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Propagation of Singularities of Fundamental
Solutions of Hyperbolic Mixed Problems

By

Seiichiro WAKABAYASHI*

§ 1. Introduction

In this paper we shall deal with hyperbolic mixed problems with

constant coefficients in a quarter-space and study the wave front sets of

the fundamental solutions under the only assumption that the hyperbolic

mixed problems are S-well posed. Recently Garnir has studied the wave

front sets of fundamental solutions for hyperbolic systems [2]. The au-

thor was stimulated by his work. For the detailed literatures we refer

the reader to [7], [8].

Now let us state our problems, assumptions and main results. Let

Rn denote the ^-dimensional euclidean space and write xf = (xl9 •••,o:n_1)

for the coordinate x= (xl9 • • • , xn) in Rn and £' — ($19 • • • , fn_a) , j = (f, £n+1)

for the dual coordinate $ = (gl9 • • • , f n) . We shall also denote by JS+

the half-space {x = (x' , x^) e Rn; xn^>0}. For differentiation we will use

the symbol D = i~l (d/dxl9 •-, d/dxn) . Let P-P(f) be a hyperbolic

polynomial of order m of n variables f with respect to t?= (1,0, • • • , 0)

in the sense of Carding, i.e.

P°(-iff)=£Q and P(?-s#)^0 when $ is real and Ims<rQ,

where P° denotes the principal part of P, i.e.

as t-^oo

Let r = r(P,ff) (dRn) be the component of the set {£ e fin ; P° ( -

0} which contains &. We also write F (P) =T ( P , f f ) . Put

for some
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The localization P?0 (iff) of P (?) at $ ° and the multiplicity m^ of f ° rela-

tive to P are denned by

vmP (V1?0 + T?) = >«° (Pf, (T?) + 0 (1) ) as v;0, Pf. (v) =£ 0

(see [1]). We note that

Now write

J=0

Then we see that

Pm,(f)^0 for

In fact, Pm,(?') =P (0 i l )(f) and /Vi) = Ao,i> X JR. It easily follows that

roCrcr^i). When ^eU71'1-^^ — zT0, we can denote the roots of

P(M=0 with respect to 1 by # (f) , -., ^ (f) , Jf (H , -, ^-i (f7) ,

which are enumerated so that Im AJ (?x) ̂ 0. We consider the mixed

initial-boundary value problem for the hyperbolic operator P (D) in a

quarter-space

P(D)u(x)=f(x),

Here the Bt (D) are boundary operators with constant coefficients. Put

Then Lopatinski's determinant for the system {P, J5/} is defined by

R (f 0 - det Z, (f 0 for ^

where

, ?2m J f y, *=i,-, z

We impose the following assumption on {P, I^-} :

(A) The system {P, Bj} is 5-well posed, i.e.

when ? is real and
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where -R°(f) denotes the principal part of !?(?') and TI>TQ (see [3]).

Now we can construct the fundamental solution G(.r, y) for {P, Bj}

which describes the propagation of waves produced by unit impulse given

at position y= (0, yz, •••>yn) in IK. Write

G(x, y) =E(x-y) -F(x, y) ,

where E(x) is the fundamental solution of the Cauchy problem repre-

sented by

E (x) = (27r) ~n f exp [ix • f ] P (£) ~ld£9 y e r$ + P .
JRn-iTl

Then F (x, y) is written in the form

F(x,y) = (2ny^» f ^ r1 S exp [f {(*'-?')•£'
JUn + l-iftf j,k=l

where r > 7 i , = (*, 0) efin+1 and ̂ (f) - (^ j) -cofactor of L(f) (see

[3], [4], [6]). F(x9y) has to be interpreted in the sense of distribution

with respect to (x,y) in JR+XJR+. We put

F(z) =F(z',zn,0, -zn+1)9 z= (z,zn+1)

where lt= {AeR; A<0}5 and regard F (^ ) as a distribution on X. We

note that F (z) can be regarded as a distribution on jR71"1 and that supp F

C {z^Rn+1;zn>0}. In order to investigate the wave front set WF(G)

of G(x9y) it suffices to study WF(F)« Our main result is stated as

follows:

Theorem 1. 1. Assume that the condition (A) is satisfied and

that £°eJRn+1. Then we have

tN/L {**• exp [ - itz - f °] F (z) - S Flo,; (2) r'"} ->0
y=o

a5 2^-^00, in 3

"where pQ is a rational number and L is a positive integer. Moreover

ive have
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U U supp ̂ ,,,(3) X {?} dWF(F(z))
iex*'i\w j=o

CW-FA(£(20)C U *}x{£},
?<EI2«+1\{0}

(1.1)

(1.2)

-where

Kio={z<=X',z-7]>0 for all

and Fj0 and T^o are defined by (3. 3) and (3. 4) , respectively.

Remark. The inclusion of (1. 1) can be replaced by the equality

except in certain exceptional cases (see Example 5.1 in [8]).

The remainder of this paper is organized as follows. In Section 2 we

shall study some properties of symmetric functions of ^i" (f ') > ""s^^O-

In Section 3 Theorem 1. 1 will be proved. In Section 4 we shall give

some remarks and examples.

§ 2. Algebraic Considerations

In this section we assume without loss of generality that P(f) is

irreducible. Let ?°' be fixed in I?71"1 and m^> the multiplicity of f0/ re-

lative to Pm>(g'). Let fiefi and write

i] »*&.., (?) , a..mf. w •£ o .
^=m f o

It is easy to see that Qfo,TOgo(?) =Pf0(?),

where P(f) =P°(f) +P1 (? )+•• • +P"l(?) and Pfc (f ) is a homogeneous

ch[M] denotes the closed convex hull of M in X.



PROPAGATION OF SINGULARITIES OF HYPERBOLIC MIXED PROBLEM 657

polynomial of degree m — k. We can write

Qio,, 0?) = X] <fe.f _,*(?') ?5 , <fc.f,r,G?') ^o if Q f. f / (7) ^o ,
fc=0

where ry=ry(?0) depends on f°. It follows that rm,+mio/ — w' and rs<^mr

if j<^mr + 7?%o'. We put

= = mn rjk-

Jjc+i=Jk+i(£Q) =min{/; m^<j<jk and (rJk — 7

and obtain the sequence {Jfc, 4K=o,...,s+i so that

where 5^5(^°) depends on f°. For p>0 we define the modified localiza-

tion Pp.pfyiZ) of P at f° by

- 1/V*> (PpffD (^; A) + 0 (1) )

as 40, PMoO?U)E£0 in (7, A) .

Then we have

(2. 1) Pp.,.

if 4>P>4-i> 1<^<5 + 1, and we have

(2. 2) PM. (7; A) = [fto. v .fc (^) Ar^'r^i

+ -+*.W

^o (<o) =jk — rjk/p =jk+1 — rjkjp ,

if p = lk, l<C£<s. Moreover we have

PP. t° (V,X)= P*° (

if p = ls+1 = oo. We note that jk (f °) and 4-i(f°) are independent of fj if

4-i <L In fact, we have

PP.€» (7; A) = Pp,c^,0) (7; A) if 4-i<P<min (1, lk) .
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Now we define the modified principal part pQ
p(y;X) and modified degree

degpp = ff for a polynomial p(ym,X) by

as

in (7, A).

Lemma 2.1. L*tf p>0

7z<2£>£

^P%O (7; A) = (P°) Pf,. (7; A) , degp Ppi?0 = m,o (p) .

Proof.

where Q(^, A; v) is a polynomial in (^, A) , continuous in (17, A, v) and

, A;0)=0 . Therefore we have

From this it follows that

VmP° (IT1!"' + 71', V-'ft + V-^ + 70

where ?(??; A)2 = X]|9|a|/o|5ya/'('?; X) I2. Hyperbolicity of P implies that

(see [5]). Since there exists (/, A0) e«n+1 such that Pp,e,(if; ^) ^=0, it

follows that ffa<me,(p). Put

V
TOPS Or1? " + 7', V'1? i + v-

as 40.

Then we have degp(P
k)p^0 = (Tk~~k and (Pk)°p^0= (Pk)Pi$0. Therefore it

follows that tfQ = mSo(p), This proves the lemma. Q.E.D.
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Lemma 2. 2. Let p>0, p=£l and A0el?\{0}. Then Pp, *„(??; A0) zs

a hyperbolic polynomial with respect to #. Moreover zve have

|7r-zro#-*T((p(0fi))fo) / f i>p>o 5

(2.3) P,lf.G?; A0)^0 /or 7e|jR"-zYo#-iT((Pf.)(ofi)) z/ oo>p>l,

Ifr-zYo^-zTV zf p=/,+1=oo .

J;z particular,

(2.4)

and

(2. 5)

if 0 = 1.^=00,

-where (Ppi?0)°(^; A0) denotes the principal part of a polynomial

Remark. We note that jTfo C T7 ( (Pfo) (0li)) and that (P(0,i))eo(?7) Is

independent of f°.

Proof. Since p^l? it follows that PP^O(T]; /10) ̂ 0 in ^. In fact, from

Lemma 2. 1 we have

Thus

and l>p>0,

(2- 6>
and

if p = ls+1= oo .

Now let us assume that there exists 97°e Rn — zY0?9 — iF such that

Pp,i°0?°; ^o) = 0. Then there exist positive numbers e, 5 and ^Q^Cn such that

for !/J| = (

for
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Therefore from Rouche's theorem it follows that there exists a positive

number v, such that P(v~l^r + f ' + /JC°'? ̂ Sn + ̂ ^ + fn + J^Cn) has zeros

within \ju\<8 if OO<y0, which is a contradiction to P(f)=^=0for ?eJRn

— z"7V$-— z'.F. So we have

^•C7;*o)=£0 for yeRn-ir$-ir.

This implies that PP,so(^l^o) is a hyperbolic polynomial with respect to

* and that F (Pp,?0 (??; A0)) D/\ Next let us prove (2. 4). We note that

(2.3) follows from (2.4) (see [1], [3]). One can easily verify (2.5).

Therefore (2. 4) holds when oo>p>ls or ^>p>0. Let us prove (2. 4)

when l>p>0. For we can prove (2. 4) in the same manner when

p>l. Now assume that r(Pp,fo 0?; A0)) ^/"((FCQ.D)^) when !>4>p>0.

Then by (2. 1) we have

Thus from (2. 6) it follows that

(2.7) P^oO?;A0)^0 for

Assume that

^•.̂ 1 ,̂ (^0/) = ° f or some

From (2. 2) we have

r (^') as

(locally uniform) , which leads us to a contradiction, using Rouche's theo-

rem. Therefore,

(2. 8) Pp.,. (V; « - ^.y^r^ (^0 #*'¥=0

when lk+1>p>lk and 7]^Rn -irQd-ir((P(0il^0). From (2.7) and (2.8)

it follows that

7T(Pp,f0(7;^o))=)r((P<0,I))f.) when 4+1>P>0 .

Q.E.D.

We define q^q(f") by

(2. 9) dk/d^P° (£", A) =0, 0<£<<Z- 1, 0V9f?P° (f", A) ̂  0 in A .

Put
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and define ?-=r(?0) by

(2. 10) dq+ */d&dS k
nP° (£°) - 0 , 0<&<r- 1 ,

(2.11) 5a+y9£?9&P°(£°)¥=0.

Then we have the following

Lemma 2S 30

(2.12) q<m$v<m — mf, p<min(m' , m — q) ,

p = m', m^' — m — m' if q = m — m'.

Moreover

(2. 13) rj<j—q for m^<j<m ,

(2.14) rj<J — q if mf,<j<q + r or

(2. 15) rj<m' if m^<j<^mf + m^ ,

(2.16) rq+r = r, r(l+p=p and rm,+m'fo, = m'.

Remark. This lemma yields us the following Newton polygon (Fig.

1).

0 If \a\+k<q,

(2.17) 9|a|/9rPfc (?0/> A) ^0 in A .

In fact, for each
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=i>' a -dJ=Q \a\+k=j al

If 9 |a |/9pPfc(f0/,Ao)^0 for some a and k with a + £<<?, hyperbolicity

of P implies that there exists a non-negative integer h such that h<i\a\

+ &<g and fP/dfiP0^',^ = A!P(V,*.)(#)=£0, which is a contradiction to

(2. 9) . (2. 13) easily follows from (2. 17) . (2. 12) , (2. 15) and (2. 16)

are obvious. Now assume that

"', A) ; \a'

Then we have

(2. 18) P° <,.,. 0) 0? ; A) = 0 for

which is a contradiction to hyperbolicity of PMfo',o> (V; W ? /10^I^\{0}. In

fact, we have rq+p,=pr and r^j — q for q+pf<^j<m. Therefore, j~r3-/p

>q+P'—p'/P when l>p>(w /-^ /)/(^ / + l--^/) and j^q+p'. For

it is obvious that j'-ry/p>; (1-1/p) +q/p>q+p'-p7P if J<<l+Pf- If

J>q+P'9 then

Thus we have PP,w-,v(y\K) =qw>,vl(l->-p>p'(rf}}*'. Since <?(^o)lfl+p'p'(*/)

= feb/!)"19q+P79^?5/P°(f0/,0) we obtain (2.18). Therefore we have

This implies that r^<j — q if q-{-p<^j<^m. Next let us prove that

(2.19) 0 |a'l+Vdf/a/d&P*(f°) =0 for |«7|+* = (? and 0<A<r-l.

Assume that

r'-min{^;9 |a'1+V^/a'9^Pft(f°)^0 for some a'

and & with |a'|+£ = g}<r.

Then similarly we have

Pto(&;X)=0 for

which is a contradiction to hyperbolicity of PP>SO(T]; IQ) , ^Oel?\{0}. From

(2.19) it follows that rf<j — q if mp<j<q + r. Q.E.D,
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From Lemma 2. 3 it follows that there exist positive integers t

= /(?°0 and t' = t'(S°) such that l<t<t'<s + I, jt = q + p and jt, = q + r.

If r<£, then tf = t + \ and Zt = l. If r=p, then £=*', Z8>1 and ^-!<1.

Thus j,(f°) and /^(f0), 0<&<£(f°'), are independent of Si Put

By Lemma 2. 2 we obtain the following

Lemma 20 4. For !<&<£ Pjfc.foO?' ;^) has no real zeros when rf
l-ir$'-iP((P(,,»}^. For t1 '<&<* P.^oO?' ; I) has no real zeros

-when tir ̂ R71-1- ir,y - if ( (Pf .) (0. 1}) .

Denote the roots of P€0(-q'9Z) =0 by fa^ty) 9 •••, 4
+

0jr 0?') , ^,1 (^) , •",

°,rmt°-i' (^') so tnat t-^le ^,/(^') are continuous and that

and ^
when rmf0=jt=Q. Then we easily obtain the following

Lemma 2. 5» Assume that rm^0=^=Q. Then

n {4-0, , (?o > i^r -»' - 0

Put

= —

We note that Pf0',g07; A) is independent of ^n. From the proof of Lemma

2.3 it follows that deg P*o/f a (7 ; A) </> in A for fixed 70 The coefficient

of /lp in Pfo',fl(7; A) is equal to qs<>,q+pp(y') , where f«eH0 Since q+p=jt,

p — T3t and Zj-j^l, it follows from (2.1) and Lemma 2.2 that

Therefore we have
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degPf.,. f lC?;A)=/> in A for fixed 7]^Rn-ir,»-ir( (P«u>)«.,.o>) -

Lemma 2,6. Let fiefi <2?z^ 7]^Rn-ir$-ir ((P^ (0>1)).

A = fl zs a roo* o/ 9g/W!P0(f0', A) = 0 wz*fc multiplicity rf z/ ^J 0/2/3;

if h = £Q
n is a root of Pp,t(L(Tj\K) = Q with multiplicity r,

Proof, Now assume that Peo>, q (?7 ; ?J) = 0 f°r some ??eJR n— zY0&

- iF ( (Pe.) (0, 1}) . Then we have 9 V9£?P0 (O = °- In f act» if ^ V9?f P° (f °)

^0, we have (P,.)(0.i)(0 = ̂ .«(?; ft)=^0 for f s= R* - ir»» - iF( (P,.)(0.i)),

which is a contradiction to Pf0/, g (^ ; f ») = 0. Next assume that there

exists a non-negative integer k such that k<r — 1 and 9 */(W*Pfo/f g (^ ; f „)

^0 in ^. Then we have rq+k = k, which is a contradiction to (2.14).

For Zr>p>l we have

P, r!

From Lemma 2. 2 and this it follows that

979ArP^.5(7;e)^0 for 7elT-

This proves the lemma. Q.E.D.

Lemma 2. 6 yields the following

Lemma 2e 78 Let

2:^05 o/ dq/dSlP°(S°'9X) agree -with those of P^ f (Z(?7;A)

(including multiplicities) . Moreover the number of the roots 'with

positive imaginary part of P^,i(L(f];X) =0 is equal to that of the roots

-with positive imaginary part of d q/dg ?P° (? 0/ , A) =0.

Remark. The non-real zeros of 9Y9??P0(?0', /I) do not always agree

with those of TV. q (97 ; X) . In fact, for P (?) = PQ (f ) = £ - 2fl (S + fl + fi)

we have

t r=rtf°) is defined by (2.10) and (2.11). Lemma 2.6 implies that A = £J is a root of
^V',50?; A) =0 with multiplicity r and that 0V0£fP°(£°) =0 if P**>,*(*)', £!) =0 for some
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, 0, l,X) = -

Moreover if 9* /&&!»(?) =£0, then Pt. (17) = (Pe.)((U> Of) and P?.,,,(-iY;

= P°.(-zy)=0 for 7/>

Put

= n

Lemma 2. 8. jL££ !<&</. For any compact set K in W~l

— ir^' — iP^ there exists VK (>0) such that <5k (y~l^r + rf) is -well-

defined for rf ^.K and

II <%*• j W) »"L, ^V|0 W) ^ 0 ,
.7=0

-whose convergence is uniform in J^X {v; 0<><>#}? -where sk is a

rational number and L is a positive integer. Moreover the <7*o'f/

are holomorphic in Rn~l — iYQ9' — z*/V-

Proof. We can assume without loss of generality that K is small

so that

Z' and 77' e X} 0 {̂ .§ , tf) ; l<j<rm|0 - V

and ^e£}=0 if fiefi and r

(see Lemma 2.5). Let fieK and r f\y (l<j<^(g0/)3 ^ (O

be simple closed curves enclosing only the roots with positive imaginary

part of Pyifo 0?' ; A) =0 for rf <^K (see Lemma 2. 4) . Let g%\0 be a simple

closed curve enclosing only the roots A^/O?7) , ~L<j<Llr , of P$*(rf>X) =0

for rf EzK if ?~ o=^0 and ^fi/ a simple closed curve enclosing only the

roots with positive imaginary part of P fo/,Q(^; A) =0 for Tj'^K (see Lemma

2.7). From the relations between the roots of P (v~lf 4- ^? 2) =0 and

f 0M denotes the boundary of M.
1t The AJ (10 are continuous and Im 4(^-^r^O>0 for ^^Rn~l and r>r<>.
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the roots of Pyi|0(y ; /I) =0, Pf „(??', A) =0 and P^^(fi\K) =0 there exists

vi(>0) such that W(v-ir + vO}is:^n^7(v-ir + ̂ }W^-i = 0 fo r

rf &K, 0<O<Cy#. So we can take ^^ to be a simple closed curve enclos-

ing only the roots Aj (ir1?0/ + ?7/) , 1<J</, of POr'f'+y, A) -0 for ?'

T, OO<i4. For y'^K and 0<><)4 we have

(2. 20) (Tfc (v-'f °' + ?') = (2;rO -1 f
J<

l~l ' -1 f

X (Pi, ftfo/ l 0)G7',0; A) +o(l))~1Vm-

+ (27rz)-1 f Aft9/9fnP(y-1l0/ + 7

X (Peo/^C^jO; /I) +o(l))~1Vm-g~ / ;

+ S [ S (27TO-1

x
Jr* .(irl*

X

,«.,) x (art)-1 f
^r o, 0

x 9/d^P (v-1! 0/ + ̂  , y-1^ + A)

x (Pfo (^
x, A) + o (1) ) -1 v"-"'8^] ,

where each 0 (1) is a polynomial of 7]', /I and V1/L and vanishes for y = 0

and L is a positive integer. So there exists PK (>0) such that each

integrand in (2. 20) can be expanded in a power series of V1/L, which

converges uniformly in rf EE ̂  and 0<v<vx. From this the lemma easily

follows. Q.E.D.

Lemma 20 9. Let !<&</. For ^^3; compact set K in Rn~l — iP^,

there exist VK and rK (>0) such that Gk (y~lrg*f +ry') is well-defined
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when rK7j'^Rn~l-irQ$f — ir^, arj'^Kfor some a^C ( ja |=l) , 0<>

<LvK and r>rK. We have

') =f] f] r*"<5%,, ,($'}»> ^r^,

-whose convergence is uniform in {(jlf , V, r) ; rKf]f^Rn~l — iy$'—ir^,,

arf^K for some a^C (|a|=l), 0<v<v^ a;z^ r>r^}, where the qkj

are rational numbers. Moreover the G^'^W) are holomorphic in

Rn~l — ir^' and homogeneous and

] <

whose convergence is uniform in {(rf , r) ; rKJ]'^Mn~1 — ifod-' — iF^, arf

for some a^C (\a\=l) and r>rK}.

Proof. Modifying the curves &+, &"<£",v,j9 ^^ and &^j in the

proof of Lemma 2. 8, we have

(2. 21) ^(v-Vf' + r??7) - (27T,)-1 f
•K+

ECZTrO"1 f
y=i <H°',o),y

X (P^^.o)^7, 0; A) +o

+ (27Tf) -1 f lkd/d%nP (v-Vf 0/ + r?',
J^o,

X

X

«o- f«>-<A

f ° 7

X 9/9?nP (v~Vf0/ + n?'

x (P?y f*o(v',0;^)
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+ (l-ffor^ew) X (art)-1 f + (v-1^-

(P?,(^,A)+o(l))-1

where each 0 (1) is a polynomial of 17', A, ylxi and r"1 and vanishes for

y = 0, r'^O. In fact, for example, we have

(yr-1) mP (y-Vf 0/ + r?', vVf i + y-^rA)

- (vO^'^Pi^Cnf', 0; r*'-WX)

+ 2] (vr-1)^Pz/,,0>,(r^/, 0; r'

Therefore we have

(vr-1) mP (v-Vf 0/ + rf, v-Vf 1 + V1/1^ A)

as

So there exist VK and rK (>0) such that each integrand in (2. 21) can be

expanded in a power series of V1/L and r"1, which converges uniformly in

eC, r|>r* and 0<|vj<%}. We note that

when 0^',77'eJR11-1 — z7V» where l^J+^L~i = lm This completes the proof.

Q.E.D.

Let us consider /V« Although F(P(0il)') =/7((P(0,i)) (eo^.o)) does not

always hold, we can prove the inner semi-continuity of /V,

Lemma 2.10, Let f'eJR71'1 awrf assume that 0<p<l1(f°
/
9 0).

Then for any compact set M in F((P(Qil)') w,Q)) there exist a neigh-

borhood U of f 0/ a^J positive numbers rQ, tQ such that

-when 7]^M, f7eC7, AeJJ, Ui>l, r>r0 and 0<t<tQ

Proof. Put
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, t, C', A, 5, *,7) ̂ pfy-W + rZ'-irty'-

where 0<v<v0, r>rQ, C^Rn~\ 1C <e, Re s>Q, Re t>0, \s\<s0, \l\

<tQ, AeJR, |A|>1 and 7]^M. Then we have

Since

Since the degree of PP,(^,O),A(^; ^) with respect to A is not greater than

m7, it follows that

a s v . r - ,

i.e. for any positive number 5 there exist r0, V0 (^>0) such that

when 0<v<v0, r>r0, |Cl<£, \S\<SQ, U|>1, Ul<^0 and 9?eM. So we

can apply the same argument as in Lemma 3. 7 in [7] to jT(v, 7% C? A, s, t, 7])

and we obtain the lemma. Q.E.D.

Lemma 2.11. Let £Q'^Rn~1 and M be a compact set in fp>.

There exists a neighborhood U of f°' such that

Me/7,, for $'€=U.

Remark. From the proof of Lemma 2. 11 it follows that

u
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Proof. Assume that there exists a sequence {f7, ^'}/=i,2f... such that

lf"-f°'l<l/7, &efi, ?"€= Af and Pk(-iy, 0) -0. Then from the in-

ner semi-continuity of ff (or /^) it follows that |f j|— >oo as j— »oo. Let

M be a compact set in r((P<Qil->) (fo',0)) such that the interior of Af

includes AfX {0}. Lemma 2. 10 implies that there exist a neighborhood

(7 of f°' and A0, £0 (>0) such that

when ?](=M, £'et/, AeU, U|>A0 and 0<^<^0, which leads us to a

contradiction, using Rouche's theorem. Q.E.D.

§ 3, Proof of Theorem 1. I

Let P(«?) be written in the form

where the pj(JT) are irreducible polynomials. We assume that

1)^-0 has roots It (D , • • - , U (?0 when r eU71-1-?'^^ -zT0? i.e.
5

IT Pj(?'>X)V3 — Q does not have roots with positive imaginary part when

f'eV^-zYo^-zTo. Then put

A- = n { n r ( c/v) ff-.) n f ( ( (A-) (O.D) «-.(») } -
^'=1 f°ejc

We note that

((A") CO.D) c^.o) (V) = ((A) (o,i)) <fo^B, (V) for all

The following lemma is obvious.

Lemma 3e 1. S,(f ', ^)^k~lP+ (f, A) ~W/l Z5 a polynomial of

^(f), 1<*<^, w/z^z P + ( f ' , X ) is well-defined.

From Lemma 2. 8 we have the following

Lemma 36 2. Let f'e/T'1. For <2?ry compact set K in Rn~l

— ifoS' — ifso' there exists VK (>0) 5^^7/1 that R(y~l$Qr + rf) is well-

defined for 7)f ^K and 0<O<% and
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^ + ?') - i: v"LRv>j on ,

whose convergence is uniform in 0/5 v) ̂ Kx {Q<v<Xr<:}, where 7ifo> is

a rational number and L is a positive integer. Moreover the R^j (rf)

are holomorphic in Rn~L — i?0d-' — if1^.

Remark. R^,,(rj') ^R^(f]f) is the localization of jR(f ') at ?0/.

Moreover this lemma for f °' — 0 implies that R($f) is holomorphic in

Rn-l-ind'-iP (see [3]).

The following lemma is also obtained by Lemma 2. 9.

Lemma 3. 3, Le£ ^eJR*'1. For any compact set K in Rn~l

— ir^9 there exist yK and rK (>0) such that R(v~lr$Q/ -\-ry') is zvell-

defined when rKf eH"""1 — i^d' — iP^, af ^Kfor some a^C (\a\ =1),

vx and r>rK. We have

') =fj f] rh'^

ivJwse convergence is uniform in {(y', v? r) ; r^'el?"'"1 — iYQd' — i]T^>y

ay' ^K for some a^C (|a|=l), 0<v<v/c a;zJ r>r^}? wAere f/ie 7?X?0/)

are rational numbers. JMoreover the JR^yO?') ar^ holomorphic in

Rn~1 — irJ£0, and homogeneous and

zuhose convergence is uniform in {(r/'5 r) ; /v?' eH71'1 — iTQOf — if^-, ccq'

K for some

Remark. The principal part (^oO ° (^') of R^ (rf) is equal to

•Rfo/.oO?')- Moreover this lemma for f0/ = 0 implies Lemma 3.2 in [3].

In the above two lemmas we can replace R($') by RJk(g') or

P± ($', X) with obvious modifications.
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Lemma 3.4. Let ?°eHn. There exist the localizations P±?Q (?)

and (P°±)*°(?) of P ± ( f ) and P°± (?) ** ?°, respectively, and

(3. 1) P°±io (?) - (P°±) 10 (? ) - (P±e.) ° (?) .

Proof. The existence of P±fo (?) , (P0J^(?) and (P±*.)°(?) follows

from Lemmas 3. 2 and 3. 3 and the above remark. It easily follows that

P9. (?) - P+,o (?) P_,o (?) , (P,.) ° (?) = (P°) f0 (?) - (P°+) ,0 (?) (P°_) ,0 (?) and

t (P±#.) ° (?) <deg (P°±) ,o (?) . This implies (3. 1) . Q.E.D.

Let us denote by jT(J?fo/) the component of the set {

( — f^')=^=0} which contains $/tf. Then we have the following

Lemma 3.5 ([8]). Let

cone and

/or S'

CR,.,) ° (?0 ^0 /or f ' e I?71'1 - z

Let us denote by F(P^?0) the component of the set

o ( — iff) ^0} which contains j?. Then we have also the following

Lemma 3.6. Let ?°eH71. F (P+$<>) is an open co7^vex cone and

P+,0(?)^0 for fe=R*-ir»d

PS-io (?) ^0 for ? e fin - zT (P+,.) ,

In our case we can prove Lemma 3. 2 in [8] .

Lemma 3.7. Let ?0/<=JT'~1 a?z^ let M be a compact set in /V-

Then there exist a conic neighborhood Al (cl?71"1) o/?0/ and positive

numbers C, tQ such that P+ (£', A) £5 holomorphic in (£', ^) GE^X C,

f deg ^°tf) denotes the degree of homogeneity of p°.
n o°- was shown in [7].
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Therefore _R(CO and Rjk(^
f) are also holomorphic in A.

Proof. The lemma is trivial for ?°'=0. So we assume that f0/

^Rn-\{Q}. Let A (CO be a root of P ; ( £ ' 9 X ) = 0. We can assume that

A (CO is continuous in A when C and tQ are suitably chosen. In fact,

there exist a conic neighborhood Al (CJR71"1) of ?0/ and C, tQ (>0) such

that

if

and

For PJ(Q>1)($) is independent of ?n and Mc/V^/XC/Vwu)) tfo/f0)) -

argument in Section 2 shows that lim vl^"1?0' — zV — zYo$0 = A exists if
v->0

limilmvAOr1?0 ' — zY — zYo^O 1 =0, where 7?'eM Moreover from Lemmas
v-»0

2. 4 and 2. 7 it follows that JUQ is a real root of dq/d&p°,($°',X) =0. Now

let us assume that #Q is a real multiple root of dq/d&p*,(£°', X) =0. We

can assume without loss of generality that Mis small so that {0/,^n);

rf <^M and ̂ <^n<^n} ̂ ^(Pj^,^) for some ^, ^eH. Then it follows

that there exist a conic neighborhood J of (f0/
? ̂ 0) and C, ^0 (>0) such

that

if (Mel, ifl^C, ^eM, T?i<7»<7i and 0<t<tQ .

This implies that

for f'e^, |?'1>C, 77'eM and 0<£<£0, modifying J1? C and £0, if neces-

sary (see Lemma 3. 2 in [8]). If d'^iM, we choose a continuous curve

if (6) in Pp. such that ^' (0) = d' and ^' (1) eMand we repeat the above

argument for each small neighborhood of ff (ff) , 0<0<1. This proves

the lemma (see Lemma 3.2 in [8]). Q.E.D.

Put

where A?0- and 7i7- (? °0 are defined in Lemma 3. 3. Then it is easy to see
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that ^(?0/) is an integer and that tj (?0/) <£0(0) f. Put

(f°'), 0=o> (f07) = min{; ;*(?") =

It easily follows that ^(f0 /) =*0(0). From Lemma 3. 3 we have the fol-

lowing

Lemma 3.8. Let $Q'(=Rn~1. The principal part R° (?') of

is zvell-defined and there exists the localization (JR?) ^, (rf) of R° (ff)

at f0/. Moreover for any compact set K in Rn~l — iF^ there exists

VK (>0) such that

(3.2) v s°' ° ^ / R ((f° /4~^ /)

•whose convergence is uniform in { (??', v) ; ff e Rn~l — if1^, otff e K for

some a^C (|a|=l) and 0<y<v/f}? a?z^

Let r((R°)f,,) be the component of the set {^e/V;

which contains j9/n.

Lemma 3.9 ([8]) . Le* f^efi*"1. F((R°)^ is an open con-

vex cone and

(R°) ,o, (r ) ̂ 0 /or f ' e I?71-1 - zT ( (R°) f .0 .

Lemma 3e 10 ([8]). Le£ f^eJR11"1. F^ a;zy compact set M in

0> there exist a conic neighborhood Al (cIT"1) of ? 0/

positive numbers C, tQ such that

, f'e 4, ir >C

Let f0GEir+1 and put

was shown in [8].
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(3. 3) rf.= {?elT+I; (f, yn+1)

n (r(p+f.) xi?) n
(3. 4) r=,= {?efi"+'; 0?',^)

n (r(p+f.) x«) n
Then Theorem 1. 1 can be proved by the same arguments as in [7] , [8] .

(1. 2) follows from Lemma 4. 1.

§ 4. Some Remarks and Examples

Lemma 4. 1 ( [8] ) . Let f" e R"-1. F ( (R°) „,) C/1 (Rf,,) .

Let us prove the inner semi-continuity of P ( (R°) f) and, therefore,

Lemma 40 28 L££ ^'el?71'1 and let M be a compact set in

$0^. Then there exist a neighborhood U of f0/ and positive

number tQ such that R° (£') is holomorphic in U—iD and R° (f7) =pO

for £'GU—iD, zvhere D= {trf ' \tl' ' ^M and

Proof. We can assume without loss of generality that P(<?) is ir-

reducible. Since Afc7~r((P(o,1)) (?o',o)) ? it follows that there exist a neigh-

borhood U of £0/ and t0, V0 (>0) such that

if £7eC7— z'D — ivtfod', 0<v<y1<v0. Let X be a compact set in U—iD.

Then there exists VK (>0) such that v/f<V0 and KdU—iD — ivKrQd'. Let

^(?';v) be a root of PO'1?', v'1^) -0 such that Ij (f ; v) =v^ (V1?')

when f xe^ and 0<|v|<vx. In fact, since Pm, (y"1? ') =^0 for f 'e^and

0<C v|<V^, modifying PK if necessary, the above statement is meaningful.

Moreover we can assume that ^ j ( f ' ;y) is continuous when $'^K and

0<M<VK. Since AjO?'; 0) is a root of F0^, A) =0, the same argument

as in Lemma 3. 7 gives

M denotes the interior of M.
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modifying U and £0 if necessary. Therefore it follows from cntinuity of

tf ($'; v) that

(4.1) #?(£'; v)} n {Aj(?7;v)} =0 for ^ ^K and |v|<%,

modifying v^ if necessary. Put

(4.1) implies that the i/(?';v) are holomorphic in {(?', y) ; $'^K and

|v|<v#}. Moreover we have a^ (v"1?') =v~J'b~$ (?7;v) . Therefore we

have

t (£' ; v) = a jo (f ) + m^ (f ') + jA^2 (f ') + - ,

whose convergence is uniform in {(£' , fit); £' ̂ K and |v|<Vx}. ^y* (f 0

is holomorphic in U—iD and homogeneous of degree .;"—&. So R°(£')

is well-defined and holomorphic in U—iD. (3. 2) and the above result

yields us

^°(f)^0 for g's=U-iD,

using the same argument as in the proof of Lemma 3. 7 in [8] .

Q.E.D,

Theorem 4e 3. Let f0/ <^Rn~l and let M be a compact set in

. There exists a neighborhood U of ?0/ such that

) for f's=U.

Proof. It is obvious that Mc/V for f ' e C7, shrinking C7. Now

assume that there exist ?17 e C7 and ^0 /eMsuch that (J?°)eix( — zY7) =0,

where [7 is sufficiently small. Since (JR°) f i/ ( — irf) ^ 0, there exists C0/

eC71'1 such that F'-iW+jtOeU-iMfoT bl<land (R°) ^, (- i (f

+ C0/))¥::0. Therefore it follows that there exist e, d (>0) such that

for \ j u \ = d .
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On the other hand from (3. 2) we have

) l<e for \ju\=d and

where tQ and ^ are suitably chosen. Rouche's theorem implies that

R"(?'-it(fp'+fJLt?')) has zeros within \ju\<d for 0<t<tl9 which is a

contradiction to Lemma 4. 2. O.E.D.

Theorem 4. 3 yields us the following

Theorem 4. 40 U JK| X {?} zs cZo W m T*X\Q.

In Section 2 the developments of 6\v~l£Q' + ^') and (T^'Vf0' 4-ny7) was

given. However we can similarly obtain the developments f(v~l^f + ??')

and /(v'Vf07 + r^0, where

/(?') - (27Tz) -1 J g (?',

and g ($' , fy is a polynomial of (fx, A) and &+ encloses only the roots

tf (n , —, ̂ + (fO of P(f ', A) -0. This will be useful for hyperbolic sys-

tems.

Next let us consider some examples.

Example 40 5e Put n = 4 and

Then we have .R(f') = z f 3 + VI? - ^ - ft + ̂ ft- It is obvious that {P, 51?

Bo} satisfies the condition (A) . We can show that U Ks X {?} is not
fejg5\{0}

closed in T*X\0 and that

U U suPP F§i j x {£ } = U Ks x {?}
feigsxw j=o |eJ?5\-(o}

^ TVF (F) c WFA (F) c U K}x {?}
|ei£5\{o}

(see [9] ) . Moreover we have

=K9 for
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Example 4. 60 Put n = 3 and

B, (£)=!, B,(£)=&.
Then .R (£') = -! and {P, B,, B2} satisfies the condition (A). We note

that (£j — £2)
 2 — $ 3 + a is irreducible when rt=^=0. It is easy to see that

1,0, -1) +/?(2, -1,1,0)

, - 1, 0, 0) , a, /?>0 and r>0} when a^=0 ,

WF(F) „,,._,.„ ={2eX;2r = a (2, -1,0, -1) +0(2, -1,1,0)

and a, /?>0} when a = Q .

This shows that so called lateral wave appears when

In conclusion, the author wishes to thank Professor M. Matsumura

for his valuable advices and helpful discussions.

References

[ 1 ] Atiyah M. F., Bott, R. and Carding. L., Lacunas for hyperbolic differential operators
with constant coefficients. I, Acta Math., 124 (1970), 109-189.

[2] Garnir, H. G., Solution elementaire des problems aux limites hyperboliques, to
appear.

[ 3 ] Sakamoto, R., c?-well posedness for hyperbolic mixed problems with constant
coefficients, J. Math. Kyoto Univ., 14 (1974), 93-118.

[4] Shibata, Y., A characterization of the hyperbolic mixed problems in a qurter space
for differential oprators with costant coefficients, Publ. RIMS, Kyoto Univ., 15 (1979) ,
357-399.

[5] Svensson, S. L., Necessary and sufficient conditions for the hyperbolicity of poli-
nomials with hyperbolic principal part Ark. Mat., 8 (1970), 145-162.

[6] Tsuji, M., Fundamental solutions of hyperbolic mixed problems with constant
coefficients, Proc. Japan Acad., 51 (1975), 369-373.

[ 7 ] Wakabayashi, S., Singularities of the Riemann functions of hyperbolic mixed problems
in a quarter-space, Publ. RIMS. Kyoto Univ., 11 (1976), 417-440.

[g] - 9 Analytic wave front sets of the Riemann functions of hyperbolic mixed
problems in a quarter- space, Publ. RIMS, Kyoto Univ., 11 (1976), 785-807.

[ 9 ] - , Propagation of singularities for hyperbolic mixed problems, Proc. NATO
Advanced Study Institute, Reidel, 1976.


