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§ 1. Imtroduction

Let (X, 4., P,) be a Brownian motion on a Riemannian manifold
M and « be a differential 1-form on M. In this paper we will be con-
cerned with the integral of « along X,. This integral is a stochastic
version of the ordinary integral of the form « along a smooth curve on
M and is defined by using the symmetric integral. We denote by
A (), 220, the integrals of a along X,. The one-parameter family
A={A(¢; a); t=0} of random variables then defines a continuous additive
functional of (X, &, P,).

In Section 3 we will show that A(z; &), =0, can be decomposed
into a sum of a local martingale and a bounded variation process which
is expressed by the divergence of . The structure of the local martin-
gale part will be analyzed by using the lifted diffusion (ry, ¥,, P,) on
O(M) of (X, &, P,) through the Riemannian connection where O (M)
is the bundle of orthonormal frames. Next in Section 4, using some re-
sults in Section 3 we will give a representation theorem for continuous
square integrable martingale additive functionals of (X, &,, P,) which
was obtained, in some special cases, by a number of authors (cf. |[11],
[14], [15], [16], [17]). As an application of Theorem 3.1, we discuss
in Section 5 the Cameron-Martin formula. An approximation theorem
similar to Nakao-Yamato [12] also holds in our case. Using this we will
formulate and prove a stochastic version of Stokes’ theorem.

M. Yor [18] recently discussed a closely related subject independent-
ly in the case that M=C.

Communicated by K. It§, February 20, 1978.
* Department of Mathematics, Osaka University.
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§ 2. Definition

Throughout this paper we will be using the following notation and
assumptions. Let M be a d-dimensional complete Riemannian manifold”
and ¢ be its Riemannian metric. Let 4 be the Laplace-Beltrami operator
on M. Let O(M) be the set of (d+1)-tuples (x, e, e, ***, €s), where
xEM and e, e, -, €5 is an orthonormal basis of T,M. Then a= (a;;)
€0(d) acts on O(M) as

d ] d
R, (x, ey, 3, -+, €q) = (x, iZl aueq, ZE A2€55 "y Zl Qaey).
= = 1=

Let 7: O(M)—M be given by 7w (x, e, €, -+, €5) =2x. Thus we have a
bundle of orthonormal frames (O(M),O0(d),M). We will denote the
bundle by its bundle space O (M) alone. We refer the reader to [1] for
the precise definition of the bundle of orthonormal frames. If we take
a local coordinate (&', z% --+,z%) in a coordinate neighborhood U of M,

every orthonormal frame r&z™'(U) may be expressed in the form:

2.1 r=(x, ey, e -, €4), ei=g‘,le§‘a%,;, i=1,2,---,d,
where e= (ef) is such that

2.2) k'f__,;efe‘jgk,(x) =0;;, 4,7=1,2-,4d,

or equivalently

@.3) Setl=g"(@), k1=12-,d,

]
-

7

(cf. Tkeda-S. Watanabe [7]). Here

0 0 .
0u@ =0:(37 5 ), i i=L2d and @)= (0"

For the sake of brevity, we introduce the following notation:
r= (I, €1, €3, 7y ed) = [x: e]’

where z= (z, 2°, ---, 2%) and e= (ef). Let I}, be the coefficients of the

Riemannian connection associated to the Riemannian metric g, i.e.,

Y We always assume that M is connected.
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;1 &0 0 0 \ ks
rf)q—‘Z— 2] <?qu+é—x‘quk_wgpq)g ..
Denote by A'(M), % (M) the set of all C* differential 1-forms and C*
vector fields respectively. Let (£, ) be a basic measurable space.
Now consider a Brownian motion (X, %,;, P,) on M defined on (2, &).
Let (7, ., P,) be the lifted diffusion on O(M) of (X, &, P,), ie.,

the horizontal Brownian motion on O (M), (cf. Malliavin [9]). Then it
holds that for () =[X,, e(?)],

d
2.4 del()=- 2 I'(XDet(®)dXi, +,7=1,2,-,4d,
p,q=1

where the symbol o denotes the symmetric multiplication in the sense of
Its [5].
Let {K,} be an increasing sequence of compact sets with M= U X,
n=1

and &, (w) be the first exit time from K,. Throughout this paper, we

assume the following:

Assumption 2. 1. There exists a certain & -measurable set &, such
that P,(£,) =1 for every x&M and

lim &, (w) =oc0, for every wE%,.

M—>00

We choose locally finite open coverings {W,}t.en,® {U.bneny and
{V.}nen of M satisfying the following conditions:

(i) For any n& N, W, is a coordinate neighborhood.

(i) For any neN,
(2.5) U,cv,cV,cWwW,.
Let {{.}neny be a partition of unity subordinate to {U,}. Define the se-
quences {0,:r and {tr,,} of stopping times by the following relations:
for n=1,2, --- and £=0,1, -+,

o,=inf{t: X, & V,}?

(2. 6) n=inf{s: X, eU,}, 0,..=

Jn,k:Tn,k+Gn°01ﬂ,ka Tn.k:(;n,lc—l‘*_?noad”,k_l >

» N denotes the set of all positive integers.
» The infimum of the empty set is understood to be oo,
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where 0, is the shift operator of (X,, ¢,, P,).

We will now define the integral a of ac A (M) where X
X[0, 2]

denotes the curve in M defined by
2.7 [0, ] zs—=X,eM.

We begin with the case in which the support of « is contained in a
neighborhood U,. If we take a local coordinate (x', 2% ---, 2% in (W,

®,), ¢ can be written in the form
d .
2. 8) a=3 adx’.
i=1

Let ¢,(X,) = (X}, X3, -+, X¥) €R* Keeping these considerations in mind,

we define the integral

(2.9 j a
XT[0,t]

of ac A (M) by

o 4 On,yk/\ )
(2.10) J a=3" 3 j @, (X)) o dXC.
X70,] : r

7y K/

We will now consider the general case of C* differential 1-form . In

this case, define the integral (2.9) of a by

2.11) j a=3 j e
X[0,¢] neEN JX[0,t]

Then we have

Lemma 2.1. The integral « defined by (2.10) and (2.11)

X[0,t]
is uniquely defined from « and is independent of a particular choice

of the locally finite coverings {W.}.en» {Ustneny and {V,}.,exy and the

local coordinate (x'.x%, -+, x%).

Using Ito’s formula we can easily check and so the proof is omitted.

Definition 2. 1. j « defined above is called the integral of
X[0, 63

« along the path X,. 0<t<oco. We will often denote j « as
X[0,¢]

A (L, w) or more simply A (¢; «).
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Remark 2.1. 1t is easy to see that the integral A ({:«a, w) of o is
defined as a stochastic process: In fact, a version of A (Z; & w) can be

chosen so that the mapping
[0, 00) X 22 (£, w) > A (t; a, ) € (— 00, 0]

gives a continuous local quasi-martingale additive functional with respect

to EE:-

The above definition of integral of a along the path X,, 0<¢<Cco,
is extended to the case of the horizontal Brownian motion on O (M) by
the following way: Let « be a C? differential 1-form on O(M) such
that

(i) The support of « is contained in 77'(U,).
(i) Let (x% 2% -, &% be a local coordinate in 1V,. Then
d d
a=Xa;()dx'+ > o (r)del, r=[z,e]lesOM).
in =1

Then, set

v W (a4 ) a )
jmazzj [ au(r) e dXi+ ) @b (r)oded],
[0, i, j=1

=0 Jrp, kAt i=1

where 7 (1) =[X;, e (&) ], ¢(¢) = (ef (£)) and r[0, £] is the curve in O (M)
defined by

[0, f] 25s—>r,e0WM).

Next, using the partition {J,}.eny of unity subordinate to {U,}, we can

define the integral «  for a general smooth differential form « on

r[0,t]
oWM).
Remark 2.2. If aeA (M), then we have

(2.12) f T*a= a, for every £20, a.s.,
r[0,t] X[0,t]

where 7*a is the pull-back of a by 7.

Remark 2.3. Let «« be an exact C? differential l-form, i.e., there

exists a function # on M such that a¢w=dux. Then

(2.13) A ) =u(X) —u(X,), for every £220, a.s..
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To prove (2.13), take locally finite coverings {W,}.en, {Us}aen and
{V.} ney mentioned above. Let 0, and z,; be the sequences of stopping
times defined by (2.6). It is enough to show (2.13) in the case when

the support of « is contained in U,. In this case, by the chain rule,

4 [On, kN ]
2 @ (X,) o dXi=u (X, ) —2(Xc, 00

i=1 Jrp,x/A\t

Hence
A (t; CZ) 22—‘:0 (Zt (Xﬂ'n,lc/\t) —u (an,):/\t))

=u(X,) —u(X,),

which completes the proof.

§ 3. Some Formulas on Integral of Differential Forms

In this section, we will show some formulas on the integral A (¢; «)
of o along the path X,. First we will prepare several lemmas for future
use. The solder 1forms of, i=1,2, .-, d, on O(M) are defined as fol-
lows. For r=(x, e, e, -+, e5) €O(M),

d
(3.1) dré=30'(&)e;, for every £eT,0(M),
i=1

where drr is the differential of the mapping #. We refer the reader to
Bishop-Crittenden [1], pp. 90-93, for the definition and properties of the
solder 1-form. Take a local coordinate (x!,x% --+,z2% in a coordinate

neighborhood U of M. Then we have

Lemma 3.1. The solder 1-forms o', i=1,2, ---,d, on 77U can be

expressed in the following form:

3.2) o'=3 (;:lgk, (D) el)dz*, r=[z,e]e0M).

k=1

Proof. For every C? function f on M,
dn (&) f=§f(m(r)), for every €=T,0(M).

Hence o', i=1,2, ---, d, can be expressed in the following form:
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. d .
(3.3) w'=3 o (r)dz".
k=1

Combining this with (3.1), we have

Hence (w%(r)) = (¢}) .Y Now, using (2.2), we have
. a
w’]-(r)zkz_lg”(x)eé‘, r=[x,eleOM).
This completes the proof.

The following lemma is an easy consequence of Lemma 3. 1.

Lemma 3.2. Let ac A (M). Then we have
(1) « can be written as a differential 1-form on O(M) in the

following form:

d
3.9 T*a=Y a;(r) v
i=1
(i) Take a local coordinate (x', z% -+, x%) in a coordinate neigh-

borhood U. Then @;(r) defined by (3.4) can be expressed in the

following form:

(3.5) & () = i}lak @) ek, r=[z, e]erU),
where
3.6) a=éla,c (x)d ="

Now take the solder 1-forms v’ i=1,2, ---,d, on O(M) and define
continuous functionals Bi,7=1,2, ---,d, of (r,, &, P,) by

3.7 Bi= I o, for t=0 and =12, ---,d.
00,21

Then B,= (B}, B}, -+, BY), 0<t< oo, defines a random curve in R® which
we call the stochastic development of X,, 0<t< oo, into R®’. Take a

Y In general, when we regard {c¥) as a matrix c= (ci), We set cu=ck.
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local coordinate (!, 2% :--,x% in a coordinate neighborhood U in M.

Then, since
d d

(3.9) dBi=3>10;(X)ei(H)odXs, i=1,2 --,d,
k=1 7=1

by Lemma 3.1, we obtain the following proposition which was proved

by Ité [6].

Propesition 3.1. {6 [6]). The stochastic development B,
= (B, B, -+, BY), 0<t<oo, of X, into R® is a d-dimensional < ,-
Brownian motion, that is,

(1) B,— B, is independent of ¥, (t=s),

(i) B,— B, is Gaussian, 1i.c.,

E,[exp{i{4, B,— By} ] =exp{—[A|*(z—35)/2}, AER" t>s.”

d
Lemma 3.3. For every a=), & (r)o'c A (M)
i=1

d t
(3.9) J( Q= ch“z,-(rs)odB;', for every t=0, a.s.
X[0,0] =1 Jo

Proof. By Lemma 3.1 and Lemma 3.2,

d

dA( )= 3 (@(r)9:;(X)ei (@) dX:

1,7, k=1

<.

=30 A(D 0 (X et (9) o XS

Combining this with (3. 8) and using the chain rule, we can prove (3.9).
The following lemma is an immediate consequence of Lemma 3. 3.

Lemma 3.4. (It [6]). Take a local coordinate (x', 2% -+, x%) in
a coordinate neighborhood U in M. Then
d

(3.10) dXf=Yef(®)odBi, k=1,2,--,d,

i=1

where r(t) =[X,e@®], X,= (X}, X}, -, X8 and e(t) = (¢ (2)).

d
» {a, b>=€§‘_,1aib, and |la*=<a, @) for any a, bER"
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We are now in a position to state our main theorem in this section.

Theorem 3.1L. Let B,= (B}, B}, -+, BY), 0<¢< o0, be the stochas-
tic development of X, into R and consider a differential 1-form «
cA'(M). Then the continuous additive functional A(¢;a) can be

expressed in the following forni:
d 13 X 1 i
(3.1)  AE ) =Zf c”r,-(r,)dB;——ij e (X ds,
i=1 J0 0
Sor every =0, as.,
/1
where a=Ya,(r)w' and 0 is the adjoint operator of the exterior
i=1

differential operator d.

Proof. Tt is enough to show (3.11) in the case where the support
of < is contained in a coordinate neighborhood U. Set Y;(¢) =&; (),
0<t<{co, 1=1,2,---,d. Then, by Lemma 3.3,

d d
B.12)  dAE®) =3 a0 dBH—% > dMy, B,

where My, is the martingale part of the quasi-martingale Y;(#), 0=S¢é<Coo
and {My,, B*), is the quadratic variation process corresponding to My, and
Bi, (cf. Kunita-S. Watanabe [8] and Ité [5]). Let (z', 2% -+, 2% be

a coordinate in U. Letting

40

a=> a,(x)dz",

k=1

we have
d
a;(r) =) a.(x)ef, for r=[x,e]lea(U),
k=1

by Lemma 3.2. Hence,

a
2 d<‘z‘/‘[Yi7 Bi}i
i=1
d a k d
= 20 LX) et @ X 05 (XD A7 (X e

d

N (X)) N TE(XD el (@) el (€ g™ (X0) U (X)) d

i k=1 m,n, p,g=1
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= i: iak XDeF@)ei(®)de
i, 5 k=1 0

d

- ;1%()52) Z I (X)er@)ei(®)de.

Therefore, using (2.2) we obtain
¢
3.13) 21 d{My,, B*,

=3 D (X)X di— 3 au(X)Th(X) g™ (X de.

Jik= 6’— k,p,g=1
Since
@ d
ber(x) == 33 0¥ (@) (Y @ - R IE@an@) ), w<U,
(3. 13) implies
d
iz_] d<MYn Bi t= _6a(Xg)dt .

Combining this with (3.12), we can complete the proof.

It is not difficult to see that the first term in the right hand of
(3.11)

d
3 j' ‘@ (r)dB
i=1 Jo

is uniquely determined from A (¢; &) and is called the martingale part
of A(t;). Throughout this paper we will use M (¢; &) to denote the
martingale part of A(¢; ). It is easy to see that M (¢; ) is a local-
martingale additive functional of (X, & ,, P,).

§ 4. Representation Theorem for Continuous Additive Functionals
Let M be the space of continuous additive functionals such that
E.[A(#)?*]<oo and E,[A(£)]=0, for every xt&M and £=0.

Let p(¢, x,y), >0, x,yE M, be the minimal fundamental solution with

respect to dm of the heat equation

I?i=_ >0, zxeM,

u0+,z)=f(x), zeM,
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where dm is the volume element corresponding to the Riemannian metric
g on M. Set

4.1 K(t,x,y)zf‘p(s,x,y)ds, £>0, z,yeM.

Let <, >(x) be the inner product on (7, M)* where (T,M)* is the
dual space of T, M. Fix any (¢, x) € (0, 00) X M and define a norm of
acs A (M) by

4. 2) hali = L{ e, ap (W) K (¢, =, y) m (dy).

Then if ||a|,. and ||B]. . are finite, the integral

) @8 ue= | @B YK 29 m @y

converges absolutely and define a positive definite symmetric bilinear form
on

4.4 Hoo= A ac A (M), |alj,.< oo}

Let ﬁ,,z be the completion of 4, , with respect to the norm | |...

Then, for any fixed (¢, x) € (0, 00) X M, the space 9, is a Hilbert space

with inner product (. ), Set

I = N j[t,a; and ﬂ—[z N j[t,x-

>0,z >0, zEM

Now let {U,} be the locally finite open covering of M given in Section
2 and (x', z% -+, % be a local coordinate in the coordinate neighborhood

(W,, ¢,). Choose an acJ. Then « can be expressed in the following:
d
(4.5) a=Ya;(x)dz’, on U,,
=

where «;(x), i=1,2, ---, d, are measurable functions on M. Let &; 7
=1, 2, .-+, d, be the functions on O (M) defined by

d

(4.6) a;(ry=2a,@@))ef for every rex ' (U,).
k=1

Then, by Lemma 3.1, it follows that

d
4.7) T*a =3 a;(r) o, for every reO(M),
i=1
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where o', i=1,2, ---, d, are the solder forms. Now, following Motoo-
S. Watanabe [11], we can define the stochastic integral:
d t _ 3
4.9 St =3 [ @) as;

where B,= (B}, B, -+, B?) is the stochastic development of X, into RY,

since
(4.9) é & (") =L@, a>@ (), for every reO (M),

by (2.3) and (4.6). Then we have
(4.10) E.[S¢t )] =|ali: and E,[S(;a)]=0
Further if a=9(, then S(¢;a) =M(¢; ). We then have the following

result.
Proposition 4. 1. If ac I, then S(;a) e M.

Proof. For any neN, we define &, by
&, =inf{t; X, & U,}.
Then, using (2.4) and (3.8), we can show that, for 0<s<C&,,

dBi= 9e; (Xs) el (s)dXE

TM“

-

k,

é glc](Xs) el ()97 (X, ds

Jkpl

-+

m]»—x m[»—-

31 00, (XD T(X0) el (5) g™ (X, ds

7k, pig=1

|

where ¢,(X,) = (X}, X2, -+, X% . Hence, if the support of « is contained
in U,, then

S; )

= 3 [ @) er ()00 (X el (X
i ,é’ j;t ajm(Xs) e?’(é')—a——i—pgkj (Xs) ezj(é‘)g”(Xx)ds

; i . lj‘ (X)) €7(s) 91 5(X5) T'i(X) €2(s) 9*4(X,) dis .
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Combining this with (2. 3), we have

S )

a t d &
=3 j a(Xyaxi— L 31 (", x) 9 g (x)ds
= J 2 six=1 Jo 0x

d L
-2 3 [acorn@er .
Since
a _ d
— log YG=3T%, where G=det(g;,),
x k=1

it is easy to see that if the support of « is contained in U,, then
d t
Sta)=3 | a(Xy)dX¥
k=1 JO

12

~2 3 [ {2 ) + (07,2 108 V6) (X0} ds

Now by using a standard localization argument, it is easy to check that,
for any ac X, {S(t;a), t=0} is an additive functional of (X,. F,, P,)
(ef. [11]). Combining this fact with (4.10) we have the conclusion of
the proposition.

The result we want to show is the following

Theovem 4.1. For any Ac M. there exists a unique a9 such
that

4.11) A)=SE:a), for every t=0, as.,
and further

(4.12) E. AN =|ali,. for every (t,x) < (0,00) XM .

Before proceeding to the proof of Theorem 4.1 we will prepare three

lemmas. For any A& M, we set

m(t,x: A) =E[A@®)?., [lor (¢, x)e(0,00) XM,

Now consider a subclass of M given by
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= {A; Ae M, m (¢, x; A) is bounded in x for any fixed #}.

Lemma 4.1. For any A€ M, there exists a unique non-negative

Radon measure y on M such that
418 mz A= [ Kz n)u@),
M

for every (¢,x) € (0,00) XM .

Proof. By Lemma 8.3 in Motoo-S. Watanabe [11], if AE%,
m (¢, x; A) is a bounded regular characteristic in the sense of [11]. By

setting
u(l, x; A) = jw e Mdm(t, x; A), for >0,
0

and using Theorem 3.4 in [11], it is easy to see that z(1,z; A) is a
bounded regular Z-excessive function in the sense of [11]. By using
Proposition (2.10) in [2], p. 272 and the remark in [2], p. 266, it is
easy to check that there exists a unique non-negative Radon measure /

satisfying
41 wo A= [ 0:(s)a@y), for every >0,
where
9. (z, y) = f etp(t, z, y)dt .
Then (4.13) follows from (4. 14).

We want to apply the above lemma to the following situation. For
AEM and F= Y we set

0B, A) (2, x) =E,[A@)S(;: 8], for (¢ )€ (0, 00) XM,
and
0.8, A) (t,x) =E,[(A@®) £S5 8))%],
for (¢, z) € (0, 00) X M.
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If A= 9 and {B, B> (x) is bounded on M, then
AW SR M.

Hence, if AE%, Bl and (B, B>(x) is bounded on M, then there

exists a unique non-negative Radon measure #.(-;#3) such that

0.6, 4 ¢, )= | Kt,2,5) .79,
for every (¢,x) € (0,00) XM .

Furthermore there exists a unique signed measure #(-;[) satisfying the

following
06,4 0 = | K@ 2@y,

(4.15) for every (¢, x) € (0,00) XM,

ﬂ@@=%@dﬁ@—k@ﬂ»

Remark 4.1. Let €9 and A= M. We further assume that
{B, B> (x) is bounded on M. It is not hard to show that if # vanishes

identically in an open set E, then #(-;#) has no mass inside E.
Next we will prove the following:

Lemma 4.2. Fix (¢, x) € (0, ) XM. Then, for any Ac M,

there exists a unique azameﬂ_[m such that

(4.16) OB, A (t,x) = (A, B) ey for every BE U .

Proof. Since
E,[M(;8)°] =8It for every B, .,
by Theorem 3.1, we have
(4.17) 08, 4) ¢, 2) |<|BllavVm (2, 5 A),

by Schwarz’ inequality. It is easy to see that, for ;ER' and B, Y,
i=1,2,
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(4.18) O (ABi+ 4B, A) (¢, 2) = g&-@ B, A) (2, x).
Hence, by Riesz’ representation theorem, there exists a unique a9, ,
such that

0(57 44-) (t’ .Z') = (a’ B) Ly fOI‘ everY Beﬂ H

which completes the proof.

Now using a minor modification of arguments in Tanaka [15], we

will prove the following.

Lemma 4.3. For any AE%, there exists a unique acsH such
that

(4.19) A@)=8S(t;a), for every t=0, a.s.,
and further

(4.20) E,JA@®Y =|ali. for every (¢, x) < (0,00) X M.

Proof. First fix any positive integer # and take a local coordinate
(z!, 2% -+, %) in the coordinate neighborhood (U,, #,). Let 7%, i=1,2, -,
d, be the differential 1-forms defined by

r'=1I; (x)dx', for ¢=1,2,--,d.°

Let u# be the measure associated with A by the relation in (4.13). Take
an open subset E of U, such that #(8E) =0 and let §*(E), i=1,2, ---, d,
be the differential 1-forms defined by

B (E) =Iy(x)da', for i=1,2,-,d.
Then, it is easy to see that, for i=1,2, -+, d,
7L E(E) e and St 7, S R(E) .
Since

0. (B (E), 4) (¢, ) +0-(B(E), 4) (¢, 2)

—2m (¢, z; A) +2 L K(t, 2, ) B (E), B (E) > (v) m (dy),

® I, means the indicator function of a set A.
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we have
e (5 B (E)) + - (5 B () =2u(-) + 2B (B), B (B)dm (-,
i=1,2,---,d.
Hence
1, OE; 8 (B) =p- OE; 8 () =0, i=1,2,--,d.
From this and (4.15), L(@OE; 8" (E)) =0 follows. Combining this with

Remark 4.1 we have

u(-; B (E) =0 on M\E,
(4. 21) ,
n(3r—=B(E) =0 on E.
Since the identity
nCBE) +u(5 7 =8(E) =u(-57")
follows from (4.18), (4.21) implies
(4. 22) (3 B(E) =Ip(-57h.
Combining this with (4.15) we have

@29 0@EE, D D= [ Kennudyr,

for every (¢,x) € (0,00) XM .

By using (4.17) it is easy to see that (4.23) must hold for any Borel

set £ in U,. Now consider a differential 1-form:
B=0;(x)dx* and B;(x) :k2—1IE" ()

where E,, k=1,2, ---, m, are Borel sets in U,. Then, from the fact men-

tioned above, we have

@2 06 D)= | K8 @y .

Now fix any (¢, x) € (0, c0) X M. Let a;,, be the differential 1-form
associated with A by the relation in (4.16). Then the restriction &, y,

of a, , to U, can be written in the following:

d
(a{t,x]Un)y:I‘Z—l<at,x)k(y) dyk’ fOI' )’EU,, .
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Comparing (4.16) with (4.24) we have,

(@) )0 ) m () 10, = 1y )

for yeU, and i=1,2, ---,d.

Hence the functions (&,,.): (), %k=1,2, ---,d, on U, are independent of
(¢, x).

Now using a standard localization argument we come to the important
conclusion that the differential 1-form «; , is independent of (¢,x). From
now on we denote the differential 1-form mentioned above by . Further,

from (4.16) it follows that for every fE X
(4.25) E,[CA-S(;a),M(;3>.]=0, forevery (¢, 2)E(0, o)X M.

By Theorem 12.2 in Motoo-S. Watanabe [11], it follows that M =the
minimal subspace of M which contains {M(-;8); = H}. Hence from
(4. 25), we have

A@) =S¢ a).

which completes the proof of the first assertion in the lemma. (4. 20)

is an immediate consequence of (4.19). This completes the proof.

Now we turn to the proof of theorem 4. 1.

Proof of Theorem 4.1. By Theorem 5.5 in Motoo-S. Watanabe [11]
there exists an increasing sequence {m, (¢, .x)} of bounded regular charac-
teristic such as

@O 0=f.=1,

Q) ma(t, z) = E[(Vfar A,
where (v f,-A), is the stochastic integral of Vf, with respect to A.
Hence, by Lemma 4. 3, there exists a sequence {«,} of differential 1-forms
satisfying the following:

() a.€4, for every n€N.

(b)) m, (¢, x) = (A, ) 1,25 for every (¢, x) € (0, 00) X M.

(¢) Set g,(x) =<y, azy(x), z=M. Then the sequence {g,} is in-

creasing.

By (c), there is a function g such as
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g () =lim g, (z).
Also it is easy to see that for any (¢, x) € (0, c0) X M
m, s A) = [ Kt 2,9)00)m @),

by using the monotone convergence theorem. Hence, for any A€ M

and B Y, there exists a function ¢ (x;[) such that

06 )= [ K(t,2,5)00;8)m@y).

Now let E be an open set in M. It is easy to see that if § vanishes
identically in E, then the measure ¢ (x; /) m (dx) has no mass inside E.
Then using an argument similar to the proof of Lemma 4. 3, we come to

the conclusion that for any A€ M, there exists an acH satisfying
0(B; A) =(, 8.5, for every f€H and (¢, x) € (0, 00) X M.

By using an argument similar to the final step of the proof of Lemma

4,3, we have
A@) =St a).

It is easy to see that (4.12) follows from (4.11). This completes the
proof of Theorem 4. 1.

§ 5. Brownian Motion with Drift

Throughout this section we assume the following:
Assumption 5.1. M is a compact Riemannian manifold.

Then, by using Theorem 3.1, it is easy to see that for any o A (M),
M (¢; ) is a martingale with respect to &, Setting

6D N =—en{A®a) o [ a1 xyad”,

we can easily conclude that for any a4 (M), N(¢; «) is a martingale

" |l () =<a, @) (x) for ac4*(M).
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with respect to &,. Define a family of measures P, xeM, by
(5.2) P.(B)=E,[N(¢;@);B], for any BEY,.

Then, it is well known that X = X, &,, P,) is the diffusion process with

the infinitesimal generator

(5. 3) L=%A+b“,

where 5% is a unique vector field such that at each point x& M,
(5. 4) o, (v) =9, (0%, v,), for every veX (M).

Now we have

Theorem 5.1. Let asA'(M). Then the following three state-
ments are equivalent.

(1) O0a=0, i.e., a can be expressed in the following form:
(5.5) a=08+a,

where B is a differential 2-form and o, is a harmonic 1l-form.
(i) A(t; ) is a martingale with respect to F,.
(iii) The Riemannian volume m(dx) on M is invariant under

each T, where T, is the semi-group of X.

Proof. The implication (i) = (ii) is clear by Theorem 3.1. If (ii)
is holds, then, by Theorem 3.1,

11
Ex[f 6a(Xs)ds]=O, for every xeM and £>0.
0
Since Ja is a continuous function on M, we have
Oa(x) =0, for every x€M,

that is, da=0. It is well known, (de Rham [3]), that dax=0 implies
(5.5). Hence (ii) implies ().
The statement (iii)) holds if and only if

(5. 6) J Lu(x)m(dx) =0, for every uc>(M),
M

where C* (M) is the space of all C* functions on M, (cf. Nelson [13]).
By (5.4),
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L{ (6%u) (x) m(dx) = L {a,duy (x)m(dx), wucsC”(M).
Hence, since

L du(x)m(dx) =0, for every ueC= (M),
(5.6) is equivalent to

L o, du>(x)m (dz) =0, for every ucC*(M).

Therefore (5.6) holds if and only if da=0, (cf. de Rham [3]). This

completes the proof.

§ 6. Approximation Theorem

Let {W,}nen, {U,}new and {V,}.cn be the locally finite open coverings
of M given in Section 2. We further assume that {W,},cn satisfies the
following condition: For any n& N and x,ye W, there exists a unique

minimal geodesic 7, such that
6.1) 7oy (0) =2, Toy(1) =y and {r1;,(9):0=s=1}CW,,

(cf. Helgason [4]). Let 0(m) ={0=1™<¢™<---} be a subdivision of
[0, ) and 0 (m) = {0=s{<s™< -} be the refinement of 0 (m) ob-
tained by adding {0,:} and {t,,} where {G.} and {r,:} are the se-
quences of stopping times defined by (2.6). Let X, (#) be the broken
geodesic such that the restriction X, |[s{™, s{®1] of X, to [s{™, s{™ ] is the
minimal geodesic joining X m and X,m. Consider the curve X,[0, ] in
M defined by

[0, ] 2s—X,(s) =M.

Then, since X, [0, £] is piecewise smooth, the integral a of a along
Xm0, 4]
the curve X,[0, £] is well defined. Setting, for every positive integer

N,
b4
y=inf{t; X, & U U,},
n=1

we have
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Theorem 6.1. Let acA'(M). If

lim sup @ — ™) =0,

m—>co

then, for any positive integer N,

6.2) lim Exl: sup J o— a
m—>c0 0StST Ay | JXm00,2 x[0,2]

1o,

for every T >0.

Before the proceeding to the proof, we give a remark. As we men-
tioned in Section 2, if « is exact, i.e., there exists a function # on M

such that a=du,

j a=u(X) —u(Xy).
X[0, 2]

Also
J'X,,,[o,p] a=u <Xm (t)) —u (Xm (O) ) .

Hence, in this case, we can easily prove (6.2).

Proof of Theorem 6.1. Let {{n}.eny be a partition of unity subordi-
nate to {U,} and (z', z% ---, 2% be a local coordinate in the coordinate

neighborhood (W, ¢,). Setting
L@ = [ 0.0, (0  dXi- 3 (@) (Xa ([5])) X

; <g"’§%3ﬁi) (Xm([S]))ds}

1,

_1
2

1

and

N )
Tu®= [ 0.0 (X6 axe @
3 00« (Xn ([1) X )

15 01 (x, (EsD)ds,

where [s]=max{s{™; s{<s}, (¥.c%) =2(¢na)idxi and ¢,(X,(@)) =
(X (®), Xa(®), -+, X5 (), we have
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IJ a— Al =S20 2 L@ [+ 120 2 T (@) ]
Xm0, 2] X[0,¢] =1 k=0 n=1k=0

Hence
E,,[ sup | j‘ a— “l{‘
0SIST Ay JXal0 2] X0,8]
N o
<2{E.[ sup |20 2 L.(® "]
6.3) 0StSTA7y =l k=0

N o«

+E;[ sup |32 3 T (@) "]}
0SISTAny n=1 k=0

Therefore there exists a positive constant C depending only on N such

that the left hand side of (6.3) is smaller than

N oo ©
2C 3 {E,[ sup |33 L. (@) "1+ E-[ _sup |35 Ja:(2) 71}
=1 0StST Any £=0 0SIST AT, k=0

Hence to complete the proof it is sufficient to show (6.2) in the case
where the support of « is contained in U, for some n&N. Now using
a modification of the technique used in Nakao-Yamato [12], we can com-

plete the proof and so the details of the proof is omitted.

Remark 6.1. Let a be a C? differential 1-form on M and 5% be the
vector field defined by (5.4). By Theorem 6. 1, the integral of « along
the path may be considered as the measurement of the amount of work

done in travelling the path in the force field determined by the vector
field b°.

§ 7. An Application of Approximation Theorem

In this section, we will give a stochastic version of Stokes’ theorem.
Y. Takahashi® did this for the special case that M=R®% In the rest of

this paper, we will assume the following:

Assumption 7.1. M is a simply connected, complete Riemannian

® Private communication.
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manifold with non-positive sectional curvature.

Under this condition, there exists a coordinate system (!, 2% ---, %)
valid on the whole M, (cf. [10]). Consider a piecewise smooth curve
¢: [0, £] >M, such that X(0) =4 (0). Let 7(u;x,y), 0=u<1, be the

minimal geodesic joining x and y and ¢ be the mapping defined by
[0,2] X [0,1] = (s,w)r>c(s,u) =7(; X(s),$(s)) EM.

Denote by S(¢; X, ¢) the chain on M determined by the mapping ¢. For

any C? differential 2-form [, we define the integral B of B on
St X, ¢)

S(t; X, ¢) by

7. 1) Lm_ N

=3 [Tauy {800

)

@1{97’ aT or’ X ] odXF
X<0u 0x* Ou 0z* >( 5 #()) *

+ [ 00 (2 35— 3020 (i X 9 ) |2 9,

where ¢ (s) = (¢'(s), $*(s), -+, ¢*(s)) and
B:;j,@”dxi/\dx".

By using Itd’s formula it is easy to see that the integral _ B defined
by (7.1) is independent of a particular choice of the cosg(,i}i:;lgte system
(z!, 2% -, 2% in M.

Let 0(m) ={0=¢{™<t¢™<---} be a subdivision of [0, oo) and X,
be the polygonal geodesic approximation of X given in Section 5. Denote
by S.(¢;X, ¢) the chain determined by the mapping c,: [0, £] X [0, 1]
S(s, )7 (u; Xn(s),6(s)) €M. Then we have the following

Lemma 7.1. If

lim sup]t,(c";)l —t™|=0

m—>co

then, for every positive T,
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lim E_[ sup | f —
m—>co 0<s<T St X, ¢) Sn(t; X, ¢)

BI*1=0.

Using the same method as in Section 6, we can show this and so

the proof is omitted.
Now we can state the following

Theorem 7.1. Let acA' (M). Then

7.2) j do— j a, as.
S0 x,9) 981 X, 9)
Proof. By Stokes’ theorem,
(7.3) f do— j a
Sm(t: X, ¢) 0Sn(t; X, 9)

Combining Theorem 6.1, Lemma 7.1 and (7.3), we can show (7.2).
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