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A Remark on the Automorphism Pseudo-Group
of a Differential Equation of Immersion Type

By

Kazushige UENO*

Introduction

Let I” be a pseudo-group on a manifold Q such that L, is N-regular
(Definition 3.1). It seems to be important to know whether the orbit
system _L(k, z, f) is [-automorphic or not (Definition 4.1).

If dim N>dim Q>1, it is known that, for a sufficiently large integer
k, L (k, z, f) is I-automorphic (Theorem 6. 1 in[2]). But in case 1<dim N
<dim Q, we do not know whether the same assertion holds or not.

In the present paper, we consider the problem for the automorphism
pseudo-group A (E) of some kind of a differential equation E and seek
for a necessary and sufficient coundition for the orbit system [, (%, z, 1)
to be A (E)-automorphic for a sufficiently large 2 (Theorem 6.1).

Through this paper, we assume the differentiability of class C°. For
a pseudo-group /', we always assume that any element of /" is close to
the identity. For the completeness of a pseudo-group I, refer to Definition
5.2 in [2].

§ 1. Admissibility of a Reduced Pair

1. Let J*(N,Q), [==0, denote the space of ljets of local maps of
N to Q and J*(IV, Q) denote the open submanifold of J*(IN, Q) which
consists of [-jets of local submersions or local immersions if dim N>dim Q
or dim N<{dim Q, respectively.

By a differential equation E at j5(F) €J* (N, Q), we mean a family
of functions locally defined at j%(f). We denote by .¥(E) or J(E) the

solution space or the automorphism pseudo-group of E, respectively, and
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for a neighbourhood U' of ji(f), L(E)|U"* or A(E)|U" means the
restriction of . (E) or A(E) to Q' respectively. Let (Q,Q’,7) be
a fibred manifold and let E or E’ denote a differential equation at j%(f)
eJ*(N,Q) or j¥ (mof) €J* (N, Q’), respectively. Through this paper,
we fix this £

Definition 1.1. The pair (E, E’) is said to be kreduced pair (resp.
weakly kreduced pair) if the following conditions 1) and 2) are satisfied
(resp. if the condition 1) is satisfied):

1) There are neighbourhoods Q* of j%(f) and AL’* of j&(wof)
such that iy for any s (E)|U*, nose L (E) U, iy for any s
e L (E)|U'", there exists an s€.FL(E) |U* with mos=s" and iii) for
s:NDQU—-Q and ¢: NV —->Qe L (E)|U*, if wos=not, then s=¢ on
unay.

2) For any ¢= A(E)|UF, there exists a local diffeomorphism ¢
of Q' with gow=mog.

Let € be a map of U’* to R” where r=dim Q—dim Q’.

Definition 1.2. A (weakly) k-reduced pair (E, E’) is said to be
of type & if any element s& % (E)|Q* is expressed as s= (s', £(7#* (s")),
sSeLE) U

2. Let E’ be a differential equation at j%(f’) €J%(N,Q’) and &
be a map of a neighbourhood Q’* of j£(f’) to R™. We set Sk, = {75 (s) |
seLE),s (x) =2'}.

Definition 2. 1. £ is said to be E’-admissible at z, if there exists
a neighbourhood A’ of (&, f'(x,)) such that, to any ¢ A (E’), there
correspond an open subset O°CR™ and a map 7°: U’ XO*—>R™ with
7% 08=E0¢® on SE,.0AU*ND(@?), where 7%, (v) =7*(x,2’,v) and
D (¢*) = the domain of ¢® N (¢®) 1 (AU'").

§ 2. Reducibility of a Regular Differential Equation

3. Given a sheaf of vector fields L on a manifold Q, then _[ is
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prolonged to a sheaf of vector fields _L® on J*(N, Q). Let°.L¥® denote
the isotropy of the stalk L and set D{?=_L{/° L.

Definition 3.1. _ is said to be N-regular if, for any integer £,

the correspondence J* (N, Q) =p— DY cT, (J*(N, Q)) defines an involu-
tive distribution.

Let I' be a pseudo-group on Q. Then we can give the sheaf of
germs of local vector fields X on QO such that the local 1-parameter
group of local transformations generated by X is contained in /7, which
we denote by L. Assume that L is N-regular. Let {0%} 7% be a funda-
mental system of differential invariants of L, at 75(f) €J*(N, Q). We
set @ = (6f, ---,05,). Then @ is a submersion of a neighbourhood Q"
of 7%£(f) to an open subset WZ R™. We set p"@% (%% (5)) =72 (@" (*(5)).
Then p"®" is a map of a neighbourhood Q"'* of 2% (f) €J*"* (N, Q)
to a neighbourhood W™* of j:(6* (j*(F)) €J"(N, R™). For any function
F defined on an open subset of W" we put F(®F) =p"@*F. Then
F(®") is a differential invariant of _L, at j2*(f). F(@%) is called a
Idifferential invariant of iype & at j2*(f). A {family {F;(@%)}7_; of
linearly independent [/ -differential invariants of type & at j2** () is called
a [Nfamily of type (&, 7) at j:** (f) if the differential equation E generated
by {F;(®)}7_, possesses a solution and if A(E) is equal to I" on a
neighbourhood QU of f(x). In general, for any differential equation E,
we set S*(E)= |J Imj(s).

SEF(E)

Definition 3.2. A differential equation E at j4(f) €J*(N,Q) is
said to be Il-regular at x if the following conditions are satisfied:

1) L, is N-wregular.

2) For each integer [=>/, there exists an integer £ and an J (E)-
family 9= {.5,}§=1 of type (I, 7) at 5°F(f) such that pHEe(E), the stand-
ard prolongation of E, is generated by 9.

3) For each integer k=>I[, there is a neighbourhood QL* of j%(f)
such that S*(E) N Q* is a regular submanifold of J*(N, Q).

4. Let L be a weak Lie algebra sheaf on (O which is N-regular.



790 KaAzusHIGE UENO

For such a sheaf ., we can consider the orbit system _[ (%, zx, f) for
any positive integer % and a local submersion or immersion of a neigh-
bourhood of &N to Q. Namely let {0%} 7% be a fundamental system of
differential invariants of a weak Lie algebra sheaf .[ at j%(f). We set
Ai(x) =05G%(f)). Then .L (k, x, f) is generated by 05—, A1<7<m,) as

a differential equation,

Definition 4.1. L (k x, f) is said to be [-automorphic if any
solution of L, (k, x, f) is of the form ¢of, g=TI.

Proposition 4. 1. If dim N>dim Q, and if I' is complete at
(F(x),1), then for a sufficiently large integer k, Lr(k,z, f) is I'-

automorphic.

For the proof, refer to [2].

Definition 4. 2. [’ is said to be k-automorphic at (x, f) if the orbit
system [ (%, x, f) is [-automorphic.

Proposition 4. 1 means that, if dim N->dim Q and if /" is complete at
(f(x),1), I is k-automorphic at (x, f) for a sufficiently large integer
k. (As for the definition of completeness, refer to [2].)

5. Let (Q,Q’,7) be a fibred manifold and E or E’ be a differential
equation at j%(f) €J*(N, Q) or j¥ (wof) €J* (N, Q’), respectively. Sup-
pose E and E’ are [lregular at x. Then, for k=>I, L & or La
induces an involutive distribution D% or D%. on a neighbourhood of j%(f)

or of j%(mof), respectively. Assume that dim N>dim Q’.

Lemma 5.1. Suppose that (E,E’) is a k-reduced pair for a
sufficiently large k and that dim nt, D% =dim D%. We denote by A (E)+,
the pseudo-group generated by {9’:3g < A(E)| U, wog =g’ on}. If
A(E) and JA(E)t, are complete at (mwef(x),1), then (L wm (&, x, F),
Loagy Ry x,mof)) 1s a weakly k-reduced pair.
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Proof. Since (E, E') is a kreduced pair, we see that (%) D§ = D},
for a sufficiently large 2. On the other hand, since A (E’) and 4 (E)%
are complete at (mof (z,),1), by Lemma 7.1 in [2], A(E); | U"*=AE)IU"*
for a neighbourhood AL’ of j% (wef). Since, by Proposition 4.1,
JA(E") is k-automorphic, L ;i (&, 20, 7°f) is A (E)j-automorphic. Since
w maps (L am k xo. H)YIU* into L (L @ (R xo,mof)) U™ and
since L 4@ (B, 2o, o f) is A (E)-automorphic, (L 4w (& xo, £)) A"
is transfered onto (L 4@ (k, 2o, 7°f)) 1U'". Since (E, E) is a k-re-
duced pair. the pair (L m (b, 20, £) . L agn (k. xo. 0 f)) is a weakly k-

reduced pair. The proof is completed.

§ 3. Main Theorem

6. Let ' be a pseudo-group on Q where L is N-regular and let

/ be an immersion or a submersion of a neighbourhood of ;&N to Q.

Theorem 6.1. Ler (Q,Q',n) be a fibred manifold and let E or
E' be a differential equation at j3, (f) or j% (wef). respectively.  As-
sume that

1) E and E' arc l-regular at x, and _A(E’) is complete at
(wof (zp), 1).

2) For a sufficiently large integer k. (E, E') is a k-reduced pair
of type & and A(E)} is complete at (wo)f(xy), 1), where Z: J*(N. Q")
DU >R, r=dim Q—dim Q’.

3) seyyg”w Im s contains an open neighbourhood of f(x,) for a
sufficiently small neighbourhood U*.

4)  There exists a neighbourhood AU’ of (xg. 7o f(xy)) E NXQ' such
that - s/g]e‘w &(S% . N AUL*) contains an open neighbourhood of & (5% (o £)).

5) dim N=dim Q’.
Then & is E'-admissible al v, if and onlv if JA(E) is k-automorphic
at (xo. f).

Proof. Suppose & is FE’-admissible at x,, Let ¢’ A(E)IQU’*.
We may assume that (U*, A0’%, 7#*) is a fibred manifold and % (E) | QL.
F(ENIU " and AE)| U * satisly the conditions 1) and 2) of Definition 1. 1.



792 KAZUsHIGE UENO

For any s= (s', £G* (")) €L (E) AL, we set s* = (¢'o5', £ (@'o5))).
Then since s’ L (E) U, s (E)|U" Since & is E’-admissible
at z,, ¥ () = (@05’ (x), 1% oS (55 (s'))). Therefore for any two s and
te L (E) U, if s(x) =1(x), then we have s* (x) =¢ (x). By the con-
dition 3), if we set ¢os(x) =s*(x), ¢ is a local diffeomorphism of Q to
O. It is now clear that ¢ = A (E)| U and wogp=¢’om. Let p= A(E)U*
such that mogp=¢ om. Then pose. L (E)|U* and wopos=¢ omos
=¢’os’. Therefore gosis of the form (@’os’, £(G*(¢’2s’))). By the con-
dition 3), this implies ¢ =¢ on the intersection of their domains.

Now let ¢ A(E){U* Then by the kreducibility of the pair
(E, E"), we have a local transformation ¢’ on Q’ such that ¢’ omx=mogp.
For any s’ (E)|AU’*, we have s (E)|U* such that s’ =ros.
Then ¢'os' =@’ omos=modosc L (E')|AU’*. Therefore ¢’ A(E") {U"".

Thus we see that dim 7% D%=dim D%. On the other hand, since
dim N>dim Q’ and 7of is a local submersion, by Proposition 4. 1, A (E’)
is k-automorphic at (xy, wof) for a sufficiently large 2 Therefore by
Lemma 5.1, the pair (Luwm (& xo, ), Lok, xo, o f)) is a weakly
k-reduced pair. Since _L @,y (&, 2o, mof) is A (E’)-automorphic, it is easy
to see that L @ (B, x, f) is A (E)-automorphic. That is to say, A (E)
is k-automorphic at (x,, f).

Conversely, for a suficiently large 2, we assume that 4 (E) is &-
automorphic at (xz,, f). Let = A (E)|U". Then by the k-reducibility
of the pair (E, E’), there is a ¢’ A(E)|U’* such that mod=g¢ om.
Conversely let ¢’ A(E) U™, Then ¢ omefe L (E)|U’*. There-
fore we have s&€.%(E)|U* such that wos=¢ omof. Since A(E) is k-
automorphic at (x,, f), we have ¢= A (E)|U?* such that s=@of. Then
we get modof=¢ o f’. where f'=mof. Since the pair (E, E’) is of type
g, for any s&€ Z(E)|U*, we have s=(s", £(*(s")) where s’ L (E)IU "
Therefore the equality 7wogof =¢ o f’ implies ¢of = (¢' o f’,
EG" (@ of"))). On the other hand, there exists ¢’ € A (E’) |U’* such that
pos= (¢’os’, E(G* (¢’os"))) for any s€ L (E)|U". Since f’ is a submer-
sion, we get ¢’ =¢’. Therefore, for any s€.%(E)|U* we have ¢os
= (¢’ os’, E(J*(¢’0s"))). By the condition 3), we can easily see that
mop=0"on. It is now clear that, if there are ¢ and p& A (E)|U* such
that 7wop=mop=¢ om, then p=¢ on the intersection of their domains.
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Now we shall show that & is E’-admissible at x,. Let ¢’ € A (E)IU'*.
Then as is stated above, we have an element ¢ A(E)|U* such
that mwod=¢ oxr. Since the pair (E, E’) is of type &, any s& % (E)|U*
possesses the form s=(s',§("(s"))), "€ L (E)|U" Therefore we
have gos= (¢'os’, E(j*(¢'0s"))). Assume that £(J2(s)) =¢(E(EN),
where s, '€ L (ENIU" and s (z) =¢'(2) =2'. Then we get s(x)
=¢(x), where s=(s',&(*(s"))) and = (', £(*(¢"))). Consequently
we have ¢os(x) =¢got(x) and thus we get EFE(P os")) =&(GE (@ ot")).
That is to say, if £(GL(s")) =& (GE@)) for ji(s'), 5 (¢") €S% ., then we have
E(J2 (9 os")) =€(jz (@ ot")) for ¢’ € A(ENIAU. If we set 75,05 (75 (5))
=&(j%(¢’0s’)), by the condition 4), 72, is 2 local map of a neighbourhood
O of E(% (mof)) R™ to R for any (x,2") = U’. If we set 7% (x, 2’, v)
=7%,(v), it is easy to see that 7% is an analytic map of U’ X0 to R".
This proves that & is E’-admissible at .r,, The proof of Theorem 6.1 is

completed.

Corollary 6. 1. Let (Q,Q’, %) be a fibred manifold and E or E’
be a differential equation at j5 (f) or ja (zof), respectively. Assume
that

1) E and E’ are l-regular at x, and J(E) (resp. J(E')) is
complete at (f (xy),1) (resp. (mof(xy),1)).

2) For a sufficiently large integer k, (E, E’) is a k-rcduced pair
of type & and J(E); is complete at (7of(zy),1).

3) There exist neighbourhoods A’ of (xo, wof(xo)) and AU'* of
Je (wo f) such that ﬂ ’é(SZ.,,ﬂ A" contains an open neighbour-
hood of £ (zof)).

4)  dim N>dim Q.

Then the pair (L im (R xo, [), Loawr (&, xo.m0f)) is a weakly k-re-
duced pair.

Proof. In this case, the conditions 3) and 5) in Theorem 6.1 are
clearly satisfied. Furthermore by Proposition 4.1, (4 (E) is k-automorphic
at (xy, f). Therefore by Theorem 6. 1, & is E’-admissible at x,. Then
as was stated in the proof of Theorem 6.1, we have dim 7% D% =dim D%..

By Lemma 5.1, we see that the pair (L 4@ (5, 20 ), L aws (B, 2o, w0 f))
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is a weakly kA-reduced pair. The proof is completed.

§ 4. Medolaghi-Vessiot’s Example

7. We denote by E the differential equation at ji (f) eJ'(R?, Rs)

generated by —i— gi‘ ' (xy, 23) (=Fy), i ai‘ ot (xy, x) (=F3), — -
2 1 2 2 2
'%;21 2 gz) — ' (zy, 72) (=F) and %2 (g_ziz - _g.i) — Bz, )

(=F,) where {x;, &5} (resp.{zi, 2s, 2s}) is the canonical coordinate sys-
tem on RE(resp. R®) and 2zof(x,)=~0, a(zpf) (x0) #0, &' () 0. On

the other hand, we denote by E’ the dxfferentml equation at jg, (o f)

~ 2
J'(R?, R) generated by 0z _a 0z where {2}
axz al 0.271

ordinate on R and the projection 7 of R® onto R is defined by 7 (2, 23,

is the canonical co-

23) =z;. Then it is easy to see that the pair (£, E’) is a weakly 1-
reduced pair.
We define a map &= (&, &) of a neighbourhood of 75 (wof) to R®
by 51 (fl (5)) =P (= (5)) /& (x) and &, (72 (5)) =pu (2 () /' (2) -£1 (2 (5))
a z (-r)/(a ()= B(x) /a'(x), where {xi, s, 2, D1, Doy Puus Pros Do} s
the canonical system on J*(R* R). Then it is easily proved that the pair
(E, E’) is of type &, considering (E, E’) as a weakly 2-reduced pair.
We denote by .L the sheaf on R® of local vector fields of the fol-
lowing form:

(21) ‘e i

0 o)z Ot
021’ az 83

where 7 is any local function with one variable. 1f we set R% = {(2, 2,,
23) ER®; 2,520}, L is a Lie algebra sheaf on R% which is R:regular.
Let I" be the pseudo-group on R% such that .L,=_ and I" is complete
at (p,1) where p is any point of R%. Then since F;, F,, Fsand F, are
differential invariants of [, we have 4 (E) DI on a neighbourhood of
Jz, ().

Next let L’ be the sheaf of all local vector fields on R and let I’
be the pseudo-group of all local transformations on R. Then it is easy
to see that A (E’) =I" on a neighbourhood of 7}, (7o f). Moreover since

{p/P:} is a fundamental system of differential invariants of L’ at
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Je (o f), E' is A (E’)-automorphic.
Now we can eassily see that & is E’-admissible at x,.
On the other hand, since I” is transitive on R%, the condition 3) of

Theorem 6.1 is clearly satisfied. Now & is defined by

£1(J%(9) =£::(5)) /ol (),
§:(02()) = £u(J2()) /' (&) - 21 (52 (5))

~g—“l<x>/<al (@) —F () /().
x

We prove that, for any constants a and &, there is a solution s of

E’ such that p,(j5(5)) =a and p,,(j%(s)) =b. Since E’ is generated by
2

the local vector field 0 o 0

0.2'32 at 0.2:1

with s(x) =2’, then F(E’) D{gos: ¢ is any function locally defined at

, if s is a particular solution of E’

2’}. Then it is easy to see that, for some ¢, we have p,(j:(pos)) =a
and py, (7% (¢es)) =b. Therefore £(S%,.N QL") is open in R®for a neigh-
bourhood U’? of j% (mof). Furthermore if gﬁl—/ (a’)*+ B'/a' is con-
stant, we can easily see that, for a neighbourhoji)ld U’ of (xg,wof(x)),

n ’S(Si,,, Nal’™) is open. In this case by Theorem 6.1, A(E) is
;:;&fgmorphic at (x,, f) for some k. We have seen that J(E)|U? is
mapped by 7 bijectively to A(E’)|U’®. On the other hand, I"|U? is
mapped by 7w bijectively to A (E’)|U’% because I" consists of all local

transformation ¢ on R% defined by

2100 (21, 23, 25) =X (1),

2309 (21, 22, 23) =22- X' (21),

X// (21)
X’ (=1)

2300 (21, 2z, Zs) =23+ 25

where X is any local transformation on R. Since we have A (E) DI
on a neighbourhood of j%(f), we see that (A (E) =1 on a neighbourhood
of 72(f).
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