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Fixed Points of the Actions on
Compact Kahler Manifolds
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Introduction

Let X be a compact Kihler manifold and V a Killing vector field
on X with respect to a Kihler metric on X. Let Z be the zero set of
V which is a complex submanifold of X (cf. [12]). Suppose that Z is
nonempty and let Z,, =1, .-, m, be the connected components of Z.
Then in [8] Frankel showed the following: one can associate to each
a naturally a nonnegative integer 1, such that b;(X) :i bi-n, (Z,) for
all {0, where b;(Y) denotes the i-th Betti number oaj?lY. In parti-
cular if y denotes the Euler characteristic, then we have x(X) =
; v(Z,). The main purpose of this paper is to sharpen this result in

the following form.

Theorem. Let X, V and Z=U Z, be as above. Then we have

the equalities
(X)) = i R S N
a=1

where 1, are as above and h**(Y) =dim H*' (Y, 23).

Corollary (Kosniowski [13]). Let »"(Y) = i (=1 n"(Y) and
q=0

vy () =20 y" (V) o", where y is an indeterminate. Then we have
y=0

1 (0 =3 (~ Do, (Z,).
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Note that the result of Kosniowski is more general in that it applies
also to general compact complex manifolds for a certain class of V. For
a precise description of 1, in the above theorem and corollary, see (3.5).

The organization of this paper is as follows. First in Section 1 we
reduce the problem in the usual way to that of fixed points of an action of
an algebraic torus (€*)* on X, as well as obtain some lemmas which are
needed in the sequel. Then in Section 2 we consider the case £=1, and fol-
lowing Bialynicki-Birula [1] we study the decomposition, X = U X,, of X
into a finite number of C*-invariant locally closed subman;‘folds X..
(This takes the place of Frankel’s Morse theoretic argument.) The point
here is that X, are locally closed in the Zariski topology of X (Theorem
2.2), which is due to Bialynicki-Birula when X is projective. In fact,
this enables us to apply the Hodge theory developped by Deligne in [7]
to our problem in Section 3. Combining the result thus obtained with the
inequality of Conner (Corollary 1. 7) we then prove Theorem. Since what
we need from Hodge theory (Lemmas 3.1, 3.2) does not seem explicit
in the literature, we give proofs to these in a separate note [10].

In this paper all the complex spaces are assumed to be reduced.

§1. Some Lemmas

Let X be complex space and G a connected complex Lie group acting
biholomorphically on X. Thus we have a morphism ¢: GXX—X with
0(g1, 0(g2 ) =0(9:92 x), 9: €G, x=X and 0 (e, x) =z, ¢ being the iden-
tity of G. We often write gz for (g, x). The set of fixed points, or
the fixed point set, of G on X is the set F={xeX;gx=x for all g
&G}. This is an analytic subset of X. Let x&F be a fixed point and
T, the Zariski tangent space of X at x. Let 0.: G>GL(T,) be the
isotropy representation of G on 7,, where GL(T,) is the group of all
invertible linear transformations of 7,. The following lemma and the

ensuing corollary are wellknown.

Lemma 1. 1. Suppose that G is reductive. Then there cxists a
neighborhood U of x in X (resp. V of the origin in T,) and a G-
equivariant embedding J: U—V (i.e. for every pair (g, z) eGXU with
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gxeU, we get that ¢(gx) =0,(9) Y (x)).

Proof. Let K be any maximal compact subgroup of G. Then there
is a K-equivariant embedding ¢: U—V with U and V as in the lemma
(cf. Kaup [11, Satz 4.4]). Since G is the complexification of K, ¢ must

also be G-equivariant in the sense mentioned above. Q.E.D.

Corollary 1.2. If X is nonsingular, then F is a complex sub-
manifold of X.

Proof. Take an arbitrary point x& F. It is enough to show that
for the neighborhood U of x in the above lemma UN F is nonsingular.
Then the problem is reduced to the case where U is a neighborhood of
the origin of a vector space V on which G acts linearly. Let V, be the
maximal subspace of V on which G acts trivially. Then since G is
reductive, we can find a G-invariant subspace V; of V with a G-isomor-
phism V=V, @V, Then it is clear that UNF=UNYV, and hence is
nonsingular. Q.ED.

We consider the case G=C* in Lemma 1.1. Then p, is a direct
sum of l-dimensional representations i.e. the characters g, -+, ., of C*,
where n=dim T,. Let y;(¢) =¢™, m;€Z, with C*=C*(¢). Then with
respect to suitable linear coordinates z;, -+, 2, of 7T, the action ¢,=p, of

G on T, looks as follows;
@ 0 (2, (=1, *s Z,)) = (E™M2y, -, tm"Zn) .

We shall identify U with a subspace of V by ¢ so that the action on U
is induced from (1) by the inclusion. Then FN U is the intersection of
U with the linear subspace defined by the equations

z,==2;,=0,

where 7€ {i;, -+, i,y if and only if m,50. Note that the set M,= {m,,
-+-, m,} is independent of the particular choice of the coordinates, being
an invariant of (.

Now in (1) let I={1,:+,n} and I, (resp. I, L)) = {1<i<n; m; >0
(resp. <0, =0)}. We call the action positive (resp. megative) at x if
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I=1, (resp. I.) and semipositive (resp. seminegative) if I (resp. I,)
=0. We define T_-=T.(x) @esp. T-=T_(x),To=T,(x)) by {(z:);
zi=O> Z$I+ (resp- I—; Z:])}

Lemma 1.3. 1) If the action is not semipositive (resp. semine-
gative) at z. then dim, XNT_ (resp. dim, XNT,) >0,
2) If the action is semipositive (resp. seminegative) and not positive

(resp. negative) at x, then dim, F>0.

Proof. 1) Suppose that the action is not semipositive at x ie. 7T_
=#{0}. I dim, XNT_=0, then the natural C* equivariant projection
7: T,—T,PT, with kernel T_ is finite at x when restricted to X. From
this we infer readily that the action is semipositive at x, which is a con-
tradiction. Hence dim, XN 7_>0. The non-seminegative case can be
treated in the same way. 2) Suppose that the action is semipositive and
not positive at x ie. T_={0} and 7,5<{0}. Then for any yeT) X,
= (y+7T,) NX is invariant under the action, where y+ 7. is the transla-
tion of T, by y. Further if it is not empty, then {y} X {0} X, and in
fact, as follows from (1), it coincides with the fixed point set on X,.
Hence if dim, F'=0, then X,=¢ for all y5=0 sufficiently near to 0 so
that we have XC7T', at x and hence 7,= {0}, which is a contradiction.
Thus dim, F>0. The other case can be treated in the same way.

Q.E.D.

Let X be a compact complex manifold. Then the group Aut X of
biholomorphic automorphisms of X has the natural structure of a complex
Lie group acting biholomorphically on X. (cf. [12, III. 1.1]). Put G
=Aut X and let & be the Lie algebra of G, naturally identified with the
space of holomorphic vector fields on X. Suppose now that X is a Kihler
manifold with the associated positive real (1,1)-form ®w on X. Let &
={Ve®; zero(V)#0}. Then & forms a Lie subalgebra of G (cf. [9,
Prop. 6.8]). Let L be the connected Lie subgroup of G corresponding
to &, K’ the group of all isometries of X (considering X as a Riemannian
manifold with metric ¢ corresponding to w), and K the identity component

of K’. Then K’ has the natural structure of a real compact Lie group,
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and its Lie algebra, &, is identified with the set of Killing vector fields on
X with respect to g. Let J be the tensor field of type (1,1) on X giving
the complex structure of X. Then by a theorem of Yano [12, IIL. 4. 3]
for any VE&® the complex vector field a (V) of type (1,0) defined by
a(V)=V—+—1JV is holomorphic. Hence « defines an injective map
a: —@. Considering this as identification we may regard & (resp. K)
as a real Lie subalgebra (resp. subgroup) of & (resp. G). Let &
=8NE, which is the Lie algebra of K;=KN L. Let K; be any compact
Lie subgroup of K, Then its complexification K¢ can naturally be con-
sidered as a reductive Lie subgroup of L, and the fixed point sets of
K, and K¢ coincide. In particular if K, is a real torus of real dimension
k, then Kf is an algebraic torus isomorphic to (C*)*. Since every V
R, generates a real torus Tg such that zero (V) =Fix Ts, Fix Tk being

the fixed point set of T'g, we obtain the following:

Lemma 1.4. Let V be a Killing vector field on X with nonemp-
tv zero set. Then there is a subgroup TC Aut X, isomorphic to (C¥)"
Sor some k, such that zero (V) =Fix(T).

Let g be a Kédhler metric on X as above. Then for any real C>
vector field W on X the real C®l-form associated with W is the 1{form
¢ defined by the following condition; &, (W%) =¢,(W,, W%) for all z€X
and for all C* vector fields W’ on X. For later use we recall the
following (cf. [12,II1. 4. 6]):

Lemma 1.5. Let V be as in Lemma 1. 4, and & the real 1-form
associated with JV in the sense defined above. Then there is a real
C* function f on X such that &=df.

Remark 1.1. Suppose that V generates a 1-dimensional torus S* and
its complexification €* acts on X. Identify €C* with S'X R* by the map
t—> (argt, |¢|), where arg¢ is the argument of . Then JV is a vector
field generating the action of R*. In a neighborhood of a fixed point
as in (1) JV is up to constants given by > m;(2:0/02;+%,0/0%;), or
in real coordinates x;=1/2(2;+2;) and i‘\/i=1/2\/-—1 (=z:—%), JV
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=3 my (z:0/0x;+y:0/0y;).” Note that with respect to the standard
7
Euclidian metric f would be given by f=3] m;l2;|.

Let V:a(V) =V—+—=1JV be the holomorphic vector field asso-
ciated with a Killing vector field V on a compact Kihler manifold X as
above. Following Carrell and Lieberman [6] we consider the Koszul

complex
0->2%—-->25%—>0;—0

associated with V, where the differential is given by the contraction 75
by V. Set Ki=03% in order to make the differential of degree +1.
Then the hypercohomology of the complex K gives rise to the following
two spectral sequences

Ep'=H* (X, H* (Ky)) =>H""* (X, Kx)

Eri=H'(X, 27") =>H""" (X, K;).
As was shown in the proof of Theorem 1 in [6] the second spectral

sequence degenerates. Hence for every integer m we have the inequality

S dim HY (X, £%) =dim H™(X, Kp) < 3 dim H? (X, H'(K})).

q-p=m pia=m
Let Z=zero V (=zero V) be the zero set of V. We shall show that
H*(Ky) =87 to obtain the following:

Lemma 1. 6. Suppose that V generates S' as in Remark 1.1.

Then for every integer m we have the following inequality

> dim HY(X, £2%) < 37 dim H*(Z, 2%)

q—p=m gq—-p=m

Corollary 1.7. For a=0,1 we have the following inequality

> )dim H (X, C)gi > dim H'(Z, C).

i=a(2 =a(2

Remark 1.2. The above corollary is a special case of the inequality
of Conner (cf. [2,IV.5.4]) which was also used by Frankel in [8].

Proof of Lemma 1.6. As was mentioned above it suffices to show
that H*(Ky) =£27z% Outside Z this is wellknown. Hence we consider

at points of Z. Since the problem is local, we may work in the local
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coordinates as in (1). So we assume that X=C"(2,, -+, 2,). £ is defined

by the equation z;=:--=g,=0, and sz m,;2,0/0=; for some integers
=

m;5=0 (cf. Remark 1.1 above). Let Y= {(2:);2rs1=" --:zn=0}. Then

we hdve the natural isomorphism 25, [,—@on @cﬂy o and 1p=
Qldz®clv, where ® is the analytic tensor product and on the right
hand side V' is also considered as a holomorphic vector field on Y

naturallv. Hence we have only to show that the following complex

0 — 2%, > Oy = C - 0
4 4 €

is exact, where ¢ is the evaluation at 0. In fact this is a special case of

de Rham lemma cf. [14]. Q.E.D.
§ 2. B.-B. Decomposition Associated with a C* Action

Fix once and for all the inclusion €*(z) SC(¢) &SP'=C(¢) U {oco},
where P! is the complex projective line. Let X be a connected complex
space on which C€* acts biholomorphically. We call this action ¢:
C* X X— X meromorphic if ¢ extends to a meromorphic map ¢¥: P! X X—X
(cf. [9, Def. 2. 1]). Suppose that ¢ is meromorphic and X is compact.
Then for every x&X the orbit map ¢(x): C*—>X, ¢ (x) (g) =0(gx).
g€ C*, extends to a unique morphism ¢(x)*: P'—~X. Then we define
the point 0(x) (resp. oo (x)) €X by

0(x) =0(x)*(0) (resp. oo (x) =0 (x)*(0)).

For instance in Lemma 1.3 1) for every 27T, NX (resp. T_-NX) we
have that 0(2) =x (resp. oo (2) =x).

In order to state the following lemma we introduce the following
terminology. By a decomposition of X we mean a finite collection, {X,},
of mutually disjoint locally closed irreducible analytic subsets X, of X,

such that X=UX,. A decomposition {X,} is called C* invariant if C*

@
leaves all the X, invariant.

Lemma 2.1. Let X be a compact connected complex manifold
on which C* acts biholomorphically and meromorphically. Lei F be
the set of fixed points of this C*¥ action, and F, 1<a<m, the con-
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nected components of F. Then there exists a unique decomposition,
{X.}, 1Za<m, of X which is C* invariant and with the following
properties: For each a, X, contains F, and there exists a C*-equiva-
riant retraciion w,: X,—F,, such that with respect to 7w, X, is a
fiber boundle over F, with typical fiber C*-equivariantly isomorphic
to C=, where l,=dim T. (x) for all x€F, and C* acts on C= linearly
and positively.

Proof. We define X, by X,={x=X;0(x) F,}. Clearly X is
then written as a disjoint union X= U X, and X, are C* invariant. First
we show that each X, is a locally Zlosed submanifold of X. Take an
arbitrary point xr& F,. Set n=dim X, n,=dim F, and r,=n—n, Then

by (1) in Section 1, with respect to a suitable local coordinates (z;, ***, Za,,

w,, -+, w, ) defined in a neighborhood V of x, the action ¢ takes the form
O‘(t_ (zl’ ...’z"a’ Wy, wra>) = (217 ey zna’ tmqwl’ e tmrawra),
where F, is defined by wy=-=w,,=0 in V and m;70. Then if we

arrange the coordinates in such a way that m,=>--=m, Z0Fm, ==

my,, then it is clear that X, is given in V by the equation w, = =w,,
=0. It follows then that X, is a submanifold of X of dimension 4,72,
in a neighborhood W of F,. Since every point x’& X is equivalent to a
point of W uunder the action of €C*, this implies that X, is a locally
closed analytic submanifold of X.

Next we define 7, by 7,(x) =0(x), x€X,. Then it is obvious that
T, is holomorphic and 7,lr,=idr,. We show that 7, is a fiber bundle
with fiber C* as stated in the lemma. Let x&F, be as above. We
have to show that for a small neighborhood U of = in F, there is a
C* equivariant isomorphism 7n;*(U) =UX C'*, where C* acts on (==
C=(w,, -+, wy,) by (wy, -, wy,) = (E™wy, -+, t™=w, ). In fact from the
above local expression we have such an isomorphism locally, that is, if
we replace €'* by D'+ = {(w;) € C**; |w;|<<1} and 7;'(U) by a suitable
neighborhood V; of Uin n;*(U). Then since every z’ €n;' (U) is equiva-
lent by the C* action to a point in V, as above, by an elementary argu-
ment we get easily the desired isomorphism. Finally by construction it

is clear that 1,=dim 7", (x) for all xeF,. Q.E.D.
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The above construction is due to Bialynicki-Birula [1]. So we call
the decomposition obtained in the above lemma the B.-B. (Bialynicki-
Birula) decomposition of X with respect to the given C* action. Note
that using oo (x) instead of 0(x) we may obtain another decomposition
which is ‘dual’ to the one obtained above (cf. [1]).

Let X be a complex space. Then a subset A of X is called Zariski
locally closed in X if it is a Zariski open subset of an analytic subset
of X. We call a decomposition {X,} of X meromorphic if each X, is
Zariski locally closed, ot equivalently, the closure X¥ of X, is analytic
in X and X, is Zariski open in XJ. Then the vest of this section is

devoted to proving the following:

Theorem 2.2. Let X be a compact Kihler manifold on which
C* acts biholomorphically and meromorphically. Then the B.-B. de-
composition, {X,}, of X associated with this C* action is meromorphic

in the sense defined above.

That X% is analytic will be shown in Proposition 2. 8 using the Doua-
dy space of X. In order to show that X, is Zariski open in XF we need
some preliminary considerations on the structure of the fibers of proper
morphisms of relative dimension 1 of complex spaces with C* actions
compatible with the morphisms (Lemmas 2.3-2.7), to which the pro-
blem is reduced by way of Proposition 2.8. Kihler condition becomes
crucial in the proof of Proposition 2.10 and hence of Lemma 2.11.
Proof of Theorem 2.2 will then be given at the end of this section.
In the case of projective varieties the results are known and due to

Bialynicki-Birula [1] (cf. Remarks 2.1 and 2.2 below).

Notation etc. In the following, for any morphism f: Z—T of complex
spaces and for any analytic subset ACT we denote by f '(A) the in-
verse image with reduced structure; £ 1(A) = (ZX pA) ;ee. Moreover for
any point t€7T we mean by a fiber over ¢ the reduced subspace f7'(2)
of Z. On the other hand, the general fiber of f is always considered
with respect to the Zariski topology of 7. For example ‘the general

fiber of / is irreducible’ means that f~'(u) is irreducible for every uc U
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for some dense Zariski open subset U of 7.

Now let f: Z—T be a proper morphism of irreducible complex spaces.
Suppose that each fiber of f has (pure) dimension 1 and that there is a
biholomorphic and meromorphic C* action on Z which is nontrivial and
compatible with f ie. f(g2) =f(2), g€ C* and z€Z. We denote by
B the fixed point set of this action. Note that since fis proper and the
action is compatible with f, the points 0(2) and oo(2) can be defined

analogously for every z& Z.

Lemma 2.3. Let f: Z—T and B be as above. Then the follow-
ing hold. 1) B contains no irreducible components of the fibers of f.
2) There is a unique irreducible component, By=B,(f) (resp. B,=B.,
(f)), of B which is characterized by the following property; let
Zy=42€Z;0(2) €By} (resp. Z,=4{2€Z; 0 (2) €B.}). Then Z, (resp.
Z.) contains a nonempty Zariski open subset of Z. Moreover B, and
B, are the only components of B which are mapped surjectively onto
T.

Proof. 1) Suppose the contrary and let C be an irreducible curve
contained in B such that f(C) is a point £ of T. Let 2=C be a point
not contained in any other component of f~!(£). Then as follows from
Lemma 1.3 1) there is an orbit © in Z such that 2& £ but its closure
O* contains z. Since the action is compatible with f, % must be con-
tained in a fiber of /. Hence f(©*) =¢ and O* is an irreducible com-
ponents of f~'(#). This contradicts our choice of z.

2) First assume that Z is normal and the general fiber of fis connected.
Then there is a nonempty Zariski open subset U of T such that f|.ip:
S (U)—U is smooth (by Bertini and the fact that the singular locus
of Z is of codimension 2 in Z). Over U each fiber of f is isomorphic
to P!, as a compactification of €*. Hence f '(x) N B= {0} U {oo}. We
show that there is no irreducible component B’ of B such that B’ N £ (x)
= {0} U {oo} for all = U. 1In fact supposing that such a B’ exists
let B, (resp. B.) = {6 B’; the action is semipositive (resp. seminegative)
at ). Then it is clear that B. N £ (x) = {0} and B N £ *(x) = {oo} for
all u€ U. In particular B, (U) and B’ (U) are open in B, where B} (U)



FIXED POINTS OF ACTIONS ON COMPACT KAHLER MANIFOLDS 807

=B, N f'(U). Thus the connected set B’ N £ (U) is the disjoint union
of two open subsets B} (U) and B~ (U). This contradiction shows the
above assertion. We shall denote by w either 0 or oo in the following.
Then from the above assertion we conclude easily that there is a unique
irreducible component B, of B such that for every u=U, B,N f~ ' (&)
coincides with ® of f'(x) =P'. Clearly BN f ' (U) = (B,UB,) N
FY(U) Moreover we get that Z,(Z.) N f*(U) = F{U) —F(U) NB,
(B,) and hence Z, contains a nonempty Zariski open subset of Z.
Next we consider the case where Z is normal and f is general.

Let f=f 4, with fi: Z—T, and f,: T.;—7T, be the Stein factorization
of f, where every fiber of f; is connected and f, is a finite morphism.
Then since C* is connected, the action is compatible also with f;. Hence
we can apply what we have proved above to f; to obtain B, with the
desired properties. Finally in the general case let n: Z—Z be the nor-
malization of Z and put f=fn Then the given C* action extends natu-
rally to a biholomorphic and meromorphic C* action on Z which is com-
patible with £, Then apply to f the above consideration to obtain B,
in Z with Z,={#=Z;w®) €B,} containing a nonempty Zariski open
subset of Z. Set B,=n (B,). Then Z,=n(Z,) and hence it also contains
a nonempty Zariski open subset of Z and f(B,) =»f(B,) =T. Hence
these B,, »=0, co, are the desired ones. Q.E.D.

For our later purpose it will be useful to consider the following
additional condition (A) on f: Z—T as in Lemma 2. 3:

(A) Al) Each connected component of the general fiber of f is
irreducible. A2) Each connected component of every fiber of f is
simply connected. A3) B, (resp. B.) intersects with each connected
component of all the fibers of f at just one point, where B, (resp.
B.) is as in Lemma 2. 3.

Then we want to study the structure of fibers of f subject to the
condition (A). To describe these we introduce some terminology. Let
C, be a compact irreducible and simply connected rational curve. Suppose
that €C* acts on C, biholomorphically and meromorphically and that the
action is nontrivial. Then C,, as a simply connected compactification of

C*, has exactly two fixed points which mav naturally be called 0 and



808 AKIRA FUJIKI

©0;0=0(x) and oco=0c0 (x) for any =0, co. Next let C be a compact
connected curve whose irreducible components are simply connected ratio-
nal curves. Suppose that C* acts on C biholomorphically and meromor-
phically and that the action is nontrivial on each irreducible component.
Suppose further that there is a numbering, C,, :--, C,, of irreducible com-
ponents of C such that if 0; and oo; are the corresponding fixed points
on C;, then C;NCiyy=00,=0;44, i=1, -, k—1, and C;NC;=@ for |{—j|
>1. We shall call such a curve C with C* action linear, and this
numbering, which is obviously unique, the canonical numbering of the

irreducible components of C.

Lemma 2.4. Let f: Z—T be as in Lemma 2.3. If each con-
nected component of the general fiber of f with the induced C* action
is linear, then each connected component of general fiber of f is irreduci-

ble.

Proof. Taking Stein factorization we may assume that every fiber
of fis connected. Let n: Z—Z be the normalization of Z and f= fn. VA
has the natural C* action compatible with f. Let V be a nonempty
Zariski open subset of 7" such that fif-l(v): f~1(V)—>V is smooth and
f7N@) is linear for every t€V. Let B,=B,(f) for w=0, co. For
any ¢tV let 6'1 (8, --',éq(t) be the connected components of f“(t)
and 0, (¢), o0;(¢) the corresponding fixed points on C, (¢), where g is
independent of £ V. Then we have that B,N £~ (V) = {0,(2), -, 0,(&) }
and BN f (V) ={8,(2), -, 3,(8)}. Let C;(t) =n(C;(¢)). Then
0;(®) =n(0; (%)) and 00;(¢) =n(53;(¢)) are the corresponding fixed points
on C;(¢). On the other hand, restricting V if necessary, we may assume
that C;(2) #%C;(¢) for i5=j. (More precisely take V in such a way that
either ANF (V) =@ or flinjam: AN F 1 (V)—>V is smooth, where
A:n_l(A) with A the set of non-normal points of Z.) Then after re-
numbering if necessary we may assume that {C;(¢)} is the canonical
numbering of the irreducible components of the linear curve C(t)=_CJICi ().
(Note that C(#) is connected.)  Suppose that g>1. Thelrz since
0,(¢) =00,(¢) and B,=n(B,), w=0, oo, we get that ByNB.N f7'(2)
=+ for all t€V where B,=B,(f). This implies that By=B,. Thus
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0,(¢) B, and hence 0,(f) =o0;(¢) for some j, which contradicts the
linearity of f7'(£). Thus ¢g=1 and the general fiber is irreducible.
Q.E.D.

Lemma 2.5. Let f: Z—T and B, B,, B., be as in Lemma 2. 3.
Suppose that f satisfies the condition (A) defined above. Then the
following are true. 1) The connected components of all the fibers of
f with the induced C* actions are linear. 2) Let Ci(2), -, Ci,(¢) be
the canonically numbered irreducible components of a connected coni-
ponent C'(¢) (which is linear by 1)) of £(¢), t&T, and 0,(¢t) and
ool (£) the corresponding fixed points on CL(¢t). Then B,NC! (¢) =0i(¢)
and B,NC'(¢) =o0i,(t). In particular B,N B,=.

From 2) follows immediately the following:

Corollary 2.6. Let f: Z—T and B, B., be as in the above lem-
ma. Denote by A either B, or B,. If there is at least one point
be A with 0(z) =b (resp. oo (2) =b) for some z==b, then A=DB,
(resp. B.,).

Proof of Lemma 2.5. Using Stein factorization we reduce the pro-
blem without difficulty to the case where every fiber is connected, and
hence in particular the general fiber is irreducible by Al). So we assume
this in the following. First we consider 1) and 2) in the special case
where T is a l-dimensional disc S= {s; |s|<e}, and show that £71(0) is
linear and 2) is true for £=0. Let C, 1<u<{q, be the irreducible
components of F7'(0). Then by the simply connectedness of £7*(0) and
Lemma 2.3 1) each C, is a simply connected rational curve and we have
on it the two canonical fixed points 0, and oo,. We first note that for
any fixed point 6& B the C* action at & is neither positive nor negative.
In fact, if it is positive (resp. negative), then as follows from (1) in Section 1
for all z&Z near & we must have #=0(2) (resp. co(2)). Thisis impos-
sible because f(&) =f(0(2)) =f(z) so that z€ f7'(6). Next let 0,€C,
be such that 0,6£C, for any y=~x. We show that the given £* action

is semipositive at such a 0, In fact if it is not the case, then by Lemma
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1.3 1) there is a curve C with a point 2&C, 250, such that oo (2)
=0, Since f(C) =0, we must have C=C, by our choice of 0, while
on C, clearly there is no point with the above property, which is a con-
tradiction. Hence the action is semipositive at 0, Since the action is
nonpositive as we have already seen above, by Lemma 1.3 2) there is
a 1-dimensional irreducible component B’ of B passing through 0,. Clear-
ly B'££7'(0) and so f(B’)=S. Hence by Lemma 2.3 2) either B’
=B, or B,, while the latter is easily seen to be impossible. Thus if
such a point 0, exists, by A3) B,N f'(0) ={0,}. Similarly we prove
that if oo, €C, is such that oo, &C, for any v=~u4’, then B,N f71(0)
= {oco,}. In particular we see that there is at most one 0, (resp. oo,.)
with the above property.

From this, combined with the simply connectedness of £ '(0) and the
fact that C,N C,E£{0,, oo,}, it follows by an elementary consideration that
there is exactly one such 0, (resp. o0,), and indeed, more precisely that
there is a unique numbering, still denoted by {C,}, of the irreducible
components of f'(0) such that 0, (resp. oo,) is such a fixed point,
C,NC,,, consists of one point, say &, 1u<lg, and C,NC,=0 for
|#—v|>1. We then show that the C* action is not semipositive (resp.
seminegative) at any &,. In fact, otherwise, using Lemma 1.3, we get
as above that B, 71 (0) = {b,} or B.N f'(0) = {b,}, which implies that
b,=0, or oo, by A3), a contradiction. Hence by Lemma 1. 3 1) there is
a curve D, (resp. D,) with a point 2D, (resp. 2’ € D)) zb, (resp.
2'£b,) such that 0(z) (resp. o (2)) =b, It is clear that {C,, C,.,}
={D,, D,} as sets. Then by induction on g we infer readily that C,
=D, and C,,;=D, This shows our final point; b,=0c0,=0,,;,., Hence
F7'(0) is linear and 2) is established for z=0.

Using this result we now prove 1) and 2) in the general case. Let
t&T be an arbitrary point and take a morphism A: S—T of a disc S into
T such that A(0) =¢, and that the induced morphism fg: Zg,q—S has
irreducible fibers over S’ =S— {0}, where Zs=Z X 1S and red denotes tak-
ing the underlying reduced subspace. Suppose first that T is locally ir-
reducible at #. Then Zg,, is irreducible and clearly we get that B,
X 1S=By(fs) (resp. B, XrS=B,(fs)). Thus we can apply the above

consideration to fg to obtain 1) and 2) for f. Next in the general case
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let T;=T;(¢), i=1, ---, d, be the local irreducible components of 7T at
¢t defined in a neighborhood W of #in 7. Corresponding to these we have
the irreducible components Z;=Z;(£) of f~'(W) characterized by the
property that f(Z;)) =T;. Let fi= flz: Z;—T;. Then one sees immediate-
ly that all the f; satisfy the condition (A). Hence by what we have
proved above fi'(¢) are linear and 2) is true for f;'(¢) for all . Let
i, -+, Ci, be the canonically numbered irreducible components of f7*(2)
and 0% and oo} the corresponding fixed points on Cj. Then by 2) for
f; and A3) for f, we have that 0}=07="::-=0{ and ooy, =--- =cog,. (Note
that B,N f' (W) =UDB,(f:),w=0,00.) Then from the simply connect-
edness of f7'(#), w; get that f7'(¢) = f7'(¢) =---= f3'(¢) as subsets
of f7'(¢). Hence the above Zg . is also irreducible in the general case
and we then obtain 1) and 2) for f as above. Q.E.D.

Let f: Z—7T and B be as in Lemma 2.3. Let {B;} be the set of
irreducible components of B. We then consider the following condition
(A) on f, more restrictive than (A) defined above:

(A) Al) For any C* invariant irreducible analytic subset E, of
Z such that B;,= B, the induced morphism f;= f|z: E.—T; with the
induced C* action satisfies the condition (A), where B;,,=B,(f;), o
=0 or oo, and T;=f(E;). In particular f satisfies the condition (A).
A2) For w=0, oo, B;,NB,=0 if B;#B.,.

Lemma 2.7. Let f: Z—T and B be as in Lemma 2.3. Suppose
that Z and T are compact, and that f satisfies the condition (A)
above. Then the set Z, defined in Lemma 2.3 is Zariski open in Z.

Proof. Let {B,, By, -*+, By. B} be the set of the irreducible compo-
nents of B, where By=B,(f) and B,=B.(f). For each B, i=1, -,
d, o0, let T;=f(B;) and Z;=f"'(T;). We show that there are C* in-
variant irreducible analytic subsets E; of Z;,i=1, -+, d, oo, such that 1)
B;=B,(f5,), i7o0, 2) if 0(2) €B; for some z&Z, then z€E; and 3)
E;NBy,=0@, where fg,= fiz: E;—>T;. We first show that 2), 3) imply
that Zy=Z— U E,. In fact by 3) and the definition of Z, it follows im-
mediately thatz Z,CZ— Li)EL-. Conversely if z& L{EI then by 2) 0(2)
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€ B, so that z& Z, This shows the above equality. In particular Z,
is Zariski open in Z.

Thus for the lemma it suffices to show the existence of E; as above.
We put E_,=B,. Then noting that f satisfies the condition of Lemma
2.5, by Corollary 2.6 and Lemma 2.5 2) we see that this satisfies the
conditions 2) and 3) above respectively. So assume that i==oco. For
every tE7T let C (¢), ---. C, (2) and 0,(¢), oo, () be as in Lemma 2.5 2)
(omitting the suffix 7 since the fibers are connected). Let Z; be the
irreducible components of Z;, fi,= flz,,: Zu—T; and By,= B,(fu), w=0, co.
Suppose that B;C Z;, for some A. Then since f(B;) =7}, by Lemma 2. 3
2) B;=B;, or By.. Let b&B; be an arbitrary point. Then 5=0,(z)
=00,,(¢) for a unique 1<u=ub)<q:, t=5(), for by Lemma 2.5 2)
and A2) B,N F7(¢) =0,(¢), B.N £} (£) = oo, and B, B;=B,, N B;=@.
So Z;; contains at least one of C,;(#) and C,(¢). If Z;,2C,(f (b))
for some b& B, then by Corollary 2.6 applied to the morphism f;; we
get that B;=B;, Then again by Corollary 2.6 this implies that Z;
NC,-1 (f(B)) =00,,(f (b)) so that Z;zC,_,(f (b)) and hence Z;
2C,(f (b)) for all bEB;, where u=x(b). From this we infer readily
that there is a unique irreducible component Z;; containing B; such that
B;=B,;, We put E;=Z; for this A

We shall check the conditions 2) and 3) above. 2) If 0(2) =bE B,
then 2€C,(f (b)) & E; by the definition of Z; 3) Suppose that 35
eB,NE, Then b=0,(2), t=f(b), by Lemma 2.5 2). Let C°(¢) be the
connected component of fz!(Z) containing b. Let Ci,i=1, -, v, be the
canonically numbered irreducible components of C°(¢). Then since 0, (z)
eC"(2), it is clear that C}(¢) =C,(¢). Hence applying Lemma 2.5 2)
to fz, we get that 0,(2) €B,(fs,) =B;. Hence B;N B,@, which con-
tradicts A2). Thus B,NE;=@. Q.E.D.

Let X be a compact complex space. Then we write X& @ if there
is a compact Kédhler manifold ¥ and a surjective meromorphic map g:
Y—X (cf. [9, Def. 1. 17).

Proposition 2.8. Let X be a compact complex manifold with
Xe@. Suppose that C* acts biholomorphically and meromorphically
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on X. Let {X,} be the B.-B. decomposition of X with respect to this

C* action. Then for each « there is a diagram

7,2 x

| 7o

T,

with the following properties: 1) f, is a flat morphism of irreducible
compact complex spaces Z, and T,, 2) ¢, is a bimeromorphic mor-
phism of Z, onto the closure X} of X, (in particular X} is analytic
by a theorem of Remmert) such that the restriction, ¢ulz,,: Za—X,
of ¢. to each fiber Z,,= fi'(t), tET., is an embedding, 3) there is
a natural biholomorphic and meromorphic action of C* on Z,, com-
patible with f, and making ¢, C*-equivariant, and finally 4) there is
a dense Zariski open subset U of T, such that for every t<U, ¢,(Z.,)

is a closure of a regular, i.e. 1-dimensional, orbit in X.

Proof. The main line of the proof is almost analogous to [9, Lemma
4. 2] and we give only the necessary modifications in detail. We consider
the induced C* action on the Douady space Dy of compact subspaces of
X, and then its fixed point set 7" on Dy. We then consider those ir-
reducible components 7, of T such that for some #& 7T, the corresponding
subspace Z; of X is reduced and is a closure of regular orbit contained
in X,. Then using [9, Theorems 1.2 and 1. 4] as in the proof of [9,
Lemma 4. 2] we can show that there is some index (call it &) such that
the restriction, f,: Z,—7T,, of the universal family Zy— Dy to T, has the
properties 1), 3), 4) and also 2) with “g,=¢l;, being a bimeromorphic
morphism onto XX replaced by “¢,(Z,) containing an open subset of
X.”, where ¢: Zy—X is the natural projection.

Thus it remains to show that ¢,(Z,) =X} and ¢, is bimeromorphic
onto its image. Note first that by virtue of 1), 2) and 4) the above f,
satisfies the conditions of Lemma 2.3. Let By,=DB,(f,). Then since
Volzy tET,, is a C* equivariant embedding, we must have that ¢, (B,
NZ,,) & F, provided that £, is a point of 7, such that ¢,(Z,,) is a
closure of a regular orbit contained in X,. Since ¢, (B)) &F and it is

connected, we must then have that ¢, (B, & F, Now let Z, be defined
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as in Lemma 2.3. Then since ¢, is C* equivariant, by the definition of
X, we get that ¢,(Z,) &X,. This in turn implies that ¢, (Z,) S X¥ since
Z, contains a nonempty Zariski open subset of Z,. On the other hand,
the analytic set ¢,(Z,) contains an open subset of X, and X, is a con-
nected locally closed submanifold of X, from which we deduce easily
that ¢,(Z,) contains the whole X, Hence ¢,(Z,) =X¥. That ¢, is
bimeromorphic then follows quite as in the proof of [9, Lemma 4. 2] and
we omit it. Q.E.D.

Our next aim is to show that f, in the above proposition satisfy the
condition (A) so that Lemma 2.7 is applicable to f,. First we introduce
some terminology. Let f: Z—7T and B be as in Lemma 2.3. Then a
sequence of points (2y, --,2,) of Z is said to gemerate a quasi-linear
curve if z,& B for any 7, 0(2;) #0(2;) for i~j and oo (z;) =0(z;4,) for
all 1<i<<g—1. (We allow the case g=1). In fact in this case if C;
is the closure of the orbit of z;, C= LqJCi is a linear curve on Z if

0(z) = (z,). Conversely, given any 1;;11ear curve C= (LIJ C; we can ob-
viously find a sequence (2, -+, 2,) generating the linea}—lcurve C with
z,€C;. Now we call (z;) as above generating a cycle (resp. a linear
curve) if further 0(z;) =oco(z,) (resp. 0(z) s~ (2,)). Note that the
above definitions also make sense on any compact complex space X on

which C* acts biholomorphically and meromorphically.

Lemma 2.9. Let f: Z—T and B be as in Lemma 2.3. Suppose
that f is flat and the general fiber of f is irreducible. Let t&T be
any point. 1) If a connected component of f~'(¢) is not simply con-
nected, there is a sequence of points (2y, >+, 2,) of f ' (¢) which gene-
rates a cycle. 2) Suppose that f'(t) is simply connected. Then for
any couple of points by, b, B contained in one and the same connected
components of f~'(¢), there is a sequence (zi,-,z,) of points of

FU(2) generating a linear curve such that {b,, b} ={0(z,), 00 (2,)}.

Proof. Taking a base change as in the proof of Lemma 2.5 and
using the flatness of f we reduce the problem to the case where 7T is a

1-dimensional disc S and ¢ is the origin 0 of S. Let n: Z—Z be the
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normalization of Z and f= fn: Z—S the induced morphism. There is
a natural lifting of the C* action to Z compatible with f. Since the
singular locus of Z is isolated, restricting .S if necessary, we may assume
that f is smooth over S’ =S— {0}, and hence that f~!(s) =P* for all
s€S8’. We show that £71(0) is simply connected. In fact, let 4: zZ—Z
be a resolution of Z. Then as is well-known in the theory of analytic
surfaces Z’ is obtained from SXP' by a finite number of g-processes
(=blowing up points). Hence (1f) *(0) is simply connected. Since by
the normality of Z, 1 is a contraction to the points of a union of some
of the irreducible components of (AF)*(0), f*(0) also is simply con-
nected. Thus f~!(s) are simply connected for all s&S. Then by Lem-
ma 2.5 1) 5=f~"1(0) is linear. (It is clear that f satisfies Al) and
A3).) Let C,, -, C, be the canonical numbering of irreducible compo-
nents of C and 6i, 0; the corresponding fixed points on éi.

Now we show 1). Since C is linear, it is easily seen that £ '(0)
is simply connected if and only if x|z is a bijection of C and C=f£"10).
So take a point & C such that n7'(b) contains more than one point.
We may assume that b B. Then n(d) is a subset of {0, coe, 0gy Ogie)
where 0,.,= 55, Take (~)i1, @i2€7z”l(b), ,<i, in such a way that 0,& " (%)
for any 7;<i<(7,, Take points %ie(NJi— {0;, 33;} one for each 7,<<i<(7,and
put 7 (Z;)==z;. Thenit is obvious that the sequence (z;,, ***, 2;,-,) generates
a cycle. 2) In the above notation take any 0, €77'(d,), u=1,2. We
may assume that 7,<(Z,. Then the sequence (z;,, -**, 2;,-1) defined as above
generates a linear curve with 0(z;) =&, and oo (2;,-,) =b, since f'(¥)

is simply connected. Q.E.D.

Proposition 2.10. Let X be a compact Kdihler manifold on
which C* acts biholomorphically and meronorphically. Let F be the
set of fixed points of this action. Then there is no finite sequence
(@1, ) of points of X generating a quasi-linear curve with 0 (x;)
and oo (x,) belonging to one and the same connecied component F,

of F. In particular there is no sequence (x;) generating a cycle on X.

Proof. Identify C* naturally with S'X R* as in Remark 1.1. Let

V’ be a real vector field which is uniquely determined up to constants
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and generates the action of R™, and & the real 1-form associated with V”
with respect to the given Ki#hler metric. Then by Lemma 1.5 and Re-
mark 1.1 there is a real valued C* function f such that é=df. This
implies that for every x&X—F the level set f~'f(x) is orthogonal at
x to the orbit R*x with respect to the given Kihler metric. Hence if
a variable point y on X moves from 0 (x) to oo (x) along the orbit R*x,
then f either strictly increases or decreases from f(0(x)) to f(oo(x)).
(In fact one checks easily that f strictly increases. cf. Remark 1.1.)
Now suppose that there is a sequence x;, -+, z, as stated in the lemma.
Then we must have that f(0(x,)) <<---<f(0(xy))<<f(co(xy)) (resp.
FO(x)) <f(oo(xy)) if g=1). But this is a contradiction since both
0(x,) and oo (x,) belong to F, and fis constant on F, by the definition.
(Note that V’ vanishes on F,) Q.E.D.

Lemma 2.11. Let X be as in the above proposition. Let {X,}
be the B.-B. decomposition associated with the given C* action and
Sur Z,~T, as in Proposition 2.8. Then for each «, f. satisfies the
condition (/I) (defined just before Lemma 2.7).

Proof. First we check the condition (A) for f, itself. Al) By 4)
of Proposition 2.8 the general fibers of f, are irreducible. A2) Suppose
that f£;'(#) is not simply connected for some #&7, Then by Lemma
2.9 there is a sequence (2, -'+,2,) of points of f;'(¢#) which generates
a cycle. Let xy=¢.(2x). Then ¢, being C* equivariant, the sequence
(zy, =+, x,) generates a cycle on X, which is impossible by Proposition
2.10. A3) Suppose that ByN f£;'(¢) = {by, by, -+*}, b,5=b,, for some tET,.
Then by Lemma 2.9 there is a sequence (zj, '+, 2,) of points of f;'(#)
which generates a linear curve and with, say, 0(2,) =b; and oo (z,) =b,.
Then as above the sequence (xy, -+, x,) with x;=¢,(2;) generates a quasi-
linear curve on X with 0(x,), oo (x,) €9, (By) =F,, which is impossible
by Proposition 2.10. Similarly using the fact that ¢,(B,) is contained
in one and the same connected component of F, we prove that B, N f;'(?)
consists of a single point for all t&7T, Hence f, satisfies the condition

(A). In particular every fiber of f, is linear by Lemma 2. 5.



FIXED POINTS OF ACTIONS ON COMPACT KAHLER MANIFOLDS 817

Now let {B;} be the set of irreducible components of B. Let E;
be any C* invariant irreducible analytic subset of Z with B;,,=B;, v=0
or oo, for some 7, where B;,=B,(f;) with fi=flz: E—T:=f(E).
Then we show that f; also satisfies the condition (A). AZ2) Since every
fiber f7'(¢),tET;, is a union of irreducible components of f;'(%), it
follows that the connected components of f;* () are also linear and hence
in particular simply connected. Al) then follows from Lemma 2. 4.
Finally using the linearity of the connected components of f; and Proposi-
tion 2.10 the proof of A3) is obtained in the same way as the proof of
A3) for f, above, since ¢,(B;) is contained in one and the same F; for
some B. Thus f, satisfies Al).

We shall show A2). Suppose that B;N B,#@, B,#B,, for some j
and w=0 or co. We assume that w=0, since the other case can be
treated similarly. Tix a point tef,(B) —f.(B;NBy). Let C;(),
i=1, -+, q;, be the canonically numbered irreducible components of
F7(®) and 0;(¢) and oo;(¢) the corresponding fixed points on C;(%).
Then by Lemma 2.5 2) B, £7'(¢) =0,(¢). Let 6&B;N f7'(¢) be any
point. Then 6=0,() for some 1<k<q,+1, where 0, . =00, Take
any points z;€C;— {0;} U {co;} for each 1<i<k and put z;=¢,(z;).
Then it is clear that the sequence (x,, :--, xx_,) generates a linear curve
on X and z;:€¢,(B,) and x;-1€¢.(B;). On the other hand, since B,
U B; is connected, ¢,(B;) and ¢,(B;) must be contained in the same
connected component (=F,) of F, which contradicts Proposition 2. 10.

Hence B;N By=@ for all ;. Q.E.D.

Proof of Theorem 2.2. By Proposition 2.8 we know already that
the closure X} of X, is analytic for every . Thus it remains to show
that X, is zariski open in X%. Take the diagram obtained in Proposition
2.8 for each a. By Lemma 2.11 f, satisfies the condition (A). Then
by Lemma 2.7 Z, for Z=Z, and f=f, is Zariski open in Z,. Let A
=Z,—Z, Recall that ¢,(Z;) =X, (cf. the proof of Proposition 2. 8) and
0. (Z,) =X¥%. Hence the theorem is proved if we show that ¢,(A) N X,
=. Assume the contrary and suppose that x’=g¢,(2’) €X, for some
z2’€A. Then F,20(x") =¢,(0(2’)). Let B’ be an irreducible compo-
nent of the fixed point set B on Z, which contains 0(2"). Since ¢, (B’)
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NF,#3 and ¢,(B)EF, ¢,(B)SF, Further by the definition of Z,
B’'=£B,, where B,=B,(f,). Then by Lemma 2.11 B’ N B,=@ (the con-
dition A2)), and from Corollary 2.6 it follows that B’#B.=B. (f.).
Take a point t&f,(B’). Let C, -, C, be the canonically numbered ir-
reducible components of C= £;'(¢#) and 0;, oo; the corresponding fixed
points on C;, C being linear by Lemma 2.5. Recall further that CN B,
=0, and CN B,=0o0, Since B’'s£B,, #B,,, 0(z’) =0, for some 1<k<gq.
Take for each 7 a point 2;€C;— {0;, 0o;} and put x;=¢,(2;). Then we
get that the sequence (x;),1<{i<{k, generates a linear curve on X and
since ¢,(B;) and ¢,(B’) are contained in F,, 0(x,), oo (x;) €F, This
contradicts Proposition 2. 10. Thus ¢,(A)NX,=@ and the proof of Theo-

rem 2.2 is complete.

Remark 2.1. As was mentioned above, when X is projective, the
theorem is due to Bialynicki-Birula [1]. More generally he showed that
the theorem is also true when X is a complete nonsingular algebraic
variety. In fact, by Sumihiro [16, Cor. 2] for every point x&X we can
then take a C* invariant affine open neighborhood of x in X, and hence
his assumption that X can be covered by C* invariant quasi-affine open
subsets is now superfluous. As will be clear from the proof this remark
applies also to Theorem 3.3 below so that it holds true also for complete

nonsingular algebraic varieties.

Rem.ark 2.2. When X is projective, Proposition 2. 10 and Theorem
2.2 can also be seen as follows: First by a theorem of Blanchard (cf.
[12,IIL. 9. 2]) there is an embedding j: X—P" such that the given C*
action is induced by a linear €* action on P". This reduces the problem
to the case where X=P". Hence with respect to suitable homogeneous
coordinates (&: :--: §,) of P"™ we may assume that the action takes the

form
0(t, (§o: -2 60)) = (E%6p: -1 £526,).

We define the partition {0,1, .-, n} =L U --- U I, by the following condi-
tion; for any i€ 1, and j& I, k;=k; if and only if «=p. We may ar-
range I, in such a way that £, <---<k;, where k;,=k; for any i€,
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Let F, be the linear subspace of P" defined by F,= {(§);&:=0,ie& L,}.
Then F, are the connected components of the fixed point set F. Let L,
be the linear subspace of P” defined by L,={£;=0;7<1}. Then in the
B.-B. decomposition {X,},a=1, ---, s, of P* for our C* action, X;=P"
—L,. This implies that for every point x&P", 0(x) €F, if and only if
xe& L,. From these observations one can deduce easily the proof of our

proposition and theorem by induction on z.

§ 3. Mixed Hodge Structure and Proof of Theorem

Let X be a compact Kahler manifold and Y an analytic subset of X.
Let U be any Zariski open subset of Y. Then by Deligne [7] (cf. [10,
1.4]) for every =0, i-th cohomology group with compact supports of
U, H:(U, @), has the natural mixed (-Hodge structure. (For the defini-
tion of mixed ()-Hodge structures see [7,2.3].) Now suppose further
that U is connected and nonsingular and that F is a connected submanifold
of U with f: F—>U the inclusion. Let Dy: H'(F,Q) =H™ *(F, Q)’
(resp. Dy: HI (U, Q) = H™ 7 (U, )") be the Poincare isomorphism, where
m=dim F' (z=dim U) and ’ denotes the dual vector space. Let A=n
—m. Define the Gysin homomorphism f: F* *(F, @) - H:(U, () by £,
=Dy (f*)'Dp. Since F is compact Kihler, the left hand side has the
natural (pure) {(}-Hodge structure of weight 7—24, that is, we have the
natural direct sum decomposition H'*(F, Q) @C=H"*(F,C)= @
I, H"'= H"*, where H*'=H"'(F) is the subspace of H' % (F, 6)“(——:10—;/_1
sisting of elements represented by closed C* forms of type (s,#) with
respect to the de Rham isomorphism (and is naturally isomorphic to
H'(F, 2%)), and ~ denotes the complex conjugation (cf. [7,2.2]). Pure
Hodge structures are regarded as special cases of mixed Hodge structures.
We denote by H'(F, Q[—22]) the vector space H #(F, ) with pure
Hodge structure of weight 7 defined as follows; H*(F, Q[—21]) ®C
= @ H*[—22] with H**[—22] =H" ***(F). Then as a special case

p+q=1i

of [10, Corollary 1. 7. 2] we have the following:

Lemma 3.1. Suppose that F is a deformation retract of U so

that fy is isomorphic. Then f, induces an isomorphism of mized



820 AKIRA FUJIKI

Hodge structures; fy[—22]: H*(F,Q[—21]) =H!(U, Q). In particu-
lar the mixed Hodge structure on H:(U, Q) reduces to a pure Hodge

structure of weight i and we have
h2*(U) =0 p+aFi
—B(E), pq=i,

where h?*(U) and h*~***(F) =dim H* ***(F) are the Hodge numbers
of H:(U,Q) and H"*(F,Q) (cf.[7,2.3.7]).

Next, let X be as above, and Y,2Y,2:-2Y,,; with Y,=X and
Y,.1=9, a descending sequence of analytic subsets of X. Let X,=Y,
—Y,.;.. Then as mentioned above each H:(X;, J) has the natural mixed
@-Hodge structure. We then consider the spectral sequence of Fary as-

sociated with this sequence {Y;} (cf. [10, Section 4] or [2, XI]);
(%) E=H"X, Q) =>H"X,Q).

In [10, Proposition 4. 6] we have proved in particular the following:

Lemma 3.2. The spectral sequence (x) is one in (MH) (cf.
[10, 4. 4] for the definition). Hence if (%) degenerates and so we
have isomorphisms Hi*' (X, Q) =G H'" (X, Q) for all (s, %), where
Gr denotes taking the associated graded modules. Then these isomor-
phisms are those of mixed Q-Hodge structures. In particular we get
that for all p,g=0

X)) =h (),

where hP*(X,) are as in the previous lemma.

Now let T'= (C*)* be an algebraic torus acting on a complex space
X biholomorphically. We say that this action, say, 0: T X X—X, mero-
morphic, if ¢ extends to a meromorphic map ¢*: (P)*X X—>X with re-
spect to the mnatural inclusion (C¥)*C (PY)*.

Theorem 3.3. Let X be a compact Kihler manifold. Suppose
that an algebraic torus T= (C*)* acts biholomorphically and mero-
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morphically on X with nonempty fixed point set F. Let F,, 1<a<m,
be the connected components of F. Then for each « there is an

integer A, such that
hP (X) — i hP a0 ta (Fa) .
a=1

In particular A??(X) =0 for |p—q|>dim F, which is a special case
of a theorem of Carrell and Lieberman [6]. Note that by Remark 1.2
we can dispense with the arguments of [6] for the proof of Corollary
1.7 which will be used in the proof of the theorem. On the various
choices of 4, in the above theorem see (3.5) below.

The following lemma reduces the problem to the case of a C* action
(See also (3.5)).

Lemma 3.4. There is an algebraic subgroup HCTT, H=C*,

whose fixed point set coincides with F.

Proof. Let 'CT XXXX be the graph of the given action ¢: T'x X
—X. Let f: I'->XXX be the natural projection and fi: I',—4 the re-
striction of f to the diagonal A& X X X. Then the fiber of f over (z, x)
€4 is the stabilizer 7T, of x (regarding it naturally as a subgroup of 7).
In fact by fi, I', is a group variety over 4 with fibers 7,. Note that
since the action is meromorphic, 7, are all algebraic subgroups of T
(cf. [9, Lemma 2. 4]). Then take a finite descending sequence 4= A,2 -+
2 A, of analytic subsets of 4 such that for each 7, A;— A,., is connected
and the fibers of f; over A;— A;,; have the same dimension so that the
restriction of f; to the identity component of 7', over A;— A;.;1is smooth.
Then since any smooth deformation of algebraic subgroups of an algebraic
torus is trivial, the identity component 73, of 7, is one and the same
subgroup of 7 for all x€ A;— A;.,. This implies that there are only a
finite number of subgroups, say, H,, -+, H,, of T such that H;=T,, for
some x &X. We may suppose that H;=7T. Then we can find a one dimen-
sional connected algebraic group H of G which is not contained in any
of H;,7=2. Then clearly Fix(H) =F, and H=C*. Q.E.D.

Before proving the theorem we give the following remark. Let
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{X.} be any meromorphic decomposition of a compact complex space X.
Then since X, are irreducible by definition, we can always find a descend-
ing sequence X=Y,2Y,2:--2Y, - of analytic subsets of X such that
Y.—Y,..=X, for a unique aa=a (). We call any such sequence {Y;}

associated with {X,} though such a sequence is not unique.

Proof of Theorem 3.3. By the above lemma we have only to con-
sider the case where £#=1. Namely we take a surjective rational homo-
morphism h: C*—H with H as in the lemma and then take the induced
C* action. Let {X,} be the B.-B. decomposition of X with respect to
this €* action. Take and fix a descending sequence {Y,} of X associated
with {X,}, which makes sense because {X,} are meromorphic by Theorem
2.2, Thus Y,—Y,,;,=X, for a unique =« (). For convenience we
shall write X, instead of X,), 0<t<m —1. Consider now the spectral

sequence (x) of Fary associated with {Y;}. Then we have the inequality

@ 25 dim Ef~4'=3" dim H; (X,. Q) =dim H' (X, Q),i=0.

t t

On the other hand, since F, is a deformation retract of X, by Lemma
2.1, we have the isomorphisms fi.: H' % (F,, Q) = H' (X;, ), where f;:
F,—X are the inclusions and A, are as in Lemma 2.1. Hence we get

that for a=0,1
2 dim HY(F, Q)= >, >1dim H'(F, Q)= 3] dim H (X, Q).
iZa@ ‘t i=a(2)

i=a(2) =a(
Combining this with the inequality of Conner (Corollary 1.7 for the
vector field generating the C* action) we see at once that this must be
an equality, and hence so must be (2). Thus the spectral sequence (%)

degenerates. Then by Lemmas 3.1 and 3.2 we get that

B (X0 = SRR (XD = 3R ()

{for all (p,q). Q.E.D.

In Theorem 3.3 the integers A, are determined each time we take an
algebraic 1-parameter subgroup of 7 i.e. a rational homomorphism A: C*
—7. We shall state this dependence of 1, on A more explicitly,. We

need some notation.
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Let 7T be in general an algebraic torus (over C) of dimension 2>0.
Let X (resp. ) be the set of rational characters (resp. algebraic 1-
parameter subgroups) of 7. They have the natural structure of free Z-
modules of rank £ and there is a natural bilinear pairing < , »: XX
—Z; if we fix an isomorphism 7'=C* (¢;) X --- X C* (#,), then yEX (resp.
heP) corresponds to (my, -, my) €Z* il and only if y (&, -+, &) =+
tgx (resp. h(2) = (@™, -, ™), C*=C*(¢)), and for any y&¥ and L€,
g hy=m iff y-h(¢) =¢™ <, ) extends naturally to a R-bilinear paring
<y Or Er X Pr—R, where Ir=XQzR, Pr=PRR.

Let p: T—->GL (V) be any rational representation of 7' on a finite
dimensional vector space V. Let 4°= {y;, -**, %} be the set of rational
characters of T obtained by diagonalizing o (possibly y;=y;, i57), where
n=dim V. We assume that ;%0 for any j. Let I, be the hyperplane
in Pr defined by H,,= {hEBgr; {yi, Ayr=0}. Further we define a func-
tion 2=24 on Bgr by A(h) =#{i;y:(h) >0}. Clearly 0<A<n and 1 is
constant on each connected component of Pr— U Fy,.

Now let X, T, F and F, be as in Theore;n 3.3. Take any point
z, from each F,, and let p,: T—>GL(V,) be the associated rational re-
presentation (cf. [9, Proposition 2. 7]), where V., is the fiber over x, of the
normal bundle N,y of F, in X. Then as above we have for each I,
the set of characters {yf, -, 7.}, 7o=codim (F,, X), hyperplanes H,; in
PBr corresponding to them and the fuunctions 2*=2= on Pgr. (These are

independent of the choices of x,) One then sees readily the following:

(3.5 1) The induced C* action on X by an element heB has
the same fixed point set F as T if and only if het Hyg Sfor any yf.
(Call such an & regular.) 2) For regular h, 2, in Theorem 3.3 are
given by A,=2%(h). In particular for each connected component of
the set %R—iU“HX? there is one choice (and hence in all a finite num-

ber of choices) of the set of integers {A,} as in Theorem 3. 3.

More generally we see that for all 4 in one and the same connected
component of Prp— U Hye, the B.-B. decompositions induced by the cor-
responding C* actions are the same, as analytic decompositions. There-

fore we get the following:
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(3.6) Associated with each connected component of Pr— U Hyy
i,a

we have naturally a meromorphic decomposition {X,} of X.

On the other hand, note that ¢ =B ,C can naturally be considered
as the vector space of analytic l-parameter subgroups of 7 ie. complex
analytic homomorphism A: C—7T, and hence as the Lie algebra of 7.
Take the maximal real subtorus Tg of 7T so that 7 is the complexifica-
tion of T and that we have the natural isomorphism ¢: trQ@rC=P¢, tr
corresponding to Pg, where tg is the (real) Lie algebra of T's. If the
action of 7T on X is effective, then tr can further be considered as a
subspace of Killing vector fields on X with respect to a suitable Kihler
metric on X, Thus to any such Killing vector field V on X we can
associate integers 4, (V) by A, (V) =2%*(p(V)). Note that if V generates
tr, then @ (V) is regular in the sense that ¢(V) & H, for any yf as
above.

Now we come to the proof of Theorem stated in the introduction.

Proof of Theorem. By Lemma 1.4 and Theorem 3.3, up to the
choices of A, it is enough to show that every biholomorphic action of
(€¥* on X is meromorphic if F==%. Indeed, this is a special case of a
theorem of Sommese [15] (cf. also [9, Proposition 6.10]). As for 4,
assuming that the action is effective as we may, by the above remark we
may take 1,=2,(V) by taking A€ in the above proof from the con-
nected component to which ¢ (V) belongs. One sees readily that these
A coincide with those used by Frankel in [8] (see also [12,III. 10]).

Q.E.D.

We end this paper with the following more or less wellknown:

Example. Let G be a connected semisimple algebraic group (over
€), B a Borel subgroup of G and T" a maximal torus of G contained in
B. Let T act on the homogeneous space X=G/B on the left and F be
the set of fixed points of this action. ILet N (T) be the normalizer of
T in G and W=N(T) /T the Weyl group of G with respect to 7. Fix

a representative {w,}a-1,...m» wi=¢, in N(T) of elements of W, where
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m=#W. Then we get that F={r,=w,BeX;1<la<m} (. [4,p.
278]). In particular F consists of isolated points and #F=m. Hence
by Theorem 3.3 A"?(X) =0, p=~q, as is wellknown. Moreover fixing a
regular l-parameter subgroup A€ as in (3.5) we have an integer 4,
=2%(h) =0 for each o with A*?(X) =#{a; ,=p} (cf. [6, Remark 4)]).
We shall now interprete the right hand side in terms of the Weyl group.
Let 0,: T—-GL(V,) be the rational representation as in (3. 5), where V,
is now the tangent space of X at x,. Then we see readily that via the
natural isomorphism we: V,=V,, 0, is equivalent to 0,,=0 @W,: T—
GL(V,) where @, is the automorphism of 7" induced by w,. Let {yf, -,
xat be the set of characters of 0, or of 0,,, where z=dim X. We shall
write y; for yi. Since the Weyl group induces permutations of the set
{> =5 s — 1> s —xat Wwith respect to the natural induced action on X,
we get that the characters of g,, are of the form {efy, -+, €%yn; &7
= +1}. In particular Pr— U Hye=Pxr— U H,,. Let U be the connected
component of P— U H,, sucﬁathat i () >LO for all Z and A€ U (positive
Weyl chamber). Then by the definition of the function 2% (k) if we take
h from U, we have that 1*(h) =s(w,), where s(w,) =#{¢;ef=—1}.

Thus we have the following formula:

() PP?(X) = {a; s (wa) =2}

The result is classical and due to Chevalley, Bott, and Borel and
Hirzebruch (cf. [5, 24.4]. See also [8,p.7]).

On the other hand, by (3.6) for each connected component of Pg
— U H,, (Weyl chamber) there corresponds a unique meromorphic (or
alg;braic) decomposition {X,} of X, and they are transformed to each
other by the elements of W. Since F is isolated, by [1] (cf. Lemma
2.1) X,=C" for each & and hence {X,} defines an analytic cellular
decomposition of X in the sense of [3]. In fact one can show that this
decomposition {X,} (corresponding to —U) coincides with the one origi-
nally constructed by Borel in [3] (see also [4, p. 347]) using the B-orbits
(Schubert cycles). Note that the above formula (%) also follows directly
from this decomposition because we have then that A"?(X) =#{«a: 4,
=dim X,=p5}.
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