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Holonomic Quantum Fields. IV
By

Mikio SATO*, Tetsuji MIWA* and Michio JIMBO*

Introduction

This is the fourth part in our series of papers on Holonomic Quantum
Fields, [1], [2] and [3].

In T we prepared the theory of rotation in orthogonal vector spaces,
and in II we exploited it to solve the Riemann-Hilbert problem. In III
we developed the deformation theory of multivalued solutions of the 2-
dimensional Euclidean Klein-Gordon and Dirac equations. The present
chapter deals with the operator thoery in 2-dimensional space-time.

In Section 4. 1 we construct the holonomic quantum field ¢z (a) satisfy-

ing the following commutation relations with the neutral free Bose field ¢ (x)
([4D).

¢(x)¢ez(a)  (z*>a",z7<a7)
—¢(@es(a)  (z7<a*, z7>a7).

Since ¢ (x) obeys the Bose statistics we need the theory of rotations in

4.0.1)  ¢a(a)d(@) ={

symplectic vector spaces, which is given in the Appendix. The computa-
tion is carried out in the case of z-dimensional space-time by means of a
kind of the Wiener-Hopf method.

In Section 4. 2 we construct the operator ¢r(a) satisfying the following

(see [1]).
. (x)or(a) (x*>a*, z~<a")
4. O. 2 F . -
@B er@h@ Ly Ge@  @<at, e >a.
Here ¢ (x) ="(¢+ (x), ¢-(x)) is the neutral free Fermi field. This time

we exploit the results in I.

In Section 4.3 we introduce the complex free Bose fields ¢(x) and ¢*(x).

Received October 20, 1978.
* Research Institute for Mathematical Sciences, Kyoto University.
! Partially supported by Sakkokai Foundation.



872 Mik10 SATO, TETSUJI MIWA AND MICHIO JIMBO

This enables us to formulate more general commutation relations ([7],
[9]), namely for leC—Z

p(@)es(a; ) (z">a*, z7<a™)
ey (x)pzp(a;l) (z*<<at,z">a"),

¢*(@)es(a; ) (z*>a*, z7<a")
e~k () pp(a; ) (xF<<a®, z7>a7).

4.0.3) ¢B<a;1>¢<x>={

on (a3 D) $*(2) ={

The local operator expansion of the product ¢ (x)¢z(a;l) is given. As
the coefficients we obtain a series of operators ¢f (a; ). The orthogonal
case is similarly treated.

In Section 4. 4 we exploit the local operator expansion to study the
analytic behavior of vacuum expectation values of products of our operators,

and conclude that

8% () 95 (a5 1) 05 (@n; 1) 6 (2) >
pp(as; 1) p5(an; 1))

and
9 sin 7l Lon(as; 1) o (@ 1) 05 (an; L) ¢ (2))
pp(as; b)) 95 (an; L)
(v=1, ---,n) constitute the canonical basis of Wk Im  introduced in

IIT of [3]. This provides us with a constructive proof on the existence
of the above basis, independent of the one given in III. As a by-product
the logarithmic derivative of the z-point function
dlog {gs(ay; 1) - ¢p(as; L) >

is shown to coincide with the closed 1form —w defined in III. Thus
the n-point functions of our field operators are characterized by solutions
of the deformation equations given in [3] and [5]. These results with
minor modifications are all valid in the orthogonal case as well (see [5],

[7]). In particular we show the following simple relation of [9]
(4- 0. 4) <(9B <al; [+ —;—) "'@B(‘ln; Lo+ %>> <¢F (41; ZI) "'§0F<(ln; ln)> =1.

The generalization to the case including the parameter A (cf. [1], [7])
is similarly treated. This clarifies the origin of the n(n—1) /2 dimen-

sional family of global monodromy introduced in III.
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In Section 4. 5 we exploit the product formula in I or in the Appendix
to give a convergence proof of products of our operators. In particular, we
give convergent infinite series expressions for vacuum expectation values
given in Section 4. 4. Thus the algebraic results in Section 4. 4 acquires a
rigorous basis. We also prove the micro-causality of our field operators.

In the final §4.6 we discuss in detail the original case based on
neutral free fields. Along with the operators ¢z(a) (§4.1) and @r(a)
(§ 4.2) we shall also deal with the ones ¢®(a) =‘(¢% (a), ¢ (a)) and
¢" (@), which appear as the leading coefficients of the local expansions for
@ (x) pz(a) and ¢ (x) gr(a) respectively ([5]). The latter ones constitute
physical models of Fermi and Bose fields, satisfying Lorentz covariance,
microcausality and asymptotic completeness condition. We note here the
remarkable reciprocity between these Fermi and Bose fields ([9]). Name-
ly the field ¢z(a), constructed on the basis of free Boson ¢(x), re-
presents a strongly interacting Fermi field with asymptotic free Fermi
fields ¢& (a), while the field ¢ (a), constructed from free Fermion ¢ (x),
is a strongly interacting Bose field with asymptotic free Boson ¢Z (x).
Their S-matrices are shown to coincide with (—)¥¥ V" in the N-particle
sector ([4], [9]). The off-shell n-point functions themselves have simple
relations to each other, both admitting exact expressions as in the complex

case ([5], [9]). In particular, corresponding to (4.0.4), we have the
following ([9]).

(4.0.5)  <gs(a) @ (am Ygr(ay) -+ ¢r(am) »=+det cosh H

Here H is related to a solution of the deformation equations.

We wish to thank Doctor K. R. Ito for informing us of the paper of
Bariev [14]. We are also indebted to Professor M. Suzuki for showing
us the preprints of the work [11], [12] by Wu et al.

§4.1. Consiruction of ¢z

We denote by X™* the n-dimensional Minkowski space with the inner
product z*= (x5)*— () *— — (xo_))? for x= (x,, ) = (X, Ty, ***» Tn1)
eX™»  We set 0,=0/0x, (#=0,1,--,2—1). We denote by P the
dual vector space of X™M®, We choose the coordinate p= (py, ) = (L0,
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P1y oy Pu-y) so that the bilinear form between X™® and P reads x-p

=xapo—i'§=xopo_xf1_ SRRl Sy - M

Consider the zn-dimensional Klein-Gordon equation
(4.1.1) 0y —0i— - —0i 1 +mHv(x) =0.
If v and v’ satisfy (4.1.1), then

A1.2) I5(0,0) = @) 00 (@) — 00 (2) -0’ (@) das A\ N\dzas
) 0 @) 0,0 (@) =0, () - () o Ad

is a closed (n—1)form. Hence the inner product

(4.1.3) (o, /5= —i jr a0, )

7: spacelike

is independent of 7.¥

We define the Fourier transformation by

4.1.4) v (x) = f(‘;;?n 9 (p)e==2,
(4.1.5) ?(p) = jd"xv (x) e 2,

(4.1.1) is transformed into (P*—m*) o (p) =0. Hence 9 (p) is of the
form 470 (p*—m*) v (p) where v(p) is defined on the mass shell M= {p
€ P|p*—m*=0}. We shall abbreviate the Lorentz invariant measure and

the delta function on M as follows.

1 "p ’ | 2o+ P20 =187 7
4.1.6) dp=1L 47P =Pt Dol (opyn-1g(5— 3.

Now (4. 1.3) reads
(4.1.7) <o, v>=2 [ dpe s v (B) " (= 1).

We call v(x) (resp. v(p)) the x-(resp. p-) representation of v. The

relation between these two representations is given by

™) A C'-hypersurface 7 is called spacelike if for some €>0, y N {z€XMn| |zo|=(1—¢) |Z]}
is compact.
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(4.1.8) v(x)= jdpv (p) et
ap

“4.1.9) v (2) =% A"z (| polv (2) +i (20) Ouw () €777,

zg=const.

We denote by W the set of real-valued solutions of (4.1.1) satisfy-
ing jdpiv (b) |*< o0, and set Wy=WERC. Wj; equipped with the anti-
— R
symmetric inner product <{v,v’> is a symplectic vector space.

We set
(4.1.10) t={veWylv@p)=0 for peM},
(4.1.11) Vy={veWylv(p)=0 for p&DM.}.
where M.={peM|p,=0}. Wy=ViP® Vs is a holonomic decomposition.

In the sequel we mean by Nr or { > the norm or the vacuum expecta-
tion value with respect to this holonomic decomposition. See Appendix
as for generalities on expectation value, norm, etc. in the symplectic case.

Let (XM * denote the set of ordered pairs of null hyperplanes in
XM which are not parallel to each other. (X™®)*is of 2(z—1) dimen-
sions. We denote by <& #> the null hyperplane {zx&X™®|z-&é=7r},
where £E P is positively lightlike™ vector and r&R. We note that
(e&, ery>=L&,ry for ¢>>0. Let a*= ({&, ), <&, ro)) € (XM * and set

(4.1.12)  Wi(®) = {peWilv(@)=0 i a-& —r.s0

and x-&_—r_=0}.

€, re

Figure 4.1

™ £,>0, £°=0.
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Then we have Wy= W% (a*) @ W5 (e*). We define a symplectic transfor-

mation (=a linear transformation which preserves the inner product)

T. by
(4.1.13) Tow@ +v)=v"—v" for v €Wz (a¥).

We shall compute the norm of the operator ¢z(a*) which induces this

symplectic transformation. (See Figure 4.1.)

Remark. The intersection <{&,,7,>N{E_,r_> is a spacelike linear
submanifold of codimensions 2. Conversely, there is a unique pair of null
hyperplanes which pass a given spacelike linear submanifold of codimen-
sions 2. Thus (X™®)* is identified with the set of oriented spacelike
linear submanifolds of codimensions 2. If =2 (X™")* is nothing but

the disjoint union of two copies of XM,

Before the computation of the norm we prepare generalities on free
fields. We denote by ¢(y) (y&X™®) the solution v(x;y) of (4 1.1)

which satisfies

-

@110 2@ oy =0, 2%z, |y =~V ZiB (G F).

0x,
We have
(4.1.15) v(z; 9) =—%A (z—y; m,
where

(4116) A m)=i [dp c(pyetes

_J° () <2_7;_:7/%§> P 1onp (M) (22>0)
0 (2*<0).

The p representation of @(y) is

(4.1.17) v (5 ¥) =%s (o) €72,

¢ (x) satisfies (4.1.1) with respect to .
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(4.1.18) (@— 02— =02+ m?) $(2) =0
We set
(4.1.19) 7)) =0 (2).
axo

(4.1.14) and (4.1.19) imply that

(4.1.20) v= \/i_zf Lﬁconst-d"‘li (00w (z) ¢ (x) —v (x) -7 (x))

for v&W. Conversely we have
(4.1, 21) v (x) =7£2_—<¢ (@), v).

The table of inner product of ¢(x)’s read
(4.1.22) ), dx)>=—id(x—z";m").

At equal times it reduces to

iz (996D G@rE)
m(x), ¢ (x> <m(x),n(x") ) zy=as
_ 0 2i0 (2 —z’))
_<-—2i6‘(2—~i’) 0 '
Next let ¢(q) (g= M) denote the solution v(x; q) of (4.1.1) given
by
(4.1.24) v(z;q) = —te(a)e.

Na
The p representation of ¢(g) is given by
(4.1.25) v(p;9) = "LV3(p, —g).
V2
These special elements ¢ (x), 7 (x) and ¢ (¢) are interrelated through

4120 4@ = [dp s@e,

@12 @)= | dTRnE s (@)

The table of inner product of ¢(p)’s reads
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(4.1.28) b®), @) >=¢c(p)0 (P, —0)
Similarly to (4.1.20) and (4.1.21) we have

(4.1. 29) v=—ﬁj@ (o) v (—2)6(2),

(4. 1. 30) v (p) =Q%<¢(P>’ V).

As in Section 2. 1 we consider ¢ (), 7 () and ¢ (p) to be ideal elements
of Wp and construct the operator theory. Then ¢ (x) is nothing but the
free Bose field operator and ¢ (p) the creation (p°<C0)-annihilation (»°>>0)
operator thereof. In this context (4.1.22) and (4.1.28) mean the fol-

lowing commutation relations.

(4.1.22)’ [6(2), 6(2)] = —id(@—a'; m?),
(4.1.28)" [60), 661 =2 (b 8 (B, — 1.
The tables of vacuum expectation values read
(4.1.31) BB (2)>=0(8) 8 (b, =1,
(4.1.32) @@= [dp opyere

= —idV (x—zx'; m?),

where

(4.1.33) A4V (x; m® =1 J‘fz_p 0 (py) e~'=?

m @2-1 -
= " _ 2K V= —Z0) 1 29).
<2n«/—(xo—i0)2+i2> g Kaown (m ¥ = (#=30)"+ 2)

Let g&€80,(1,2—1) and a=R". The action of the Poincaré group
SO (1, n—1) XR"={§=(9,2) lg=SO,(1, n—1),a=R"} is given by §j-x

=¢g-x+a, and the representation @ of the Poincaré group in Wj is given
by

(4. 1. 34) @ (@) v) (x) =v (G '2).

Then we have

(4.1.35) ws @) b (x) =0 Gx),
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(4. 1. 36) W (§) grad ¢ (x) = (grad ¢) (Gzx) -¢
where grad ¢= (0,9, 0,0, ***, 0n_1$), and
(4. 1. 37) @5 (§) ¢ (p) = b (gp) e 2.

The vacuum expectation value and the inner product are invariant under
this action of the Poincaré group.

Now, applying Proposition A.1 in the Appendix we shall compute
Nr (¢z(a*))=exp(pp(a*)/2) so that ¢gz(a™) induces the symplectic trans-
formation (4.1.13).

From (4.1.16) ¢é(x) belongs to Wj(a*) (resp. W3 (a*)) if
x-&.—r.>0and z-6.—r_<0 (resp. x-&,—r,<<0 and x-&_—7r_>0).
Hence (4.1.13) implies the following commutation relations between
¢s(a*) and ¢ ().

¢(x)gp(a*) if z-&,—r,>0
and z-§_—7r_<0
—¢(x)ps(a*) if x-&,—7, <0

(4.1.38) ¢p(a®)¢(x) =
l and z-é_—7r_>0.

Because of the Poincaré covariance of our theory, we may assume

without loss of generality that
(4.1.39) §.=01,¥140,--,0), r.=0.

First we define auxiliary basis $(§), 7(3) by
(4.1. 40) 5B = f 1z (0, 7) e=5F
(4.1.41) 2@ = [z w05,

or equivalently, by

1
o ()
(4.1.43) () =—i{p(0(B), ) —d(—w (D), P)},

where we have set

(4.1.42) $(3)= {60 (8), 8) +4(—0w (), B)},

(4. 1. 44) o(3)=Vp+m®.

In what follows we identify a  kernel {function F(3,3")
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-

=<F1(.75, ?") Fi(3,
Fy(5, ") Fu(

> with the associated linear transformation F given

by

FEE), Fr) = [ L2 G3), 2B F G, B).
@n)

With respect to ¢ (3)’s and 7 (3)’s the above mentioned kernel re-

presentation of (1—7%,.)/2 is given by

(4.1.45) P(3,3") :5_%'_(2,1) Yy

A
1— p1—10
where we have set

(4. 1. 46) pr= (o =+, Pn) -

The table of vacuum expectation values with respect to the basis

¢ (B), #(p) reads

. o (@SB KBV
@L4n K@= <<fr BHEG B ﬁ(ﬁ’)>>
1 ;
| 0(3) @n) "0 (5 +3).
—i ()
Hence H in (A.8) and E in (A.17) have the kernels
. 2 L
(4.1.48) H (%, ") =<_22. >(27T)"—15(P+P'),
o (p)
(4.1.49) E(,p) =i —1 @n)* 0 (F—5").
0(B)
We set
(4.1. 50) £(B) =V (@) +m?.

X. of Proposition A.1 are given by

S |
Vpi+in(p)

(4.1.51) X, (‘5, 13/) = < \/m

> @08 (5—37),

“/Pl—iﬂ(l—;) ning 22

Hence by (A.19) we have

(4.1.52) X_(p,7") =i<
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(4.1.53) R(3,2")

—Vpr—iu(B) Vi —in(3")
= 1
Vor—in(B)V i —in(3")

w @m0 (Pt + )

P1+P1 —i0
We set
(4.1.54) ari=PoEbr ey,
u(p)

Then we have \/plii,a () = 'M(P) Wu +ivu) (resp ﬂ(P) (Vu?
:ti\/:;)> for #>0 (resp. u<0). From (4.1.41), (4.1. 42) and (4.
1.53) we have

—2Vu—i0 Vu'—i0
(4.1, 55) pu(a*)=”d1)dib :+; —fo :

X 2m)" 0 (P + ") (£) (27).

Finally, using Poincaré covariance, we rewrite (4. 1.55) in a general

form.

Let P, be the subspace of P spanned by &, and &_, and let Px be
its orthogonal complement. We denote by p,+ (resp. pi:) the P, (resp.
PL-) component of p= P.

(4:, 1, 56) ]5=P,,,*+Pi'*, pa*EPa‘*, Pi‘*EPé}.
Let x(a*) be a vector in X" satisfying

(4.1.57) z(@*) -E.=7r..

Theorem 4. 1.1. Normalizing ¢g(a*) so that {pz(a*)>=1, we

have

(4.1.58) Nr (¢5(a*)) =exp (05(a*) /2)

where

—2vp-§,—i0 ,
pa(a*)=“dpdp_’ ;fé: +; SP =0 (om0 (ot )
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X e @G (1) § ().
In the sequel, we restrict ourselves to the case z=2. We identify
XMin with a component of (X™™)* by
(4.1.59)
a= (a, a) X" (((1, —1), a+a>, {1, 1), a—ap) € (XM *,
It is convenient to use characteristic coordinates
(4. 1. 60) == (o +x)) /2.
(4. 1. 54) reduces to
(4.1.61) us'= (pyxp)/m (PEM).

u serves as a coordinate on M, and we write ¢ (#) instead of ¢ (p). The

invariant volume dp is equal to

(4.1.62) du =

The tables of vacuum expectation values and inner products for ¢ (%) read
(4.1.63) (@) @)>=2ru.0@+u"),
(4.1.64) {pu), ¢ (@) >=2rud(u+u").

(4.1.26) and (4.1.58) reduce to

(4 1. 65) ¢(x) — J‘EJ}{ ¢(u) e—im(a:-u+zou-x),
(4. 1. 66) Nr (g5 (a)) =exp (0z(a) /2) ,
where

,—2Vu—10 Vu'—i0
05(a) = f j dudu" 0

X @~ imE U e @I g (4 (47

§4.2. Construction of ¢y

In this section we restrict ourselves to the case dim XM"=2 or 3.

First we consider the case dim X™"=3,
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Consider the 3-dimensional Dirac equation

R R Ay [ X

. w=(§§jﬁ§’;§) nd w=<3_5ﬁg> satisfy (4.2.1), then

(4.2.2) Yr(w,w') = (w. (x) W) (x) +w_(x) w_(x)) dx, \dz,
— (w. (@) ), () —w_ (x) Wl (x)) dx, \dzx,
— (w, (x) W (x) + w_ (z) @, (x)) dx, \dz,

is a closed 2-form. Hence the inner product
4.2.3) {w, w’) =m jﬂp(w w’)

7: spacelike

is independent of 7.

We denote by WF the set of real-valued solutions of (4.2.1) satisfy-
ing {w, w)<oco, and set Wr=WERC. Wi equipped with the inner pro-
duct {w, w’> is an orthogonal Vecg)r space.

By the Fourier transformation (4.1.4) and (4.1.5), (4. 2.1) is trans-

formed into

w2 (i —i<po+p1>><«@+<p>>:

i(?u_Pl) m+ip, @—(P)
Hence (gi 83) is of the form
W, (p) P+ pl 3
4.2.5 < * >=47r6 pi—m? <—__2>
( ) &_(p) ( ) P
0+7(pot+ 1)
__.Zp
* _Jw )
N/0—2(1!50 -P1)
m+ZPz

where w (p) is defined on the mass shell.
(4. 2. 3) reads

(4.2.6) (w, W'y = f@ w(p)w (—p).
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We call <w+ (x)> (resp. w(p)) the x-(resp. p-)representation of w.

w_ (x)

The relation between these two representations is given by

(@) @

o _2 —if —iz.p

20 <w—(x)>=f@<¢m +P> N/0_z(z>o 2 w(p)e=?,
m+1ips

<N/ 0—;2(_1502‘; 1) w, (z) +~/ O—I—;l(_PozPPl) _(x))e“"l’_

A holonomic decomposition is given by Wr= VL@ Vs, where
4.2.9) Vi={weWiw@)=0 for peM},
(4.2.10) Vi={weWilw@®) =0 for peM.}.

An orthogonal transformation 7% is given by
(4.2.11) Ty(wr+w)=w"—w~ for w*cW;i(a*),
where
(4.2.12) Wi (a*) = {w& Wrlw, (x) =w- () =0

if z-6,—7r,s0 and x-§_—7r_=0}.

We shall compute the norm of ¢r(a*) which induces the orthogonal

transformation (4. 2. 11).

We denote by ¢, (y) (resp. ¢_(y)) the solution <w+i gi zg> <resp

<w:t§£: g%)) of (4.2.1) which satisfy

iy (SrEY) 2 06=)

oo (C )= o)
We have
waiy (L)
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m

_i( 0,—0;, m+0,

= A(x—y;mb).
om0, ao+al> (=95 m)

The p-representation of ¢, (y) (resp. ¢-(y)) is

VmEr it 0=
(4.2.15) w+(p;y)=< mm+p> N/ ;Z(fo;)zpl) 1D

<«/m:n+p3>% 0+i(tot£1) s ,,)

(resp. w_(s39) = s

¢ (x) satisfy (4.2.1) with respect to z.

(4.2.16) (. —z fl?)<ﬁ§3>=

(4. 2.13) implies that

4210 w=" (22w, @) (@) +w- @) ().
Conversely we have

4.2.18) w. (@) = (. (2), W)

We denote by ¢(¢) (g= M) the solution w. (x; ¢g) of (4.2.1) given
by

&/O—z(qo-i-fh)

(4.2.19) <w+ (x; Q)> _ Vm®+ g m+igy JRER
w_(x; q) m 0+z(qo—q1)
Mm—1qs

The p representation is given by
(4. 2. 20) w(p;q) =0, —q).
Similarly to (4.2.17) and (4. 2.18) we have

(4. 2. 21) w= j@w(—p)cp(ﬁ),
(4. 2.22) w(p) =< @), w).
The relation between the basis ¢.(x) and ¢ (p) reads
0+£(P0+P1)
¥, (x) Vit p —ips i
4.2.23 = \d 2 =7,
(4.2.29) <¢-<x>> Jas( R N/o—z@o P

m+ip,
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«/Mﬁ
e

4224 ) ="3 j 3

zg=const.

0+2(po— p1)

( 0—i(po+5) Tl )y, (x)> ¢t=r

M1 ¢, (z) +

The tables of vacuum expectation values and inner products are as

follows.
(4. 2. 25) Lp@Y @) >=0(0)0 (b, —2),
(4. 2. 26) @), ¢ @D >=[¢ @), @)1 =0, =2,

Wy ()94 (&) P () (2) >>
Y- (@) 9 (2)> Y- () p_(z"))

1 0,—0;, m-+0,
S om <“m‘|‘az 00+01

(4.2.27) (
P

s (2), 94 (7)) P4 (2), 9= (x’)>>
- (@), 9 (=) p-(2),¢-(z")>

([‘/J+ (2), 9, ()], [¢:(2),9-(z")] +>
[0-(x), 0. ()]s [9-(2),¢-(=)].
1 0,—0; m+0,
a <—m+@2 0o+ 0,

(4.2.28) (

: P—

The representation of the Poincaré group in Wp is given by

(oo o) 5O )

Here S is the spinor representation of SO, (1, 2) whose infinitesimal form

(4.2.29)

is given by

(4. 2. 30) dsS(M*) =S
where
0 0 0 0 0 1 01 0
M°=(O 0 1), M‘=(O 0 0}, M":(l 0 0),
0 -1 0 1 0 O 0 0 O
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Now applying (A.18)r and (A.19)r in the Appendix we shall com-
pute Nr(¢r(a*)). Similarly to (4.1.37) ¢r(a*) is to satisfy the follow-

ing commutation with ¢. ().

(4.2.31) ¢r(a®)¢(x)
_ d(@)pr(a*) if 26, —7r. >0 and z-§6_—7r_<0
_{—gb(x)gbp(a*) if -6, —7r,<0 and z-&_—7r_>0.

First we assume that a* is given by (4.1.32), and denote it by a.

We set
(4.2.32) b.®) = [@20.0,2)¢57.

In what  follows we identify a kernel function F (3, 3")
2 P27 2 P27
=<§ 1%? ;’g ;252’ ;,g) with the linear transformation F' such that
8 ) 4 )
ap
(2m)*

(F. (3, F_(3")) = @.(3), b-BNF (3, 3").

Then we have
GBI+ (B by (13)95-(5’)>>
G-BYP (B> <P-(BY-(B)>

1 (o)(§)+p1 i(m+ips)

mo () \—i(m—ip) () —p

4.2.33) K@ ) =<

) @G+ 3,
4230  JGF)= (<

=2 on)0(3+3) L,
m

- Pl Z' (7n - Z.Pz)

(4.2.35)  E(3, 7 =m—(g)<_i(m+ipz) A

) @m0 - )
In this case X. in (A.18)’ are given by
(4.2.36) X, (3,2)

_[Vorin(®) 1 /1 1) 1 [Vm+ip
B Vorin®) V? <—1 1) Yu(®)

27)20 -'_—'/.
Jm>( DUCESS
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(4.2.37) X_(3,3")

«/m_l\ 1 11\ 1 [Vm+ip o
el / ﬁ(—l 1>\/ﬂ(5)( ——><2”>6<P—P>-

Vim—1i D
Nothing that

(4. 4. 38) “/“’(’7)+pi/j52—i‘/“’(5>_1”1=¢p1:tiu(13),
we have from (4.1.45), (4.2.23), (4.2.34)~(4.2.36) and (A.19)r
(4. 2. 39) Nr (¢r (af) ) =exp (or (@) /2)

where  op(af) = [ [dp ap I 500 (ot 400 (D)0 (2.

Let (£,,€.) be an ordered pair of positively lightlike vectors in P.

1
We choose an element g in SO,(1,2) which satisfies g(?l) =c§. for
0

0
some positive constant ¢. We set §L=g(0>. We denote by ¢ (»)
1
_(v: (x;P)> . .
= (7/_ (z: ) the solution of (4.2.1) given by
O_iP’$+
L (xs L (p eV N m—ip-&t
(4. 2. 40) (7}:— (x p)> =S(g) <—'\177’L + (P Sl) 7> ) P eiz-l’.
v’ (x; p) m 0+ip-&.
m+ip-&L

¢’ (p) is independent of the choice of g. It is uniquely determined by the
pair of lightlike directions ({c€.[c>0}, {c€_[c>0}).

Theorem 4. 2.1. Normalizing ¢r(a*) so that {¢r(a*)>=1, we

have
(4. 2. 41) Nr (¢r(a™)) =exp (0r (@*) /2)

where

—i(p—p’) &, "N el
er(ety = [[ap dpr ZEESED S w0 (o4 )-8

X e~ (p) g (27).
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Let us now proceed to the case of 2-dimensional space-time.

The 2-dimensional Dirac equation reads
1 0,—0,\ /w
(4.2.42) < K ' 1>( +(yc)>=o,
— 00— 0, m w_(x)

and for solutions w= <w+ (:c)>, w’ = <w+ (.r)) of (4.2.42),

w_(x) w” (x)
(4. 2. 43) Ir(w, w') = (w; () @', () +w_ () w’ (x)) dx,
— (w, () wh (2) —w_ () wl (x)) dx,

is a closed 1form. Starting from (4.2.42) and (4.2.43), we may con-
struct an analogous theory as in the 3-dimensional case. The results are

exactly the same as the 3-dimensional case if we set the p,-coordinate

to be zero.

Using the coordinates (4.1.60) and (4.1.61), we write ¢ (%) in
place of ¢(»). Then we have

(4. 2. 44) Y@y @) >=2mu,0(w+u),
(4. 2. 45) @), o) >=2rluld (w+u).
(4. 2.23) and (4.2.41) reduce to

(4 2 46) (pi (JL‘) — J‘@ \/Omil(ﬁ(u) e_im(z-u+,z+u-1),

(4. 2. 47) Nr (pr(a)) =exp (or(a) /2)

where pr(a) = ffdu du’Me—imm'(“w’)+a*(u“+u’-1))¢ OYICHE
- u+u’—1i0

§ 4. 3. Local Operator Expansions

In this and subsequent sections we restrict ourselves to the case
dim XM =2,

We have constructed operators ¢z(a) or ¢r(a) which satisfies the
commutation relation (4.1.18) or (4.2.16) respectively. In this section
we shall construct similar operators which satisfy more general commuta-
tion relations, and then we shall derive local operator expansions.

First we treat the symplectic case. We consider C*= Ce@ Ce* to be

an orthogonal vector space with the inner product { , D¢: given by
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<<e, Do <o )-(, )

<€*’ e>02 <€*, e*>02

We shall construct the operator theory starting from the symplectic vector

4.3.1)

space W3QRC? where the inner product is given by

vQ@e, v’ Qe <v®€,v'®e*>> (
(vQe*, v'Qey (v®e*, v'Qe*)/ v, v

In what follows ¢ (x) Qe and ¢ (x) Xe* are denoted simply by ¢ (x)
and ¢* (u) respectively. They satisfy the following.

<p(w), 62> <¢(u),¢*(u’)>>
$p* (@), (u)>  *ud, % ("))

_<[¢(u),¢(u’)] [¢(w), ¢*(«)] >

(4.3.2) < @7 >

(4.3.3) (

[6*(x), ¢ ()] [4*(w),d*(x")]
_ 0 2nu0 (u + u’)>
- <27ru6(u +u’) 0 ’
B@)g@)y  <3(w)¢* (")) >
*@)p)y 8% (w)d*(w’))

_( 0 27Zu+6(u+u’)>
\2nu,0(u+u) 0 )

(4.3.4) (

We set for IeC

(4. 3. 5) ¢L (x) = J‘@ (0 4- lu) le—im(x'u+zou-l)¢ (u) ,

(4_ 3. 6) ¢;l< (x) = j‘@ (0+ iu)le—im(r‘u+z+u~1)¢* (u),

where (0+iu)'=e""? (u—i0)'=e*™"2|y|' if u=0.

From the formulas

(4.3.7) deu ule*im@utauy
0 ——

g AF 2wl

V_1(— 2~ F 40, z* +i0)

T

@ For the definitions of v:, v§ and %: see Section 3.1.
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F(=/2)il
= g_m; - (voi(—x~Fi0, 27 +i0) — v (—x~ F10, 2+ £20))
sin 7
(for [e£Z),
we have

(4.3.8)  Ldu(2) 9 (2") > =<if (z) bw (z7) )

2xil ,wil”

’ ;7[37 V_qrin(— (@—2") " +i0, (x—z") T—10)

Il

enil

zﬂm (_gein(— (x—2") " +10, (x—2") T —10)

—vf(—(@—2") " +i0, (x—2')*—i0)) (for [+I'&Z).
From (4.1.26) we see that ¢,(x) (resp. ¢F (x)) is nothing but ¢(x)
Qe (resp. ¢ (x) Re*), which we denote simply by ¢(x) (resp. ¢*(x)).
We define the norm pz(a;l) by
3.9 0aes D=2 | [dudu'Rayu, 05 D§ ()¢ (')
X gTim@ e et @i tur )

where

' Py e 9 sing (2RO OV u— 0V a’ — 0
(4.3.10) Rl,(u,u,l)——251n7rl<u,_i0> e

and define operators ¢z(a;l), g2 (a;l) and ¢f (a;1) by

(4.3.11) Nr (ps(a; ) =exp(0s(a; 1) /2),

(4.3.12) Nr (¢f (a3 1)) =du (@) exp (05 (a3 1) /2),

(4.3.13) Nr (¢ (a; D) = (@) exp (05 (a3 1) /2).
Note that

(4.3.14) Rp(u,u' ;1) =Rp(w’,u; 1 1),

and that for lz—;— (4. 3.10) reduces to the kernel in (4.1.65).

Now we assume that [&£Z. Applying the formula (A. 10) ~ (A.11)
we have the following.

(4.3.15) Nr(¢(x)¢z(a; 1)) =¢PNr (¢95 (a3 1)),
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4= [dus @—as yemermrg),
ED (3 &) = g-imEuiauD
+ J‘Ld_u,RB (u, u’; ) emEw+atwh,
(4.3.16) Nr(¢*(x)¢z(a; 1)) =¢P*Nr(gz(a;?)),
5% = [dut®, (o a; w)eme =g ),
(4.3.17) Nr(pz(a; )¢ (x)) =9¢®Nr(¢s(as 7)),
¢@ = j@&?’ (z—a; u)e” ™™ =" (u),
ED (z; u) = e~imureuy
+ j;wcLu’RB (u, u’; 1) em@w+ewh,
(4.3.18) Nr(gz(a; D)¢*(x)) =¢®@*Nr(pz(a; 7)),

¢(2)* — j@6£2—)1 (x___ a; u) e—im(a‘u+a+u—l)¢* (u) .

Proposition 4. 3. 1. We assume that I[EZ. We set

(4.3.19) &(z;u) = 2 O-+in) 4y (— 2, 2%)

+ jf: 0 +iw) vk, (—z-, z*).
& (z; %) satisfies
(4.3.20)  (m7'0,-+iw) & (x; w)
=—(0+iw) (v (=27, ") —vf (=27, 7)),
(4.3.21)  (m™0,+iu"Y) & (x; )
=—0+iw) "' (v (—27, %) —vf (= x7, 2)).

EV (z;u) and P (x;u) are respectively given by the following boun-

dary values of the multi-valued analytic function & (x;u).

(4. 3. 22) EV (x;u) =& (—x~ +140, z+—10),
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(4. 3. 23) &P (xyu) =&, (—x~—i0, z+ +10).
In particular, we have
(4. 3.24) EV(xyu) =P (x;2)  if >0 and =<0,
(4. 3. 25) ED(xyu) =e P (x;u) if x7<0 and x~>0.

Proof. If /<0 and Im x~<<0, Reim (z7v' +x"u'™') <0. Hence
EX (x;u) is the boundary value of a holomorphic function in the region
{xr= C*|Im x*<0}. Likewise &® (x; ) is a boundary value from {r& C*|
Im £*>0}.

We have

°° ’ P R WO BT N
D (z; u) —EP (x; u) = j f{ZLz sin 7l (u—10) (u . i0)
-~ 27 u+u’—10

s il
Xeim(zu+:cu 1)-

If z¥>0 and £~ <0, the contour may be closed in the lower half plane
to yield 0. Hence (4.3.24) 1is valid. Similarly we have (4.3.25).
(4. 3. 24) implies that & (x;u) and & (x;u«) are boundary values of the
same analytic function, which we denote by & (x;u).

It is easy to check that both & (x;#) and & (x;u) satisfy (4.3.20)
and (4.3.21). (See (4.3.7).) Hence these two differ only by

—im(z-u--z+u-1)

c(w)e Since they satisfy the monodromy property (4. 3.24)

and (4. 3.25), we conclude that ¢ (x) =0.

Theorem 4. 3.2. Assuming that £ Z, we have
(4.3.26) ¢(x)gs(as D)

=g i@ Doy ;(— (x—a) " +10, (x—a) *—10)
+§] ¢®i_i(a; Dvf; (— (x—a)~+i0, (z—a) ¥ —i0),

(4.3.27) ¢*(x)¢s(a;])

8

I

giti(a; D vy (= (@—a)~+140, (z—a) * —i0)
i=0

—I-Z%(ofi"l_j(a; Do*;(—(@x—a) +10, (x—a)*—i0).
£
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vp(a; D@ (x) (resp. pn(a;l)d*(x)) is given by the right hand side
of (4.3.26) (resp. (4.3.27)) with F (x—a)T+i0 replaced by F (x
—a) T F40.

In particular, we have the following commutation relations in the

region where x and a are mutually spacelike.
(4.3.28) g¢z(a; Ho(x)

_ d(x)ps(a; ) if zt>at and x~<la~
B {ez"“gﬁ(:c)gog(a; D if xt<<a* and x7>a”.

(4.3.29) ¢z(a; )¢*(x)
_(#* (@) es(as D) if xz*>a" and x~<a~
- {e‘z"”qﬁ* (x)gs(a; ) if zxzt<a® and x7>a”.

Proof. These are the direct consequences of (A. 8) and Proposition
4.3. 1.

We define furthermore the following operators.

(4.3.30) Nr (¢s1,,1,(a; 1)) = ¢, (a) ¢, (a) eP5ED2,
(4. 3.31) Nr (s ¥ (a; 1)) =¢f (a) ¢ (a) cP2 =D,
(4.3.32)  Nr(ps,t(as D) =Nr(gat (a3 1))

=1, (2) $1,(a) €770 = 81 (2) , (2) #2507,

Then from (A.10), (4.3.8) and Theorem 4. 3. 2 we have the follow-
ing theorem.

Theorem 4.3.3. Assuming [,I'&&Z, we have
(4.3.33) ¢(x)¢i(a; )

8

. @5 —ip104,00 (@5 D) 04145 (= (@ —a) 4140, (x—a) *—1i0)

Il

i
+j§_:,; @5 1 (a; Dol (= (z~a) ™ 4140, (x+a) *—i0),

(4.3.349) ¢ er*(a;d)

2sinzl’

va(a; vy (— (x—a)~+i0, (z—a)*—i0)



HoLoNoMIC QUANTUM FIELDSs. IV 895
+]_Zol O, —14155(@5 D0 _1p15 (= (x—a) 410, (x—a)* —i0)

1
-t Dok (= (r—a)— 43 N
2 sin n_l,qﬂB ([L, )'Ul ( (.Z' a) +ZO, (JC a) ZO)

—i—j;o @sip,—1-5(a; D) v ;(— (x—a) ™ +140, (x—a) *—i0),

(4.3.35) ¢*(x)ei*(as )

M

051 E(a; Doy (= (x—a) ™ +i0, (x—a)*—i0)

Il

=0

+2, o815 5 (a; D vk (—(x—a) +140, (x—a)*—i0),

=1 es@; Do (~(z—a)"+i0, (z—a)* —i0)
2 sinwl’

+jZ'o ¢pirifi(a; Do (= (x—a)”+140, (x—a)*—10)

— L e Dt (— (e—a)+i0, (z—a)*—i0)
2sinmwl’

+2} @i, io1-5(@; D vEi (= (z—a)™ +i0, (x—a)*—i0).
=

oE(a; D) d(x), ¢F (a3 1) d(x), etc. are given by the right hand sides
of (4.3.33), (4.3.34), etc. with F (x—a)™ +i0 replaced by T (x—a)7
F 0.

In particular, if '=—1 (mod Z) we have
(4.3.37) ¢i(a; D¢ (x)

{¢(x)qof,*(a;l) if 'J:J“>zfr and z-<a~
ey (x)pF (ay ) i x"<<a* and x7>a”.

¢ (a; D) ¢* (z)
- {¢* (@) ¢l (a3 ) it z>a" and 27<a~
= e~k ()¢ (ay D) if zt<a® and z7>a",

and if I'=1[ (mod Z) we have
(4.3.38) ¢l (a; D)¢(=)
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B {¢(.2:)¢7ff(a;l) if x'>a' and x7<la~
B ey (x) b (a;l) if zt<at and z7>a”,

o% (a3 1) ¢* ()
_ {¢*(x)(ﬂﬁr(d; D if zt>a* and x=<la~
T et (2) 0B (a3 0) if zt<at and z>a.

Remark. (4.3.28) and (4.3.29) imply that ¢z(a;l) induces the
symplectic rotation in WzXC®:. Since ¢7,,;(a;l) (FEZ) appears as a
coefficient of the local expansion of ¢ (x) ¢z(a; ), and since [¢(x), ¢ (zx’)]
=0 if x and x’ are mutually spacelike, (4. 3.37) is a direct corollary of
(4.3.28) and (4.3.29). See also pp. 942~943.

Proposition 4. 3.4. Let d denote the exterior differentiation

with respect to a. Then we have
(4.3.39) dpi(a) =¢i(a)d(—ma™) + ¢ (a)d(ma”),
(4.3.40)  ddf (a) =dfn(@)d(—ma™) +¢ii(a)d(ma™),
(4.3.41) dgg(a;l)
— —2sin 7l (gsrn} (a5 D d(—ma) +@s it (@ Dd(ma”)).
Proof. (4.3.39) and (4.3.40) are easy. Since Nr is a linear map,

it commutes with d. Namely, Nr(dggz(a;l)) =d Nr(pz(a;l)). Then
(4. 3. 41) follows directly from the definition of Nr (¢z(a;l)), (4.3.11).

In the following corollary, we shall abbreviate v_,(— (x—a) ~+10,

(x—a)*—1i0) to v_;[a], and so on.

Corollary 4. 3.5. Assuming that IEZ, we have
(4.3.42) 2sinal-¢(x)¢f (a; )

=ggp(a;)v_ila] ___ 0

9(—may V(@ Doalal

+{ps(a; ) +2sinnl-¢5 7 (a; D} vila] +--,
(4.3.43) 2sinwl-¢* ()8, (a; D)

={ps(a; ) +2sinal-g5 ¥ (a; D)} v, [a]+-
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+os(a; D) v [a] —5677_??)_403 (a; Dv*ala]+--.

When we consider the original operator ¢z(a), we define ¢} (@) and
@si,1, (@) by
(4 3. 44) Nr ((ﬂf (a) ) — ¢l (a) epB(a)/z’
Nr (@m,.1, (@) = ¢y, (@) ¢, (@) e2@7,

where ¢;,(a) is given by (4.3.5) with the original ¢ («) satisfying
(4.1.63). Then we have

(4.3.26)" ¢(x)¢s(a)

8

=Z gj(a)zlﬁ( (x—a)~+1i0, (xr—a)*—i0)

i=0

[\ja

+ %_,(fl)'d;”( (x—a) 410, (x—a)*—i0),

7

(4.3.39" ¢(@)er(a)

= ea(@ v (= (a—a)"+iD, (x—a)*—i0)

+Z¢Bll+,(d)v+,< (z—a)™+10, (x—a) " —i0)

_ 17,%(4)7,( (z—a)~+10, (x—a) *—i0)
nwl

+Z¢BL -1- j(a)v +j( (.’L' a) +7’0 (SC CL)+-—Z()),
for Z'E% (mod Z). (4.3.41), (4.3.42) and (4. 3. 43) must be slightly
changed. Denoting ¢Z1(a) by ¢4 (a), we have
(4.3.45) doz(a)=—¢, %,%d (=ma™)—g, _%’_%d (mat),

(4.3.46) ¢(2)¢i(a)

=—¢z(a)v_4[a] —5(_:@— 5 ¢z(a)vylal+ -

+ (—%mfz) + 05 33(0) ) 03 al+ -,
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(4.3.47) ¢(x)¢? (a)

= <‘——;—‘¢B(ﬂ) +¢g _%,%(a)> v%[a] e

+ —;—(03 (a)v¥[a] ~5(7;?El+5 os(a)vila]+--.

Now we state analogous results in the orthogonal case. We omit

proofs, which are only refrains.

Remark. We have changed the definitions of ¢r(a; ), ¢F (a;1) and
oF' (a; 1) below from those in [7].

We start with ¢ (x) and ¢* (u) satisfying

(@), o)) <¢(u),¢*(u’)>>

NAORICH VR CIR SO

=<[¢)(u),¢(ﬂ’)]+ [¢(u),¢*(u’)]+>
[0* (), ()]s [9* (@), ¢*(«")]s

(4.3.48) <

B 0 2r|u|0(u+u’)
_<27z:[u]6(u+u’) 0 >’
(4. 3. 49) <<¢)(u)¢)(u')> D@)p* (@) )
o Y@@’y <PF@)p*@’))
_ 0 2w 0 (u+u’)
”<27m+a(u+u'> 0 >

We set for IeC

(4. 3.50) by () = j 0 0 4 im0 (.

(4. 3. 51) gb;k (x) = J‘@(O_{_ ZZL) le—im(.z--u+z*u-1)¢* (u) )

(@) i (2) D=L () do (2") ) s equal to (¢ (x) $F (x') > given by
(4.3.8).
We define or(a; ) € £ (Wr) by
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(4.3.52) o0p(a;D) =2 ”d_ud_zﬂRF(u, u'; 1) () g* (')
X gTim@ (U tar @)
where
—i0 >—z+% Vu—i0vu"—i0

’ h u
(4.3.53) Rp(u,u’;l)=—2icosnl <;¢T—Tiﬁ T utua —i0

and define operators ¢r(a;l), ¢f (a;l) and ¢ (a;1) by

(4.3.54) Nr (¢r(a; D)) =exp(0r(a; 1) /2),

(4. 3.55) Nr (¢ (a5 1)) = (@) exp (or (a3 1) /2),

(4. 3. 56) Nr (¢ (a5 1)) =i (@) exp (or (a5 1) /2).
Note that

(4. 3. 57) Re(u, v/ ;1) = — Ry (e, u; 1—10)

and that the anti-symmetric part of Ry (x, #’;0) coincides with the kernel
in (4.2.44).
In what follows we assume that l$%—|—Z,

Theorem 4. 3.6. The local operator expansion formulas read as

follows.

9y (@) or(a; l))

(4.3.58) <¢_ (@)or (s D

=; 13 (@5 D) - w_iy1ps (— (2 —a) " +i0, (z—a)* —i0)
+ 3167 (a3 D) i, (= (z—a) " +i0, (z—a)* —i0),
i=0

Pr(@)or(a; l)>

(4.3.59) <¢f (@or (a3 D)

=; oFii(a; D) - wiy; (— (x—a) = +i0, (x—a) *—i0)

2 oty (as ) s (= (—a) " 440, (z—a)*—i0).



900 MIKIO SATO, TETSUJI MIWA AND MICHIO JIMBO

(w (a5 D¢, (:C)> nd (w (a; D)% (x)

or(a; D¢ (x) or(a; )¢ (x)
sides of (4.3.58) and (4.3.59) respectively, with F (x—a) +i0 re-

placed by F (x—a)*F10.

> are given by the right hand

We define the following operators.
(4.3.60) Nr(¢ri,i,(a; 1)) =¢, (@), (a)er0r,
(4.3.61) Nr(prf,i(a; D) =i (a) i (a) err @D,
(4.3.62) Nr(pr.,f(a;1))=—Nr(pri.(a;0))
==¢, (a)¢i (a) err @D = — ¢k (a) ¢y, (a) ePr =D,

Theorem 4.3.7. Assuming I, Z’% > +Z, we have

INEIACE l))

(4.3.63) <¢- @)k (a3 D)

oo

;@F (@ Dw iy, (— (x—a) 4140, (x—a)™—i0)

i=0

+Z{J’ ¢r —i-g-(a; Dwiy ;(— (x—a) ™ +140, (z—a) *—10),

b ()i (a; Z))

(4.3.64) <¢) @ ok (a: )

=L or(@i Dw_y (= (x=a)"+i0, (&= a) " ~i0)

+ Zﬂ @5 —1r115,0a; Dw_ii4, ;(—(x—a) +10, (x —a)* —1i0)
=

ot or(a; Dwh (— (z—a)”+i0, (z—a)* —i0)
2 cosml

25 0r - (a3 Dl (= (2= a) " +i0, (x—a) 7 —i0),
=

sbf(x)(ﬂL*(a‘l))

(4.3.65) <¢)* @k (a: )

=§ orifie(a; Dwyy; (= (x—a)” 4140, (x—a) *—1i0)
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+;;‘) or i v (a; Dw ik, (—(x—a)” 440, (z—a)*—i0),

(4. 3. 66) (ﬂbf ()¢l (a; l)>

A ENACH))

=;.¢F(a; Dw_p.(— (x—a) +10, (x—a)*—1i0)
2 cosml’

3 or ity v(a; Dwiy (= (z—a)”+i0, (z—a)* —i0)

i

" 2 cos wl’

gr(a; ) wE(—(x—a)~+10, (x—a)*—i0)

+ ZO or ity v (a; Dw*y, (—(x—a)™+10, (x —a)* —10).

B (cof»(a; Dy, (@)y 3 <¢f?‘ (a; D¢, (x)

o (a; )¢ (x) o (a3 D¢_(x)
hand side of (4.3.63) and (4.3.64), eic., with F(x—a)¥+i0 re-

placed by F (x—a)¥F10.

), etc. are given by the right

Corollary 4. 3.8. We have the following commutation relations

in the region where x and a are mutually spacelike.
(4.3.67) ¢r(a;D)¢.(x)

. {¢i (@) pr(a; D) if zt>a® and x~<a~
e, (2)gr(a;l) it z*<a® and z7>a".

(4.3.68) ¢r(a; D)¢i(x)

_ (@) or(a; i) if x¥>a' and x~<la~
B {—e‘z"“gbi(x)gola(a;l) if z*<a' and x7>a”.

If I'=—1 (mod Z), we have
(4.3.69) g¢i(a;0)¢.(x)

_ {-—g/)i EACI)) i z*>a* and z7<a~
e, (2) % (a; ) if zt<a® and x7>a”,

o (a; D¢t (z)

{—gbi(x)gof;(a;l) if zxz">a" and z~<la~
ek (2)oE(ay 1) i z*<a® and z7>a.
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If I’==I (mod Z), we have

(4.3.70) ¢ (a3 D¢ (2)
{'“ﬁb:t (@)l (a3 1) if zxt>a" and z=<la~
e, (2)gl (a;l)  if zt<a® and z7>a7,

o' (a; D) 9% ()

. {—gbi(x)(ﬂfl’(a; 0) if x*>a’ and z=<a~
B e it (ol (ayl)  if zt<<at and x7>a”.

Proposition 4. 3. 9.

@3.71)  dp(@) =g (@) d(—ma") +i1(@) d(ma®),
(4.3.72) dgi (@) =¢fa (@) d(—ma™) +¢fi(a)d(ma*),
(4.3.73) dor(a;l) = —2i cos nl{pr_i1.% (a; D) d(—ma™)

+orfia; l)d(ma*)}.

Theorem 4. 3. 10. Denoting w_,(— (x—a)~ +1:0, (x—a)*—1i0)

by w_,[a] and so on, we have

o (@) o (a; l)>

(4.3.74) —2i cosnl <¢ (o@D

=g¢r(a; Hw_i[a] +——a—:—¢t’ (a; Dw_ipa[a] +--
0(—ma")
—{pr(a; D) +2icosml-or _1¥(a; D} wila]+--,
. ¥ (x)¢Ti(as )
4, 3, —2i cosl
@19 —zicosmf S )

={pr(a;l)+2icosnl-gp .} (a; D} wi[a]+--

—or(a; Dwhi[a] —Wﬂ;%w(a; Dw*,i[a] + - .

When we consider the original operator ¢r(a), we define ¢f (a),

@r,.1,(a) by
(4.3.76) Nr (¢F (a)) = ¢, (a) e’ @7

Nr (¢f,,1, (@) =1, (@) 1, (a) €777,
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where ¢, (x) is given by (4.3.50) with the original ¢ (x) satisfying
(4.2.42). We abbreviate ¢i (a) to ¢"(a). Since Ryp(u, 2 ;0) is not anti-
symmetric, the local operator expansion formula for ¢p(a) is slightly
different from that of @r(a;0). The results are as follows. See also

[5].

. (2)or(a)

(4.3.70) <¢_ (@) s (a)

)= 59" (@ (wnla] +wt [a)
2 (@ (@w;[a] +¢7; (@) w}[a]).

=L op(a) (wila] —wi[a])

(4.3.78) <¢+ ()¢ (@) > 5

$_(x)¢" (a)
+J§1¢F (@ w;la]l +or _j0(a)wilal).

(4.3.79) dor(a) = —ipp,e (@) d(—ma™) +ipr-1(a) d(ma®).
(4. 3. 80) de" (@) = ¢f (@) d (—ma™) +¢" (a) d(ma™).

§4.4. Wave Functions and v Functions

We shall now investigate the properties of various vacuum expecta-
tion values, involving operators gg(a;l), ¢p(a; 1) and ¢& (a;1) (or their
orthogonal versions) and the free fields ¢ (x), ¢*(x) (or ¢ (x), ¢*(x)).
Qur goal is to relate their Euclidean continuations to the wave functions
having specific monodromy properties, and thereby establish the connection
with the deformation theory expounded in the previous Chapter III.

Our argument is twofold. The present Section 4. 4 is the formal part,
in which we shall carry out the above program by making use of the proper-
ties of field operators in class G. The parameters A= (1,) introduced
in Section 3. 2 naturally arise in this context. However neither the positive
definiteness of A nor the reality of the exponents I, of local monodromy
are necessary here, at least formally. The next Section 4. 5 is devoted to the
analytical part. Using the product formula we shall derive infinite series
expansions for the wave- and r-functions, and show that they are conver-
gent in the complex domain (Propositions 4. 5. 1~4. 5, 3, Theorem 4. 5. 4).

In this way the formulas derived in this Section 4, 4 are recovered rigorously.
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Let x, x*, a,, -+, a, denote mutually spacelike points of X™"  Con-
sider the following vacuum expectation values, to which we shall here-

after refer as (Minkowski) Bose wave functions:
(4.4.1)  wy(x* x; L) =<¢* (@*) pp(a; L) - ¢p(an; L) ¢ () >

wg, (25 L) =<gg(as; b) ¢, (@3 L) - ¢p(an; l) ¢ (x)

wh, (2%; L) =<B* (x*) s (as; L) 921, (a3 L) ¢ (an; 1) > -
Likewise we define the (Minkowski) Fermi wave functions wg(z*, z; L)

= (wree (2%, 2; L)) ¢,e0-2, wr, (x; L) =" (wr,+ (x; L), wp,- (x; L))  and
wi, (x*; L) =" (w¥,, (x*; L), w¥,_(z*; L)) by
(4.4.2)  wreee (2%, 25 L) =<av (&%) gr(@s; L) = pr(an; 1) g ()

wrye (23 L) =<0 (a; 1) - 0i, (a3 L) - gr (an; 1) P (2) D

Wi, (2%; L) ={¢% (@*) or(as; 1) 9%, (a5 L) - pr(ans 1) D -
We also deal with the Bose and Fermi t functions™® defined by
(4.4.3) w5 (L) =tp(ay, =, an; L) =<5 (as; L) - ¢5(am; l,) >

(L) =tp(ay, -+, ans L) =Lgras; L) - pr(an; 1) ) -
Obviously (4.4.1) or (4.4.2), regarded as functions of x and x*, are
solutions of the 2-dimensional Klein-Gordon equation (4.4.1) (with n=2)
or the Dirac equation (4.2.42) respectively.®** Their local properties
are known immediately by applying Theorems 4.3.2, 4. 3. 3, 4.3.6 and
4,3.7. For instance assume x*>a;,,>a}.>:->af. From (4. 3.28),
¢ (x) commutes with ¢g(a,;l,) (V+1<u<n) in this region. Therefore
we have wy(x*, x; L) =<8* (x*) gz (ar; L) - ¢p(a,; L) ¢ (x) 95(ayi15 Lss) -
¢g(am; ) > there. Applying (4. 3.26) for ¢x(a,;l,)¢(x) we then obtain
the local expansion for wg(x*, x; L) at a,. Hereafter, in writing down
the local expansions, we assume x**>a;i>--->a] for wg, wa, Wr, W,

and x**<lai<---<a} for wj, w¥,. Otherwise the coefficients of the

expansions should be modified according to the commutation relations

@ For the lack of the time-ordering sign, the expectation values (4.4.3) may more pro-
perly be called the Wightmann functions. Regarding the microcausality condition
for the ¢-fields (see § 4.5) we may confuse these two notions, since we are working
in the spacelike-separated region of arguments.

¢4 In the case of wr(x*, x; L), its transpose satisfies (4.2.42) with respect to x*.
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(4.3.28), (4.3.29), (4.3.37), (4.3.38) or their Fermi versions.

(4.4.4), ws(z*, ;L) :—7]_;—1'3 (L) -%o[2*]

+§ c® (wsp) v, [z*] +;Z;, CEO (w0, -0 [2¥],
cP(wp) =< ¢* (x*) ¢; () 1 ¢p(as; 1) gp(an L)>(GEZ)
O (wg) =cY(wy) (j==0).
(4.4.4), wp(x*, z;L)

co

:Z ¢ (ws) vy, 5lal] +Z ety (ws) - vy ;lall,

Cg’%,ﬁj(wB) =<¢* (x*) (5] (al; 1) .'.¢—ly+j(al‘; l,,) ¢p (fl,,,; ln)>
(GeZ)
ety (wp) =cll,;(ws) (I=0).

(4.4.5),, ws.(z; L)

_——O[Luv 1, [(Z ] +L C(J),,+J (wB,w) v_ ly+][a:|
2311177:[

+ E} Cﬁg)j (wBI‘> * vzt-(—i [(l,,] 5

c¥ +j(pr) op(as; ly)- ¢z+ (an; L) "‘(ﬂﬁz,w((lu; L)ps(an; 1))
(usv,jeZ)
={pp(as; b)) ¢z ik,,,-z,,w(‘lp; L) 0s(@n; la))
(u=v,j€Z)
et (ws,) = — ;g{%}l—oﬂomwa J(w5)  (=0)

where v,[a] =v,(— (x—a) " —i0, (x—a) " +i0), etc.

4 A5L wh (2% L) =3 el (wh) - oh.,[a]

Ts <L) *,[a.] TZ ¢t (w3 -0, lal],
2'sin nl,
et () = — 25;31%*0 Bt P (0 (20
C*(y+.7 (wB ;a) <¢B (tlla 1) (/7 l (alu lﬂ) @z,_j(av; l“)'..qu(a"; Zn)>

(u#v,i€Z)
=<gz(as; ly) "'@B—z,,,zﬁj (@u; 1) o5 (an; 1))
(u=v,j€Z)
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where v)[a]l =v,(— (z*—a)~+i0, (x*—a)*—i0), etc. In deriving

(4. 4. 4), we have used the formula

. +°° .
(4.4.6) e eI = ST (04iu) v, (—x, 2t),
j=—oc0

b@) = 3 6@, "],
Set
44T Y= (@ ) € KO MIm(a,—2) <0 ASp<=m),
(4.4.8) yrEe=y™0n (XBo)",

We shall see in Section 4. 5 that the wave- and r-functions are analytically
prolongable to the domain of the form (4.4.7) (e.g. (z*, ay, -+, ay X)
eY""*C for wy(x*, x; L)), in particular to the corresponding Euclidean
region (4.4.8). Moreover they are bounded in the limit Im(z*—a,) ™
——o0, Im(x—a)*—>+oco0 (1=<y<n) and Im(a,—a,)*—>—oc0 (AI=p<y
<n). Hereafter in the Euclidean space X=* we often write the variables
(“'.21'_, .Zli'+) ’ (“‘.’L‘*_, .’C*+) and (-LZ,,_, a;) as (Z, E) ’ (Z*, 2*) and (aw Fz,,)
respectively. The Euclidean continuation of wg(x*, x; L) is also denoted
by the same letter wpz(2*, 2; L), and similarly for wp,, wj, or tz
Set now
(4.4.9 wp(x*, x; L) =nwp(x*, z; L) /ts(L),
Wp,(x; L) =2sinwl,-wg, (x; L) /ta(L),
wg, (x*; L) =2sinl,- wi, (x*; L) [tz (L).
The local expansions (4. 4. 4);~ (4. 4. 5) %, then imply that the Eucli-
dean continuations of (4.4.9) are multi-valued on X’ =X*¥—{(a,, a,)},
=1,..n, having the monodromic property (3.2.3). This is in fact an im-

mediate consequence of the commutation relations (4. 3.28), (4.3.29),
(4.3.37) and (4. 3.38) among the ¢- and the free ¢- fields (cf. § 2. 2).

Summing up we have

Proposition 4.4.1. For I, -, l,€C—Z, the Euclidean continua-

™ p¥f=vy_; for all jeZ.
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tions of Wg(x*, x;L), @z, (x; L) AZuyn) and @i, (x*;L) ALy
<n) provide linearly independent elements of Wgl»!mStt and of
Wik alwstriet respectively. They are canonical in the sense T (@p)
=1, ¢¥) ('w ) =0, ¢¥), (@p,) =0, and c*? (®},) =0,. In particular if
k<l -, L,<<k+1 for some ke Z, they coincide with those v,(2*, z; L),
v,(z; L) and v,(z¥; L) constructed in Chapter IIL

Remark. Strictly speaking we must impose a restriction on the re-

gion of x*, x, a, and [, For the precise statement see Section 4. 5.

In particular, from (4. 4. 4),~ (4. 4.5),, we obtain the following ex-
pressions for a,,(2*; L), etc. in Section 3. 2 in terms of field operators
(cf. (38.2.12)):

(4. 4. 10) a, (2% L) =7{@* (x*) gz (as; L) - ¢2, (a5 1)
¢ (LZ,,; lﬂ) >/TB (L) ’

Bo»(x L) le,,(x L)

2 sin
& (L) =2sinwl,ep) (L L, —1,+1) /o (L),
Buw (L) = —0,,+2sin nl,75;,(L; L, —1) /t5(L)
where we have set
(4. 4.11) w5 (L; L, 1) =<ps(as; L) - 00* (@i L)
S ACHYARR A CRYADINES))
=Lgp(a; 1) - gaiv (@ L) op(an 1) > (u=v).
Note also that (4.3.41) implies

(4, 4, 12) é‘(tgﬁ_ ) lOg Tg (L) —-C(_"ly+1(@3y),
a l L — * () 75y %
“o(mar) og 75 (L) = —cX(@3).

Formulas for the Fermi wave functions are obtained similarly.
We set w@® (z*, x; L) =" (wp., (¥, 2; L), wp._(z*, £; L)). Assuming
l”$Z+_2— (v=1, -+, n) we have
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itp (L) [®F[x*]

(4.4.13), w@®(z*, x;L)=

+ 2 e, (W) sy, [27 ]+E ¢}y (wi) - wi,,[z*],

o, (w§?) = G 9 (@) by, (&%) 1 gr (a3 1) --or (@n; 1)) (FEZ)
19 (w§) =c., (w§)  (i=0).

(4.4.13),  wi (%, 2; L) =3 ¥y (i) -w_r, 5[a]

+ 30 e (w) wt e,

{c% ¥ (.w<+> ={PE(x*) pr(as; ll)"'@ﬂ,u(a»; L) 9r(an; ln)) JEZ)
e () =¥,y (w§)  (/20).

ity (L) 0

4.4.14),, s L) =—
( ) wr(; L) 2 cosml,

ww,[a.]

+Z} C(—V%ﬁi (wFu> W 1,4 [av] + Zo Cl,t?: (wF.”') : wlﬂ:&j[av]’
i= i=

¢ i(wr) = £4pr (@ 1) o (au; 1) 05 v 5(an; L)--0r (@n; L))
(usv,jeZ)
=<{pr(ay; 1) orl, 1,0 5(an; L) - or (@n; L2)
(u=v,j€Z)

£ (W) %o@g—aﬂaﬁcw L (we))  (G=0).

4.4.15),, wi, (% L) =—"TE) 5 % 4]
2 cosml,

“‘Z Cz +j (w“) Wi,y [a o]+ Z..: C*z(ﬁj(w?D 'wfl,{-i[au]’

Bk = ST Bk et () (20)
c*(V)‘i'j(wFll') = :F<¢F(a15 1) ¢ Ly (a;n ,u) ¢l, 7 (avs Z) qu(aﬂd n)>
(usv,jeZ)
= —{pr(as; &) ¢r —z,,,z,,fj (aus L) or(an; 1))
(u=v,jeZ)

where wj [a] =w,(— (x*—a) " +i0, (x*—a)*—i0), etc.
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We set
(4. 4. 16) @r(x*, x; L) =niwp(x*, x; L) /7 (L),
@y, (x; L) =2i cos wl,-wr,(x; L) /7r (L),

@3, (x*; L) =2i{coswl, - w¥,(x*; L) /tr(L).

Proposition 4.4.2. For L,-,[,€C— <Z —1—%—), the Euclidean
continuations of WE (x*, x; L), Wr,(x; L) AZu<n) and ®%,(x*; L)
(A=u<n) provide the canonical independent elements of Wt strict
and Wy mlnssiet respectively. If k—1/2<ly, -+, [,<k+1/2 for some
keZ, @@ (z*,2; L), Wr,(z; L) and @%,(2*; L) coincide with those

wi® (2*,2; L), w,(z; L) and w} (z*; L) in Chapter III respectively.

(4.4.13)y~(4.4.15) ,, and (4.3.73) now yield the following (cf.
3.2.22)).
(4.4.17) o <L+—;—> = 7ipt () pr (ar; 1) 0% 101 (as; L)

cgr(@a; L)>/tr(L),

oz,,,<L+—;-> —2i cosal, -tk (L L, —1,+1) /7s(L)

B,,,<L+%> = —0,,+2i cosnl, ek, (L3 L, —1,) /7 (L)

where

(4.4.18)  tpp(L; 4, 1) = 2<gr(a; L) 97 (@u; L) - 0f (a3l,)
o (@ )Y (usy)
=<§0F (al; ll) *QFi (au; lu) e Qr (an; lﬂ>> (ﬂ:))) .

0

mlog TF (L) = C(_y%y_‘_l ('Z?)F,,)

(4.4.19)

Til—j—)-—log (L) =c*®,  (@}F,).

Notice that (4. 4.11) and (4. 4. 17) give different expressions for the same
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quantities « (L), A(L). More generally by virtue of the isomorphism
(3.2.15) we have the following relations between the Bose and Fermi

wave functions:

(44200 <*(e)0a(ar5 bt ) op (w03 b 1) 6@ e (L4 1)
=i (=) 0 (@13 1) 02 (ans L4 () /72 (L),

.42 <os(a zl+%> gty z,,+%)

%] (am; ln+—;"> ¢(x)>/75 <L+—;—>
=ilpr(@i; 1) 01} (a5 1) - 0r (@n; L) s (2) D /78 (L),

(4.4.22) {*(x¥)gs <a1; l1+—;—> g, _%(a,; z,+_;_)

"'¢B<an§ ln+';_>>/fB<L+%>

== (x*) gr(as; 1) 071, (au; L) 05 (an; 1) > /75 (L).

The connection with the deformation theory enables us to express the
t functions in a closed form in terms of solutions of the non-linear total

differential equations (3. 3.24). Namely from (4. 4.11) and (4. 4.17) we

have
(4. 4.23) —dlog rB<L+—;—> —dlogtr(L) =0

where w=w (L) denotes the 1-form (3. 3. 57), corresponding to w=w (L).
As we shall see in Section 4. 5, the t-functions satisfy the boundary con-
ditions z5(L), t# (L) —1 as |a,—a,|—>o00 (4~y). Hence (4. 4. 23) implies
further that

(4. 4.24) = <L+%> cep(L) =1.

Remark. The relation (4. 4. 24) is intuitively an obvious consequence
of the formulas (1.5.7) and (A.31). Observe first that the symplectic

vector space Wp in Section 4.1 and the orthogonal Wy are the same
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objects in the u-representation, including the holonomic decomposition
V*@V. Moreover the rotation 7 induced by ¢z= ¢z <a; l+~12—> is identical
with the one induced by ¢gr=¢r(a;l). If we denote by (1+E)/2 the
projection operators onto V* or V, (1.5.7) and (A.31l) yield

+E-

_ -1
{wz)?=nr (¢z)det < 1 '; T 11_.2)

2
1+T 1-T
E=———).
2 * 2 )

Cory*=n1 (pr) det(

Noting {¢z>=1, <@ry=1 and E*=1 we see that nr(gp) -nr(gr) =1.
Hence (4. 4. 24) applied to the products goB(al; A —L—%—> ---;OB(an; ln-i—%) and
or(ay; L) - ¢r(an; ) shows that their expectation values are mutually

inverse.

We shall now generalize the above discussion to include n(n—1) /2
parameters 4. As shown in I (or in Appendix to this Chapter), in in-
vestigating the vacuum expectation values of the form <{g;:--¢,», it is
natural to consider an extended sympletic or orthogonal space parametrized
by a symmetric matrix A= (4,) with A,=1 (v=1, -, 7). Let e, -, ¢,
be a basis of €C". We equip it with a symmetric (possibly degenerate)
inner product by setting <{e, e,>=21, (4 v=1,--,7n). Consider the
sympletic vector space Wjz(4) = (WzRC) QLC', where the inner product
{, >4 and the expectation value { >, among the ideal basis ¢“ (x)
= () Re,, ¢*° (1) =¢* (u) Re, are given as [ollows,

PP @), 80 @) os ¥ (), %@ (@), )

(4. 4.25) <<¢*(P) (@), ¥ @)>s  {6*® (@), ¢*© (@) >,
:/1,,,(1 1>27ru6 (w+u’),

(<¢""> (@) ¢® @ )pa LW (@) * (")) >
P (@)g® @) on ¥ (@) ¢* (u') )4

1
=/1,,,<1 >2m¢+6(u+u’).

We define operators ¢ (x), ¢Ff®(x) ((4.3.5)-(4.3.6)), ¢P (a;1),
G (a3 ), oF¥ (a3 ) ((4.3.11)-(4.3.13)) and ¢f,,(a; D), ¢, (a; D),
o5, (a; D) ((4.3.30)- (4. 3.32)) by the formulas cited here, using ¢*(«),
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¢*® (u) in place of @ (w), ¢*(w) respectively. From the definition
(4. 4. 25) and the condition 4,,=1, it follows in particular that the ex-
pectation values (and hence the inner product) of ¢“ () —1,,8% (%) and
6% W), ¢*¥ (4') vanish identically:

C@B* @) — 2 @) % () >4=0,
C(@” @) =A™ @) $* @) >4=0,
P @) (8% (@) —2wd” @) >4=0,
$E*? (') (@ () —2u® @) >4=0,

and similarly for ¢*“ (x) —A,,$*” (). This observation leads us to the
following consequences: (i) the local expansion formulas (4. 3.26)-
(4.3.27), (4.3.33)-(4.3.36) are valid for the products ¢ (x) ¢ (a; 1),
etc. having the same superfix (accordingly the right hand sides of the
formulas should be superfixed by the same v), while (ii)) products
(8 () — 2,0 (x)) ¥ (a; 1), etc. with different x4, v cause no singularities

at z=a. To see (ii) we note, for instance,

(4. 4. 26) Nr (3 () — 2,87 () ¢ (a; 1))
— (¢(n) (x) —/Z,,yqi"” (x)) .ePB(”>‘“;D/2

— , +Zm <¢-(7.u) (.Z') __]wu(ﬁgv) (.Z‘)) . epE(v) @32, v; [a] ,

=—o0

and so forth.
Thus the commutation relations among the ¢-fields and the free fields

¥ (), ¢*“ (x) read as follows. For convenience we use the vector

notation ¢ (x) = (¢ (2), =+, ™ (), ¢* (@) = ($* (@), -, $*® (2)).

(4.4.27) ¢ (a; Dd(x)

_ {¢(x)qo§’> (a;0) if zt>a* and z7<a~
T B@ e (@ M@ i z*<a* and z>a-,

o (a; ) 6* (x)

_ {¢*(x)¢§”)(ﬂ; D if zt>at and z=<a~
B ;/;* @Y (a; HM, () if z*<a* and z7>a".

Here we have set
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(4. 4. 28) M,()* =1+ (e —1)E, A

Y

0
E~ 1 | av=w.
._O
Likewise ¢®%;(a;0) and ¢5®(a;])) (I€Z) satisfy (4.4.27), where
@ (a; ) are replaced by ¢®%);(a;l) and ¢i% (a; ) respectively.

We now consider the 7z Xz matrices wgz(x*, x; L, A), wz(x;L,1) and

wx(x*; L, A) of wave functions, whose (4, v)-th components are given by
(4. 4. 29)

wy (x*, 25 L, 4) ,=<{¢*? (%) 0§ (ar; 1) -+ 98 (an; 1) 9 () D4 s

wp(x; L, A) 5 ={0§ (@i; L) - o2 (ay; L) - 08 (an; L) 8% () Das

w§ (2*; L, A) ,=<{8** (x*) 0§ (@15 ) - ¢ (@5 L) 08 (@ns 1) Das -
We set also
(4.4.30)  tp(L, A) =t5(as, -, an; L, A) =<0§ (as; 1) 05 (@n; L) D -
From (4. 4. 4) y~(4. 4. 5)}, we may readily write down the local expansions

for (4.4.29). Assuming [, -+, [, Z we have

(4.4.31), wy(z*, z; L, A)=21,(L, 4) - 4-%s[2*]
T

(4.4.31), wy(z*, z; L, A) Egi Ca(wa)Ed-v_y,;[a)]

+ io C’;A (wz)E,A-v,;[a,]
e

where = signifies “modulo single-valued regular functions”, and é,,,,(wg) s

5’}‘ 4+(wp) denote matrices with entries

51,4("”3) w= {p* (z*) o (as; ly) - —(zy,)w (@3 1) 08 (an; L) 4

(jez)
Cta(ws) =C_;(ws) (7=20).

Similarly we have

(4.4.32), wa(z; L, Hy="2LDp 4.5 [a]
2 sin7nl,
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+ Z; Cia(wp)EA-v_y,.5[a]+ Zo CY.(wg)E A v, ;[a,]
j= i=

Ci,u(ws) =<8 (@15 1) -+ @0f au; 1) 0200 (@s5 L) 08 (@nsla)) s

(u#v,i€Z)
=<0 (as; 1) 0%, 1,05(as; L) 08 (@n; L) Ds
(u=v,j€Z)
f )= — 2D s 0w (720,
2sinnL

(4.4.32)F  ‘wi(z*; L, 4) E}i C, (W EA-v),.,[a)]

+ L) gy (4] 430 CF (wh) Eud-o¥,, 0]
2 sin7l, J=1

Cratwn) =—2LD 5, cxy ) (20)
C?,A (w )/w— <¢(1) (al’ 1) ¢B* @ (a/u u) ¢7B(v) (LZ,,; lv)' . '¢gl)(an; ln)><l
(u#v,j€2),
= <¢(D (al; ll) wé)lf 7y =1, ((l,,; Zu) vt '(h(en) (an; ln) >A
(u=v,j€2).

Set

(4. 4. 33) Wy (x*, x; L, A) =nwg (x*, x; L, A) /t5(L, 4),
Wy(x; L, A) =2sinnl-wy(x; L, A) /t5(L, A),
‘@% (x*; L, A) =2 sin gL -*wi (x*; L, A) /t (L, A),

and denote by @g,(z*, x; L, A), @z,(x; L, A) and ‘@%, (x*; L, A) the

corresponding #-th row vectors of (4. 4. 33).

Proposition 4.4.3. For [,--,[,eC—Z, the Euclidean con-
tinuations @y, (2%, 2; L, A), @p,(2; L, A) (A<pu<n) and @3, (z*; L, A)
provide canonical independent elements of Wxka!=Sitet(4.2,) (Aw
= (A > Aw) =V-th row of A) and of Wgglnstmt (f) respectively.
If k<L, -, L, <<k+1 for some ke Z they coincide with wv,(L; A),
v,(L; A) and *v,(L, A) respectively.

In particular we obtain (see (3. 2.41))
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(4.4.34) (L, 4,2,) =1{g*® (x*) P (as; 1) - ¢2D1(a,; L)+
"'qﬂ)(gn) (aﬂ; ln) >/TB (L’ A)a

Bo(L, 4,2,) =—"— @3 (z*; L, A) .,
2 sinwl

v

@ (L, A) =2sinl, 75, (L, A3 1,, —1,4+1) /7(L, 4),
B (L, A) = —0u+2sin nl, 55, (L, 4; Ly —1,) /75(L, 4),
where
(4.4.35) 5 (L, 451, 17) =Lof (as; 1) " (@5 L) -
gt (a3 1) 08 (@n; L) D (),

=4g® (@1; 1) -0t (@n; L) 08 (@ns 1) D

(u=v).
4.4.36) 0 logr,(L,4) = —cyu (@),
0(—ma;)
Llog B (L A) = '—C;k/i (7@;) PR
0 (maj) ’ ’

The orthogonal case is quite parallel. We set

(4.4.37) <<¢’(")(”>’¢(”)(u’)>A <¢’(“’(u),¢*<~>(u')>A>

WGP W), g @) >, ™ (), $* () >4
= <1 1>2n|u [0 (e +u")

<<¢<”><u>¢<“><u'>>4 <¢<ﬂ><u>¢*<v><u'>>4>
<¢,*(ﬂ) (u)g[)(") (u,)>,1 <(/)*(/4) (u)(/)*(” (u/)>A

1
=l/w<1 >2ﬂu+5(u+u’)

915

and define ¢% (a;1l), etc., similarly as in the symplectic case. The Fermi
wave functions wr(x*, x; L, A) = (Wrese (x*, 2; L, A)) ¢, 642, wr(x; L)

="Cwp, (x; L), 'wp_(x; L)), wi(x*; L) = (wi,(x*; L), wi_(z* L))

are now 2nX2n, 2nXn and nX2n matrices, given by

(4. 4.38) wree(z™, x5 L, A),, = PEX(2*)pP (@15 1) 0§ (@ns; 1a) 9P (D 4,
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wF:t(x L A);w_<¢(1)<al: 1) {2 *(F)<a/nlﬁ> ¢(n)(an;ln)¢g)(x)>/h
Wi (2%; Ly A)=PEN 2 * )P (@13 1) 00 (a,; 1) 08 (@n; L))

The t function reads
(4. 4. 39) tr (L, A) =< (a3 1) 9 (an; L) D4 .

Assuming 4, -+, [, Z+1/2 we give local expansions for (4. 4. 38)

(44,40 wr(e, 2 L, ) =" 28D (—aper, @[ @4,

(4.4.40), w@® (z* z; L, A)(*)—ZC J(WENE A-w_,, ;[a,]

oo

+22 T (W) EA-wi, j[a],

C, 1 (w§ ))p =LPE" (x2*) ¢P (@13 1) - (ﬂFz(”)ﬂhf(“u, L) 0 (@n; L) D4
(eZz)
C’}‘A(w DES C_ jA(w N (1=0),
(4. 4. 41),

we(z; L, A) = —_-;—Tc“(’)gi—l/DEA w_y [a)]

+f21 Ci(wr)EA-w i, ;[a]+ Zﬂ Cii(wr) EA-wi ;lal],
= =

Cha(wr) = £<0¥ (a1; 1)) - @F*“‘) (@us; L) 078 5 (a5 L)
@8 (@n; L) D4 (usv,jeZ)

—<¢(D (a3 4y)-- €0F 1o —1y +i(a,; Z)-- 0 (@n; L) D4
(u=v,j€Z)

%, (wy) = MafoJrc_J,A(wF) (=0),
2 cosmL

(4. 4.42), ‘wi(z*; L, 4) Eﬁo C, Cwd)EA-w,, ;[a.]

@i D g gt (4]
2 cosTl,

+ >: C% ,(w}) EA-w*,,,,[a.],

&) L@ (z*, x5 L, A) = Cwrs,+ (&%, z; L, 4), ‘wrs, - (&%, z; L, 4)).



HoLoNOMIC QUANTUM FIELDS. IV 917

C,a(w *)—i@j;‘T’Da,ﬁc-,,Acw;) (=0)

Cl A4 (th) /w'_ :F <¢(1) (aI, l) (PF(”) (‘Zﬂ; l,u) %,,* ' (a»s l )

' 9)(411; n)>A (,U 4 JEZ)
=—<LpP (ar; 1) 0@ 0,05 5 (@ L) 08 (@n; 1n) D4

(u=v, jEZ).

Therefore il we set

(4. 4. 43) WP (z*, x; L, A) =mwiw§® (x*, x; L, A) /tp (L, A),
Wp(x; L, A) =2icostL-wyp(x: L, A) /o (L, 4),
L@wF(x*; L, A) =2i cos wL-'w¥ (x*; L, A) /v (L, A).

Their #-th row (resp. column) vectors @) (x*, zx; L, A), @p,(x; L, A)
(resp. @WF*(x*; L, A)) provide the canonical independent elements of
W b ntastrict (4 2 5) (resp. Whknlmsfet(4)) in the sense that Z*(@§)
—0, 29, (w§) =0, £%), (Br,) =0, T*O (@E,) =0,

with (4.4.16)-(4. 4. 18) we have (cf. (3.2.44))

In correspondence

(4440 (L, 4,2,) =midpr® @) o (as; 1) 0" oa(ai 1)

ly+1

08 (@n; L) >/ Tr (L, ),

55)<L~i‘%, 4, /{l‘>: : WE o (x*5 L, A)
(4.4.45) @, (L+ % A)=2i cos aly- oy (L, 43 1, =Lt D) /72 (L, A),

8, <L + % A) = = 8,42 costl Ty (L, 43 4y, — L)/ (L, A)
where
(4.4.46) tpy (L, 4;1,17) = £409 (as; L) 07 * ¥ (aus 1)
o0 (a,; L) 0P (an; L)y (4SY)
=4oP (a3 1) 033, (au; 1)
o5 (ans L) (=V).

The relations (4. 4. 19)-(4. 4. 23) are all valid with obvious modifications.
Our original cases (4.4.1)-(4.4.3) are obtained as the special case
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2,=1 for all y,y=1,---,n (cf. Proposition 3.2.14).

Consider now the most general wave functions
(4. 4, 47) <¢*(I¢,) ¢*(K;;)¢g) B(vx) B(l‘n) g‘)¢(1‘1) (I‘l)>A/fB (L’ A)’

(4.4.48) Y0P P9 - gF 00T Om 40940 [T e (L, A).

In (4. 4.47) we have set ¢**0 =¢**®2(z¥), p@ =9 (a,; 1), ¢ =¢“ (z;),
and the fields ¢°*”, which stands either for ¢2¢?(a,,;l,) or for
¢, (ay; L), are placed at y=y;, -+, V. Similar convention is used in
(4. 4. 48), where &f,g=+ or —. Notice that (4.4.47), (4.4.48) re-
duce to O unless £+m -+ and the number of the starred operators ¢**?,
PP (or p**P, pF**) are both even. By the same reasoning as above
we see that the Euclidean continuation of (4. 4. 47), viewed as a function
of (2,,%) = (—a1,xf), gives a y-th element of a function belonging
to Wikl imstrict (4 Ay = Aaep) -@W%‘é; df”’?t::.a 4, 2wp) (Awp=Fsth
row of A), and hence is a linear combmatlon of @p(2¥, 21, L, A, Ap) kyn
A=igk), a2z L, A) 4y, AZpu<n). The same argument applies separa-
tely to each variable x¥ or x;, Indeed we have the following formula,

which is a direct consequence of (A.27):

(4.4.49) @5

LR -

A9 A, A~
wBtl ....... w‘;%l an”l wBA?;/ll
"% ceereeens " Dk eee 0D
W, Wk | Wk WBerm
. 0 2t B | @Y, o DY
=Hafnian .
Pm-19m
oy .
0 W, D,
Py, oo0, D,
where @ %" " denotes (4. 4. 47), and
B, Byyeery Bky ey, H1

(4. 4. 50) Wit =wj (xF; L, A) r,/73(L, 4),
@B:ﬂ =Wpg (x::k, xﬂ; L’ A) ICA/TB (L9 A) ’
z?’vBA =Wp (xn; L, A) l’#/tB (L: A) »
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?gv — <¢§1) . B(ﬁ) ¢B(v) ¢§n)> .

Note that 78" =133, (L, 451, —1,) /t5(L, A) if ¢*** 1s starred and ¢** is

not. For a symmetric matrix (a;)icij<e we set Hafnian (ay) =0 (&:

odd), = 12 @33, 4,5, (ki even), and the lower triangle of (4. 4.49)

is omittelc)la rlllnrijier the convention that the matrix inside is symmetric.
Likewise in the Fermi case we have

(4.4.51) @7F "

P ~Vm

wFﬁ‘ ......... wF,:‘ wFtlﬂx wFl:xllz
AV1 ~Vm ~ % B
wFtk --------- wFt' wF‘kﬂl . wF‘k[lz
V4D, A~ P
0 ?l}’ ves ??”n wF‘/.ll wl’u;
=Pfaffian| . . .
$op-svm
N oy
0 wl}nﬂx w 41
Again 'w”“ o . stands for (4. 4.48), and
ks A1
(4.4.52) Wrt=wt (x¥; L, A) o/tr (L, 4),
Wrps=wr(xF, 245 L, A) o0/ tr (L, A),

I

)i”/,: =wWrp (x/l; L’ A) P/l/fF (Lr A) ’
?§D=<¢g).“¢F(ﬂ) . F(v) . (n)>

In (4.4.51) and (4.4.52) we have omitted to indicate &, & for simpli-
city. For a skew symmetric matrix (ay)icij<e we set Pfaffian (ay) =0
(k:0dd), = Z sgn (705 ag g, g, g, (R: even) ®, and the lower triangle
of (4.4. 51)parsng:3m1tted under the convention that the matrix inside is
skew-symmetric.

Formulas (4. 4. 49) - (4. 4. 52) tell that the quantities wz(z*, x; L., 4),
wglx; L, A), wF(x*; L, A), ts3,(L, 4;1,, —1,) and their Fermi versions

are elementary. On the other hand, these are characterized by linear and

™ As is well known (Pfaffian A)®=det A, but Hafnian A is not related to det A.
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non-linear total differential equations according to the results of Chapter
III. Thus we have a complete characterization of arbitrary wave- and t-

functions.

§4.5. Convergence of Products

In this section we exploit the product formula to define rigorously
the product of our field operators. In particular, we obtain infinite series
expressions for ¢ functions and wave functions. QOur idea of convergence
proof is the same as that of Section 2.3. Contrary to the divergence of
(2. 2.28) in 1-dimensional case, 7 function itself has a convergent series
expression here. We shall mainly deal with the symplectic case. The
orthogonal case is similarly treated.

Following the notations in the previous section, we set

R (w, u”)

(4.5.1) 5 Rp(u, u’) = ..
RE (u, u’)
where RY (u,u’) =Ry (u, u’; 1,) e-ima; aeu)vafalsa/~)
- - . —2 sin 7l - - .
= g-tmlayuratu™t) (4 _ 70) ~lvtl. Y. g-im(a; u/+afu’/"! u’ —10 Lv,
(= 10) u+u’—i0 ( )
(4. 5- 2),8 AB (u, ul)
0 220 (&) wvveeeee 2120 (1)
}.210 (— u) 0 '
= . R . : 2r|u|0(u+u’).
. | o had [FHOEH)
At (—2) oo il (—22) O

From (A.24) we have the following infinite series for log rz=

IOg TB(‘ZI, Ctty Apy L3 A)~
(4.5.3) logts=2 g le f jé&...gu_z, trace A g (s, us) Ry (i, 5)

o Ap (U1, ) Rp (ua, u1).

We set g,,=21 if y=p, =0 if g=v, and define
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(4.5.4) e, (v) =2ueu0 (—e,0)
X e~ " Euy DL /24 € uy—1l/2) ' u Ilp—t,,

—im (@ y—ay)"U+ (A y—ay)*U-1
X e (@p—ay) (@p—ay ) s

(4.5.5) Ep(u) = (€4 @) pyetioun s

2 sin 72'11 1

@56, Pawud=| b
i 2sinnl,) #—u +i0

Then (4.5.3) is rewritten as

7 1 du du
4.5, 1 Tp=2 _j 1., i
( ) 0gTpg ;:2 ]

Xtrace Egp(u)) Pg(uy, tts) -+ Ep () Py (s, t4y) .

Let U, be a relatively compact open subset in Y™¢x C"x C"® V2

C"™ V% with the parameter spaces {L

where we identify C€" and
= (Owl) py=tont and {4= (Aw) gyt nldw =200, 4,=1 (4, v=1, -, n)} re-
spectively.

We denote by E,, and P, the bounded linear operators in L*(R X R)

=L*(RXR; (du/2r) X (du’'/27)) given by
(Enf) (u,u") = e, (@) f(u,u)

and

* du” 2sinnl
P,J s 7 — v //, 7’
(Pof) (s —w 27 u—u”—l—iOf(u “’)

respectively. We set also

Ci= max sup ||Eullzemxm s
uyy=len  Uqy

Cz = max sup mPv“IL‘(RXR) N
y=1en U,

where ||-|lzecgxm denotes the operator norm.

Proposition 4. 5. 1. We assume that CICZ<l. Then the right
n

hand side of (4.5.7) is uniformly convergent in U,

Proof. The integrand of I-th term in (4. 5. 7) consists of 7' functions
of the form
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(4' S. 8) Fl‘x"'ll-l (uly Tty ul) =€ puip, (ul) M

ul""ug-l"io
2 sinml 2 sin7l
X e Ug) ———— 3 ... Bg) —=
s (1) sy —tg+10 o (1) #y—u,+10

It is sufficient for us to prove

du du e\
4.5.9 \f LT S T gc(-)
( ) | - P i (21 D= -

for some ¢ such that 0< e<(1, and C>0. Without loss of generality we

assume that €,, -&,,,=—1. Let m be the integer such that &,,,-€.,,
==8, i =1 and Euu.. Cumume = —1. Then we have m<L
We assume that ¢,,,=—1. (The other cases are similarly treated.)
We set

“ du “ du

(4.5.10)  fi(uy, ttmyr) = o e
2n o 21
2 sinnl 2 sinnl
S = € pons (uz) e " .
Uy—uy+10 Up1— Up+ 120

2sinnl
X € pppme (tm) =———2m1f (— Umi1) s
m— Umt1

ABID) (s, 1) = Cpmpn (im) | iz |7 2
—w 2T -0 2T

2 sinnl

Pz

2 sin7l
e () 20

€pne (U1) .
. Pz
Umpr— Umyz+10 Uy —

For (a;, -+, a,) €Y™C, e, (1) is exponentially decreasing as |#|—0 or oo.

Hence
Folu, ) =e,,, . (u) %0 (—a)
w—u
and
Go(u,u’) = €pimy () %&Lemm (u”)

belong to L*(RXR). We set

2sinnl
C3= max sup " e,,,,, (u)———“—“/” 0(81‘,,”,) “Lg(RxR),
#y=1,--n U, Uu—u
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C,= max sup e () =- 231n7rl
v, A=1,- 0
EuyEpp=—1

e, (u”) ”L’(RXR),

where |‘|r:g m denotes the norm in L*(RXR). Since fi=P,E,
P, fo and ¢.=E, ... Pu..o-"Punge belong to L*(RXR), we have the
following estimate.

1 dul dul LR ‘
R .ae . u’c--,u
1j\ o o Py M( 1 1)1

lf dtyl du;“f(ul, ”m+1)gl(“m+1,u1)\

SN ilz@wxm 19l wxr <Ci7CCCy .
Thus we have shown (4.5.9).

Choose v, -+, v, so that 1<y, <p,< -+ <y, <. Let us consider log 5
in the limit

(4.5.12) min Im (@01 a,) to0 .

1<j<k
We denote by A;;(j=0,:--,k—1) the submatrix /l,l+1,j+1---l,j+1pm)
\/1»,.4,'1”1., el

Vje1¥je1

(»=0), and by L;,, (j=0,--,k—1) the submatrix (Oul),;+1<unr<rjr
Since in the limit (4.5.12) e, (z) tends to 0 except when y;<lg, v
<V;.; for some j, the following cluster property follows from Proposition

4.5.1 and its orthogonal version.

Proposition 4. 5. 2. In the limit (4.5.12) we have for *=B or

r
(4.5.13) 4 lim log 7y (ay, -+, an; L, A)
k
:jZI 10g Ty (au/-\-ly Tty av]u; Lj» A}) .
Denoting by d the exterior differentiation with respect to (ai, -+, @,),
we have

(4.5.14) dlogfﬁij... jdul---duL
1=2 — —
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X trace AB (ul, ug) RB (uz, ua) . 'AB (uzl_]_, uZl) dRB (ugz, le)

S oo--- ® dul -u-dul
;j_m -w 27 2r

—2i sinnl,d (—may)
X traceEB (ul)PB (ul, uZ)"'EB (ul) .‘_
—2isinnl,d(—may)

+trace uir'Ez (u) Pg(uy, us) - Ep (u;) e
—2i sinnl,d (7?1414’)
. ( 2 sinni,d (ma;)> |
Once the convergence of log rp is shown in a region, log 5 is analyti-
cally prolongable as long as dlog r3 is convergent. Hence the following

propositions improve the estimate of the domain of convergence of (4. 5.

7).

Proposition 4.5.3. Let U, be as in Proposition 4.5.1, and set

Cs= max sup |e,, (%) -2 sinnl,| =z,
v,

#y=1,,n

if C5<}—, (4. 5.14) is uniformly convergent in U,.
n

Proof. If we denote by Ep (resp. Pp) the bounded linear operator
in L (B)" given by (Ef) @) = Es@f @) (resp. (Paf) @) = | du' o
W)f@)) for fw) ="(fi(@), -, fu(w)) < L?(R)". Our assum:)tion im-
plies that ||EsPg||lrem»<<1. We denote by ‘k, (resp. j,) the uth row
vector (resp. the v-th column vector) of Ez(x). Denoting by (,) the
inner product in L*(R)", we have

H‘w wﬂ"'ﬂ(EB(”l)PB(”h us) - Eg(u1)) u
—o —w 21 2

1
=|(ku, Ps(EsP5)' ) |<Cl|EsPs||t2iry» »

where Ci= ”k;z”L:(R)nmPB]”Lz(R)n||juHL2<R)n~ Hence 0 log TE/a (—ma;) (=1,
.-+, ) are uniformly convergent. Likewise we can prove the convergence

of the other half.

Let U, (resp. U,) be a relatively compact open subset in C" (resp.
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C"™ ??). We assume that

(4.5.15) max sUup]Re (.-,

#,v=1, 0 n

For L=(3ul) puetn €Uy we set Il=l,— 3 ( max Rel,+ min Re ,).

=101
Then (4.5.15) implies that |Re Z| <%. We set
(4. 5. 16) &), (u) = e, () |u|te,
(4.5.17) E5 () = (e (@) syt en
2 sinzly-|u |-t |a’ |H 1
(4.5.18) 5 Ph(u,u’) = :

2sinwl, - |u|Wu|n U +120

We denote by Ej; and P bounded linear operators in L?*(R)" given by

(Ez9) (w) =E5(w) g (w),

and

94 pru, u')g (),
2

@) @ = [

respectively. The boundedness of Pz is proved in Section 2.3. We set
C7=Sl}1PmP1'smL=(R)n s

c(eu+1 Emw—1
l,,,exp(——n’z( "2 1.+ “2 l.,).

Cs= max sup
tyy=l ey UyxTUy

Now we have

j ﬂ---ﬂ(Es(uDPa(ul,uz)---EB(u;)),.y
— -w 2T 27

= (k,, P5(EzP)''j)),
where
Lk:z= (eul (u) lu!ll, "t e/m(u) lulln) s
o = (e, (@) lul™h, -+, ey (@) || ™).

Hence we have the following proposition,

Proposition 4.5.4. We assume that C7Cs<i. Then (4.5.14)
n

is uniformly convergent in any relatively compact open subset of
Y*C X U, X U,
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Remark. The complexified Poincaré group acts on (X¢)" by (af,
ag, -, ar, ay)— (cai +b6*, clay +b6~, -+, car +b6",c 'a; +b7), where ¢
#0, b*=C. logrts(ay, -*+, a,; L, A) is invariant under this action. This
is obvious for the translation (¢=1). If ¢5~1, we can deform simultane-
ously the paths of integrations. Then the homogeneity of Rgp(u, u’;1),
Rp(cu,cu’ ;1) =Rg(u,u’; 1), assures the invariance. In other words, for
sufficiently small 1,’s and [’s log rp is analytic at (ay, -**, @,) as long as
for some 0 the following condition is satisfied.

Im (e**af) <Im (e**ay) << --<Im(e*"a).

In particular, if a,, :--, a, are real and satisfy aif <---<la;j, af >+-->a, or
at >-->a}, a;r<---<a;, log tg is analytic at (ay, ---,a,). Also we note

that log 75 is analytic if
Imat<l---<<Imai,=Imaf<---<Ima2

except for aj,=a} or a,_,=a;.

The infinite series expansion for the wave function wj(z*, x) =

wg (x*, x; a,, +++, a,; L, A) is obtained from (A.28). Setting
(4.5.19) ef (x) =—e"|u| 0 (u) et miE—aD U @) U

e;‘" (x) =|u l —g (_ u) e—im((w—an-w(z—a»)*uﬂ),

e,(x) = |u Iz,—la () eim{(x—-a,)-u+(:c—a,)*u-l},

€, (x) =e " || 10 (— ) eimiE-ar Ut -y
we have

(4.5.20) wy(z*, x),,= * (2*) ¢F (@15 1) 08 (@ns Ln) 8 (2) Da
o T o8 (as; 1)+ 08” (an; L) >4

— <¢*(l‘) (.Z'*> ¢(”) (.’L‘) >A

[ 22 et @), -, At @) EP(EsPs)'

er(2) ds
ea(2) /1,.,) '

We fix (@, -, a,) in Y"®=Y™€ 0 (X®)" and choose (L, A) so that
the series li) Py (EsPp)" is convergent. If Im(z*—a;)*<0 (resp. Im (a;
—x) *<0), ef (z*) (resp. e;(x)) belongs to L*(R) as a function of .
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Hence if Im #**<Im af and Im aZ<Im x~, (4. 5.17) is convergent. We

consider the analytic behavior of wsz(x*, x) when (¥, x) & XB%e x X5,

Theorem 4.5.5. We set 2pn= Ay, ***5 ) and 1‘*”: Gy =2 Ay)
The s-th row vector of wg(x*, x) belongs to Wgieilz, (4;2w) as a

Sunction of x. The y-th column wvector of wB(x ,x) belongs to
Wiiewln® (4, 2%).

Proof. We fix x* in X®° so that Im 2**<Imaf. Abbreviating
of (ais 1) to of A=1, -, n), we set

*(#) *Y (D, (l' =AM O @+, pH(m)
W5 (L) = {p** () o <(p(1) ) ()-;)(0 2] i >A‘,
4
R Clc Y 2 WO R oY
” =,

Corresponding to (A.28) and (A.29), wz(x), has two analytic expres-

sions. The first one corresponding to (A.28) is as follows.
(4.5.21) <™ (x*)¢® (2) ).
e, (x? i
+ [ D2 et @), -+, dpuet (29) 3 Pa (EsP)" :_(:(;3/1 :
en (x:) Ay

By the same argument as for (4.5.20) we know that (4. 5.21) is analy-
tic if Im et ;<Im x=<Imaf. Moreover the Euclidean invariance assures
that (4.5.21) is analytic if Im af ;<Im xz*<Im af except for r=a,_; or
x=a, (See the remark below Proposition 4. 5. 4.)

The second expression for

_ LB (2*) ¢F - 0f 70 (6 () 08) 0508”4
$oP- 08> 4

which corresponds to (A.29) is as follows.

w3 (Z) o

(4 5. 22) ]\,,,, Lwiu_ e—im{(z’—-a..)'u+(:c*_au)«u—x}$ly (JC— a,; — ZL)

[ L2 et @), -, Aone @) 53 P (EoP )"



928 MIKIO SATO, TETSUJI MIWA AND MICHIO JIMBO
€ (a») llyél, (x_ a,; — u)

€y1 (a.v) lv—-l yEl,, (x—— a,; — u)
X 0

e:-}-l (a.v) j'v+1 uél, (.Z'— a,; — u)

eh(a) Ay, (x— a,; — )

The proof of coincidence of these two expressions given in the Ap-
pendix works here, for it consists simply of algebraic manipulations of
bounded operators. Hence (4.5.21) and (4. 5. 22) give the same analytic
function. From the second one we know that the local behavior of

wi(x) , at x=a, is of the form
w,B(x)ﬂv=c"v—L+1<_‘ (x—av>—+ios (x—a,.) +_20) 4
+c*-vf (— (x—a,)~ +10, (x—a,) " —i0) +---.

An analogous argument for wj (x),, shows that wz(x), and wg(x),
coincide if Im z*=Im af and Re(xx™) >Re(xaf).

Now let us consider the differences

el Y O A OYs & st DI
SRRy ” "

$*® (2*) 0B+ 0808 () 9§V 08D 4
B 0874

where the quotients of expectation values are defined by using (A.29),

w; (x) By vy’ :‘f

wg (x) 7374 = - lu’vwg (.Z') )
def

or equivalently (A. 30).

Since we have
Nr ((8*” (x) =48 (2)) p8) =Nr (9 (6*” (z) —4,6* (x)))
= (¢(u’) (Z‘) _lv'u(ﬁ(y) (.Z') ) (03) s

/7 . .
we conclude that w3(x) ;.- and w3 (x) ,, coincide and are regular at

zx=a, Hence all wave functions of the form

O () o 06 () o 087
o,

(=1, ---,n+1) are analytic continuations of wgz(z*, ) ,,.. The local be-

havior of wg(x*, x), at x=x* is known from the expansion
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{p*™ (2*) 6@ () o8- 057D 4
o084

={*® (z*) 69 () ) + wree (2),

wg(x*, X) 4=

du

. & () b
Wrey (2) = z—n(hleﬂx*),-~-,z,me:<x*>>lz=oPB<E3PB>‘< : )

e (@)
Since w,q (x) is regular at x=xz*, wg(x*, x), has the desired property
there, hence everywhere in the finite plane.

It is obvious that wg(z*, x), satisfy the Klein-Gordon equation. It
is also easy to see that the L’>norm of ¢,(x) is bounded if Im(zx—a,)*
>e>0 (=1, :--,n). Hence wz(x*, x), is bounded there. Likewise the
monodromy properties and the Euclidean invariance imply the boundedness
of ws(x*, x), as |x|—>oco. Thus we have proved the first half of Theo-

rem 4.5.5. The second half is proved similarly.

Remark 1. If we choose (L, A) so that max |Re(l,—1)|<1 and

#yy=1n

that the series > P3(EzP3)' is convergent, then (4.5.20) is uniformly
=0

convergent in any relatively compact open subset of
{(x*, x, ay, -+, a,) € (XC)""*|Im z*=<Im af <Im z*
=1, -, n), Imaf<Imaf Au<v<n)} XU XU,.

Since we have proved the existence theorem for wave functions in Section
3.2, v functions and wave functions are real analytic with respect to arbit-
rary, distinct x*, x and a,, --*, a, as long as A is real and positive definite
and 0<,<1 (v=1, ---,). For example, for =2, this condition says —1
<A<1 where A= G i‘) We note that the convergence proof in this

section cannot cover this interval if |a;—a,|—0.

Remark 2. As mentioned above in the proof, once we have establi-
shed the convergence of the infinite series, the formal arguments in Section
4.3 and Section 4. 4 survive as rigorous ones. In particular, the associa-

tive law

(4.5.23) L1 gn> =L@ (@sPos1) " P

4.5.24) %:W.. (%) ...%/@1... < <<;:<;»:1>) BIPEN



930 MIKIO SATO, TETSUJI MIWA AND MICHIO JIMBO

are valid as long as they are convergent, since (4.5.23) and (4.5.24)

follow from changing the order in summation of > trace(AzRz)' and
1=0

E {Rz(ApR5) "}, respectively.

#,v=1

We shall list the infinite series expansions for several 7-point func-

tions in Section 4. 4. In the sequel we assume that Im aif<7---<Im aZ.

(4,5.25) , <08 OGO ) - 08 TGO (@)oo
G SO

= Lty (— @2, @ =)
d (41 (.x) llv
u % - :
+ jg(a el @), s Al (29, YR Pa(BaP )| o ()2, |

/

(4. 5. 26) <¢(l) qofﬂ*ﬁ’ (“/u ,u) 08 1)¢(,)(x)¢(») l(gn)>/t
- B LoD,

eZwilﬁl

==V, (—(@=2)7, (au—2) )
T

%::i(lmel ¥ (@n) O+zu)tetd e, 0, Appiseiii (@) (O+du)te*, )
el(x_) i

- : :
XB P EaP) o 0, |

45,27y, ool (:2*3150“‘” (n)if‘”m CRIARY Y

g™ l,—Hc)l

2T,k (— (x*—a,) ", (z*— a,)”)

T
d—::(l;uel’(x*), s Apwre o (T*) 5 -0)

e;(a,) (0—ziu) "»**2,,
o . O
X ;} Py (EzPp)
ey1(a) 0—iw) ™ A,
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4528, SO (@ L) 0 (@ L) o

o087 4

e2x1l,,e—m.(L,,—k)l

"Totit-1-k(— (@u—a) 7, (@a,—a,))™)

j\_—- (1#161 i (a,,,) (O+ zu) tatd » "7 0’ ’1#' p+1ef+1(ap) (0+ Zu) llﬁj’ )
(4] (a,,) (O —“iu) _ly+k11,,
0

eya(a) 0O—iu) ™" .,

% g Po(EzPy)!

@.5.29), SO o8 05k 0n(a L) 08 08

o087 4

= du (lvlel * (LZ ) (0+ zu)L a » "ty Oa lv u+le;k+1 (au) (O —I_ iu) l,,+j’ '“)

ei(a,) (0—iu) "+,

. 6
X ZZG Pyz(EzP3p)?
e;+1 (a,,) (O"“ iu) _l”+klv+1 v
Now we abbreviate ¢@ (a,;1,) to ¢¥ (v=1, :--,n). we set

(4.5.5)r Er(w) = (—eueu (@) yyetn

(4.5.6) F Pr(u,u’) =

/21' cos 7l, 1

21 cos nl, )% —u’ 440"

Denoting by & and ¢* the sign + or —, we have

(4.5.95) , SO 08 TRD (2) 00 0 YD (2) 08704

< .. (")>

evmi gémi/2 )
B gy (— (@ —2) 7, (@ —2) %)

e

DL (—duet? @) i)™, o, Ao @) i), )

ex(z) (0—iu) ¥y,

X3 Py (ErPy) : .
2 Pr(ExPr) —el(x) (0—in)*2,,
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(4.5.26) 7 {pP-- (ﬂf:-t(-lg (au;l,)-- pf DY () %" 0§ 4
< .. (7")>

ezuil,,esm/zl

- —(L“-l-]-}-s—) ( (ﬂ —x) (aﬂ—‘r) +)

%( Auet’ (a,) (0+iu)teti ... 0,
T

ll‘ .u+le/>f+1(a/b) (O+ iu) l”+j’ )

er(z) (0= i) 42,

%31 Pp(ErPp)! : X
2 Pr(EePr) —el (x) (0—iu)2,,

@527y, SO IR @) D (2 1) oD
oo,

ee*nie—m:(l,.-—lc)l

= TS g (— (@ —a)7, @ - a))

j“’“( Ruaet’ (@) O+iu) ™, e, Dl (2%) 0+42) o)

ei(a,) (0—iu) "+,
- l 6
X g Pr(ErPr)

—e;.1(a,) .(0 —u) T,

@528, P (@500 o0 (@i L) e,
- F {gP- 0>,

eZn’il/‘eni(l,—k)x

= Ve (- (24— @) (@i a))

[ L duet” (@) iw) 1o, -0,
T

A# ﬂ+le;f+1 (a,,) O +zu) h‘+j’ )
e:(a,) (0—iu) >,
% f; Pr(EpPy)! 0

—ey1(a) (0—iu) " *2,.,,
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(4. 5. 29) . <(ﬂ9')' "§0g_1>¢m,fj,1@1,+lc Sa»; lu) (Pg)" '(ﬂg)h
gP -0 4

= C;—Z(“/hle{"’ (a,) O+zu)o*7 .. 0,2, .5, (a,) O+ia)t, .)
ex(@) O—in) "+,
X2 Pr(ErPr)! 0

- el"+1 (av) (O_ Zu) _l”+klu+l v

Remark 1. The identities (4. 4. 18) - (4. 4. 20) are directly checked

from the above formulas.

Remark 2. If we set 4,=1 (u4,v=1,--+,n), the above formulas

give corresponding ones for tz(L), wp(x*, x£; L) and so on.

Example (2-point functions). Let us carry out the calculations for

2-point functions in more detail. We set

a=(" pr=(" )4 )

and t=2mv — (ai —a;y) (ai —ai).

Writing down the formula (4.5.7) in this case, we have

(4. 5. 30) log (L, ) = 31 D™ jan ()
F=1 k 1 2
(4. 5.31) egm(t):j .. [Qwn | dus
, 2 2r
1 11

= @/2) CuyruT e v rug )
X e 1+ U] i+

Uit uy UgFug Uty
Xutugtuk-uft

and the parameter 1 is given by
(4. 5. 32) 1=2A+sinzl,-sin7l, .

In (4.5.31) uf' signifies ;' for even k£ and #. for odd k. Expressions

for the expectation values among the ¢®-fields are obtained by applying
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(4.5.23)p, (4.5.24)5 For £=0,1,2, --- we set

o0

(4. 5. 33) ffk)(t)=j... duy | du
. 2n 2n

X exp(—é(ul+url+--- +uk+u;1)>

111

X .
Urt Uy Uzt us  Ug_yt U

1, —1,1 Fi
Uilly Uz Uk,

N du du
(/z(k)(t)zj‘ 1... L]
. 2r 2r

><exp<~—;—(u1+u{‘+~-- +u,,+u;1)>

1 11 1

vee _uiuglué...u;‘fl.
Uyt oy st us  Up_Fuy Uy

It is easy to see that g 'V (2) =g®+ (), f.) =g® () =K, (®)/z.

Set further

4.5.30)  filt; D= 3 @DHAFF ),
0 (D=3 @D ),

B D = 33 @D¥gE 0 @) =hoa (s D).
Notice that f;, 4;,—0,9;,—1 as ¢—>c0. We have then
(4.5.35) <@ (aq; 1) PP 1 (as; L) >a/7s (L, A)
= —idcee MUTIINE, L (£57) /2,
P21 (an; 1) 01, P (azs 1) D a/ 75 (L, A)
=iceTle®hhNf L (5 0) /2,
(4.5.36) <o, (as; 1) 0f (as; 1) a4/ t5 (L, A)
=1 =gy, ;D)) /2 sin iy,
ot (a3 1) ¢Bz’l:,(2—)lg (as; 1) a/75 (L, A)
= (=9 441, (¢; D)) /2 sin 7Ly,
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(4.5.37) o7 ® (as; 1) 920 (as; 1) pa/v5 (L, 4)
=cee U, (£1)/2,

%0 (as; 1) 01, (a2 ) Da/ T8 (L, 4)
=ce e Wh, (2, 0)/2,

where the left hand sides are identified with their Euclidean continuations
to — (al—_al—) — fci(ﬂ+7t/2)/27,,1’ af -——LZ:,+ — te‘“”*”’”/Zm, and s:e(nilz)(l,+12),
c'=+sinrl sinnl, From (4.4.35), the coefficients F, G of the holono-
mic system (4. 3.22) [or w <L—l; A) are given by

2
(4.5.38) F= «(zlé %;x)
. zl—_;_ —;—c’se‘i(”"’z’”tfll_h ;)
o %c'—ls—’ei@x—lzw P &5 zg—é_

G=G(li—, b=2:d)
¢, (85 1) ce im0, (15 2)
N (e‘le““““’”h,l_lz ) ¢ G (5 1) )
with ¢’ = vsin nl,/sin nl,.
Comparing (4. 5. 38) with (3. 3. 42). we have

(4.5.39) fu(D) = ———J;—(C’Ic,(t; )= (tﬂ%ﬁl;z tanh ¢, (3 2)>,

g (22 2) = (k) (50)) 7 cosh ¢y (2 ).
R, (¢ ;1) =sinh ¢ (7: Z)

where K=k, (¢:2), D=y (¢ 1) satisfy

(4.5.40) % log =1 tanhiy
dt

a¢
o ( 7 ) p tanh ¢ (1 —tanh’¢) + —smh 2¢ .

In particular if [=1[—1,=0, then ¢=(Z; X) satisfies
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ag 1 dp 1.
4.5.41 +— "X =_"-sinh 2¢.
( ) dt? t dt 2 sinh 2§
Regarding the asymptotic behavior ¢, (t;Z) fvz—/IK0 (#) (z—>o0) we con-
A

clude that our ¢,(¢;4) coincides with ¢<t; 0, i) in Reference [12].
T

The formula (3.3.57) for dlog tz combined with (4. 5. 38) gives

(4.5.42) dlogry=— %(z <<%>2—sinh2¢> —}t—lztanh2¢> dt,

or along with the boundary conditions 7z—1, ¢—0 (¢—0),

(4.5.43) rtz=exp {— —;— j:ds <s ((%) _ sinhng) — 1:- tanhzg[))}

where ¢=¢;(z; 1).
Finally we note that in the case of equal exponents [;=1[; the

matrices F<ll——%;l> =F<ll—%, ll——%;l> and G(h-%;l) =G<ll"'%—,

l,— —é—;l) depends essentially on the combination A=2 sin7/; as follows.

1 1 . 1 1
(4. 5. 44) F<zl~5;x) =< e_"i(h_%)>F(0; A sin n:ll)< ewll_%))-(zmz_)

G(l—l-l>— 11 G (0; A sin ) [+
T ) Tan | gD s ASITEI - mi(-d)

where

(4.5.45) F(0; ) = —<i _i>%z ‘2”; ¢ ),

CO: D=, HOD=( ~)1ue .

i

So far, we have considered vacuum expectation values. Now we
study the product ¢g(a;; ) --¢s(a.; l,) itself. From (A.25) we have
(4.5.46) Nr, (08 (as; L) 08 (a3 1))

=408 (@13 1) -0 (@n; 1n) D 4"

pa=2 ”du du’SY R (u, u”) 6 (1) 6+ (u”)
RS |
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Rs(u,u”) =R (u,u")) =3 Jv jdul---duﬂ
=0 - -

X Rg(u,u) Ag(uy, tus) Rp (s, tus) -+ Ap (Us_1, %2) R (s, u”).
If we set

(4, 5. 47) RB,I (u, u,)

= <6ﬂue-im(a;u+a+u b] (Zt ZO) —L+1 —2sin7nl, >
u+tu’ —i0/ p=tyns

(4.5.48) Pgy(u,u’)

_ <6,, 2 sin7l,

. - e-im(a;w +atu/1) (u’ —ZO) Ly >
u—u'+10

pow=1,mm 3
we have

(4.5.49) Ry(u,u’) =R, (u, ”')'I‘Zj j’dul . duz

X Rp,(u, u)Eg(us) Pg(ety, #3) -+~ Ep (1) Rp,2 (s, u’).
Likewise, assuming (4.5.15), we set

(4.5.50) Rpi(u,u’)

= <6 Le-im@; utafu) (u ZO) —l,+1"‘—25E1__ni| , IL)
—10 pyy=1,,0 5

(4.5.51) Rp.(u,u”)

=7 in - _ .
= <6le U | L, 2 s1 ; Z_l".oe-im(ay u’+a.:'u.’ b (u, —_ 10) lv)
Uu—u z

yy=1,ym s

where [, (y=1, ---, #) are given in the proof of Proposition 4. 5.4. Then

we have

(4.5.52) Ry(u,u’) =Ry (u, u')+2f jdul . duz

X Ry (u, uy) Eg(u:) Pp(uy, ttg) -+~ E5(u;) Rp e (uy, u”).

Proposition 4. 5.3'. Under the same condition as in Proposition
4.5.3, (4.5.49) is uniformly convergent in any relatively compact
open subset of UyX {(u,u’) € C*|Im »>0, Im u’ >0}.
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Let Y™¢ denote the closure of Y™C¢ Y™C={(a, -, a,)€E
(X ™MIm af<Im af for 1<pu<v<n}.

Proposition 4. 5.4'. Under the same condition as in Proposition
4.5.4, (4.5.52) is wuniformly convergent in any relatively compact
open subset of Y™ XU, XU, X {(u, ') € C*|Im >0, Im 2’ >0}. More-
over, Ry (u, u’) is of polynomial growth as |Re ul|, |Re u’'|—>oo for fixed

Imu and Imu’'.
The proofs are similar to those of Propositions 4. 5.3 and 4. 5. 4.

Remark. In Propositions 4. 5.4 and 4. 5. 4’ the upper bound for G,

may be chosen arbitrarily large if we choose U, so that

(4. 5. 53) C,,= max sup | sin l,|

y=1,n Uy
is sufficiently small. Hence if we set 4,=1(4,v=1, :--,7#) the original
case of Nr(gg(a;; 1) --¢sla,;l,)) is covered as far as C,; is sufficiently
small. We also call the reader’s attention to the difference of conver-
gence domains in Propositions 4. 5.4 and 4. 5. 4’ with respect to (ay, ‘-,
a,). ﬁg(u, #’) is continuous when a,—a,_, tends to 0, but 73 is diver-
gent. This is the same situation as in the 1-dimensional theory in Sec-

tion 2.

Theorem 4. 5.6. We assume that a,, -+, a,&X™" are mutually
spacelike and the convergence condition of Proposition 4.5.4" is valid
with 2,=1 AZu,v<n). Then the product ¢g(asw;liw)  ¥s@sm;
lim) (0€6,) is independent of 6. In particular the Euclidean con-

tinuation of {gp(as; b)) -—¢s(a,; L)) is a single-valued real analytic
Sunction of (a, -+, a,) except for a,=a, A u<v<n).

Proof. We set
0e=05(@sw; Lewy) 03 (@smr s Loen)
e [ [Rou)s@d* @),

The assertion of the theorem is nothing but
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(4. 5. 54) @) =X@s>
(4. 5. 55) R, (u,u") =R, (u, ),

for 0,0’=6S,. Since both {¢,> and R,(u,#’) depend analytically on L,

we may assume that L is real.
First we assume that n=2. (4.5.54) follows directly from (4. 5.
30). To prove (4.5.55) we may assume that a,, a,€X™» N X" by Lo-

rentz covariance. For z*, r satisfying Im 2**<{0, ITm £* >0, we have
(4.5.56) <™ (x) o8 (x) >/{psp —<B* (x*) () >

co o
B j du du’ e ETHITUDR  (—uw, u’) eI,
0

0 —

From the remark below Theorem 4. 5.5, we see that {¢* (x*) @6 (x) >/
{@sy is the canonical element —1-710 (L) in Wilk'lssttet. Hence (4. 5. 56)
T

is independent of .

Setting
R —ix* L x* 2t _ —ix'ta
2 ’ 2 ’
w0+ oY) +p”
m ’ 2 ’
R, (0", p") =R, (—u, '),
we have
o 1 1 ~
0= —oo deZ' -CZZ%_ eix“ple_i‘“?"R”I (P19 Pl,) s
where
~ —z*2 1 . ~ 220 (p1’)
Reor (2, 27) =528 (R, (4!, p) = Rou (8, #)) -5
o () o (")

We note that R, (p',p") is exponentially decreasing as [p!], |p|—co.
Hence we have R, (®),p") =R,. @', pY), or equivalently, R, (u,u’)0(—u)
XO0@W) =R, (u,u’)0(—u)0 (). Likewise we can prove R, (u,u’)0(ceu)
X0(Eu) =R, (u,u’)0(cu)0(e'e’) wheree, e’=+. Hence we have proved
the theorem in the case n=2.

Now we exploit (4.5.23) and (4.5.24) to prove (4.5.54) and
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(4. 5. 55) respectively. Since the convergence of R, (u,#’) is assured by
Proposition 4.5.4’, (4.5.55) for =3 follows from the case n=2. As
for (4.5.54) we have not yet proved the convergence of {¢,» when
a,, -+, a, are real. The domain of convergence for {¢,> depends on d.
From the remark below Proposition 4. 5.4, we know that {¢z(@,w; lsw)
<05 (s L) > is analytic when ajfyy > >ajm and a;0)<< - <agm, and
that the domains of convergence for <@z (@,a; lsw) ¥ (@sm; L)y and for

@5 (@sw; Lew) @8 (@oivs Logen) 08 (@ois Lep) = @8 (@emrs Lsw) > have a
non-empty intersection. Since they coincide there, we have proved the

theorem.

We shall list the commutation relations among our field operators.
We assume that @, and a, are mutually spacelike. The letters j, £ below

will denote integers.
(4.5.57) 5 ¢z(a; 1) 9s(as; ) =@s(as; L) pslass ).
(4.5.58) 5 ¢z(ay; L) ¢Elz+k (as; l,)

_ {(ffzﬁk (as; I) s (as; 1), af<ai
eyl w(ae; L) os (as 1), ai>a;j .

(4.5.59) 5 o¢z(as; ) (ﬂiﬁf (as; 1)

_ {gof:’jrj (@2; 1) @z (as 1), ai<af
e gl ; (as; L) 05 (as; 1), af >a; .

(4.5.60)5 ¢z(ai; 1) s lgfj, —lgt+k (as; Ly)
=¢sB lgij, —lgtk (az; 1) gz (as ly).
(4.5.61) 3 7% ;(a1; L) @21, e(as; Is)

B {ehﬂz{oﬁlsﬁk (@e; L) oit 1 (ass 1), af <af
el k(@ L) obk ; (as 1), af >a;f .

(4- 5. 57) F @F (a:; Zl) or(as; Zz) =Q¢r (az; lz) @OF (ai; ll) .
(4.5.58)r o¢r(ai; ly) ¢€l,+k (@23 1)

_ {Cﬂflwk(az; L)or(as 1y, ai <a;

—e* gl ik (as; b)) or(as; by), at>a;y .

(4.5.59) 7 or(ai; ) (011::1 (@23 1)
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_ {(Pﬂfj (as; L) gr(as; 1), at <af
- ez"il’(”f;*w (as; L) gr(as; 1y, ai>ai .

(4.5.60)r  @r(as; L) or 1%, -1, (as; 1)
=0r 1,5 7,—1,+% (23 L) or(as; 1)
(4.5.61) 5 F¥*;(as; 1) ¢ 10 (as; by)
el (azs L) ok (as 1), ar<ay
- { otk (@ L) ¢F e (aes ), ai<aj

In order to prove (4.5.58) 3 we recall the reader to (4. 3.29). Com-
bining this with (4. 5.57)3 we have

¢s(as; ) ¢ (x) 95 (as; Ls)
_ {¢ (@) @5 (ar; 1) ¢ (as; 1)), ai<ay
iy (z) ¢z (as; L) 95 (as; 1), ai >a; ,

where x is placed near a,. Then the local expansion at x=a, yields
(4. 5.58) 5. Other cases are proved similarly.

From (4.5.57) we have concluded that the Euclidean continuation
of {pz(as; 1) --~pp(a,; L) > is single valued. The above commutation rela-
tions provide us with a complete information on the sheet structure of the
Euclidean continuations of several t functions and wave functions given

in Section 4. 4. For example we have
(4.5.62) <{-gplay, aly) §9€z,+k (s, @23 L) =)
2"“1< ‘pg(ag L) (0 i (@ + " (ay—ay), @+ e (a,—ay); ) e

for |a;—a,|<1. Since {:+-@p(as, @:; L) 921,41k (@2, @3 ) > (resp. (g2 s
(as, @s; ) pp(ay, @3 1) --+>) is real analytic for Im(a;—a,) >0 (resp.

Im (a;—a,) <0), (4.5.62) is a direct consequence of (4. 5. 58) 3 by analy-

tic continuation.

§ 4.6. Neutral Theory

In this section we shall discuss in more detail the original case of
¢s(a), gr(a) and related fields, which are constructed on the basis of
neutral free fields. As we shall see the operator theory in this case has

physical content.
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The fields pz(a) and gr(a) are introduced in (4. 1. 65) and (4. 2. 44)
respectively. We are also interested in the fields ¢®(a) ='(¢% (a), ¢% (a))
and ¢"(a), whose norms are respectively given by (cf. (4.3.44),
(4. 3.66))

4.6.1) Nr (¢ (2)) = u (a) er>®,

8. (a) = [duvOFiustemesreng (),
4.6.2) Nr(¢* () =¢n(a) 7",

@) = [ ey,

As shown in (4. 3.26)’ and (4. 3. 67), they appear as the leading coefhi-
cients of the local expansions for ¢ (x)@zr(a) or ¢(x)gr(a). Clearly
vs(a), gr(a) and ¢F (a) are Lorentz scalar, while ¢®(a) transforms as a
spinor.

These fields along with the auxiliary free ones obey simple commuta-
tion relations in the spacelike region of arguments; namely they either
commute or anticommute. We have (cf. (3. 3. 26), (3. 3. 37) with [=1/2,
U'=2x1/2)

¢()es(a)  (">a*, z7<a7)
—¢$(@¢s(a) (z"<a®, z7>a7),

(JEIAC) (z">a", z7<a7)
=@ i(a) (z"<a*,z7>a7).

4.6.3)  02(@)d(x) = {

A@s@ |

Moreover ¢z and ¢ satisfy

(4.6.4) vs(@)gs(a’) =¢p(a)pp(@  ((a”—a'") (@™ —a’") <0),
¢i (@) g (a') = — i (a’) ¢2 (a)
(e,¢'==%; (a"—a’") (@™ —a’") <0)

and

vi(a’)ps(a) (@"">a", a’"<a7)
—¢i(a)es(a) (a'*<a*,a’">a").

Similarly we have (cf. (3. 3.66), (3.3.68) with [=0, [’=0)

(4.6.5)  ¢z(a)¢i(a’) =
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(@) or(a) (z*>a*, z7<a7)
4.6.6) ¢r -
6.9 er@e {—¢<x>¢F<a> (@*<a*,a">a"),
, [~@e" (@) @>at,a<a)
SOV ey (e e,
The commutation relations among ¢r's and ¢™’s read
4.6.7) or(@) pr(a’) =gr@)pr(@) ((@"—a'") (@™ —a’") <0),
F@e’ (@) =¢"@)e" (@ ((a"—a'") (@ —a'")<0),
9" (@) gr(a) (a’">a",a’"<a")
4.6.8)  ¢r(a)o* (a') =
65 @@ = S0 e,

The relations (4.6.4), (4.6.5), (4.6.7) and (4. 6. 8) are proved by
a similar method employed in the previous section. Essentially they are
reduced to the local commutativity of ¢z(a)’s (resp. ¢r(a)’s) and the local
expansion (4. 3.26)" (resp. (4.3.67)). It is also possible to give a di-
rect, computational proof to the former. Since the arguments are almost
the same, we consider here the case of ¢z(a).

The norm of the product ¢z(a;) ¢s(a:) is obtained by applying the
product formula (A.25). We have

(4.6.9) Nr(ps(a)es(a)) =<vs(a) gz (as) e e
o(ar e = [ [dudw R, v's 0y 0 s 60
where the kernel R (,u’;a,, a,) is given by the following infinite series:

(4.6.10) R(u,u’:ay, a) = Y SIRY (u,u’; ay, a),
#,9=1,2 i=0
(4.6.11)y;  RY (u,4”; a1, as)
—2Vu—i0vVu, —2VuNu; —2VuuVu’ —i0
u+u,—10 wi+uy,  uy+u —i0

=j oV duye--duy,
0 [ — I

xexp{—im ((ai —a;)Unu+ (af —ai) Uy)
—im(ar(u+u’) +ai (@ +u’))},
(4. 6. 11) 12 Rl(é) (u, u,; al, ag)
- j;w ﬁw%...@ml’”z‘/u“lo‘/ul —2v u u,

u+u,—10 U+ us
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—2\/—-u”+1—-i0\/ u/—io

_u21+1+”,_i0

Xexp{—im ((ai —az) Uy,

+ (at—aH)Upp) —im(atu+aiu'+asu’ +aiu’")},

(4.6.11)y;,  RY (u,u’; ai, as)

—2Vu—i0vV —u;— 10 — 2V uV us
% —u,—1i0 U+ u,

o w
:L o | duydug
, Lérrau

___—2w/u”+1x/u’—i0
u21+1+ u,—‘io

X exp{—im ((ar —a7) Uns

+ (ai —af)Unyr) —im (azu+afu+aju’ +afu’™)},

(4.6.11);  RY (u,u’; a, as)

—2Vu—i0vV —u;— 10 —2vV uV us
u'_‘ul_lo Ui+ u,

:j v | duye--du,,
0 [ I

—2v = Uy —1i0vu’ —40
— sy +u’ —10

xexp{—im ((af —a7) U+ (ai —ai) U})

—im(ay (u+u’) +ai (u?+u""H)}

where U,=u;+ - 4wy, Up=ui'+--+uz’. A change of countours™ u;—
e'%u; shows that (4.6.10) is convergent for real a,, a,&X™" provided
— (a7 —ai) (ai —af) is sufficiently large. We emphasize here that it is
analytically prolongable to the whole region where a;—a, is spacelike.
For, as shown in the previous section (cf. Proof of Theorem 4. 5. 6) the
wave functions corresponding to the kernel (4. 6.10) gives the canonical
basis v, (2*, 2) of ngé:%ahag at least if a,, a,&€X™" N X®* and |a,—a,|>1.
On the other hand, existence and analyticity ®f the latter has already been
proved in Chapter III for arbitrary distinct a,, a,&X®*%.

From the Lorentz covariance it readily follows that {gz(a,) ¢z(as) >
=<pg(a,) ps(a)) >. One may check this directly by a similar infinite series

expression (cf. (4. 6.67)). Hence our problem is to prove the following:

Proposition 4.6.1. If (ar —a;) (aif —af) <0, we have

(4.6.12) R, ;a,,a,) =R, u'; a, ay).

™ Contours for ui, #z; or #z,1 in (4.6.11),, should be properly modified in accordance
with the rule z+u—10, etc.
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Proof. By the remark given above, it suffices to prove (4.6.12)
assuming |a;—a,|>1. Set RO =R®Y (u,u’; ay, as), R,P =RY (u, v ;a,, a,).
Without loss of generality we assume a; —a; <0, af —ai >0 and show
that

(4.6.13), R® —R{® = _2REY 4 2R,
(4.6.14), RY + R,® = —2RY |

(4.6.15), RY L RO = _2R®

(4.6.16), RY—RL® =0

This is sufficient for our purpose, since then we shall have
.R(Zl, u,; ai, az) _R(u, u,; as, al)

=i {R(l) R;z(l) +R(l) R;I(l) + R(l) R’ (O] +R2(é) — R;l(l)}
1=0

—Z (—2R® +2R,® + RY — RL® + RY — RI®)

3 (—2RE - (~2Ri®))

0

as desired.
To prove (4.6.13), we rewrite the left hand side in the form

(4.6.17);  RP—R,®

= g-imlagu+afu"tvazu/ +afu’ 1) Z I(l)

o 0 0 +oo du,, o o
Ik = j‘ cen f dul."duk—l j 'R j duk+1.--du2l
. —eo—— —_ —c 2n‘uk 0 [ — —

41 — 24/, —1i0Vu;—40
j=1 uj_1+Uj—iO

X

X g-imllar-ap)us+(af -auzh

where uy=u and w#y.;=u’. By assumption aj —a; <0 and ai —ai >0,
hence we may close the contour of u,-integration in the upper half -

plane. Evaluating the residues we obtain I® =J®,—JP with

0 0 k-1
(4.6.18),  JP=2i J~_ j— I.:]'—_'[l dus J‘ i‘ s

J=k+1
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X~2x/u,c_1—i0«/u,c+1 zﬁl —2Vu; —i0Vu,;—10

Up_1— Uy uj—l+uj_i0

j=1
JFk, E+1

X g-imar-ap)u(af -aDuzh (1 ékézl)

) fw o 2 —2v u,—10 v,
:22 “ee .
0 0

j=s — Uo— Us

X g-tmay-az) (-up+ug) + (af -a) (-uzt+uzh)

% 2ﬁ1 _2’\/uj_1““i0 ’\/uj""io

. e-iml(ar-ap)uz+(af -adazh
j=3 th_1+ uj'—‘ZO

(=0).
From (4.6.17), and (4. 6.18),, we have
Rl(i) — R;Z(l) = g-tmlaguratu~ vazu vafu’ Y (Jc('l) — Jﬁ))

— —2R{™D+ 2RV

We see also that if aif —a; >0 and ai —a;i <0, then all the I®’s yield
0. Exchanging a, and a, we have (4.6.16);,. The identities (4. 6.14),
and (4. 6.15),; are proved by a similar calculation. We leave the details

to the reader.

The fields ¢®(a) and ¢"(a) are of particular interest because they

possess asymptotic fields. We set

@619 #G) =lim FGO [ del (@00 )

— @7 (x) Ope eI
(e=+ or =)
(4.6.20) % (u) = le;uw-li(;—) j_ Az (6™ E =899 oF ()
— ¢ (z) o™ ur=em)y
Here the limit is taken in the weak sense. Namely in (4. 6.19) a limit

of the form lim ik—l"j J(d_ul"'izilcpk(uh Uy ) 2 P(ae) P (uy): s

t—stoo k=0
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understood to be al J‘ jdul duk(hm O (1, =+=y ttx; £)) 2 @ (2tg) =+
0 t—>+co
& (uy):, and similarly for (4. 6. 20).

Proposition 4. 6.2. We have
(4.6.21) 5 () = (0+iw) 2w (= +)
where
(4.6.22) Nr(2®)=4@ -exp(~2 [du'0(x (ul—u) #@)3@)).
Likewise we have
(4.6.23) Nr(¢f @) =¢ @)
xexp(—2 ["dw' 0= (ul =) ¢ @) p@)).

Here we have set ¢'(w) =¢(—u), ¢' @) =¢(—2u).

Proof. We shall prove (4.6.21) and (4.6.22). Calculation of

(4. 6. 23) is quite similar.
By the definition we have

(4.6.24) Nr(#.(») = Z} B"”(u)

#20 ) = lim <8 dz{(0a(2)/2)"

t>too
X (eim (z-u+z*u-l)ao¢€ (.'ZI) _ ¢e (.2:) aoeim (.r'u+a:*u-l))

+ k(05 (x) /2) "7 (2) - €T D000 5 () /23

=3 llm J-.. j‘izﬁo...@wcp”’_‘_l(u; uo, ey, qu; t)¢(u2k) ...¢(u0).

trtoo
Here the coefficient Qu.q (5 2, *-+, tsr; ), after x-integration, is given by

(4.6.25)  Ogpi1(u; tho, =+, Uzes £)

= (O+zun)‘%~6—(2@v<(u+ uo) <1+~u—1—> +jk§1(u2j—1+uzj)

Ug

X <1+ 1 >> ﬁ —Vtg;_1—i0 vV uy; — 10

Ugj_alhzz/ /) j=1 Uyjort thy;—10
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X exp <— Lmt (g1 us25) (1 +——1—>>
2 Upj_alla;

L) wle-nfee )

—-é(uu_,+u2,) <1——~—1~>>

Ugj_1Uzj

X exp < igzt (u — uy) <1 —

1

At 1+-— =0, the coefficients of the exponential factors are real analytic
u,

(except for the delta function), so that 1+L=O has no contribution
wu,

in the limit #—> + co by the Riemann-Lebesgue lemma. Outside there the
1

0 Ugj_allej/

. . L . 1
exponential factors are written as ] exp(—zmt(ua,-_l + 257) - <
j=1

-1
X <1+ 1 > ) Applying the formula
ULy
lim — % et — ) (F ) 210 (<)
tozxe £ —70

we then obtain

(4. 6. 26) tl_%inwpgk+1(u; Ugy *+y Uy £)
= (0+72) ¥ 21| u|0 (u — uy)
XTI (=0 (e (= 2y ))) 2 a0 (a5,
This shows that
(4.6.27)  $£® (u) = (O -+iu) 2% (),
929 ) =p(@) (—2 [ a0 (= (Jul = u)# @) B W)’

and we have (4.6.22). This completes the proof of Proposition 4. 6. 2.

For >0 we set

4.6.28)  Ni() = [ du'0(= @—u))# @)

46.29)  Npw) = [ dw0(x @—u)g @),

Then (4.6.22) and (4. 6.23) are respectively written as (cf. (2. 1. 32) -
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(2.1.33))

(4.6.30) o3 () =¢" () - (=)
92 () = (=) NE .4 (u),

(4.6.31) L1 () =4t (u) - (—)NF

P@) = ()M g @),
where «>0 and ¢& () =¢5(—w), ¢L'(w) =¢L(—»). In particular
V(@) JE () = o' () ¢ (), 57 () % (w) = ¢'(w) ¢ () hold. Regarding
(4.6.28)-(4.6.29) we see that the correspondences ¢ (x)+—¢F(x) and
¢ @) —>¢E (w) (e= -+ or —) are mutually inverse operations. Making use
of (4.6.30)-(4.6.31) we may verify the following canonical anti-com-

mutation (resp. commutation) relations for % (x) (resp. &% (w)):

(4. 6. 32) (VB @), B )], =2r|uld (u+u'),
(4. 6. 33) (67 W), ¢ ()] =2mud (u+u'),
where e=+ or —. The relations between the asymptotic and auxiliary

state vectors are also derived from (4. 6. 30)- (4. 6. 31).

Proposition 4. 6.3. We have

(4. 6. 34) <'Uacl¢i ) (pi (u) =11 € (s —uy) Cvac|d () - b ()

=

A () QB () lwacy =TT € (wy—uy) - @' (2ty) -+ D' (20x) lvac) .

=7

The same relations hold if we replace &5 (w), ¢(u) by oL (w), ¢(w)
respectively.

Corollary 4. 6.4. The S-matriz for ¢®(a) (resp. ¢* (a)) is given
bv

(4. 6. 35) S= (—)NN-v2

where N=Ngz (c0) (resp. N (0)) denotes the total particle-number

operator.

We omit the proof.

Summing up we have shown the following. On the one hand the
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field ¢®(a), constructed from free hoson, is an interacting fermion field
satisfying the Lorentz covariance, microcausality and asymptotic complete-
ness condition. The field ¢”(a), on the other hand, is constructed from
free fermion and behaves as an interacting boson with the above mentioned
properties. Moreover their asymptotic fields are in a reciprocal relation,

and their S-matrices coincide.

Remark. It is instructive to note the reciprocity at the level of the
correspondence between the rotation 7" and the kernel R. In general
let Wy be an orthogonal vector space, and let { > denote the expecta-
tion value corresponding to a holonomic decomposition Wry=V*@PV,
Setting {w, w’'dp={ww’'>—<{w'w) we see that the underlying vector
space of W5 is also endowed with a structure of a symplectic space, which
we denote by Wjp As usual K, J=K+‘K and H=K—"'K will denote
the tables of expectation values, the orthogonal and symplectic inner pro-
duct respectively. Let now T'=Ty be a rotation in Wy, and let S be its
conjugate transform (Section 1. 2). Then S=7T7% is a symplectic rotation i.e.
‘TwHTz=H if and only if 7°=1 (or equivalently S*=1 by Proposition
1.2.2). In this case the matrices Rp= (Tp—1) (K+'KTr) ™' and Rjp
= (Tp—1) (K—'KTj5) ! are reciprocally related through

RFH= TB—l, REJ= TF_l .

As remarked in p. 910, the symplectic space Wy in Section 4. 1 and
the orthogonal Wj in Section 4. 2 are the same objects, on which the
symplectic and orthogonal rotations T=T,,0=1—2Ps Tr=T,,x=1
— 2Py are defined to satisfy T3=1, T%=1. Indeed these are mutually

conjugate, and it is easy to verify directly that

Py(u,u’) =+ ZHEH8) oy LR, —wye @)
2 u—u’—i0 2
—iJa—iova 10 1 ,
Pr(u,u’) = “/uu_“;?\_/?o_l_ZO: —ERB(u, —u’).

The ¢ functions for these fields are obtained exactly by relating them to
the Euclidean deformation theory, just as in the complex case discussed in

Section 4. 4. Let us now examine the properties of wave functions. We set
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(4. 6. 36) wg (y, 2) =<p () gz (ar) - ps(a,) d(x) ).

Wz« (2) ={¢5(a) @i (@) - ¢s(a) ¢ (2) ),
(4. 6.37) wr (Y, Z) cer ={Per ) @r (@) -0z (an) e (x) (6,8 = %),

wr, (1) - ={pr(a) 0" (@) --gr(a) p= () >,

and
(4- 6. 38) Tpn = TBn (alz Ty (Zu) =<¢B (al) O ((l,,) > >
Trpn = TFn (‘Zh Y [1,,) = <§0F (al) Q@ (an) > .

Here also we assume v" >a;f >--->a; for the sake of definiteness. Local
expansions for (4.6.36) and (4.6.37) are obtained by applying (4. 3.
46) - (4. 3.47), (4.3.67)-(4.3.68) respectively. As remarked there,
formulas {or wyg's take the same form as in the complex case, whereas

those for w;y's are slightlv changed. The results are as follows.

(4.6.39),  wy(y,r)= —223,[y]

+ j§w<2 (W) b;(y) : oz (ay) @5 (a) dv;[v].
(4.6.39),

wa (9, @) =3 W) ou (@) ¢}, (a)¢a (@)dvp,La]

+ 21 B 0a(@) ¢y, (@) e (an)dof, [al.
(4. 6. 40),,
Wapt (x> :g <¢B (al) . (0:% (ap) o '(pg”' ((Z,) 2] (EZ,J >‘U§+j[av]
+ gj <¢B (al) i '(pilf(a/b) o '@?%-j ([L,,) @r (d,.) >U—1=:+j[al’] >
G u+v),

Wy (2) = é‘fﬂnv_%[“p] + ]220 ORI 1.g (an) - ¢n(an) >T’%+, La,]

22

o 1 ) S
"{“J;()(‘_ —2—6j073 + <¢B (dl) . "452,-%-1'(("/') AN (aﬂ) >) .U—é:+j[ap]7

Wrp (=3 (= S 0uta <0 (@) oy (@) 02 (a))) vy, [a,]

2°2
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+2eavtyla] + 3 @) ¢y, (@) o (a)dof, [a,]

G u=v).
We note that (4. 3. 45) implies
4.6.4) (ps(a) oy (@) ga(any=—m 0 oy,
e 0 (_ aﬂ)

oz (ar) "'(0{;%,_%(4,,) g (an)d=— mt ai+

TBa -

Likewise we have

. (@¥ly]
(4.6.42), w§ (y,z) =‘Trml F
mo|— @y [y]

3 GOy, ()05 (@) gr (@) wy, [9],
(4.6.42), w0, 2) =W ()0 (@) 0" (a) 0 (an)
x (wola] +wi[a])
Y e ) pr (@) 0] (@) pr(an) - w,[a]
3 e ) gr(@)075(a)-pr (@) wi [a].
Here we have set w$ (y, z) ="' (wr(y, Z) ..+, wr(y, x) .._) as before.
(4.6.43)p  £wry(2) = 1<pr(a) 0" (a,) " (a) 0 (a:))
x (wla,] +wi[a])
2 e (@) 0" (@) 0] (@) -pr (@), [a]
2 pran +¢” (@) 0Ly (@) -pr (@) wila]
Gf usvy),

— W, () =L2“wo[m
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=3 pr (@) pris(an) or(a)dw,la,]

T
~2 an wl;k [aﬂ]

£33 <pr (@) pr_so(a) -pr(a)dwila,]

Gf u=v).
(4.6.44) <gr(@)--¢ru(a,) —¢r(an )= ma__@.ﬁf ,
Kpr(ay) --or_n(a,)or(a))=— im™ %Tm .
a/l

From (4.6.39), (4. 6. 40) ,, we see that the Euclidean continuations of
(4. 6. 45) Wy (y, ) =1ws (¥, Z) /Tan »
Wp,- () =2Wpy= () /Ton

provide the canonical basis {@3z(y, x), @z, () AZu<n)} of Wgﬁ’;};’%...,%,
and {@s,- (&) A<p=<m)} of Witt,
(4. 6. 40) ,, and (3.3.11) we obtain expressions for t functions involving
vi(a):
(4.6.46) <gs(ar) -¢f (@) ¢ (@) ¢5(an) D/ ton= —Ffu/2m(a,—a,),

{psl@) - ¢2(a) 9% (@) - ¢5(an) >/ o= — fu/2m (a,—a,)

(uv),

(4. 6. 47) {pp(ar) 97 (@) 92 (@) - ¢s(an) D/ o= —9"/2 (u7)

where F'=(f,), G=(¢”) ' denote solutions of (3.3.24) corresponding
to w=w (0), and the left hand sides of (4. 6. 46) - (4. 6. 47) are identified

with their Euclidean continuations.

respectively. In particular, from

n

The situation is somewhat different for the Fermi case. Set
(4. 6. 48) *® Wy (y, ) =niwr (Y, L) /T,
@Fu ((L‘) = 2le (.’E) /TF.,, .

Then the Euclidean continuation of @g,(x) belongs to Wgi'. .,

) The definitions of wr, and ®r, given here differ from [5] by the factors —1 and
—2i respectively.
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=Wie. a.- Their 0th coefficient matrices of local expansions Co=

(co(,,) (@Fﬂ) ) HY=1,, 75 Cﬁk = (CS" © ("@Fﬂ) ) #y=1,,n ar€ of the form

(4. 6. 49) C=1-T, C¥{=-—-1-T
where
0 —ith? ...... —gpLn
%, 0 .
(4. 6.50) T = ST L )
: . * _1?1};1 n
Z‘?;; ...... ’ ifp,?—l 0

i =<or(a) 0" (@) 9" (@) - or(an) /e (u7#v). Let w=w(0)
='(w,;(0), -+, w,(0)) be the canonical basis of W3, , . for which we
have C,(w) =1 and Cf(w)=—e¥=—-G ! with H='H=—'H (see
(38.3.7) and Proposition 3.2.5). Since @y, is a linear combination of
w,(0)’s, we have Wr=""@p, -, @) =Cw(0) with some C. Compar-
ing the O-th coefficient matrices we obtain 1—T=C, —1—-T=C(—¢&*%).
Since 1+¢*# is invertible, this implies

(4. 6.51) T=tanh H=(1-G) A1+G) ™.

In particular C=e¢""(cosh H) '=2G(1+G) ! is invertible, so that @,
(1=<u<n) is also a basis of W&t _ .

Proposition 4. 6. 5. The logarithmic derivative of v functions

are given by

(4.6.52) d log Tpn= — -;—w ,

dlog tpn= %trace (TO+6%T) + —;—a)

where » is the l-form (3.3.57) associated with the system (3. 2.24)
corresponding to w=w(0), and T is given by (4.6.51). Moreover

we have

(4. 6. 53) Tn+ Trn= v det cosh H .

Proof. Expression for dlog rs, follows from (4.6.41). We con-
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sider dlog tr,. Denoting the 1-st coefficient matrices of local expansions

by C,(@yr) and C¥ (@r), we have from (4. 6. 44)

(4.6.54)  dlogtpm—= —;-trace (Cy(@r) dA—C¥ (@) dA)

in the Euclidean region. On the other hand, the relation wy= (1—T)
Xw(0) implies that C\(@p) = A—T)a and Cf(@p) =1 -T)pRa=— (1
+T)& by (3.3.7), with a=a(1/2) ='c. Combining this with (4. 6. 54)
and noting that trace TadA = trace dA'a’T = —trace TdA - o =
%trace Tla, dA] = —é— trace 76, we obtain (4. 6. 52),

To prove (4.6.53), we calculate the dlog of the right hand side.

(4.6.55) d log v/det coshH = %d trace (log coshH)
= —;—trace (tanhH -dH)
= Lirace ( T- ( — l) G“%ZG) .
2 2

Making use of the differential equations (3. 3.24), we have

(4.6.56) trace <T <—- %) G”‘dG) - %trace (TO+TG-0*G)

- %trace (T +6+T)
since 7" commutes with G. Now (4. 6. 55), (4. 6.56) and (4. 6.52) imply

d log g+ d log 75, = d log+/det cosh H .

Since tgg, trp—1 and H—0 as |a,—a,|—>c0 for all us~y, we obtain
(4.6.53). This proves Proposition 4. 6. 5.

v functions involving ¢Z%(a) or ¢*(a) are obtained by applying
2 4

(A. 27) or its orthogonal version. Set
(4.6.57) T =<05(a) ¢5,(a.) e (@) - 98(an) >/ Tan
tpn=Lpr(a) 9" (a,) ¢  (a,) - ¢r (@) )/Tra.

Here ¢Z (a,,) (resp. ¢"(a,,)) are placed in the y;-th position for =1, ---, m.
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From (4.6.46), (4.6.47), (4.6.50) and (4.6.51) we have then

(4.6.58) THiienm, en = Hafnian (FF%, ) j e=t,m »
?§Z;++=?§;;——=_fpv/21n (a,u——au) (ﬂ#v),

Puy —

Thn =T =—0"/2 (u#V),
(4. 6.59) T *m=Pfaffian (i (tanhH),,,,) j,k=1,-\m -

In particular the 2-point functions are given in terms of ¢ (2) =¢,(2;1)
in (4.5.36) (with 1=1) as follows. We set a,—a,=te*/2m, t>0.

(4.6.60) <gz(a)@s(an>
= exp {-—i— Lisds((—z%(s) >2 —sinh%(s))},
<<¢i (ar) ¢ (a2) )¢ (ar) ¢2 (a2) >>
A CH Y ACH DA CHY A CHY

— ie“"%(t) —isinhg () |
- ( d Con(a)0s (@) /2.
i sinh ¢ () ie“’d—f @

(4.6.61) <pr(aner(as)?

¢ g) exp {% £ sds <<~§% ) >2 —sinh’) (s) > } ,

=cosh

" @)¢" (@)>=tanh LD (o (@) e (a)>.

Combining this with the result in [12] we have the following short

distance behavior:

(4. 6.62) 05 () 05 (@) > ~const. t‘%<1og %) *

@2 (@92 (a)yr~const. 74 {log 1 -0

B B -2 l -%
¢ (a1) ¢% (ay) Y ~const. £ *(log ~) -

Compare with the result of [11] which states
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(4.6.63) pr(a) ¢r(as) >, {¢" (ay) ¢* (@) p~const. £,

Infinite series expressions for these t functions are also avaulable.

In the bosonic case they are almost the same as in the previous section.

Set

(4.6.64) Epo() = (€w.0(®) py=t1,n

s (8) = = [e,,] 0 (= ) e-imCsmerwrtesmey,
Then
| du du 27 27
4.6.65) logtg.,= ___J 1... L
( ) gtz :;% 27 2 2n ul—u2+i0 uz_us'l‘io
2 -trace (EB,o(ul)EB,o(uz)"‘EB’g(u;)).
- u1+lo

Formula (4.6.65) is exactly the one half of (4.5.7) with 1,=1 and
l,=1/2 (u,v=1,---,n). We have further

~ > du du 27 27
4.6.66) T, —=— j 1., G ..
¢ ) T zg:‘) 2 21 u;—uy+10 uy—us+:0
2
. *—*’“[EB o(ul) EB, (uz) EB D(ul+l)]lw B
Ztl ﬂ;+1+ 70
5 _——zZI jdul du’“ 2 . 2
""u2+10 uz—u3+i0
2i 1

: . LE,o#1) Ep,0(#2) Ep,0(#151)]
uy—ty1+20

where [---], signifies the (4, y)-th matrix element. For n=2 these for-

mulas read in the Euclidean region

o 2
(4.6.67) log tpy= Z ™ (@),
(4. 6.68) thie=ie ?fo(z; 1) /2,

B2 =ihy(t;1)/2

where — (af —ay) =t€/2m, af —af =te™*/2m, and e (), f,(z;1),
hy(2;1) denote those in (4.5.31), (4.5.33)-(4.5.34) respectively.

In the fermionic case we set
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(4' 6. 69) EF,D (u) = (—. EurCuy, 0 (u) ) M y=1,.0n *

We have then (cf. (4.6.59))

(4.6.70) log Ten=— 3 lj"'jdul"'dul i(u1+uz? i(uz-}—us?
i= 2l — T uy—uy+10 uy;—u;+i0

AE D e (o () -+ Ero (1),
u—t,+10

(4.6.71) itanhH:_iJ\'“J\dul"'dutﬂ i(u1+u2? i(uz'i‘us.)
=0 — T uy—u;+10 uy—uy+40

.MEF,O(%) e Epo(s141)
Uy— 4120

with du =du/2r|u|. For n=2 they reduce to

=1 N Ui— Uy Us— U U — U
4.6.72) log Tp=— E:—J-J\du ey, B 2 Uz s, Yo 1
( ) g re k=1 2k o ! 2ku1+252 u2+ ug uzk'l_ul

><exp<—§(Ug,,+ Uék)>,

N o Uy— Uy Us— U Uy — U
(4.6.73) r}?=2j--- fdul---d_uzm L U
= ) Uit uy gt us Ut Uk

X exp <-— —;— U1+ U§k+1)>

respectively, where t=2m+v — (ar —a7) (af —as) and Uy=wu,+ - +u,
U =uit+ - 4wt

These expressions (4. 6. 70)- (4. 6. 73) are in agreement with those

for the scaled z-point functions of the 2-dimensional Ising model [11],

[13].

Appendix

We summarize here generalities on norms and rotations in a symplec-
tic vector space.
A symplectic vector space W is by definition a vector space over C

equipped with an anti-symmetric inner product { , ». Throughout this
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appendix we assume N=dimyW to be finite.™* Infinite dimensional case
is dealt with similarly as in the orthogonal case (see Section 2. 1).

Let T'(W) be the contravariant tensor algebra over W, and let I(W)
denote the bi-ideal of T'(W') generated by elements of the form w®w’
—w' Ruw—<w, w> (w,weW). We set AW)=TW)/I(W). In
contrast with the orthogonal case, dimgA (W) =co even if W is finite
dimensional. We denote by S(W) the symmetric tensor algebra over
W. Let k£ be an element of Homg (W, W*). The bilinear form WX W
—C, (w,w')—k(w) (w') is called an expectation value if £ (w) (w’)
—k(w") (w) =<{w, w’> holds for all w,w’eW. Given an expectation
value, the associated norm map Nr; is defined as in the orthogonal case.

Denote by ¢ the linear map W*—Endy,(S(W)) such that each
0(w*) is a derivation: 0 (w*) (@) =0, §(w*) (w-a) =w*(w) -a+w-0
(w*) (@) (w*eW*, weW,acS(W)). Then there exists a unique

linear isomorphism

(A.1) Nry: A(W)—-S(W), Nrg(Q1)=1

characterized by either of the following properties:

(A.2) () Nrg(wa) =wNri(a) +0,Nre(a)) (weW,ac AW))
(il) Nrg(aw) =Nri(a) -w+0, (Nrz(@)) (weW,ac A(W))

where 0,=0(k(w)), 0, =0Ck(w)) (w&W). The term of degree 0 of
Nri(a) in the graded algebra S(W)=CPRWDS*(W)D--- is also called
the expectation value of a and is denoted by <{a)r. Note that {w-w’>;
=r(w) (w’) (w,w’ &W). For notational simplicity we often drop &.
An element of A(W) (resp. S(W)) is called an operator (resp. a norm).

Denoting the inverse map Nr~! by : :, we have the following formulas:
(A. 3 W Wl WL W)

= Z <w1‘1wl"a‘(1)>' . '<wl"mwll’o'(m)> : w/t{ ot ‘wﬂ,’c_m w:{ . -w:’

l-m

Here the sum is taken over all the partitions {u;, -+, tm} LI{tI, -+, Meem}
= {1’ Ty k} (ﬂl<<ﬂm, ,U]’.<<:u2—m) s {yly "ty Vm} U {V’, Tty VZ—m} = {1:
o I <o < W< <Vi_p) and 0EG,.

™ We do not assume the inner product to be non-degenerate, unless otherwise stated.
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A9 twpewpi= (=)W, W, KW, W, DWW,
(A.5) Nr(w;ywe) =20 W0, W) KW W) Wo,** Wy,
where the sum is taken over all the wpartitions {u, * -, tom L1 {¥1, -+,
Veam) = {1, -, B (<ts<o<lom-iy ta<lz s Mom-1< Mams V10"
<Vi_om) -

An important example of an expectation value { ) is provided by
a holonomic decomposition W=V*@PV.*) Here V*, V denote holonomic
subspaces of W in the sense that {v,v'>=0 for any v, v €V,<{v* v*")
=0 for any v*,v*&V* We have then A(W)=S(V*).S(V) and
S(W)=8(V*)-S(V). We define the expectation value by {(v+v¥)
(@ ) >=(v, v*") (v,v' €V, v*, v¥ €V*). The corresponding norm
map (A.1) is then a (S(V*),S(V))-isomorphism. Take a basis v}e V¥,
v,V (=1, -, 7, N=2r) so that

=(op o) L)

Then A(W) is isomorphic to the algebra of differential operators with

i, . 0 ] by the identification v}

0x, 0x,

polynomial coefficients Cl:xl, Ty,

=x;, ’oj:—a—. The norm of Pz, 0 is usually called the total symbol
S 9

Zj x
of P. The vacuums |vac), {vac| are defined in just the same way as in

the orthogonal case.

Let C[[£]], A(W)[[£]] and S(W) [[#]] denote the algebras of for-
mal power series in ¢ with coefficients in €, A(W) and S(W) respecti-
vely. We call an element of A (W) [[£]] (resp. S(W)[[£]]) an operator
(resp. a norm), also. When we fix an expectation value in W, C-linear
isomorphisms Nr and : : are uniquely extended to C[[#]]-linear isomor-
phisms between A(W)[[£]] and S(W)[[£]], which we denote also by
Nr and : : respectively. We set S(W)[[£]]'={ac S(W)[[£]]la
E@Sj(W)®C[[t]] for some k&N}. Then A(W) [[t]]f {aE
A(W)[[t]]|Nr (@) S(W)[[£]Y} is independent of the choice of expectatlon
values.

Denoting by m the maximal ideal C[[z]]z, we set

) We assume that the inner product is non-degenerate, hence W is even dimensional.
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(A.6) GW,t) ={g= A(W) [[£]]| Nr (g) =<g>e”?,
g >eC[[£]] —m, pe S (W) (?m},
A7) G (W, ) ={g€ A(W) [[£]]1] Nr (9) =ae”,
acS(W) [[£]1, 0= SH(W) @m}.

It is shown below that G(W, £) (resp. G (W, £)) forms a group (resp.
a semi-group) independent of the choice of expectation values.

Let v, --+, vy be a basis of W, and set
(A 8) K= <<‘Uj’0k>) Fik=1,- N>
H=K—'K, J=K+'K.

The product of g&G (W, £) and an element ac A (W) [[£]]” is given

as follows. Without loss of generality we assume that ¢ is of the form

(A.9) Nr () =cw, - w;e”?,

N

b4
cE C[[t]]s wz=2 vjcy) (I=1,--,5,0= Z 7ixUiVk
=1 =1

where cPeC[[£]] (=1, --,s;7j=1,--,N) and rjEm,r,=ry, and
N

that a= g‘:lvjcj=w where ¢;=C[[#]]. Applying (A.3) we have
(A10)  Nr(wg) = (3 wierCwmw s+ wwrew,)
where w® = é o (L+RE)

(A.11)  Nr(gw) = (lé; {10y Wy )

N
where w® = 3 v;(1+ RK) jics.
i =1
Now we assume s=0, so that we have c¢=<{g). Noting that 1
+ R'K is invertible, we define T= (¢;); x-1,...5 by

(A.12) (1+RK)T=1+RK.
Then (A.10) and (A.11) imply
N
(A.13) gve=2lvgtn (k=1 N).
=

(A.12) is rewritten as
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(A. 14) R(K—'KT)=T-1.

Proposition A. 1. If R= (7j) . k=1...y IS @ symmetric matrix such
that rinem, then T= (1+R'K) '(1+RK) is symplectic in the sense

(A.15) ‘THT=H,
and moreover
(A. 16) tﬂc—ﬁjk ent.

Now we assume that H is invertible. If T= () x=-1,..n satisfy
(A.15) and (A.16), then K—'KT is invertible, R= (T—1) (K—*KT) !

is symmetric and r; Sm.

The proof is not so difficult.

We remark here that, contrary to the orthogonal case, an element
w& W never induces a non-trivial rotation in W. To see this observe
that if w,w,=c for w;,, w,&W, c&C, then ¢=0 and either w,=0 or
w,=0. Now let wye W, T€End(W) satisfy wyw= (Tw) w, for all w
€W. We have then (Tw—w)w,= [w,, w], so that wy=0 or Tw=w,
[we, w] =0 for all weW, ie. T=1.

The following proposition is sometimes useful in order to obtain R
from T.

Proposition A.2. We assume that H is invertible and set
(A.17) E'=H'J, P=Q1-T)/2.
Suppose there exist X. that are invertible and satisfy
(A.18) 3 PX.,(1-P)=0, 1—P)X P=0, X =X,E™\
Then the following R satisfies (A.14).
(A.19) 5 R=—-2X'PX,H™.

Proof. R(K—'KT)=—2X"'PX,(HK—H"KT)

-1 -1
— _2X-'PX, (1 +2E + 1—2E T)

= —2X-'PX,(1—P+E-'P)
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=—2X'"PX P=—-2P=T-1.
In the orthogonal case, if we modify (A.18) so that
(A.18) PX.1—-P)=0, A1—-P)X P=0, X_=X,E,
R is given by

(A.19) 5 R=—-2X"'PX.J

Remark. The condition (A.18); ensures the left invertibility of
K—*KT. Indeed a similar calculation shows that

X7A-P)+XI'PX, H' (K—'KT) =1.
If we assume further the condition
(A.18)3 PX;'(1—-P) =0, Q1-P)X'P=0
then (X7'(A—P)+X'P)X,H'is also the right inverse of K—‘KT.
Similarly in the orthogonal case (A.18) implies
X'Q—P) +X'P) X, J ' (K+'KT) =1,
while
(A.18) 7 PX7'(1—P) =0, 1-P)X'P=0
guarantees

(K+'KT) - (X7*A—P)+X'P) X, J'=1.

Now we investigate the symplectic analogues of the transformation
rule (1.5.20)-(1.5.21) and the product formula (1.4. 6)-(1.4.7) in the
orthogonal case. Most of the formulas are obtained by replacing ‘K, H,
J and det by —'K, J, H and det™, respectively, in the orthogonal ver-
sion.

Let { >’ be another expectation value, and let Nr’, : :/, etc. denote

the corresponding objects. We have then

(A. 20) g =<Kgpdet(1— (K'=K)R) %,
= <g>exp2ll g trace { (K’ —K) R}*,

(A. 21) Nr’ (g) =<g>" exp(0'/2)
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where

N
o= 3o, R'= () =RU— (K'~K)B) ™

=;20R{(K’—K)R}l.

Proof. We shall prove (A.16).
ing (A.5), we have

9/{g>=1+ % i 735 (006~ <V;308)

Jj 1

11 y
+_1 oz Z 7 g1, 7akes (vikaxvhvkz
21 22 ji ki daka=1

6 3
= 20405, 000,05, + 20 {0,005, 08,0) +
Then from (A.6), we have

OROTER P WWRCERERTD

7 1

11 3
E,‘ 55 ik ;k . 7 g g0 (0 <"0f,’0k1>'<7)1g‘vkz>’
. 1K1, T2, K2=

3 05,00 040 0>+ 3 <0 DIV D)

Setting {vjve) =<vjvr)’ —{vw) =(v;v;), we have

71§V VY

7 1

W@ /o> =1+ 33

N

11 3
+ = Py E ik Gk, Z «vfka1>><<ngvkz>>+ cen
2! 2 J1 kg, Fa, ke=1

(A.17) is proved similarly.

If we set f;=517 trace { (K’ — K) R}, a little computation of combinatorics

will show that

’ & 1 1 1
P /K> = 2] 2 T 1”‘—' PR ' am
m=0 sk 2ptemsm=m [l Ha: m *

—exp %fl=det{l— (K’ —K)R}*.

Combining (A.20) and (A.21) with (A.10), we conclude that the
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definitions of G(W, ¢) and G (W, ) does not depend on the choice of
expectation values.

There exists a unique C[[#]]-linear anti-isomorphism * : A(W)[[z]]—
A (W) [[£]] characterized by w*=+ —1w for weW.

We denote by Nrx(resp. Nr_.x) the norm with respect to the ex-
pectation value K(resp. —'K). If Nrx(g) =<¢> exp—;—jilrjk'vjvk where

{g>eC[[£]] and 7y =7, Em, we have

N

(A.22) N'—txg*—<g>eXP—" PARSTLILIE

J k=1

Hence using (A. 20) and (A. 21), we have
1 N
(A.23)  Nrg(g*) =<g>det(1+JR) '7exp% LR

where R*=—R{1+JR) "

Remark. In the orthogonal case, we have

(A.23)" N1(g*)——<g>det(1+HR)§exp 3T 0,0,

2 jik=1

where R*=—R(1+HR) "

The product formula for operators in G (1V, £) is also a corollary of
transformation formulas (A.20) and (A.21).

Let A= (A,) ,v=1,..n, be a symmetric matrix with 4,=1 (=1, ---, n).
Let W* (v=1, n) (resp v$’) be a copy of W (resp. v;). We con-
sider the symplectic space EBJV"') equipped with the expectation value
P> =LuCmpd. Let g¥e AW [[A1C A@WH [[4] (=1,

-,71) be aun operator given by
1 N
Nr () =g exp 3% rtoP ol

where (¢”>€C[[£]] and 7=r@em. We set

0 ApKeereeeen K

R® LK 0
R= and A =| * -, '
R™ f -
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Then we have

(A. 24) (gP-g™>={gP>-{g™> det 1 — A (4 R) H,

N
(A.25)  Nr(g®---g™) =(g®.-g™expL 31 31 rEp®gp

2 my=1j,%k=1

RAD ... Rum \
where ( : P |=RQ-AMUR) .

Remark. In the above if we set 1,,=1 and identify 2 copies %
(v=1, :--,n) with the original ones, we get formulas in the original space
W. Since we do not assume the non-degeneracy of the inner product,
the specialization to 4,,=1 does not violate our arguments. We note also
that the analogous results in [1] in the orthogonal case are valid without
the assumption of the non-degeneracy of the inner product. (Cf. Remark
1. in p. 256 [1] and Remark in p. 16 [2].)

Il wy, -, w,eW, (A.5) implies that
(A. 26) oy = 0 for k: odd

DVwwi e Kwy, w;y for k:even
where )’ means the summation over (£—1)!! pairings satisfying 7;<js

<+ <Jpq and 71<Js, *++, Jx—1<Jr. In the orthogonal case, we have
(A.26)" <(wiwep
{O for £%: odd

1...
> /sgn <j1__.];k><wj1w,2>---<w,k_lek> for k: even.

These formulas are generalized as follows. We explain the symplectic
case. We also omit 4, since it is nothing more than a special class of
expectation values. Let g, (v=1, ---, #) be an operator given by Nr(g,)
={g,>e"”? where {g,>=C[[£]] and 0,€S*(W)X@m. Let g, ¥=1, -, n)
be an operator given by Nr(g;) =w, Nr (g,) Wherce w, € WQRC[[£]]. Let
P, v AN <--<vp<m) be a subset of {1, -, n}. CWe set

Liyyy oot = <h'l' . -hn>/<g1...gn>

where
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b= {gu i ye&E{y, -, v
Tolgl i ve{yy, il

We also denote the elementary quantities ay,,,, A<7<j'<k) by aj-

Then we have

0 for £:odd

V@@, for k:even.

(A.27) [ O {

An analogous formula for the orthogonal case is a corollary to (1. 4. 10).

In this case we need sgn@. '“jk), and obtain the expression of the form
Tk

0 for k:odd

, 1.k for B: oy
> /sgu Gioee g, ) @0 Gaege for kieven.

This quantity is called the Pfaffian of the anti-symmetric matrix

0y e s
~.a12-

ﬂk‘-u-
e Zap e O

On the other hand the quauntity (A.27) is called the Hafnian of the

symmetric matrix ay g an \ where the diagonal elements
@y a
ak.—llc
41]‘ ~~~~~~ a.k—lk alu

are arbitrary.

We shall give a simple proof of (A.27). The idea of the proof is
the same as that of Theorem 1.5.8.

We denote by W* the dual vector space of W, and by &, -
the dual basis of the basis vy -, vy. Let W*® (resp. £¢9) (=1, -, n)
be a copy of W* (resp. &). Weset W=WRW+PD---PW*®. We ex-
tend the expectation value (hence the inner product, too) in W to 1724
trivially. Namely, we set {v;&@>={&Pv;>=<EPEY>=0. We denote by

W the dual vector space of W*® and by ¢* the natural isomorphism

&
S

s 5N
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(: W—>W®Y. We define an operator §,&A(W)[[£]] by Nr(3,) =<g.>

X exp <&+ > v,-é'S-”). Setting 4, = {g.’, %f Y&y, -0, Vi we have {A;---h,>
2 9, if ye{yy, -, v,

= {0(¢*? (w,,)) -0 (¢ (w,,) )Nr (- §n) /2*} ]1,=§=0 Here v=£6=0 means
the natural projection S(W)[[£]]—=>S"(W)QC[[£]]. Thus the problem
reduces to the one in S(W) [[£]]. Notice the formula (A.25) which
states that the product §--:§, is of the form (g, g,y exp(0/2) with
6=S(W)[[£]]. Hence the following lemma completes our proof. We

leave the proof of the lemma to the reader.

Lemma. If g={g>"* with pS(W)[[£]] and 7, W* (=1, -,

k), we have

6(”1) 6(77n) glv:o
0 it k=2m+1

<> 2 0(0;)0 (15,) € locor++0 (M,,.) 0 (15,,) €00

.71<]a< <Jem-y
J1<de - Fame1<Jem

if k=2m.

The generalization to the case where Nr(g,) =w, - w,, Nr(g,) is

straightforward. In this case we need the quantities of the form

g1 wyw, e g /LG1 Gn)
in the Hafnian or the Pfaffian.

The above result asserts that the quantities of the form {g;---: w,e’*”:

wpe”: 0, /{1 gy and gyt : Wi, +-0u) /g1 -a) are ele-
mentary. Now we shall give formulas for such quantities. We return
to the formulation including 4.
n N
We set Nr(g’®”) =wj Nr(g®’) where w; = > Y v%c;¥ (I=1,2),

s=1 j=1

with ¢/ C[[£]]. Then we have for 1<y, »,<n*®

<g( ). (”x*l)g’ (”1)g("1+1) g(“z—l)g’ (Vz)g(“z+1). . ,g(")>
<g(1) g(n)>

Allﬁ"'llnf C; @
= (bci®, -, fer ™) P P :
AniK - 20n K] \ €3 ™

) If y1=ys, we set Nr(g’®?) =wlw} Nr(g¢?r).

(A. 28)
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WK Ay oK 0 AR 2K
+ (el @, e, fel ™) | :

'{nltK ;t'nul—l K 0 lnul-{-lK ]\nnK
AuK A K C;(l)

BpuiK K
xRA—AMUMR) 0 - 0

t
lu2+11 K ;\u2+1n

IiK o dtK )\ i
,C:’(,{‘)> (121’2’/":1’7”): and

where ‘c;® = (c;{, -+

K if v, <v,
K=0 if v,=v,
K i v >,

From (A 10) and (A. 25) we obtain the formula for {ww,g"---g™>
where w,= ZZ'U(")C(") (I=1,2), c=C[[£]]. In general, denoting by
=1y=1

c®

11
c® (I=1,2;v=1, ---,n) the column vector (

t ], we have for 1y,
cin
g”aéns

(A 29) <g(1). . .g("x"l)wlg("l). . .g(l‘g—'l)wzg(vg). . .g(n)>A
‘ <g(1). . .g(")>A

K 2 K Cz(rl)
= (‘(;gl)’ ., ‘(;§")) :

\lan' o AnnK C.én)

WK b Ky Koo 2K

P, e o) . |[RA—AUR)™
]\nltK i'm:,-—~1[< }\'nv,K ]\nn

]kuK cee lan C.él)

lug—llK luz—an
X

botK o dy'K ol
ik - Atk ™

(A. 30) <g(1) vee g("r—l)ze)1 g(”x) vee g(”z—lg’ (”z)g(“2+1) .
<g(1). .. g(‘"')>A

]\llK j~1n ,(1)
= (e®, -, te™)
/IMK /IM.K ""’

g (")>A
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lutK . ']‘lv‘—ltK lluxK ue lmK‘
+ (e, e | : S
]\nltK"’]\nvl—ltK l‘nle'..l'nnK

K -l K cs®

YR Y N S N
XRA—AMUR)™ 0 e 0 ,
TR SRy ) <l Il

At K o AntK AL

~ (K i y=y
where K= . ="
tK lf V1>V2 .

Analogous formulas in the orthogonal case are valid if we replace

‘K by —'K.
If we set g’% =w,g®’ =: wj Nr(g®?):, we have
PA o 0
= + C Vo
o o 0
where c¢= ﬁR‘”’)luzp‘Kcé“). Then (A.29) and (A.30) give two dif-
a=1

ferent expressions for the same quantity. We shall give a direct proof
of the coincidence of these two“’. For the sake of simplicity we assume
that »,<y,.

We set

Ay oo /11»1—1 W, "7t Ain
A=\ : ) =] B
A'nl ot lnvl——l lml e lnn

lll ne ll’n iug+11 lu;-‘—ln\
4=\ Fo A= Do

]
;\»2—11 luz-m

z1:.1 lnn /I
t 13 t & — (0 t
c1= (e, -+ te™), tey= (e, .-, fef™).

Then we have

(A. 29) =£01'A®K' Co

) The case when ¢/2 =¢®2w, is similarly proved
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+0 (LR'K, HQK) -R(A— A R) ™| 0-----0 |-c,

+le;(4LQK, 4,QK) -R(1— AU R)1A| ¢

0
T+ (ARK, 4RK) | ¢
0
0
~ie AQK-| e+ ¢
0
LR K 0
i (ARK, AOK) -RA— AR 00 || 4|
L4RK H

= (A. 30).
Finally, using (A. 23)-(A.25) we have
(A.31) gg*=g*g=<g>*det 1+ KR) .

Hence we conclude that G(W,¢#) is a group.

Along with Proposition A.1, we have thus proved the following for-
mula:

N
(A. 32) Nr(g) =<{gye”*, o= j‘%]:lrjkvjvk
R=(T—1) (K—KT)"*
{gX*=nr(g)det (H'K—H "K-T)™*

where nr (g) =g*g=g9*.
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