then we can prove

the following lemmas.
Lemma 3. SS(A7,,)={(w,z;7,§) e T*C"xX); (wr;x,§)eC/ v}

Lemma 4. SS(A47,)={(w,z;t,§) eT*(C"xX);
(wf;x, 5>6Wf’y}.

It is clear that Theorem 2 follows from these two lemmas.

§ 3. We first prove Lemma 3.

Proof of Lemma 3.

We first show that the left hand side of the formula in Lemma 3
is included in the right hand side. Let # be the generator of /77,.
Let P(s) be an element in 4,. Then we have

9 o\
P<w18wl, ey 'wNawN)u =0,
Furthermore
0 0 .
Om <P <wlawl’ Ty wa:U;>> (w’ x; T, E)

:&M(P (5)) (wlrl, v, WaTw, T, E)

holds. Hence the inclusion relation in question has been proved.
We now prove the opposite inclusion relaton. Let P(w, z, D,, D)
be an annihilator of #. Let m be the order of P. We decompose P

into the form

(19) 2 P,

aEZN

where P, is of degree «; with respect to w, (by counting 0/0w, to be
of degree —1). Then P, has the form
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(20) (II wi) P (1] (0/0wi)~™),
>0 @0
where P{ is of degree 0 in each w, It is clear that P,u =0 and hence
we find Pou=0. Since P2 has the form P2,<w1 0 L, Wy 0 , T, D,>,
- 0w, 0wy
we can define Pye D[s] by
(21) Pg(s;,"‘,SN, x, DI)'

Then we have
(22) 0(Py) (w, z, 7, §) =0 (PY) (wity, -+, wyTy, x, £).
On the other hand, it follows from the definition of P, that

(23) 0 (P) = (L1 )0 (PO (I1, 7).

This proves the required inclusion relation. Q.E.D.

§ 4. Before giving the proof of Lemma 4, we prepare several auxiliary

results. They have some interest in their own right.

Proposition 5. Let M be a (non-zero) coherent & y-Module™,
and let f; and q; (=1, ---,1) be endomorphisms of M. Suppose the

Sollowing commutation relations hold:
[fs, [el =19, 9] =0
[f.f,glc]:ajk fO}‘ j,k:]_,...’l'

(24)

Then we have

codim Supp M +I=<n=dim X.

Corollary 6. Let U be a coherent &y-Module and let s; and

t; (=1, --,10) be endomorphisms of M. Suppose the following con-
ditions hold:

(25) ty: M—M is injective (j=1,---,1)
[th tk] =[5j, Sk]=0

(2, 5e] =0ut; (4, k=1, -0

(26)

* &x denotes the sheaf of micro-differential operators of finite order.
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Then we have

codim Supp M +I=n=dim X.

Proof of Corollary 6.

By the additive property of the multiplicity of coherent 4)-Modules,
the multiplicity of the cokernel of #;: M — M along an irreducible com-
ponent of the characteristic variety of ¥ is the difference of the multi-
plicity of M and the same one. Hence the characteristic variety of the
cokernel does not contain any irreducible componeunts of the characteristic
variety of M. Therefore, we might assume from the first that £; are
isomorphisms. Then, f;=¢; and g;=¢;"s; satisfy the commutation rela-

tions (24) and this result immediately follows from Proposition 5.

Proof of Proposition 5.

If 9 is holonomic, then E=End( ) is a finite-dimensional vector
space and hence tr 1 =tr[ fi, ¢,] =0, which is a contradiction if /==1. Thus
the theorem holds in this case.

Let us assume that M is not holonomic. Let V be the support of
M. It is enough to prove the theorem at a generic point of V. Therefore,
by a quantized contact transformation, we may assume that V= {(z, §);
§=-=§6,=0} with d=codimV. Set Y={zeX;z,=-=x,=0}
and A" =Mly. Then Supp /" =T*Y, and /" has the endomorphisms
f; and §; induced from f, and g;, respectively. The endomorphisms f;
and {j; satisfy also the same commutation relations (17). Hence, by
replacing M with .#~, we might assume from the first that Supp M =T*X.

At a generic point of T*X, M is a free &x-Module. Hence we
can represent f; and ¢; by matrices of micro-differential operators. Thus

the proposition immediately follows from the following

Propositien 7. Let P, -+, Py, Qy,---,Q, be N XN matrices of

micro-differential operators on C™, where N is an integer. If the

relations
[PJ', Pk] = [Qh Qk] =0
[P, Q] =0 for j k=1 -1

27
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hold, then [<n.
In order to prove this proposition, we prepare the following lemma.

Lemma 8. Let P=(Pj;); k1,5 be an N XN matrix of micro-
differential operators of order <m. Assume that the eigenvalues of
the matrix P= (0, (Ps1)) s kc1,..v are mutually different and do not
vanish. Then there is an invertible matrix A of micro-differential
operators defined at a generic point of T*X, such that APA™' is a

diagonal matrizx.

Proof. Consider ADP— P as a micro-differential operator defined on
C,xCx X.

Then det(6(ADP—P)) =det(dt™—P). Hence, if one denotes by p;
the eigenvalues of P, then 2D —P is invertible provided As=p,r™™.

We shall define A; by

di,

A=t f v
" ony=1JaiDr—p

where the integral is a contour integral along a path around p,r™™. It
is easy to see that A;A,=0;,4; and 1=3] A; hold. Since A; com-
mutes with ¢ and D,, A; is a matrix of mi]cro-differential operators on
X. Setting L =E%, we regard P and A; as endomorphisms of . Set
L;=A;.L. Since P is invertible, "£=é{’£j' Since A; is a matrix of
micro-differential operators of order gmj_and 0. (A;) is a projector onto
the eigenspace for p;, .L; is not zero. Hence _[; is with multiplicity
1. Thus L, is isomorphic to & at a generic point with a base u;. If
we take an invertible matrix A corresponding to the base #,, ---, #y, then

APA™'is a diagonal matrix. Q.E.D.

Let us return to the proof of Proposition 7.
Let A be an invertible constant matrix whose eigenvalues are

mutually different. For a sufficiently large integer N, we set
P,=P,+ADY¥ and Q,;=Q; for j=1,--- 1
PHI:AD?’
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~ 1 imer =
QL_H:J-——vfl ItDi N‘—]:;? Qj .

We shall regard P; and Q; as micro-differential operators on €x X.
Then P, satisfies the condition in Lemma 8. Hence it is diagonalizable
by an inner automorphism. Thus, replacing X with €xX X and P; and

Q; with f)j and @j, respectively, we might assume from the first that
28) P, is a diagonal matrix with diagonal components A, ---, Ay.
3 b

(29) A;,

are mutually different.

, Ay are micro-differential operators of order m and ¢,(A4;)

Here we note the {ollowing

Sublemma 9. Let R be an N X N matrix of micro-differential
operators such that [Py, R] is a diagonal matrix. Then R is also

diagonal.

Proof. Let {R;,} be components of R. Then A;R;,=R;,A; for
Jj=k. If R;;=<0, then 60(A4;)0(R;;) =0 (R;,)0(A,). Thisis a contradic-
tion. Q.E.D.

Now we resume proving Proposition 7. It follows from Sublemma
9 that all P; and Q; are diagonal matrices. Set m;=ord P; and
ny=ordQ; (j=1,---,0). Then m;+n;=1. We shall prove the pro-
position by the induction on i](m,-i—n,-——l).

If ;(m,-—l—n,——l) =0, tjl—=11en m;+n;=1 for every j. Hence we

obtain
{0(Py),0(R)}=1{0(Q),0(Q)}=0
{0(P;),0(Q)} =05 for j, k=1, -, L
Then, as is well-known in symplectic geometry, we have [=rn.
Next suppose that Y ((m;+7n;—1)>0. Then either m;==1 or n;=>1
7
holds for each j. If n;=1, by replacing P; and Q; with —Q; and P,
respectively, we might assume from the first that m;=1. Set I~’j=Plj/"‘f

and Q; =m;P5™Q;. Then it is easy to see that P; and Q; satisfy the

same commutation relations as P; and Qj;. Furthermore we have
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ord P;=1 and ord P;+ord O;=m;+n;. Hence we may assume without
loss of generality that ord P;=1 (j=1,.--,{) and n,=n,=>---=n,=0.
Set f;=0(P;) (j=1,---,1). Suppose first that df, ---, df, are linearly
independent. Since {f;, fi} =0 (1=j, k<l), it is well-known in sym-
plectic geometry that /=Xz holds in this case. Therefore we may assume
that there exists » (1=r<([) such that df}, ---, df, are linearly indepen-
dent and df,,,;=0 mod dfj, -+, dfr. This means that f,,; is a function

of fi, -+, fr, namely, there exists a homogeneous function ¢(z, ---, ¢,) of
degree 1 such that f,r.=¢(fi, -, fr). Denote aitqz(tl,m,t,) by ¢;.
j

Set Pru=P,u—¢(Py, -, Py), B;=P; (i#r+1), 0;=Q, (j>r) and

Q;=Q;+¢;(Py, -+, Pr)Qrys (J=r). Then it is easy to see that
[PJ: Pk] = [Q:‘, Qk] =0
[P,-, Qk] =0;s.
Furthermore we have ord O;<#;, ord P;<1 and ord P,,;<0. Hence

the induction proceeds and we conclude [=<z. This completes the proof

of Proposition 7, hence also that of Proposition 5.

The second result we need for the proof of Lemma 4 is the fol-

lowing

Proposition 10. Let f:X—>Y be a proper map of complex
manifolds. Let V be an involutory wvariety (possibly with singulari-
ties) of T*X whose dimension is at most dim X+[ at any point.
Then the dimension of wp (V) is at most dimY +[ at any point in
wo (V). Herew (resp. p) is the canonical projection from X x T*Y
to T*Y (resp. T*X). Y

Proof. Set W =wp™'(V). The question being local on W, we
can choose a point p in p~'(V) such that W is non-singular at @ (p),
p~'(V) is non-singular at p and the projection o *(V)—W is smooth
at p. Moreover it is enough to show the statement in a neighborhood
of w(p). Let wy and wy be the canonical 1-forms on T*X and T*Y.
Then @*(wy) =0*(0x).

Let ¢: V/—V be a desingularization of V ([1], [6]). Then there
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exist a manifold U, ¢: U—p (V) and ¢: U—V’ such that ¢pp=p¢ and

that ¢ is generically surjective.

v—2 v
0 @ ! jﬁm
|

w

At a generic point of V, we have (dwy|y)'*'=0, because V is
involutory. Hence (d(¢*p*wyx))'* = (¢*0*dwy)'*'= (¢p*@*dwy)'t! vani-
shes. Since ¢w is generically surjective, (dwy|w)'*'=0. This implies
immediately that the dimension of W is at most dim Y +/ at any point

in W, Q.E.D.

We shall further prove some related results in contact geometry,

which will be used later.

Lemma 11. Let Y be a submanifold of X (i.e., subvariety with-
out singularities) and let V be an involutory wvariety in T*X. As-
sume that V is non-characteristic with respect to Y, namely
pirév:Y?V——)T*Y is a finite map. Then WEp(Y>X<V) s an

involutory subvariety of T*Y.

Proof. We denote by n (resp. [) dim X (resp. codimz.,V). We
may assume without loss of generality that codimyY =1. Then
codimpuy (Y X V) =/+1 and dim W =2(z—1) — (!—1). As in the proof

x

of Proposition 10, we have
(31) (doy|w)" =0,
since (dog|y)" =0,

Let a be a generic point in W. Then by a suitable contact trans-

formation we may assume that
W={(z,8) eT*Y; =+ =2,=0, &= =£,=0}

in a neighborhood of a. Here
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(32) p+g=I—1 (=codimpyW).

Then we have

(33) (doy |w)" 7 ®D£0

Comparing (31) and (33), we conclude

(34) n—Il+1>n—1—max(p, q).

Combining (32) and (34), we have »=0 or ¢=0. This is equivalent
to saying that W is involutory. Q.E.D.

Proposition 12. Let V be an involutory variety in T*X. Let
F(z, &) be a holomorphic function which is homogeneous in & As-
sume that df==0 on {f=0}. Assume furthermore that V,={f=0NV
is invariant under the Hamiltonian vector field

of 0 0f 0
H.= A S
d ‘;<as,axj 0z, as,>

associated with f. Then V, is an involutory variety.

Proof. By adding a dummy variable, we may assume without loss
of generality that dfAwx#0 and f is homogeneous of degree 1 with
respect to §. Hence by a suitable contact transformation we may assume
that f=¢&. We may also assume that V is irreducible. If V< £71(0),
then there is nothing to prove. Therefore we may assume that V, is a
hypersurface of V.

In order to prove the proposition, it is enough to discuss at a
generic point of V,. Hence, we may assume that V, and V-V, are
non-singular and (V' —V,, V) satisfies the condition of Whitney. Suppose
that V, is not involutory. Then there is a point p in V, such that
T,V, is not involutory. Let us take a sequence {p,} in V-V, con-
verging to p such that 7T, V converges to a linear subspace <.
The space t is involutory and T ,V, is a hyperplane of 7. Next we
show that tCdf1(0). If c¢df*(0), then T,V,=tNdfF'(0). There-
fore (T,Vo)t=(CnNdf*0)) =c+*+CH, Since t*Ct and H,eT,V,
Crt we have t*+CH,CT,V,, which contradicts the fact that T,V is not

involutory. Thus we have seen 7 is contained in djf !(0). Since we
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have assumed f=§,, this implies that V is non-characteristic with respect
to Y ={z,=0}.

On the other hand, we may assume that V, has the form {(z, §);
§=6=--=¢£,=0, 23=---=x,=0} at a generic point of V,, because V,
is invariant by H,. Then we have
(35) OY XV)D{(, +*, Ta3 &3, -+, E2) ET*Y;

x
EZ="':$v=0’ Xg=--- :x’u:O}_
Since codimpyp(¥Y X V) =(v—1) + (#—1), the left hand side of (35)
x
must coincide with the right hand side of (35).

On the other hand, the preceding lemma asserts that p(Y X V) is
X

involutory. This means that y=1 or x=1.

Thus we have proved that V, is involutory. Q.E.D.

§ 5. Now we embark on the proof of Lemma 4.

By the desingularization theorem of Hironaka ([1], [5]) we can
find an analytic manifold X’, a projective map F from X’ to X and a
proper subvariety Z of Y so that the following conditions (36)~ (39)

are satisfied.
N

(36) YaneCTZC{x€Y; [] f1(x) =0}
=1

(87) Z’'=F~'(Z) is a normally crossing hypersurface and F|y _; is

an isomorphism {rom X’—Z’ onto X —Z.

(38) The proper transform Y’ =F"1(Y —Z) is a non-singular subvariety
of X’.
(39) At any point ¢ in ¥’ we can find a local coordinate system (v,

v,2)=(vy, -, Va, Y1, """y Ymy 21, ***, Zx) (d+m+k=n) so that the

following conditions are satisfied:

(39.2) wvi(a)=-=v4(a)=y:(a)=--=yn(a) =2(a) ==
=z;(a) =0

(39.b) Y '={(v,y,2); vi=-=0,=0}

(39.¢) 2’ {(v, v, z>;ﬁypgzq=0}
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, m , k
(39.d) ¢j=p;oF=¢;(v,y,2)v; H; ypir qH1 zghe
= =

(89.¢) i lv=fuoFly=u(y,) 2,

where ;. 03, and r;, are non-negative integers,
(71,45 ***, T'w,q) 0 for each g=1, .-, 2 and ¢; and yx, are
non-vanishing holomorphic functions.

As a matter of fact, we have

.
(39. ¢") Y'NZ'C{(v,v,2); v=0,]] 2,=0},
q=1

because ZC f7*(0) U---U f7'(0). We also find that p},, is actually zero,
because {d¢i, ---, d¢s} are linearly independent at any point in Y’ —Z’.

We define X’ (resp. ¥’) by €C¥x X’ (resp. C¥xY’) and extend
FtoF:X'-X (=C"xX). We denote (w,f/, -, wxf%) by f'=(F,
-+, f%). Then we have the following

Sublemma 13. We have

(40) Wf,,y,={(w, v,y,2; 7,0, W,C)ET*X"; v=0,

N a N
Np=2 W Ti— 10g X1, 247 ¢ =21 71,171, Where
i=1 0y, =1

¥ 0
Tq :Cq —lgl wlrlaA 10g xl}

Zq

in a neighborhood a=(0,a)eY"’.

Proof. Since the right hand side of (40) is a closed subset, it
suffices to show that the following set VOV,—,,y, is contained in the right
hand side and that any point in the right hand side is reached by a

sequence of points in Wz, g.

(41) u}f,,y,= {(w,v,y,2;7,0,7,§) eT*X’; v=0,
~ N -
f1#0 (I=1,-, N), (1, C)=; w,T; gradg,,, log f ({=1, -, N)}.

Recall that Wy g, is the closure of Wf,_y, by the definition. Clearly
W .y coincides with the right hand side of (40) in a neighborhood of
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the points where Hg,,ﬁf:O It is also clear that Wf/_y; is contained in
the right hand 51de of (40). Hence it remains to be proved only that
any point b= (w, v, ¥, 2;7,0,7,¢) in the right hand side of (40) where
qu—O can be reached by a sequence of points in Wf, ¢, Assume
that gy =--=g;=0 and 2;,,7=0, ---, 2,50 hold at 6. Here we may as-
sume without loss of generality that 7,40 (¢=1,---,7) at b. Since
(r1,q, "+, Tw,q) 0 for any ¢, we can choose sequences w{™—w, and

t™—t, (I=1,---,N) so that

(42) > 7, ML (g=1, -, 7).

LE=

We also define sequences y{™ and 2{™ by the following:

7§ =71, (a=1,-,17)
(m) 1 1!‘ (m) - (m) ;
Ta  =— T1,qWi Ty (q:Z+1, ) k)
Zg =1
(43)
m 1 - (m) - (m) ,
2§ )2«. lZJlrmw 7§ (¢g=1, -+, 7)
1q*°~

M=z, (q=i+1,--, k)

Then it is clear that (w™, v, y, 2™ ; ™, a,7, T""’—FZ w(’")f(’")aa log 1)
2,

is a required limiting sequence which converges to b. QED

By using this result we shall prove
(44) Wi 9. X (C¥x Z) is an involutory variety.
X

It follows from (39.c¢”) that Y’ NZ’ is a union of hypersurfaces
{(z,¥,2); v=0, 2,=0} of Y’. Hence it suffices to prove that Wy ¢
N {z;=0} is involutory. Since Wj g is involutory and Wj g N {z,=0}
is invariant by H, = —0/0¢,, this set is involutory by Proposition 12.

Now let us consider Dg-Module /7. . Then by the aid of Sub-
lemma 13 we fAnd the following

Lemma 4. SS(/ 7,.)=W; g holds.

Proof of Lemma 14. Since SS(/ "y, ,.) clearly contains W g, it
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suffices to prove the opposite inclusion relation. Let %’ be the generator

L@ I 7 =TT G, ywn I 59" 110y (o, 3, 2)0, T 224 =

=110 (L 10, 2" (16,0, 5,2 <Hz2" =3y

’

Therefore, %’ satisfies the differential equations

'Ujﬁ’=0 (J=19,d)
0 Yo ¢ 5/ — =1 ...
<a_%_%<0i%10g xz)wl(')"w,) (J];];gbj(o, y,z))u =0 (p=1, -, m)
(45) ) 9 3 0
[z <@z _Z<az log Xl>w10w;)—grlqul@+;‘)!’q]x
xgl¢j(0’ y’ z)iz/:O (q=1,,k)'

Since the characteristic variety of ./ .. is contained in the common
zeros of the principal symbols of the differential operators used in (45),

it is contained in W, y.. This completes the proof of the lemma.

Q.E.D.

Now we resume the proof of Lemma 4. Since ¥ is a projective
map, Dg-Module 7= J; A 7.4 is well-defined and coherent and its
characteristic variety is conljt’a:ined inwp' (Wi, v) (Theorem 4 2 of [6]).
Let v be the section of .#7/ corresponding to 1X(_X,®H fo H 0(¢;) and
let .#"” be the sub 9 gModule of .#" generated by . Then we can

define a natural 9 g-linear surjective homomorphism from ./ to ./ ;,
¢ N

by assigning [[ 0(¢;) II /7 to v. Since the characteristic variety of A4
j=i i=1

is contained in @ '(Wj, v.), we have
(46) SS(A5,,) Cwo (W s 90).
On the other hand, we have
w0 (Wiy) =m0™ (Wi X (X' —€C"xZ')HU
Vo™ (Wig X (CYX2Z")C

CWir U@ (Wie X (€ X 2Z)),
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because F is an isomorphism outside C¥ x Z. Clearly
47 dim Wf/_?»i’SCNXZ§2N+n—'1
Therefore Proposition 10 combined with (44) and (47) entails that
(48) dim wp“l(Wf,,y,§ (C"xXZ))=Z2N+n—1.
On the other hand, Corollary 6 claims that
(49) dim,SS(A"7,, ) =N+ (n+N)=2N +n

holds at any point p of SS(/#"7,). Thus we finally conclude from (48)
and (49) that

(50) SS(A7,)=Wiy.

This completes the proof of Lemma 4, and, hence at the same time,

that of Theorem 2.

§ 6. In order to study the holonomic character of the distribution @ (x;s)

we further need the following geometric result.
Proposition 15. The set W, is Lagrangian.

Proof. We shall first show that W, is isotropic. Again by the
desingularization theorem of Hironaka, we can find a complex manifold
W, a proper analytic subset and a proper surjective map G from W
onto W, y. Let F be the projection from CYX7T*X onto T*X. Let

wy=_§;dx; be the canonical 1-form on T*X. Here we may assume

the following:

~ v

(51) W is a closure of G™'({x; [I fi(x)=+=0}).
1=1

(52) G~'(W,) is a hypersurface of W.

The question being local on W,, it is enouzh to show that wy|w,=0 at
a generic point p of W, We may assume that W, is non-singular at
# and that there exists a point p” in G™'(p) such that G™*(W,) is non-
singular at p’ and G™Y(W,) >W, is smooth at p’. Let ¢ be a defining
function of G7'(W,). Then, we have fi,oG=0,¢" and 0,0G =y, ",
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where 0, and y;, are holomorphic functions on W defined in a neighbor-
hood of p such that their restrictions onto G™'(W,) do not vanish iden-

tically. Here we have £,>1. Then, we have
N
(FG) *mx=l§(o‘;oG)d(log f10G)
outside
N

s IT £i(2) %0}
Therefore we have

v v

(FG)*wx =§ Vz%zﬁbk‘"ldgb%—; 1" d log 0,

in a neighborhood of p’. Thus (FG)*wx|w, vanishes at generic points
and hence vanishes in a neighborhood of p’. Since G'(W,)—>W, is
smooth at p’, Wx|w, vanishes at p. Therefore W, is isotropic, and hence
dim W, <n.

On the other hand, W, is defined as the common zeros of N func-
tions on W, y, and hence we have dim W =#n. Thus dim W,=2, and
this implies that W, is Lagrangian. Q.E.D.

Here we note the following interesting property of W, (Theorem
16), even though we do not need it in our subsequent discussions of this
paper.

In stating the theorem we use the following notation:

For a set of complex numbers a = (al, -, ay), W(a) denotes the closure
of {(z‘ z,6)eCXT*X; €Y —Y ging, Hf;(x)#O and Q—Z c;do;(x) +
+T Z a,;vd log fi,(x) for some complex numbers ¢; and ’} and W,(a)
denotes the intersection of W (a) and t7'(0). We identify W,(a) with
the subset of T*X,

N
Theorem 16. The set Wo(a) coincides with W, if Y a0
=1
holds for vieZ,={0,1,2, -} with (¥, -, Yy) F+(0, ---, 0).

Proof. At least one of a; does not vanish, say a;, We can normalize a,
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to be 1. Let W’ be the subvariety of W, defined by d,=a,0, ((=1,
-, N). Let E bc the subvariety of W, defined by ﬁfl(x) =0. It
is enough to show W’/ —E>W,. -

We shall prove it by the reduction to absurdity.

I{f this were not true, there should be a point p in W, and a
neighborhood U of p such that UNEDU NW’. Again by the desingu-
larization theorem of Hironaka, we can find a complex manifold W and

a surjective proper map G: W—>Wf,,- which satisfy the following condi-

tions.
(53) W is the closure of G™*(W, —E).
(54) G~'(W’) is a hypersurface of TV .

Let ¢ be the defining function of G~'(W’). Then, at a generic point
of G'(UNW’), we have

(55) (01— a0) oG =y (I=2, .-, N)
(56) fi1oG=0,¢" (I=1,---, N),

where %, and 0, are non-vanishing and %£,=1 and »,=>0. Since we have
v

supposed [] fi(x) =0 on W’ in a neighborhood of p, we have also
=1

N
>1v,==1. Hence we have there

=1

(57) 0=)(6:°G)d log(fieG)
= (0,°G) (L;V:_,: a;d(log fi1oG)) + é((01~ a,107) °G)d log (f1°G)
= (% aw) gﬁ;—;-G—)clgl)—l— (holomorphic form).
=1 )

v
Since » is a holomorphic form, this is a contradiction if > a,»,50.
l=1

Q.E.D.

After proving these preparatory results, it is now easy to study the
holonomic character of y(A)@(x; ). Here y(1) denotes the y-factor
introduced in Theorem 1. First we define the coherent 9 y-Module ¢,
by

(58) ) (li (i) F 1)
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for 2= (A, -+, Ay) €C¥. It immediately follows from the definition of
A", that the distribution y(A)@(x; A) satisfies the system of linear
differential equations #7,.

The sheaf Dy[s] is contained in Dy,ev if we regard s; as
the coordinate functions on €¥. In the sequel we shall denote by

N, the D yyon-Module
:@Xxgzvg)®cj./f/'f,q,=Qxch/QxngJ.
xLS.

Then we have the following

Theorem 17. (a) The characteristic variety of ¥, is contained
in W, (hence 4", is a holonomic system).

(6) The characteristic variety of 4" ;, is contained in

{(s,z;§,0) eT*(XXC"); (z,6) eW.

Proof. Let a(x,€) be a holomorphic function on 7T'*X vanishing
on W, and homogeneous of degree » in &, Then, by Hilbert’s Nullstel-
lensatz, there exist an integer m and holomorphic functions ¢,(d, z, §)

which are homogeneous of degree rm —1 in (0,§) such that
N
(Z(.Z', E)m:lzl 0';9;((7, z, 6) on fo,Y .
By Theorem 2 we can find an integer m’ and P(s) € Jpmr such that
N
Tuner (P (8)) = (a2, )" = 25 0:0:(0, =, )™

Therefore, if we regard P(s) as a differential operator on €¥x X (or
if we substitute 4 into s), then the principal symbol of P(s) is a(x, &)™™'
This proves the desired results. Q.E.D.

§ 7. Concerning the singularity spectrum of 7(s)@(x;s) (regarded as a
distribution in (x, s) which depends holomorphically on s), Theorem 17 (b)
immediately gives the {ollowing Theorem 18. (See Theorem 2.1.1 of
[10] Chap. III. §2.1. Note also that a distribution on M with holo-
morphic parameters s&€C? is a distribution on M X C¥ which satisfies

the Cauchy-Riemann equatiouns in s.)
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Theovem 18. The singularity spectrum of 7(s)0(x;s) is con-
Jined 1o
{(z, 55 V=1(E, dx) +2Re (7, ds)) 00) € Yy =1.5* (M X CY);
=0, (z,§) e W.
However, the conclusion of this theorem is not the best possible one

of the sort. One of the typical examples which manifest this fact is

given by considering the case where

NE

N
“t grady /i () (,=20,> a,=1)
=

is contained in a proper convex cone. In order to take into account such
phenomena, we introduced the following set Wy (+) in [8]. Unfortu-
nately, our proof for the claim announced in Lemma 2 of [8] turns out
to be incomplete.™  Still we believe that the claim itself should be true.

Hence we feel it worth while presenting here as a conjecture.

Conjecture. The singularity spectrum of 7y ()@ (x; A) (considered
as a distribution in x) is contained in the following set Wi(+), if
Yoing = .

Wi(+)={(z, y=1Ec0) € Y —=1S*M ; there exist a sequence x,€X
suc/z that @;(x,) =0 (j=1,---,d) and that converges to x with
Hf;(:c) 0 and sequences t,= (a{™, -, af?) e (RN)Y and (.= (B,

-, B eC? such that

(59) af™ fi(xn)—0 (=1, N)

(60) S gradcfu(en) + 33 85 grady sp(za) >7)

L

-

The rest of this paper is devoted to the discussion on some examples
which support this conjecture and indicate that it should be very difficult
to improve it much. In the study of the examples given below, we
concentrate our attention on delicate points and leave the complete argu-

ment to the reader.

™ One rather trivial case covered by our original argument is the case where N=1.
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Example 1. Let @ be (¢x+/—=10)*(y++v/—=10)*(4, £>0). Let
(¢,z,y; V—1(7,&,1)00) denote a point in /—1S*R° At the origin,
the prescription given by Theorem 18 allows the following set I as a

possible singularity set over the origin for .
(61) I={(0; v/=1(z,§, 1) 00); (7, §, 1) #0}.

On the other hand, the prescription given by the conjecture allows only
the part I* of I where §7=0.
Actually, we find

(62) S.S.0C{(¢, z,v; V=1(z,§,1)00) € y—1S*R®; £7=0}.
In order to see this, we first decompose @ as follows:
(63) 0=0,+0_, where O,=(zx+v—=10)*@y+/—=10)*Y ()

and O_=(tz+/=10)* (ty++v—=10)*Y (—2),

Here Y (¢) is the Heaviside function. Since @, (resp. @#_) is a hyper-
function which is holomorphic in {(x, ¥) €C? Im £>>0, Im y>0} (resp.
{(z, ¥) € €C* Im x <0, Im y <0}), we find by [10] Chap. I, §3.2
(p. 308) that

(64) S.S.0, c {£7=>0}.

Hence we find (62). Thus in this case, the more delicate prescription

based on the conjecture turns out to be a correct one.

Example 2. Let @ be ((x+2"+ /=1 0)*(ty +2°+ =1 0)*(4, £>1).
Let (¢, z,y,2; V—1(7,&,7,8)00) denote a point in /—1S*R'. Again,
at the origin the prescription based on the conjecture gives rise to an
intriguing condition §9=0, which is not derived from the result stated
in Theorem 18. In this case, again the prescription based on the conjec-
ture is correct. To see this, we again decompose @ into the sum

0Y (£)+ 0Y (—¢). Then the same argument as in Example 1 succeeds.

From the viewpoint of applications to the problems in physics (e.g.,
[9], [12]), it would be more desirable if we could choose x, to be
real in the definition of W7 (+). The following Example 3 might give
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us a hope for such an improvement. Such a hope, however, is nullified
by the subsequent Example 4. See also a very interesting paper [12]

for related topics.

Example 3. Let @ be |zs|'(x'+ys)4 (4, £>0).%  Let (x,y,¢,
s; /—=1(§,7,7,0)00) denote a point in /—1S*R'. Then after some

calculation we have

(65) fei@“vv+“+">a7dxdydtds

— j G0 (1) 2510 (650 — 1) (8 +80) ~+~(£) ~*dedis

where ¢(u) =2ni exp (uni/2)I" (#+1). Then S.S5.0 is contained in the
set (7220} due to the factor 0(&s°—7¢®). The prescription given by
the conjecture does not give this result, while this constraint naturally

appears if we assume xz, to be real in the definition of W7y (+).

Example 4. Let @ be (2*—y*% (A&N,A>0). Let (z,y; v—1(,
1) oo) denote a point in /—1S*R®. If we use the recipe given by the
conjecture, then there is no constraint on the cotangential component of
the possible singularity spectrum of @ at the origin. On the other hand,
if we suppose that z, should be chosen to be real in the description of
W5 (+), then we have there an additional constraint §7=0. However,
as we shall see below, a point (0,0; V—1(§, 7)) with §7>0 really
appears in the singularity spectrum of @.%*% This implies that we cannot
keep x, to be real.

In order to see this, it suffices to show that the following Radon
transform R (&, 7) of @ does not vanish identically for (&, 7) € R* with
£7=>0. 00580

“ Note that | f(z)|* and f(x)} are expressed as a linear combination of (f(x)++/—10)*

and (f(z)—+/=10)* for generic 2.

** As a matter of fact, the argument below implies that S.S. @ contains any point
0,0; v/=1(&,7)c0) with (& 7)54(0,0).

¢*% Since (z*—»%)% is homogeneous in (z,y), we can use the Radon transform of @
instead of its Fourier transform. Note also that there is no contribution to the set
{§7=0} from the points different from the origin. This is the reason why we do
not need to use a cut-off function with respect to (z,y)-variables.
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(66) R(§,71)= L (2"~ ¥4 (2§ +y1+ V=1 0) ¥ (ydz—zdy)
= [ @3t rynt 10z
rz—y=1

= J<3$2—3x+ D (@ +71) —7+i0) " *dx .

Here we may assume without loss of generality that £+7=1. Then
what we should show is that the resulting integral I(7) does not vanish
identically. In order to see this we calculate I (%) by shifting the path of

integration y,= (—o0, c0) to 7; described in the figure below.

/// \\\
l// \\\
/ m 1+ 1737 \
/ X CZ=“_2——— \
/ \
! \
!
LTo |
0 1/2 Re z
X7
1—+/1/34
WP L VEL

Such a change of the path of integration is legitimate if A>0, as the
integral along the dotted circle tends to zero as its radius tends to zero.
In view of the + 4/ =10 in the integrand of I(7), we may regard 7 to
be a complex number running over the domain {Im 7<C0}. If we move

7 so that it lies on the segment joining & and B, I(7%) acquires the form

—\/iT(1-e"“)e—w“/2j°° <x 1 >‘<x+ 1 >1><

wna\T 2)3 2J3
X <x—%<7j——;—>>—“—2dx .

Clearly the integral

ferlezg) (egym) (o= (-3)) e
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converges for 2>0. Furthermore, its integrand is non-negative if n=%+

+4/=1¢ with C<2—\;/l—?—. Therefore I(y) is different from zero for
=%—+ V=1¢ with C<2\/%. This implies that (%) cannot be identi-

cally zero for real 7. This completes the proof of the assertion that a
point (0,0; V/—=1(&, 7)o0) with é7>>0 really appears in the singularity

spectrum of @.
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Added in proof: The statement in page 9, line 4 is erroneous, because P;s and Q.’s
do not satisfy the commutation relation. Hence the proof of Proposition 7 is not correct.
Although the proof of Theorem 2 depends on Proposition 7, if we replace /7, with
N 1,0(, B), it does not depend on Proposition 7. Here a= (a4, -, a1), f= (B, -+, B1) EC*
and A";,,(@, B) is obtained from /7y, by letting s; subject to the relation s;=ays+8; with
one indeterminate s. Theorfore the proof of Theorem 18 is complete as it stands. The
detailed corrections will be submitted to this journal. See also our paper “On the charac-
teristic variety of a holonomic system with regular singularities,” which will appear in
Adv. in Math. It gives a complete proof for a generalization of Theorem 18.






